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Abstra
t

We introdu
e a 
ontainment relation of hypergraphs whi
h re-

spe
ts linear orderings of verti
es and investigate asso
iated extremal

fun
tions. We extend, by means of a more generally appli
able the-

orem, the n log n upper bound on the ordered graph extremal fun
tion

of F = (f1; 3g; f1; 5g; f2; 3g; f2; 4g) due to F�uredi to the n(log n)

2

(log log n)

3

upper bound in the hypergraph 
ase. We use Davenport{S
hinzel se-

quen
es to derive almost linear upper bounds in terms of the inverse

A
kermann fun
tion �(n). We obtain su
h upper bounds for the ex-

tremal fun
tions of forests 
onsisting of stars whose all 
enters pre
ede

all leaves.

1 Introdu
tion and motivation

In this arti
le we shall investigate extremal problems on graphs and hy-

pergraphs of the following type. Let G = ([n℄; E) be a simple graph

that has the vertex set [n℄ = f1; 2; : : : ; ng and 
ontains no six verti
es

1 � v
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Determine the maximum possible number g(n) = jEj of edges in G.

What makes this task hard is the linear ordering of V = [n℄ and the fa
t

that G

0

must not appear in G only as an ordered subgraph. If we ignore

the ordering for a while, then the problem asks to determine the maximum

number of edges in a simple graph G with n verti
es and no 2K

1;2

subgraph,

and is easily solved. Clearly, if G has two verti
es of degrees � 3 and � 5,

respe
tively, or if G has� 6 verti
es of degrees 4 ea
h, then a 2K

1;2

subgraph

must appear. Thus if G has a vertex of degree � 5 and no 2K

1;2

subgraph,

it has at most (2(n � 1) + n � 1)=2 = 3n=2� 1:5 edges. If all degrees are

� 4, the number of edges is at most (3(n�5)+4 �5)=2 = 3n=2+2:5. On the

other hand, the graph on [n℄ in whi
h deg(n) = n � 1 and [n � 1℄ indu
es

a mat
hing with b(n � 1)=2
 edges has n + b(n � 1)=2
 � 1 edges and no

2K

1;2

subgraph. We 
on
lude that in the unordered version of the problem

the maximum number of edges equals 3n=2 +O(1).

The ordered version is 
onsiderably more diÆ
ult. Later in this se
tion

we prove that the maximum number of edges g(n) satis�es

n � �(n)� g(n)� n � 2

(1+o(1))�(n)

2

(2)

where �(n) is the inverse A
kermann fun
tion. Re
all that �(n) = minfm :

A(m) � ng where A(n) = F

n

(n), the A
kermann fun
tion, is de�ned as

follows. We start with F

1

(n) = 2n and for i � 1 we de�ne F

i+1

(n) =

F

i

(F

i

(: : : F

i

(1) : : :)) with n iterations of F

i

. The fun
tion �(n) grows to

in�nity but its growth is extremely slow. We obtain (2) and some gener-

alizations by redu
tions to Davenport{S
hinzel sequen
es (DS sequen
es).

We 
ontinue now with a brief review of results on DS sequen
es that will

be needed in the following. We refer the reader for more information and

referen
es on DS sequen
es and their appli
ations in 
omputational and


ombinatorial geometry to Agarwal and Sharir [1℄, Klazar [17℄, Sharir and

Agarwal [19℄, and Valtr [22℄.

If u = a

1

a

2

: : : a

r

and v = b

1

b

2

: : : b

s

are two �nite sequen
es (words)

over a �xed in�nite alphabet A, where A 
ontains N = f1; 2; : : :g and also

some symbols a; b; 
; d; : : :, we say that v 
ontains u and write v � u if v

has a subsequen
e b

i

1

b

i

2

: : : b

i

r

su
h that for every p and q we have a

p

= a

q

if and only if b

i

p

= b

i

q

. In other words, v has a subsequen
e that di�ers

from u only by an inje
tive renaming of the symbols. For example, v =



aa

baa � 22244 = u be
ause v has the subsequen
e 


aa. On the other

hand, 

aa

baa 6� 12121. A sequen
e u = a

1

a

2

: : : a

r

is 
alled k-sparse,

where k 2 N, if a

i

= a

j

; i < j; always implies j � i � k; this means that
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every interval in u of length at most k 
onsists of distin
t terms. The length

r of u is denoted by juj. For two integers a � b we write [a; b℄ for the interval

fa; a + 1; : : : ; bg. For two fun
tions f; g : N ! R the notation f � g is

synonymous to the f = O(g) notation; it means that jf(n)j < 
jg(n)j for all

n > n

0

with a 
onstant 
 > 0.

The 
lassi
al theory of DS sequen
es investigates, for a �xed s 2 N,

the fun
tion �

s

(n) that is de�ned as the maximum length of a 2-sparse

sequen
e v over n symbols whi
h does not 
ontain the s+2-term alternating

sequen
e ababa : : : (a 6= b). The notation �

s

(n) and the shift +2 are due

to histori
al reasons. The term DS sequen
es refers to the sequen
es v

not 
ontaining a �xed alternating sequen
e. The theory of generalized DS

sequen
es investigates, for a �xed sequen
e u that uses exa
tly k symbols,

the fun
tion ex(u; n) that is de�ned as the maximum length of a k-sparse

sequen
e v su
h that v is over n symbols and v 6� u. Note that ex(u; n)

extends �

s

(n) sin
e �

s

(n) = ex(ababa : : : ; n) where ababa : : : has length s+2.

In the de�nition of ex(u; n) one has to require that v is k-sparse be
ause

no 
ondition or even only k � 1-sparseness would allow an in�nite v with

v 6� u; for example, v = 12121212 : : : 6� ab
a = u and v is 2-sparse (but not

3-sparse). An easy pigeon hole argument shows that always ex(u; n) <1.

DS sequen
es were introdu
ed by Davenport and S
hinzel [7℄ and strongest

bounds on �

s

(n) for general s were obtained by Agarwal, Sharir and Shor

[2℄. We need their bound

�

6

(n)� n � 2

(1+o(1))�(n)

2

(3)

(re
all that �

6

(n) = ex(abababab; n)). Hart and Sharir [13℄ proved that

n�(n)� �

3

(n)� n�(n): (4)

In Klazar [14℄ we proved that if u is a sequen
e using k � 2 symbols and

juj = l � 5, then for every n 2 N

ex(u; n) � n � k2

l�3

� (10k)

2�(n)

l�4

+8�(n)

l�5

: (5)

It is easy to show that for k = 1 or l � 4 we have ex(u; n)� n. In parti
ular,

for the sequen
e

u(k; l) = 12 : : : k12 : : : k : : : 12 : : : k (6)

with l segments 12 : : : k we have, for every �xed k � 2 and l � 3,

ex(u(k; l); n) � n � k2

kl�3

� (10k)

2�(n)

kl�4

+8�(n)

kl�5

: (7)
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We denote the fa
tor at n in (7) as �(k; l; n). Thus

�(k; l; n) = k2

kl�3

(10k)

2�(n)

kl�4

+8�(n)

kl�5

: (8)

Let us see now how (3) and the lower bound in (4) imply (2). Let

G = ([n℄; E) be any simple graph not 
ontaining G

0

(given in (1)) as an

ordered subgraph. Consider the sequen
e

v = I

1

I

2

: : : I

n

over [n℄ where I

i

is the de
reasing ordering of the list fj : fj; ig 2 E & j <

ig. Note that I

1

= ; and jvj = jEj.

Lemma 1.1 If v � abababab then G

0

is an ordered subgraph of G.

Proof. We assume that v has an 8-term alternating subsequen
e

: : : a

1

: : : b

1

: : : a

2

: : : b

2

: : : a

3

: : : b

3

: : : a

4

: : : b

4

: : :

where the appearan
es of two numbers a 6= b are indexed for further dis-


ussion. We distinguish two 
ases. If a < b then a

2

, b

2

, a

4

, and b

4

lie,

respe
tively, in four distin
t intervals I

p

, I

q

, I

r

, and I

s

, p < q < r < s,

(sin
e every I

i

is de
reasing) and b < p (sin
e b

1

pre
edes a

2

). Hen
e G

0

is

an ordered subgraph of G. If b < a then b

1

, a

2

, b

3

, and a

4

lie, respe
tively,

in four distin
t intervals I

p

, I

q

, I

r

, and I

s

, p < q < r < s, and a < p. Again,

G

0

is an ordered subgraph of G. 2

Thus v has no 8-term alternating subsequen
e. In v immediate repetitions

may appear only on the transitions I

i

I

i+1

. Deleting at most n� 1 (a
tually

n� 2 be
ause I

1

= ;) terms from v we obtain a 2-sparse subsequen
e w on

whi
h we 
an apply (3). We have

jEj = jvj � jwj+ n� 1 � �

6

(n) + n� 1� n � 2

(1+o(1))�(n)

2

:

On the other hand, let n 2 N and v be the longest 2-sparse sequen
e

over [n℄ su
h that v 6� ababa. It uses all n symbols and, by the lower

bound in (4), jvj > 
n�(n) for an absolute 
onstant 
 > 0. Noti
e that

every i 2 [n℄ appears in v at least twi
e. We rename the symbols in v

so that for every 1 � i < j � n the �rst appearan
e of j in v pre
edes

that of i; this a�e
ts neither the property v 6� ababa nor the 2-sparseness.

By an extremal term of v we mean the �rst or the last appearan
e of a

4



symbol in v. The sequen
e v has exa
tly 2n extremal terms. We de
ompose

v uniquely into intervals v = I

1

I

2

: : : I

2n

so that every I

i

ends with an

extremal term and 
ontains no other extremal term. Every I

i


onsists of

distin
t terms be
ause a repetition : : : b : : : b : : : in I

i

would for
e a 5-term

alternating subsequen
e : : : a : : : b : : : a : : : b : : : a : : : in v. We de�ne a simple

(bipartite) graph G

�

= ([3n℄; E) by

fi; jg 2 E () i 2 [n℄ & j 2 [n+ 1; 3n℄ & i appears in I

j�n

:

G

�

has 3n verti
es and jEj = jvj > 
n�(n) edges. Suppose that G

�


ontains

the forbidden ordered subgraphG

0

on the verti
es 1 � a

1

< a

2

< : : : < a

6

�

3n. By the de�nition of G

�

, z = a

1

a

2

a

1

a

2

is a subsequen
e of v and its terms

appear in I

a

3

�n

; : : : ; I

a

6

�n

, respe
tively. Sin
e a

2

> a

1

, number a

2

must

appear in v before z starts and therefore v 
ontains a 5-term alternating

subsequen
e but this is forbidden. So G

�

does not 
ontain G

0

and shows

that

g(n)� n�(n):

This 
on
ludes the proof of (2).

Problem 1.2 Narrow the gap �

3

(n) � g(n) � �

6

(n) in (2). What is the

pre
ise asymptoti
s of g(n)?

Our illustrative example with g(n) shows that the ordered version of a

simple graph extremal problem may di�er dramati
ally from the unordered

one. Classi
al extremal theory of graphs and hypergraphs deals with un-

ordered vertex sets and it produ
ed many results of great variety | see, for

example, Bollob�as [3, 4℄, Frankl [9℄, F�uredi [11℄, and Tuza [20, 21℄. However,

only little attention has been paid to ordered extremal problems. The only

systemati
 studies devoted to this topi
 known to us are F�uredi and Hajnal

[12℄ (ordered bipartite graphs) and Brass, K�arolyi and Valtr [6℄ (
y
li
ally

ordered graphs). We think that for several reasons ordered extremal prob-

lems should be studied and investigated more intensively. First, for their

intrinsi
 
ombinatorial beauty. Se
ond, sin
e they present to us new fun
-

tions not to be met in the 
lassi
al theory: nearly linear extremal fun
tions,

like n�(n) or n logn, are 
hara
teristi
 for ordered extremal problems and

it seems that they 
annot appear without ordering of some sort. Third,

estimates 
oming from ordered extremal theory were su

essfuly applied

in 
ombinatorial geometry, where often the right key to a problem turns
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out to be some linear or partial ordering, and to obtain more su
h appli
a-

tions we have to understand more thoroughly 
ombinatorial 
ores of these

arguments.

Before summarizing our results, we return to DS sequen
es and show

that the sequential 
ontainment � 
an be naturally interpreted in terms of

parti
ular hypergraphs, (set) partitions. A sequen
e u = a

1

a

2

: : : a

r

over

the alphabet A may be viewed as a partition P of [r℄ where i and j are in

the same blo
k of P if and only if a

i

= a

j

. Thus blo
ks of P 
orrespond

to the positions of symbols in u. For example, u = aba

ba is the partition

ff1; 3; 7g; f2; 6g; f4; 5gg. If u = ([r℄;�

u

) and v = ([s℄;�

v

) are two sequen
es

given as partitions by equivalen
e relations, then u � v if and only if there

is an in
reasing inje
tion f : [r℄ ! [s℄ su
h that x �

u

y , f(x) �

v

f(y)

holds for every x; y 2 [r℄.

In this arti
le we introdu
e and investigate a hypergraph 
ontainment

that generalizes both the ordered subgraph relation and the sequential 
on-

tainment. The 
ontainment and its asso
iated extremal fun
tions ex

e

(F; n)

and ex

i

(F; n) are given in De�nitions 2.1 and 2.2. The fun
tion ex

e

(F; n)


ounts edges in extremal simple hypergraphs H not 
ontaining a �xed hy-

pergraph F and the fun
tion ex

i

(F; n) 
ounts sums of edge 
ardinalities.

In Theorem 2.3 we show that for many F one has ex

i

(F; n) � ex

e

(F; n).

Theorem 3.1 shows that if F is a simple graph, then in some 
ases good

bounds on ex

e

(F; n) 
an be obtained from bounds on the ordered graph

extremal fun
tion gex(F; n). We apply Theorem 3.1 to prove in Theo-

rem 3.3 that for G

1

= (f1; 3g; f1; 5g; f2; 3g; f2; 4g) one has ex

e

(G

1

; n) �

n � (log n)

2

� (log logn)

3

and the same bound for ex

i

(G

1

; n); this general-

izes the bound gex(G

1

; n) � n � logn of F�uredi. In another appli
ation,

Theorem 3.5, we prove that the unordered hypergraph extremal fun
tion

ex

u

e

(F; n) of every forest F is � n . In Theorem 4.1 we generalize the

bound (5) to hypergraphs. In Theorem 4.2 we prove that if F is a star for-

est, then ex

e

(F; n) has an almost linear upper bounds in terms of �(n); this

generalizes the upper bound in (2). In the 
on
luding se
tion we introdu
e

the notion of orderly bipartite forests and pose some problems.

This arti
le is a revised version of about one half of the material in the

te
hni
al report [16℄. We present the other half in [18℄.
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2 De�nitions and bounding weight by size

A hypergraph H = (E

i

: i 2 I) is a �nite list of �nite nonempty subsets E

i

of N = f1; 2; : : :g, 
alled edges . H is simple if E

i

6= E

j

for every i; j 2 I ,

i 6= j. H is a graph if jE

i

j = 2 for every i 2 I . H is a partition if

E

i

\ E

j

= ; for every i; j 2 I , i 6= j. The elements of

S

H =

S

i2I

E

i

� N

are 
alled verti
es . Note that our hypergraphs have no isolated verti
es. The

simpli�
ation of H is the simple hypergraph obtained from H by keeping

from ea
h family of mutually equal edges just one edge.

De�nition 2.1 Let H = (E

i

: i 2 I) and H

0

= (E

0

i

: i 2 I

0

) be two

hypergraphs. H 
ontains H

0

, in symbols H � H

0

, if there exist an in
reasing

inje
tion F :

S

H

0

!

S

H and an inje
tion f : I

0

! I su
h that the

impli
ation

v 2 E

0

i

) F (v) 2 E

f(i)

holds for every vertex v 2

S

H

0

and every index i 2 I

0

. Else we say that H

is H

0

-free and write H 6� H

0

.

The hypergraph 
ontainment � 
learly extends the sequential 
ontain-

ment and the ordered subgraph relation. We give an alternative de�nition

of �. H = (E

i

: i 2 I) and H

0

= (E

0

i

: i 2 I

0

) are isomorphi
 if there are

an in
reasing bije
tion F :

S

H

0

!

S

H and a bije
tion f : I

0

! I su
h

that F (E

0

i

) = E

f(i)

for every i 2 I

0

. H

0

is a redu
tion of H if I

0

� I and

E

0

i

� E

i

for every i 2 I

0

. Then H

0

� H if and only if H

0

is isomorphi


to a redu
tion of H . We 
all that redu
tion of H an H

0

-
opy in H . For

example, if H

0

= (f1g

1

; f1g

2

) (H

0

is a singleton edge repeated twi
e) then

H 6� H

0

i� H is a partition. Another example: If H

0

= (f1; 3g; f2; 4g) then

H is H

0

-free i� H has no four verti
es a < b < 
 < d su
h that a and 
 lie

in one edge of H and b and d lie in another edge.

The order v(H) of H = (E

i

: i 2 I) is the number of verti
es v(H) =

j

S

H j, the size e(H) is the number of edges e(H) = jH j = jI j, and the

weight i(H) is the number of in
iden
es between the verti
es and the edges

i(H) =

P

i2I

jE

i

j. Trivially, v(H) � i(H) and e(H) � i(H) for every H .

De�nition 2.2 Let F be any hypergraph. We asso
iate with F the extremal

fun
tions ex

e

(F ); ex

i

(F ) : N! N, de�ned by

ex

e

(F; n) = maxfe(H) : H 6� F & H is simple & v(H) � ng

ex

i

(F; n) = maxfi(H) : H 6� F & H is simple & v(H) � ng:
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We 
onsidered ex

e

(F; n) and ex

i

(F; n) impli
itly already in Klazar [15℄.

Ex
ept of this arti
le, to our knowledge, this extremal setting is new and

was not investigated before. Obviously, for every n 2 N and F , ex

e

(F; n) �

2

n

�1 and ex

i

(F; n) � n2

n�1

but mu
h better bounds 
an be usually given.

The reversal of a hypergraph H = (E

i

: i 2 I) with N = max(

S

H) is the

hypergraph H = (E

i

: i 2 I) where E

i

= fN � x + 1 : x 2 E

i

g. Thus

reversals are obtained by reverting the linear ordering of verti
es. It is 
lear

that ex

e

(F; n) = ex

e

(F ; n) and ex

i

(F; n) = ex

i

(F ; n) for every F and n.

We give a few 
omments on De�nitions 2.1 and 2.2. Repla
ing the

impli
ation in De�nition 2.1 with an equivalen
e, we obtain an indu
ed

hypergraph 
ontainment that still extends the sequential 
ontainment. Let

iex

e

(F; n) be the 
orresponding extremal fun
tion. For F

k

= (f1g; f2g; : : : ; fkg)

and k � 2 we have iex

e

(F

k

; n) �

�

n

k�2

�

be
ause the hypergraph (E : E �

[n℄ & jEj = n� k+2) does not 
ontain F

k

in the indu
ed sense. But in the

hypergraph "DS theory" su
h un
ompli
ated hypergraphs like F

k

should

have linear (or almost linear) extremal fun
tions. Thus the indu
ed 
on-

tainment is not the right generalization, as far as one is interested in "DS

theories".

For graphs, if H

2

� H

1

and H

2

is simple then H

1

is simple as well.

But simple hypergraphs may 
ontain hypergraphs that are not simple. In

De�nition 2.2 H must be simple be
ause allowing all H would produ
e

usually the value +1 (the simpli
ity of H may be dropped only for F =

(f1g

1

; f1g

2

; : : : ; f1g

k

)). On the other hand, we allow for the forbidden F any

hypergraph: F need not be simple and may have singleton edges. Su
h a

freedom for F seemed to one referee of [16℄ "very arti�
ial". This opinion is

understandable but the author does not share it. Putting aside psy
hologi
al

inertia, there is no reason why to restri
t F from the outset to be simple or

in any other way. On the 
ontrary, doing so we might miss some 
onne
tions

and phenomena. Thus we start in the de�nitions with 
ompletely arbitrary

F and restri
t it later only if 
ir
umstan
es require so.

Another perhaps unusual feature of our extremal theory is that in H

and F edges of all 
ardinalities are allowed; in extremal theories with for-

bidden substru
tures it is more 
ommon to have edges of just one 
ardinal-

ity. This led naturally to the fun
tion ex

i

(F; n) whi
h a

ounts for edges

of all sizes. Trivially, ex

i

(F; n) � ex

e

(F; n) for every hypergraph F and

n 2 N. On the other hand, Theorem 2.3 shows that for many F one has

ex

i

(F; n) � ex

e

(F; n). In De�nition 2.2 we take all H with v(H) � n

that the extremal fun
tions be automati
ally nonde
reasing. Repla
ing

v(H) � n with v(H) = n would give more information on the fun
tions

8



but also would bring the 
ompli
ation that then extremal fun
tions are

not always nonde
reasing. It happens for F = (f1g; f2g; : : : ; fkg) and we

analyze this phenomenon in [16, 18℄.

Theorem 2.3 Suppose that the hypergraph F has no two separated edges,

whi
h means that E

1

< E

2

holds for no two edges of F . Let p = v(F ) and

q = e(F ) > 1. Then for every n 2 N,

ex

i

(F; n) � (2p� 1)(q � 1) � ex

e

(F; n):

Proof. Suppose that H attains the value ex

i

(F; n). We transform H

in a new hypergraph H

0

by keeping all edges with less than p verti
es

and repla
ing every edge E = fv

1

; v

2

; : : : ; v

s

g of H with s � p, where

v

1

< v

2

< � � � < v

s

, by t = bjEj=p
 new p-element edges fv

1

; : : : ; v

p

g,

fv

p+1

; : : : ; v

2p

g; : : : ; fv

(t�1)p+1

; : : : ; v

tp

g. H

0

may not be simple and we set

H

00

to be the simpli�
ation of H

0

. Two observations: (i) no edge of H

0

re-

peats q or more times and (ii) H

00

is F -free. If (i) were false, there would be

q distin
t edges E

1

; : : : ; E

q

in H su
h that j

T

q

i=1

E

i

j � p. But this implies

the 
ontradi
tion F � H . As for (ii), any F -
opy in H

00

may use from every

E 2 H at most one new edge E

00

� E (the new edges born from E are

mutually separated) and so it is an F -
opy in H as well. The observations

and the de�nitions of H

0

and H

00

imply

ex

i

(F; n) = i(H) �

(2p� 1) � i(H

0

)

p

�

(2p� 1)(q � 1) � i(H

00

)

p

� (2p� 1)(q � 1) � e(H

00

)

� (2p� 1)(q � 1) � ex

e

(F; n):

The last inno
ently looking inequality follows from the fa
t that ex

e

(F; n)

is nonde
reasing by de�nition. 2

However, ex

i

(F; n)� ex

e

(F; n) does not hold for F

k

= (f1g; f2g; : : : ; fkg)

and k � 2: ex

e

(F

k

; n) = 2

k�1

� 1 for n � k� 1 and ex

i

(F

k

; n) = (k� 1)n�

(k � 2) for n > max(k; 2

k�2

) ([16, 18℄). Note that for F = (f1g) both

extremal fun
tions are unde�ned. F

k

is highly symmetri
 and the ordering

of verti
es is irrelevant for the 
ontainment H � F

k

.

Problem 2.4 Prove that if F is not isomorphi
 to (f1g; f2g; : : : ; fkg), k �

1, then ex

i

(F; n)� ex

e

(F; n).

9



3 Bounding hypergraphs by means of graphs

For a family of simple graphs R and n 2 N we de�ne

gex(R; n) = maxfe(G) : G 6� G

0

for all G

0

2 R & G is a simple graph

& v(G) � ng

and for one simple graph G we write gex(G;n) instead of gex(fGg; n).

F�uredi proved in [10℄, see also [12℄, that for

G

1

= (f1; 3g; f1; 5g; f2; 3g; f2; 4g) =

s s s s s

� �

� �

' $

(9)

one has

n logn� gex(G

1

; n)� n logn: (10)

(In [10℄ and [12℄ the investigated obje
ts are 0-1 matri
es, whi
h are ordered

bipartite graphs, but in the 
ase of G

1

the bounds are easily extended to

all ordered graphs.) Attempts to generalize the upper bound in (10) to

hypergraphs motivated the next theorem.

For k 2 N we say that a simple graph G

0

is a k-blow-up of a simple

graph G if for every edge 
oloring � : G

0

! N that uses every 
olor at most

k times there is a G-
opy in G

0

with totally di�erent 
olors, that is, � is

inje
tive on the G-
opy. For k 2 N and a simple graph G we write B(k;G)

to denote the set of all k-blow-ups of G.

Theorem 3.1 Let F be a simple graph with p = v(F ) and q = e(F ) > 1

and let B � B(

�

p

2

�

; F ). If f : N! N is a nonde
reasing fun
tion su
h that

gex(B; n) < n � f(n)

holds for every n 2 N, then

ex

e

(F; n) < q � gex(F; n) � ex

e

(F; 2f(n) + 1) (11)

holds for every n 2 N, n � 3.

Proof. Suppose that the simple hypergraph H attains the value ex

e

(F; n)

and

S

H = [m℄, m � n. We put in H

0

every edge of H with more than 1

and less than p verti
es and for every E 2 H with jEj � p we put in H

0

an

10



arbitrary subset E

0

� E, jE

0

j = p. So 2 � jEj � p for every E 2 H

0

and no

edge of H

0

repeats more then q � 1 times, for else we would have H � F .

Let H

00

be the simpli�
ation of H

0

. We have

e(H) � n+ (q � 1)e(H

00

):

Let G be the simple graph 
onsisting of all edges E

�

su
h that E

�

� E for

some E 2 H

00

. Observe that if F

0

2 B and F

0

� G, then F � H

00

and thus

F � H . (For the edges E

�

2 G forming an F

0

-
opy 
onsider the 
oloring

�(E

�

) = E where E 2 H

00

is su
h that E

�

� E. Every 
olor is used at most

�

p

2

�

times and therefore, sin
e F

0

is a

�

p

2

�

-blow-up of F , we have an F -
opy

in G for whi
h the 
orresponden
e E

�

7! E is inje
tive.) Hen
e F

0

� G for

no F

0

2 B. Let v(G) = n

0

; n

0

� n. We have

e(G) � gex(B; n

0

) < n

0

� f(n

0

):

There exists a vertex v

0

2

S

G su
h that

d = deg

G

(v

0

) < 2f(n

0

) � 2f(n):

Fix an arbitrary edge E

�

0

, v

0

2 E

�

0

2 G. Let X � [n℄ be the union of all

edges E 2 H

00

satisfying E

�

0

� E and m be the number of su
h edges in

H

00

. We have the inequalities

m � ex

e

(F; jX j) and jX j � d+ 1:

Thus

m � ex

e

(F; jX j) � ex

e

(F; d + 1) � ex

e

(F; 2f(n) + 1):

We see that the two-element set E

�

0

is 
ontained in at least 1 but at most

ex

e

(F; 2f(n) + 1) edges of H

00

. Deleting those edges we obtain a subhy-

pergraph H

00

1

of H

00

on whi
h the same argument 
an be applied. That is,

a two-element set E

�

1

exists su
h that E

�

1

� E for at least 1 but at most

ex

e

(F; 2f(n) + 1) edges E 2 H

00

1

and 
learly E

�

1

6= E

�

0

. Continuing this way

until the whole H

00

is exhausted, we de�ne a mapping

M : H

00

! fE

�

: E

�

� [n℄; jE

�

j = 2g

su
h that

M(E) � E and jM

�1

(E

�

)j � ex

e

(F; 2f(n) + 1)

11



holds for every E 2 H

00

and E

�

� [n℄; jE

�

j = 2. Let G

0

be the simple graph

G

0

=M(H

00

) and v(G

0

) = n

0

; n

0

� n.

The 
ontainment F � G

0

implies, by the de�nition of G

0

, that F � H

00

and hen
e F � H , whi
h is not allowed. Thus

e(G

0

) � gex(F; n

0

) � gex(F; n):

Putting it all together, we obtain (sin
e gex(F; n) � n� 1 if q > 1)

ex

e

(F; n) = e(H) � n+ (q � 1) � e(H

00

)

� n+ (q � 1) � ex

e

(F; 2f(n) + 1) � e(G

0

)

< q � ex

e

(F; 2f(n) + 1) � gex(F; n)

for every n � 3. 2

We give three appli
ations of this theorem. The �rst one is the promised

generalization of the upper bound in (10).

We say that a simple graph G is a k-multiple of G

1

, where k 2 N and

G

1

is de�ned in (9), if G has this stru
ture:

S

G = A [ fvg [ B [ C with

A < v < B < C, jAj = k, the vertex v has degree k and is 
onne
ted to

every vertex in A, every vertex in A has degree 2k + 1 and is besides v


onne
ted to k verti
es in B and to k verti
es in C, and G has no other

edges. The edges in
ident with v are 
alled ba
kward edges and the edges

in
ident with verti
es in B [C are 
alled forward edges . We denote the set

of all k-multiples of G

1

by M(k).

Lemma 3.2 The sets of graphsM(k), k 2 N, have the following properties.

1. For every k,M(3k+1) � B(k;G

1

). In parti
ular, M(31) � B(

�

5

2

�

; G

1

).

2. For every k, gex(M(k); n)� n logn.

Proof. 1. Let G be a 3k + 1-multiple of G

1

and � : G ! N be an edge


oloring using ea
h 
olor at most k times. We sele
t inG two ba
kward edges

E

1

= fi; vg and E

2

= fj; vg, i < j < v, with di�erent 
olors. It follows that

we 
an sele
t in G two forward edges E

3

= fi; lg and E

4

= fj; l

0

g su
h that

v < l

0

< l and the 
olors �(E

1

); : : : ; �(E

4

) are distin
t. Edges E

1

; : : : ; E

4

form a G

1

-
opy on whi
h � is inje
tive. Thus G 2 B(k;G

1

).

2. Let n � 2 and G be any simple graph su
h that

S

G = [n℄ and G 6� F

for every F 2M(k). Let J

i

= fE 2 G : minE = ig for i 2 [n℄. In every J

i

12



it is possible to mark bjJ

i

j=k
 > jJ

i

j=k� 1 edges so that every marked edge

is in J

i

immediately followed by k�1 unmarked ones (we order the edges in

J

i

by their endpoints). The graph G

0

formed by the marked edges satis�es

e(G

0

) > e(G)=k � n:

Also, for every edge fi; jg 2 G

0

, i < j, there are at least k�1 edges fi; lg 2 G

with l > j, and for every two edges fi; jg; fi; j

0

g 2 G

0

, i < j < j

0

, there

are at least k � 1 edges fi; lg 2 G with j < l < j

0

. Now we pro
eed as in

F�uredi [10℄. We say that fi; jg 2 G

0

, i < j, has type (j;m), where m � 0 is

an integer, if there are two edges fi; lg and fi; l

0

g in G

0

su
h that j < l < l

0

and l � j � 2

m

< l

0

� j. Consider the partition

G

0

= G

�

[G

��

whereG

�

is formed by edges with at least one type andG

��

by edges without

type. It follows from the de�nition of type and of G

0

that if k edges of G

�

have the same type, then F � G for some F 2 M(k) whi
h is forbidden.

Thus any type is shared by at most k� 1 edges. Sin
e the number of types

is less than n(1 + log

2

n), we have

e(G

�

) < (k � 1)n+ (k � 1)n log

2

n:

To bound e(G

��

), we �x a vertex i 2 [n℄ and 
onsider the endpoints i < j

0

<

j

1

< � � � < j

t�1

� n of all edges E 2 G

0

whi
h have no type and minE = i.

Let d

r

= j

r

� j

r�1

for 1 � r � t � 1 and D = d

1

+ � � � + d

t�1

= j

t�1

� j

0

.

If d

1

� D=2, then d

1

� 2

m

< D for some integer m � 0 and the edge

fi; j

0

g would have type (j

0

;m) be
ause of the edges fi; j

1

g and fi; j

t�1

g.

Thus d

1

> D=2 and D � d

1

< D=2. By the same argument applied to

fi; j

1

g, d

2

> (D � d

1

)=2 and thus D � d

1

� d

2

< D=4. In general, 1 �

D�d

1

�� � ��d

r

< D=2

r

for 1 � r � t�2. Thus t � log

2

D+2 < 2+log

2

n.

Summing these inequalities for all i 2 [n℄, we have

e(G

��

) < 2n+ n log

2

n:

Alltogether we have

e(G) < kn+ k(e(G

�

) + e(G

��

)) < (k

2

+ k)n+ k

2

n log

2

n:

We 
on
lude that gex(M(k); n) � n logn and the 
onstant in � depends

quadrati
ally on k. 2

13



Theorem 3.3 Let G

1

be the simple graph given in (9). We have the fol-

lowing bounds.

1. n � logn� ex

e

(G

1

; n)� n � (log n)

2

� (log logn)

3

.

2. n � logn� ex

i

(G

1

; n)� n � (log n)

2

� (log logn)

3

.

Proof. 1. The lower bound follows from the lower bound in (10). To

prove the upper bound, we use Theorem 3.1. By 2 of Lemma 3.2, we

have gex(M(31); n) � n logn. Also, gex(G

1

; n) � n logn (by the upper

bound in (10) or by gex(G

1

; n) � gex(B; n)). By 1 of Lemma 3.2, we


an apply Theorem 3.1 with B = M(31). Starting with the trivial bound

ex

e

(G

1

; n) < 2

n

, (11) with f(n)� logn gives

ex

e

(G

1

; n)� n




where 
 > 0 is a 
onstant. Feeding this bound ba
k to (11), we get

ex

e

(G

1

; n)� n � (logn)


+1

:

Two more iterations of (11) give

ex

e

(G

1

; n)� n � (log n)

2

� (log logn)


+1

and

ex

e

(G

1

; n)� n � (logn)

2

� (log logn)

2

� (log log logn)


+1

whi
h is slightly better than the stated bound.

2. The lower bound follows from ex

i

(G

1

; n) � ex

e

(G

1

; n). The upper

bound follows from the upper bound in 1 by Theorem 2.3. 2

Problem 3.4 What is the exa
t asymptoti
s of ex

e

(G

1

; n)?

The se
ond appli
ation of Theorem 3.1 
on
erns unordered extremal

fun
tions ex

u

e

(F; n) and gex

u

(G;n). They are de�ned as ex

e

(F; n) and

gex(G;n) ex
ept that in the 
ontainment the inje
tion need not be in-


reasing. So gex

u

(G;n) is the 
lassi
al graph extremal fun
tion. It is well

known, see for example Bollob�as [5, Exer
ise 24 in IV.7℄, that gex

u

(F; n) �

(e(F )�1)�n for every forest F . We extend the linear bound to unordered hy-

pergraphs. Theorem 3.1 holds also in the unordered 
ase be
ause the proof

is independent of ordering. Ordering is 
ru
ial only for obtaining linear or

14



almost linear bounds on gex(F; n) and gex(B; n) be
ause the inequality (11)

is useless if f(n) is not almost 
onstant. The proof of Theorem 3.1 shows

also that if F is a forest and all members of B are forests (whi
h is not the


ase for B =M(k)) then

�

p

2

�


an be repla
ed by p� 1 (be
ause for jEj = p

every p two-element edges E

�

� E 
ontain a 
y
le but no F

0

2 B has a


y
le).

Theorem 3.5 Let F be a forest. Its unordered hypergraph extremal fun
-

tion satis�es

ex

u

e

(F; n)� n:

Proof. Let v(F ) = p and e(F ) = q > 1 (
ase q = 1 is trivial). It is not hard

to �nd a forest F

0

with large e(F

0

) = Q | Q � (pq

2

)

q+1

suÆ
es | that

is a p � 1-blow-up of F . We set B = fF

0

g and use (11) with the bounds

gex

u

(F; n) � (q � 1)n, f(n) = Q � 1 (sin
e gex

u

(B; n) = gex

u

(F

0

; n) �

(Q� 1)n), and ex

u

e

(F; n) < 2

n

(trivial):

ex

u

e

(F; n) < q � (q � 1)n � 2

2Q�1

=

�

q

2

�

4

Q

� n:

2

One 
an prove the bound ex

u

e

(F; n)� n also dire
tly, without Theorem 3.1,

by adapting the proof of gex

u

(F; n) � n to hypergraphs. The third appli-


ation of Theorem 3.1 follows in the next se
tion.

4 Partitions and star forests

The bound (5) tells us that if F is any �xed partition with k blo
ks and

H is a k-sparse partition with H 6� F , then v(H) = i(H) has an almost

linear upper bound in terms of e(H). The following theorem bounds i(H)

almost linearly in terms of e(H) in the wider 
lass of (not ne
essarily simple)

hypergraphs H . The proof is based on (7).

Theorem 4.1 Let F be a partition with p = v(F ) and q = e(F ) > 1 and

H be a F -free hypergraph, not ne
essarily simple. Then

i(H) < (q � 1) � v(H) + e(H) � �(q; 2p; e(H)) (12)

where �(k; l; n) is the almost 
onstant fun
tion de�ned in (8).
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Proof. Let

S

H = [n℄ and the edges of H be E

1

; E

2

; : : : ; E

e

where e =

e(H). We set, for 1 � i � n, S

i

= fj 2 [e℄ : i 2 E

j

g and 
onsider the

sequen
e

v = I

1

I

2

: : : I

n

where I

i

is an arbitrary ordering of S

i

. Clearly, v is over [e℄ and jvj = i(H).

The sequen
e v may not be q-sparse, be
ause of the transitions I

i

I

i+1

, but it

is easy to delete at most q�1 terms from the beginning of every I

i

, i > 1, so

that the resulting subsequen
e w is q-sparse. Thus jwj � jvj�(q�1)(n�1).

It follows that if w 
ontains u(q; 2p), where u(k; l) is de�ned in (6), then H


ontains F but this is forbidden. (Note that the subsequen
e aab in v for
es

the �rst a and the b to appear in two distin
t segments I

i

and thus it gives

in
iden
es of E

a

and E

b

with two distin
t verti
es.) Hen
e w 6� u(q; 2p) and

we 
an apply (7):

i(H) = jvj < (q � 1)n+ jwj � (q � 1)n+ e � �(q; 2p; e):

2

We show that for the partition

F = H

2

= (f1; 3; 5g; f2; 4g) =

s s s s s

#  

Æ
 Æ


��

Æ


��


 	

the fa
tor at e(H) in (12) must be � �(e(H)). We pro
eed as in the proof

of g(n) = gex(G

0

; n)� n�(n) in (2) and take a 2-sparse sequen
e v over [n℄

su
h that v 6� 12121, jvj � n�(n), and v = I

1

I

2

: : : I

2n

where every interval

I

i


onsists of distin
t terms. We de�ne the hypergraph

H = (E

i

: i 2 [n℄) with E

i

= fj 2 [2n℄ : i appears in I

j

g:

We have i(H) = jvj � n�(n),

S

H = [2n℄, v(H) = 2n, and e(H) = n. It is


lear that H 6� H

2

be
ause v 6� 12121.

Taking in Theorem 4.1 H to be simple and with the maximum weight,

we obtain as a 
orollary that if F is a partition, p = v(F ), and q = e(F ) > 1,

then

ex

i

(F; n) < (q � 1)n+ ex

e

(F; n) � �(q; 2p; ex

e

(F; n)):

But Theorem 2.3, when it applies, gives better bounds.
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Our last theorem generalizes in two ways the upper bound in (2). We


onsider a 
lass of forbidden forests that 
ontains G

0

as a member and we

extend by means of Theorems 3.1 and 2.3 the almost linear upper bound

to hypergraphs. The 
lass 
onsists of star forests whi
h are forests F with

this stru
ture:

S

F = A [B for some sets A < B su
h that every vertex in

B has degree 1 and every edge of F 
onne
ts A and B. Thus F is a star

forest i� every 
omponent of F is a star and every 
entral vertex of a star

is smaller than every leaf.

Theorem 4.2 Let F be a star forest with r > 1 
omponents, p verti
es,

and q = p� r edges. Let t = (p� 1)(q � 1) + 1 and �(k; l; n) be the almost


onstant fun
tion de�ned in (8). We have the following bounds.

1. gex(F; n) < (r � 1)n+ n � �(r; 2q; n).

2. ex

e

(F; n)� n � �(r; 2tq; n)

3

.

3. ex

i

(F; n)� n � �(r; 2tq; n)

3

.

Proof. 1. We mark the 
enters of the stars in F with 1; 2; : : : ; r a

ording

to their order and give the leaves of any star the mark of its 
enter. The

marks on all leaves then form a sequen
e u over [r℄ of length p � r. Now

let G be any simple graph with

S

G = [n℄ and G 6� F . We 
onsider the

sequen
e

v = I

1

I

2

: : : I

n

where I

j

is any ordering of the set fi 2 [n℄ : fi; jg 2 G; i < jg. As in

the previous proof, we sele
t an r-sparse subsequen
e w of v with length

jwj � jvj � (r � 1)(n� 1). Suppose that w � u(r; 2(p� r)) where u(k; l) is

de�ned in (6). Then w has a (not ne
essarily 
onse
utive) subsequen
e z of

the form

a

1

a

2

: : : a

r

a

1

a

2

: : : a

r

: : : a

1

a

2

: : : a

r

with 2(p � r) segments a

1

a

2

: : : a

r

. We have a

i

1

< a

i

2

< : : : < a

i

r

for

a permutation i

1

; i

2

; : : : ; i

r

of [r℄. We label every term a

i

j

in z with j.

Clearly, if we sele
t one term from the 2-nd, 4-th, : : :, 2(p�r)-th segment of

z so that the labels on the sele
ted terms 
oin
ide with the sequen
e u, the

sele
ted terms lie in p � r distin
t intervals I

j

1

; : : : ; I

j

p�r

, j

1

< : : : < j

p�r

.

Sin
e the sele
ted terms are pre
eded by one segment a

1

a

2

: : : a

r

, we have

a

i

r

< j

1

. The edges between a

1

; : : : ; a

r

and j

1

; : : : ; j

p�r

whi
h 
orespond to

17



the sele
ted terms form an F -
opy in G but G � F is forbidden. Therefore

w 6� u(r; 2(p� r)) and we 
an apply (7):

e(G) = jvj � (r � 1)n+ jwj < (r � 1)n+ n � �(r; 2(p� r); n):

2. Suppose that F has the vertex set [p℄ (so that [r℄ are the 
enters of

the stars and [r + 1; p℄ are the leaves). For k 2 N we denote F (k) the star

forest with the vertex set [r+ (p� r)k℄ in whi
h [r℄ are again the 
enters of

stars and for i = 1; 2; : : : ; p � r the verti
es in [r + (i� 1)k + 1; r + ik℄ are

joined to the same vertex in [r℄ as r+ i is joined in F . It is easy to see that

F (t) = F ((p�1)(q�1)+1) is a p�1-blow-up of F . Also, e(F (k)) = kq. We

set B = fF (t)g and use (11) with the bounds gex(F; n) � n � �(r; 2q; n) =

n ��

0

(bound 1 for F ), f(n) = 
�(r; 2tq; n) = 
� for a 
onstant 
 > 0 (bound

1 for F (t)), and ex

e

(F; n) < 2

n

(trivial):

ex

e

(F; n)� n � �

0

� 2

2
�+1

< n � 2

2(
+1)�

:

The se
ond appli
ation of (11) gives

ex

e

(F; n)� n � �

0

� � � 2

2(
+1)��(r;2tq;2
�+1)

� n � �

3

be
ause �

0

� � and

�(r; 2tq; x)� log logx

(this is true with any number of logarithms).

3. This follows from 2 by Theorem 2.3. 2

The lower bound in (2) shows that in general the fa
tor at n in 1, 2, and

3 of the previous theorem 
annot be repla
ed with a 
onstant and may be

as big as � �(n). The proved bounds hold also for the reversals of star

forests.

5 Con
luding remarks

It is reasonable to 
all a fun
tion f : N ! R nearly linear if n

1�"

�

f(n) � n

1+"

holds for every " > 0. We identify a 
andidate for the 
lass

of all hypergraphs F with nearly linear ex

e

(F; n). If F is isomorphi
 to the

hypergraph (f1g; f2g; : : : ; fkg), then ex

e

(F; n) is eventually 
onstant ([18℄)

and thus is not nearly linear. For other hypergraphs we have ex

e

(F; n) � n

be
ause F 6� (f1g; f2g; : : : ; fng). An orderly bipartite forest is a simple

18



graph F su
h that F has no 
y
le and minE < maxE

0

holds for every two

edges of F . In other words, F is a forest and there is a partition

S

F = A[B

su
h that A < B and every edge of F 
onne
ts A and B. We denote the


lass of all orderly bipartite forests by OBF. We say that F is an orderly

bipartite forest with singletons if F = F

1

[ F

2

where F

1

2 OBF and F

2

is a

hypergraph 
onsisting of possibly repeating singleton edges. For example,

F may be

F = (f8g; f6g

1

; f6g

2

; f2g; f1; 6g; f3; 6g; f4; 5g; f4; 7g):

The 
lass OBF subsumes star forests and their reversals. G

1

de�ned in (9)

belongs to OBF but is neither a star forest nor a reversed star forest.

Lemma 5.1 If the hypergraph F is not an orderly bipartite forest with sin-

gletons, then there is a 
onstant 
 > 1 su
h that

ex

e

(F; n)� n




and hen
e ex

e

(F; n) is not nearly linear.

Proof. If F is not an orderly bipartite forest with singletons, then F has

(i) an edge with more than two elements or (ii) two separated two-element

edges or (iii) a two-path isomorphi
 to (f1; 2g; f2; 3g) or (iv) a repeated

two-element edge or (v) an even 
y
le of two-element edges (odd 
y
les are

subsumed in (iii)). In the 
ases (i){(iv) we have ex

e

(F; n) � n

2

be
ause

the 
omplete bipartite graph with parts [bn=2
℄ and [bn=2
+1; n℄ does not


ontain F . As for the 
ase (v), an appli
ation of the probabilisti
 method

(Erd}os [8℄) provides an unordered graph that has n verti
es,� n

1+1=k

edges,

and no even 
y
le of length k. Thus, in the 
ase (v), ex

e

(F; n)� n

1+1=k

for

some k 2 N. 2

We 
onje
ture that ex

e

(F; n) is nearly linear if and only if F is an orderly

bipartite forest with singletons that is not isomorphi
 to (f1g; f2g; : : : ; fkg).

Sin
e every orderly bipartite forest with singletons is 
ontained in some

orderly bipartite forest, it suÆ
es to 
onsider only orderly bipartite forests.

Problem 5.2 Prove (or disprove) that for every orderly bipartite forest F

we have

ex

e

(F; n)� n(logn)




for some 
onstant 
 > 0.
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It is not diÆ
ult to �nd for every F 2 OBF and k 2 N an F

0

2 OBF that

is a k-blow-up of F . Thus the previous bound would follow by Theorem 3.1

from the graph bound gex(F; n)� n(logn)




.

It is natural to 
onsider two sub
lasses OBF

l

� OBF

�

� OBF where

OBF

l


onsists of all F 2 OBF with ex

e

(F; n) � n and OBF

�


onsists of

all F 2 OBF with ex

e

(F; n) � n � f(�(n)) for a primitive re
ursive fun
tion

f(n). Both in
lusions are stri
t as witnessed by G

0

and G

1

(de�ned in (1)

and (9)). In this arti
le we ignored the 
lass OBF

l


ompletely and showed

that OBF

�


ontains all star forests (and their reversals). It would mu
h

interesting to learn more about OBF

l

and OBF

�

. Does the latter 
lass


onsist only of star forests and their reversals?
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