
S
heduling of independent dedi
ated

multipro
essor tasks

?

Evripidis Bampis

1 ??

, Massimiliano Caramia

2 ? ? ?

, Ji�r�� Fiala

3y

,

Aleksei V. Fishkin

4 z

, and Antonio Iovanella

5 x

1

LaMI, CNRS-UMR 8042, Univerit�e d'Evry, Boulevard Mitterrand, 91025 Evry

Cedex, Fran
e. bampis�lami.univ-evry.fr

2

Istituto per le Appli
azioni del Cal
olo \M. Pi
one" - CNR Viale del

Poli
lini
o, 137 - 00161 Roma - Italy. 
aramia�ia
.rm.
nr.it

3

DIMATIA and ITI, Charles University, Malostransk�e n�am. 2/25, 118 00,

Prague, Cze
h Republi
. fiala�kam.mff.
uni.
z

4

Institut f�ur Informatik und Praktis
he Mathematik,

Christian-Albre
hts-Universit�at zu Kiel, Olshausenstrasse 40, 24 098 Kiel,

Germany. avf�informatik.uni-kiel.de

5

Dipartimento di Informati
a, Sistemi e Produzione, University of Rome \Tor

Vergata", Via del Polite
ni
o, 1 - 00133 Rome, Italy.

iovanella�disp.uniroma2.it

Abstra
t. We study the o� and on-line versions of the well known

problem of s
heduling a set of n independent multipro
essor tasks

with prespe
i�ed pro
essor allo
ations on a set of identi
al pro
es-

sors in order to minimize the makespan. Re
ently, in [12℄, it has

been proven that in the 
ase when all tasks have unit pro
essing

time the problem 
annot be approximated within a fa
tor of m

1

2

�"

,

neither for some " > 0, unless P= NP; nor for any " > 0, unless

NP=ZPP. For this spe
ial 
ase we give a simple algorithm based

on the 
lassi
al �rst-�t te
hnique. We analyze the algorithm for

both tasks arrive over time and tasks arrive over list on-line s
hed-

uling versions, and show that its 
ompetitive ratio is bounded by
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2

p

m and 2

p

m + 1, respe
tively. Here we also use some prelimi-

nary results on (vertex) 
oloring of k-tuple graphs. For the 
ase of

arbitrary pro
essing times, we show that any algorithm whi
h uses

the �rst-�t te
hnique 
annot be better than m 
ompetitive. Then,

by using our split-round te
hnique, we give a 3

p

m-approximation

algorithm for the o�-line version of the problem. Finally, by using

some ideas from [20℄, we adapt the algorithm to the on-line 
ase, in

the paradigm of tasks arriving over time in whi
h the existen
e of a

task is unknown until its release date, and show that its 
ompetitive

ratio is bounded by 6

p

m. Due to the 
ondu
ted experimental re-

sults, we 
on
lude that our algorithms 
an perform well in pra
ti
e.

1 Introdu
tion

Opti
al networks employing wavelength division multiplexing (WDM) are

now a viable te
hnology for implementing a next-generation network infras-

tru
ture that will support a diverse set of existing, emerging, and future

appli
ations [13℄. WDM te
hnology initially was deployed in point-to-point

links in wide area or metropolitan area distan
es [23℄. However, the work on

WDM lo
al area networks

1

has also been 
urrently under way, see e.g. [16,

18℄.

The main future of broad
ast WDM lo
al area networks is the so-
alled

one-to-many transmission or multi
asting ability [1℄. That is, a transmission

by a node in su
h a network on a given 
hannel (wavelength) is re
eived by

all nodes listening on that 
hannel at that point in time (see [21℄ for a de-

tailed survey on WDM networks). Sin
e two or more nodes may want to

send data pa
kets to the same destination node, 
oordination among nodes

that wish to 
ommuni
ate with ea
h other is required. Many proto
ols for


oordinating multi
ast data transmissions have been proposed in the liter-

ature (see [22℄ for a survey). The approa
hes used range from sending a

di�erent 
opy of ea
h data pa
ket to ea
h one of the 
orresponding destina-

tions (uni
ast servi
e), to transmitting a single 
opy of the data pa
ket to

all the destinations at on
e (multi
ast servi
e with no fanout splitting).

Due to the relation to the later approa
h, there has been re
ently a

renewed interest to the model of s
heduling dedi
ated tasks in the on-

line 
ontext. In this framework, nodes 
orrespond to pro
essors and multi-

destination data pa
kets to dedi
ated tasks. The goal, minimizing the overall

1

These networks are known as single-hop WDM networks [19℄.
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transmission time, i.e. the time needed to send all data pa
kets out, 
orre-

sponds to the s
hedule makespan of dedi
ated tasks.

In this paper we also address the dedi
ated variant of the multipro
es-

sor tasks s
heduling problem (see [8℄ for a survey on some main results).

Formally, we are given a set of n tasks T = f1; : : : ; ng and a set of m pro-


essors M = f1; 2; : : : ;mg. Ea
h task j 2 T has a pro
essing time p

j

, a

release date r

j

and a prespe
i�ed set of pro
essors �x

j

� M . Preemptions

are not allowed. Ea
h pro
essor 
an work on at most one task at a time,

ea
h task must be pro
essed simultaneously by all pro
essors of �x

j

. The

obje
tive is to minimize the makespan C

max

= max

j

C

j

, where C

j

denotes

the 
ompletion time of task j.

We 
all �x

j

the type and j�x

j

j the size of job j 2 T , and use �

max

to denote max

j

j�x

j

j and r

max

to denote max

j

r

j

. To refer to the several

variants of the above s
heduling problem, we use the standard notation

s
heme by Graham at al. [15℄. For example, P j �x

j

; r

j

jC

max

denotes the

above problem itself in the o�-line 
ase

2

; P j on-line; �x

j

; p = 1jC

max

denotes

the on-line variant where all p

j

= 1 and the tasks arrive over list

3

; and

P j on-line; �x

j

; r

j

jC

max

denotes the on-line variant where all p

j

are arbitrary

and the tasks arrive over time

4

.

Known results and our 
ontribution. Variants of the multipro
essor

tasks s
heduling problem have been studied, but the previous resear
h has

mainly fo
used on the o�-line 
ase. Hoogeveen et al. [17℄ showed that al-

ready the three-pro
essor problem P3 j �x

j

jC

max

is strongly NP-hard, and

proved that even if all tasks have unit pro
essing times, there exists no

polynomial approximation algorithm for P j �x

j

; p

j

= 1jC

max

with perfor-

man
e ratio smaller than

4

3

, unless P=NP. However, in the same work it was

shown that if the number of pro
essorsm is �xed, i.e. Pmj �x

j

; p

j

= 1jC

max

,

then the problem is solvable in polynomial time. Later, Amoura et al. [2℄

proposed a polynomial time approximation s
heme (PTAS) for problem

2

In o�-line s
heduling, the s
heduler has full information of the problem instan
e.

In 
ontrast, in on-line s
heduling, information about the problem instan
e is

made available during the 
ourse of s
heduling.

3

The tasks of T are ordered in some list (sequen
e) and presented one by one to

the s
heduler a

ording to this list. The existen
e of a job is not known until

all its prede
essors in the list have already been s
heduled.

4

The tasks j of T arrive at their release dates r

j

. The tasks 
an be started at a

time bigger than or equal to their release dates, and at any point of time, the

s
heduler only has knowledge of the released tasks.

3



Pmj �x

j

jC

max

, and Bampis & Kononov [3℄ extended this result to a PTAS

for Pmj �x

j

; r

j

jC

max

. A

7

6

-approximation algorithm for P3j �x

j

jC

max

, whi
h

is due to Goemans [14℄, still remains the best low time 
omplexity approxi-

mation algorithm. Re
ently, Fishkin et al. [12℄ extended the negative results

presented in [17℄. It has been proven that P j �x

j

; p

j

= 1jC

max


annot be

approximated within a fa
tor of m

1=2�"

, neither for some " > 0, unless

P=NP; nor for any " > 0, unless NP=ZPP.

In the on-line 
ontext, there are several results known for the parallel

variant of the multipro
essor tasks s
heduling problem, see e.g. [10, 9, 5℄.

Up to our best knowledge, no on-line algorithms with guaranteed 
ompeti-

tive ratio are known for the dedi
ated variant of the multipro
essor model,


onsidered in this paper. Although some algorithms have been re
ently pro-

posed in the literature, their performan
es are not evaluated analyti
ally,

but by using simulations [7, 6℄.

In this paper we present several results, important from both theoret-

i
al and pra
ti
al point of view. First, we deal with the problems where

tasks have unit pro
essing times. Using the so-
alled �rst-�t te
hnique,

we give an on-line algorithm for P j on-line; fix

j

; p

j

= 1jC

max

, whi
h is k-


ompetitive if the maximum task size �

max

is bounded by some 
onstant

k. It is interesting to point out that our analysis is based on a transfor-

mation of our s
heduling problem to the 
lassi
al (vertex) 
oloring problem

of a parti
ular 
lass of graphs, the interse
tion graphs of k-tuples. We pro-

pose simple extensions of this algorithm to a 2

p

m-
ompetitive algorithm

for P j on-line; �x

j

; p

j

= 1jC

max

and (2

p

m + 1)-
ompetitive algorithm for

P j on-line; �x

j

; p

j

= 1; r

j

jC

max

. Clearly, the 2

p

m-
ompetitive algorithm

and the �rst-�t algorithm are 
omplementary. For instan
e, if k = 2 then

the �rst-�t algorithm is better. From another side, whenever k = m the �rst

algorithm outperforms the se
ond one.

Next, we swit
h to the general problem with arbitrary pro
essing times.

We show that any on-line algorithm whi
h s
hedules tasks arriving over-

list and leaves no unne
essary idles 
annot be better than m-
ompetitive.

In some sense, this leaves no hope for 
ontra
ting any good on-line algo-

rithm based on the �rst-�t te
hnique. However, using our split-round te
h-

nique, we obtain an o�-line 3

p

m-approximation algorithm for P j �x

j

jC

max

.

Then, by using the so-
alled a
tive-passive-bins s
heduling te
hnique by

Shmoys, Wein & Williamson [20℄, we give a 6

p

m-
ompetitive algorithm for

P j on-line; �x

j

; r

j

jC

max

in whi
h the existen
e of a task is unknown until

its release date.

4



Finally, we have 
ondu
ted some experiments based on random gener-

ated instan
es withm = 20 pro
essors; n = 50, 100 and 200 tasks;�

max

= 4,

6, 8, 12 maximum size; r

max

= 6, 18 and 30 maximum release date. Ana-

lyzing the results we observed that our algorithms work mu
h better than

it 
an be expe
ted. For all 
ases, the output makespan ex
eeded the lower

bound, whi
h is also heuristi
ally obtained, by at most a fa
tor of 3:5, though

p

20 � 4:47. Furthermore, we have found that all the algorithms have low

running time, that is a very important fa
tor for real world appli
ations.

Last notes. We say that an algorithm A is a �-approximation algorithm

for all problem instan
es it outputs a s
hedule with the makespan at most ��

OPT , where OPT is the makespan of the optimal s
hedule. If A is an on-line

�-approximation algorithm, then we say that it is a �-
ompetitive algorithm

or A is �-
ompetitive. (We may also that � is the approximation and/or


ompetitive ratio of A.) Here, the 
ompetitiveness of an on-line algorithm

is evaluated with respe
t to an o�-line optimal algorithm, and hen
e it

indi
ates the loss asso
iated with not having 
omplete information of the

problem instan
e. Both approximation algorithms and on-line algorithms

are assumed to run in polynomial time.

The paper is organized as follows. In the next se
tion we give some

preliminary results. In Se
tion 3.1, we deal with the unit pro
essing times


ase, and in Se
tion 3.2 with the general 
ase of arbitrary pro
essing times.

However, due to spa
e limitation, here we omit the experimental results

leaving them to the full version of the paper.

2 Preliminaries

In this se
tion we dis
uss some general te
hniques and lemmas that apply

throughout our paper. We transform our s
heduling problem to the 
lassi-


al (vertex) 
oloring problem. Then, we use some standard methods from

the graph theory to obtain related results. The properties we prove in this

se
tion pertain to the 
ase of unit pro
essing times, but the ideas will be

used in modi�ed form for arbitrary pro
essing times as well.

2.1 Coloring of the Con
i
t Graph

Given an undire
ted graph G = (V;E), a 
lique of G is a set of mutually

adja
ent verti
es. A maximum 
lique is, naturally, a 
lique whose number

5



of verti
es is at least as large as that for any other 
lique in the graph. If

the verti
es have weights then a maximum weighted 
lique is a 
lique with

the largest possible sum of vertex weights.

A (vertex) 
oloring of G = (V;E) is an assignment of a 
olor to ea
h

vertex in V . It is required that the 
olors on the pair of verti
es in
ident

to any edge be di�erent. A minimum 
oloring of a graph is a 
oloring that

uses as few di�erent 
olors as possible.

Clique and 
oloring problems are very 
losely related. It is straightfor-

ward to see that the size of the maximum 
lique of G is a lower bound on

the minimum number of labels needed to 
olor a graph.

Re
all our s
heduling problem. We are given a task set T = f1; : : : ; ng,

pro
essor set M = f1; 2; : : : ;mg, and for ea
h task j 2 T a pro
essing time

p

j

, release date r

j

, and type �x

j

� M . The goal is to �nd a s
hedule that

minimizes the makespan C

max

= max

j

C

j

.

Consider the 
ase when all r

j

= 0 and p

j

= 1. Then, our s
heduling

problem 
an be modeled as 
lique and 
oloring problems. It involves forming

the so-
alled 
on
i
t graph G

T

with verti
es representing the tasks of T . An

edge 
onne
ts two in
ompatible tasks j and i i� �x

j

[�x

j

6= ;. The maximum


lique problem is then to �nd as large a set of pairwise in
ompatible task

as possible. The minimum 
oloring problem is to assign a 
olor to ea
h task

so that every in
ompatible pair is assigned di�erent 
olors. A

ordingly,

having a 
oloring of the 
on
i
t graph G

T

one 
an �nd a s
hedule for the

tasks of T with the makespan at most the number of 
olors, and vi
e versa,

having a s
hedule one 
an �nd a 
oloring with the number of 
olors at most

the s
hedule makespan. Thus, the maximum 
lique number of G

T

, denoted

!(G

T

), is a lower bound on the s
hedule makespan of the tasks of T .

Unfortunately, there is no su
h a simple transformation for the 
ase when

all r

j

= 0, but all p

j

are arbitrary. However, we 
an add a weight p

j

to ea
h

vertex j of the 
on
i
t graph G

T

and deal with the maximum weighted


lique problem. In this framework, the sum of vertex weights in a maximum

weighted 
lique of G

T

, denoted !

p

(G

T

), is a lower bound on the s
hedule

makespan of the tasks of T . (We use this fa
t only in the last se
tion.)

Consider the 
ase when the maximum task size�

max

is bounded by some


onstant, say k. Then, the 
on
i
t graph G

T

gets a very spe
i�
 stru
ture,

be
oming a k-tuple graph. More formally it 
an be de�ned as follows. Let

X be a �nite set. A k-tuple of X is a set having k (or less) elements of

X . A graph G = (V;E) is a k-tuple graph if there exists a set X su
h that

ea
h node of V 
orresponds to a k-tuple of X and there is an edge in E

6



between any two verti
es i� the interse
tion of the 
orresponding k-tuples is

not empty. (Noti
e that several verti
es 
an 
orrespond to a single k-tuple.)

Di�erent variants of the graph (vertex) 
oloring problem have been stud-

ied. It is widely known that in the 
ase of general graphs the 
oloring prob-

lem is strongly NP-hard, and there is no �-approximation algorithm with

� = n

1=7�"

unless P=NP, where n is the number of verti
es of the graph [4℄.

However, for restri
ted graph 
lasses, there 
an exist either polynomial time

exa
t or approximation algorithms, as well as on-line 
oloring algorithms

(see [11℄ for a survey on on-line 
oloring).

For a graph G = (V;E), an on-line 
oloring algorithm 
olors the verti
es

in V one vertex at a time in the externally determined order v

1

� � � � � v

n

,

and at the time a 
olor is irrevo
ably assigned to v

t

, the algorithm sees the

verti
es adja
ent to v

t

only among v

1

; : : : ; v

t�1

. In the following we use a

very simple variant of an on-line 
oloring algorithm:

First Fit Coloring (FFC):

Sele
t verti
es v from V in an arbitrary order while 
oloring with an

initial sequen
e of 
olors 1; 2; : : :. Assign the vertex v the least 
olor that

has not already been assigned to any vertex adja
ent to v.

Lemma 1. For a k-tuple graph G, the number of labels used by the algo-

rithm FFC is at most k �w(G), where w(G) is the maximum 
lique number

of G.

Proof. Let X be a �nite set and G = (V;E) be a k-tuple graph with the 
or-

responding k-tuples ofX . Let fa

1

; : : : ; a

k

g be the k-tuple ofX 
orresponding

to a vertex v. Observe that the neighborhood N(v) = fu 2 V j (u; v) 2 Eg


an be split into at most k sets forming disjoint 
liques. Ea
h set of verti
es

in N(v) whose 
orresponding k-tuples of X 
ontain a 
ommon element, is

a 
lique. Thus, we sele
t elements from fa

1

; : : : ; a

k

g one by one, extra
ting

the 
orresponding 
liques from N(v). These 
liques are disjoint and 
over

N(v). Hen
e, jN(v)j � k �(!(G)�1) and FFC 
annot use more than k �!(G)


olors on G. ut

3 S
heduling of Dedi
ated Tasks

In this se
tion we 
onsider the on-line version of the dedi
ated s
heduling

problem. In the �rst part we start from the simplest 
ase of unit pro
essing

times. In the last part we 
onsider the general 
ase with arbitrary pro
essing

times.

7



3.1 Unit Pro
essing Times

Consider the 
ase when all p

j

= 1. Then, we 
an give the following simple

algorithm:

First Fit S
heduling (FFS):

S
hedule the tasks of T by starting the task j at the earliest interval

[t; t+ 1) in whi
h the pro
essors of �x

j

are not busy.

By using the result of Lemma 1 we have:

Lemma 2. If the maximum task size �

max

is bounded by some 
onstant k,

then the algorithm FFS is k-
ompetitive for P j on-line; �x

j

; p

j

= 1jC

max

.

Proof. First 
onsider the 
ase when the tasks of T arrive over-list. Let OPT

be the optimum makespan for P j �x

j

; p

j

= 1jC

max

. Let G

T

be the 
orre-

sponding 
on
i
t graph of task set T . One 
an see that FFC working on

G

T


annot outperform FFS working on T , in the worst 
ase analysis. (Ea
h

interval [t; t + 1) 
orresponds to 
olor t, the makespan 
orresponds to the

number of 
olors, and vi
e versa.) Thus, sin
e w(G

T

) is a lower bound on

OPT , by Lemma 1 the makespan of the output s
hedule by FFS is at most

k �OPT . ut

The above lemma does not guarantee a good performan
e of FFS on in-

stan
es with �

max

= m. However, we 
an modify the algorithm as follows:

First Fit S
heduling+ (FFS+):

S
hedule the tasks of T by starting the task j at the earliest interval

[t; t+1), t � r

j

in whi
h the pro
essors of �x

j

are not busy and there is

no task in [t; t+ 1)

{ of size greater than

p

m if j�x

j

j �

p

m, and

{ of size at most

p

m if j�x

j

j >

p

m.

Less formally, the output s
hedule 
an be split into two parts | the �rst

part in
ludes the intervals during whi
h the tasks have size at most

p

m,


all these intervals \red" 
olored, and the se
ond part in
ludes the intervals

during whi
h the pro
essed tasks have a size greater than

p

m, 
all these

intervals \blue" 
olored. A

ordingly, one 
an think in terms of assigning

the tasks, depending on their sizes, to blue or red intervals.

Lemma 3. The algorithm FFS+ is 2

p

m-
ompetitive for P j on-line; �x

j

;

p

j

= 1jC

max

and is (2

p

m+1)-
ompetitive for P j on-line; �x

j

; p

j

= 1; r

j

jC

max

.

8



Proof. First 
onsider the 
ase where the tasks of T arrive over-list. Let

T

+

:= fj 2 T : j�x

j

j >

p

mg and T

�

:= fj 2 T : j�x

j

j �

p

mg. Also,

let OPT denote the optimal makespan for P j �x

j

; p

j

= 1jC

max

. Then, by

Lemma 2 the \red" part of the output s
hedule 
orresponding to T

�

has a

makespan at most

p

mOPT . Regarding the \blue" part of the output s
hed-

ule 
orresponding to T

+

observe the following: At least one task appears

in ea
h \blue" interval, and sin
e for ea
h j 2 T

+

: j�x

j

j >

p

m, one may

additionally pla
e at most (m�

p

m)=

p

m =

p

m�1 tasks in ea
h \blue" in-

terval. Hen
e, the blue part has a makespan at most (

p

m�1)OPT +OPT .

Combining the two bounds we get that the output makespan is at most

2

p

mOPT .

Now 
onsider the 
ase where the tasks of T arrive over-time. Let OPT

0

denote the optimal makespan for P j �x

j

; p

j

= 1; r

j

jC

max

. Then, it is 
lear

that the release date r

j

� OPT

0

for ea
h task j 2 T . Furthermore, by the

above observation we 
an estimate the 
ompletion time of ea
h task j 2 T

as follows:

C

j

� r

j

+ 2

p

mOPT � OPT

0

+ 2

p

mOPT

0

� (2

p

m+ 1)OPT

0

:

This 
ompletes the proof. ut

3.2 Arbitrary Pro
essing Times

Now we 
onsider the general 
ase when all p

j

are arbitrary. First we an-

alyze the �rst-�t te
hnique, and then we go to our split-round te
hnique,

presenting the main results of this paper.

First-Fit Te
hnique. Consider m tasks T

1

; T

2

: : : ; T

m

with pro
essing

times p

k

= 1 +

k

m

" and types �x

k

= fkg (k = 1; : : : ;m), and, in addition,

m � 1 tasks T

m+1

; T

m+2

; : : : ; T

2m�1

with the same type �x

k

= f1; : : : ;mg

and pro
essing time p

k

=

"

m�1

(k = m+ 1; : : : ; 2m� 1).

If all these 2m� 1 tasks arrive in the order 1; (m+ 1); 2; (m+ 2); : : : ; i;

(m+ i); : : : ; (m� 1); (2m� 1);m, then any deterministi
 on-line algorithm

whi
h leaves no unne
essary idles produ
es a s
hedule of makespan greater

than m + 2", while an optimal s
hedule has a makespan equal to 1 + 2".

(See Figure 1). Thus, m is a lower bound on the 
ompetitive ratio of any

on-line algorithm whi
h uses the �rst-�t te
hnique.

We de�ne P (T ) =

P

j2T

p

j

to be the total pro
essing time of tasks of

T , and L(T ) =

1

m

P

j2T

p

j

j�x

j

j to be the average load of T . Then, it holds

9



""

Fig. 1. The output and optimal s
hedules

that

P (T ) � m � L(T ) and L(T ) � OPT � max

j2T

r

j

+ P (T );

where OPT is the minimum makespan for T .

Consider the following algorithm:

General First Fit S
heduling (GFFS):

S
hedule the tasks of T by starting the task j at the earliest time t � r

j

su
h that the pro
essors of �x

j

are not busy in interval [t; t+ p

j

).

Sure, the above algorithm uses the �rst-�t te
hnique and 
annot be better

than m-
ompetitive. However, it 
annot be mu
h worse than that as well.

Lemma 4. The algorithm GFFS is m-
ompetitive for P j on-line; �x

j

jC

max

and (m+ 1)-
ompetitive for P j on-line; �x

j

; r

j

jC

max

.

Proof. First 
onsider the 
ase where the tasks of T arrive over-list. Let OPT

be the minimal makespan for P j �x

j

jC

max

. Let C denote the makespan of

the s
hedule found by GFFS working on T . Sin
e for ea
h task j 2 T the

release date r

j

= 0 and the algorithm GFFS uses the �rst-�t te
hnique,

P (T ) is an upper bound on C. Hen
e, it holds that

C � P (T ) � m � L(T ) � m �OPT;

i.e. the output s
hedule's makespan is at most m � OPT .

We 
omplete by using the arguments in the proof of Lemma 3. ut
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Split-Round Te
hnique. Let us 
onsider the following o�-line algorithm

for problem P j �x

j

jC

max

.

Split Round S
heduling (SRS):

Form T

+

:= fj 2 T : j�x

j

j >

p

mg and T

�

:= fj 2 T : j�x

j

j �

p

mg.

1. Apply GFFS to tasks j 2 T

+

ordered in an arbitrary way.

2. For ea
h task j 2 T

�

round p

j

to the smallest power of two, say

[p

j

℄

a

.

3. Apply GFFS to tasks j 2 T

�

ordered by non-in
reasing [p

j

℄'s.

a

Here [p

j

℄ = 2

a

� p

j

and 2

a�1

< p

j

.

We 
an state the following result

Theorem 1. The algorithm SRS is a 3

p

m-approximation algorithm for

problem P j �x

j

jC

max

.

Proof. Let OPT be the minimum makespan for P j �x

j

jC

max

. Let C

+

be

the makespan of the s
hedule found by GFFS while working on the tasks

of T

+

ordered arbitrary (Step 1), and C

�

be the makespan of the s
hedule

found by GFFS while working on the rounded tasks j 2 T

�

ordered by

non-in
reasing [p

j

℄'s (Steps 2 and 3).

Sin
e for ea
h task j 2 T

+

the size j�x

j

j >

p

m, it holds that

L(T

+

) =

1

m

X

j2T

+

p

j

j�x

j

j �

p

m

m

X

j2T

+

p

j

=

P (T

+

)

p

m

:

Thus,

C

+

� P (T

+

) �

p

mL(T

+

) �

p

mOPT:

Regarding the tasks of T

�

observe the following. First, by applying the

rounding pro
edure we lose at most a fa
tor of 2 in the obje
tive fun
tion.

Hen
e, the new minimal makespan, say OPT

0

, is at most 2OPT . Se
ond,

the pro
essing time of the tasks of T

�

are powers of 2, and GFFS s
hed-

ules tasks j 2 T

�

in non-in
reasing order of [p

j

℄. Hen
e, a task, say k, is

\blo
ked" by an already s
heduled task, say s, if and only if s : �x

k

\�x

s

6= ;.

(See Figure 2 for an illustration. Noti
e that if pro
essing times are not pow-

ers of 2 we 
annot guarantee this property, that is a base element of our

analysis.)

Consider the s
hedule found by GFFS while working on the rounded

tasks j 2 T

�

ordered by non-in
reasing [p

j

℄'s. Let k be a task su
h that

11



1

2

3

4

5

1

2

3

4

5

Fig. 2. S
hedules for non-rounded and rounded tasks

C

�

= C

k

. A

ordingly, S

k

= C

k

� p

k

= C

�

� p

k

is the starting time of

task k. Then, by the above observation and by the fa
t that GFFS uses the

�rst-�t te
hnique, we 
an �nd a sequen
e s

1

; s

2

; : : : ; s

q

of tasks in T

�

su
h

that at ea
h moment t 2 [0; S

k

) for exa
tly one task s(t) 2 fs

1

; s

2

; : : : ; s

q

g

it holds that �x

s(t)

\ �x

k

6= ;. (See Figure 3). Hen
e,

S

k

=

q

X

i=1

p

s

i

and C

�

= p

k

+

q

X

i=1

p

s

i

:

S

k

C

�

k

s

5

s

4

s

3

s

2

s

1

Fig. 3. A task k and a sequen
e s

1

; s

2

; s

3

; s

4

; s

5

Sin
e the size j�x

k

j �

p

m and ea
h task s

i

, i = 1; : : : ; q requires at

least one of the pro
essors in �

k

, the makespan of any s
hedule for tasks

s

1

; s

2

; : : : ; s

q

and k is at least:

L

0

=

1

p

m

 

p

k

+

q

X

i=1

p

s

i

!

=

C

�

p

m

:
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Furthermore, sin
e these tasks belong to T

�

� T it also holds that L

0

�

OPT

0

� 2OPT . Hen
e, we get

C

+

+ C

�

�

p

mOPT + 2

p

mOPT � 3

p

mOPT;

i.e. the makespan of the output s
hedule by SRS is at most 3

p

mOPT . ut

We are ready to present the following main algorithm:

Split-Round S
heduling+ (SRS+):

1. At ea
h moment we 
onsider two bins, one of whi
h is a
tive and the

other one is passive.

2. At the �rst release date, 
olle
t the tasks into the a
tive bin.

3. S
hedule the tasks of the a
tive bin by SRS while 
olle
ting the tasks

being released into the passive bin.

4. At ea
h moment when SRS has no task to s
hedule, ex
hange the

a
tivities of bins.

Here we 
all the following result by Shmoys, Wein &Williamson in [20℄: \Let

A be a polynomial-time s
heduling algorithm that works in an environment

in whi
h ea
h job to s
heduled is available at time 0 and whi
h always

produ
es a s
hedule of length at most �C

�

. For the analogous environment

in whi
h the existen
e of a job is unknown until its release date, there

exists another polynomial-time algorithm A

0

that works in this more general

setting and produ
es a s
hedule of length at most 2�C

�

". In fa
t, SRS is

similar to the algorithm 
onstru
ted, and we 
an give the following result

Theorem 2. SRS+ is 6

p

m-
ompetitive for P j on-line; �x

j

; r

j

jC

max

in whi
h

the existen
e of a task is unknown until its release date.
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