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Abstra
t

We introdu
e a new notion of Systems of Distant Representatives

of families of subsets of a metri
 spa
e. We are in parti
ular inter-

ested in the 
omputational 
omplexity of de
iding the existen
e of

su
h systems, for di�erent distan
e parameters and for various met-

ri
 spa
es. The problem 
ontains as a subproblem the well known

polynomial time solvable problem of Systems of Distin
t Representa-

tives (for dis
rete metri
 and distan
e parameter 1). We prove several

NP-hardness results, e.g., for dis
rete metri
 and distan
e parameter

2, or for Eu
lidean metri
 spa
es. We also show a dire
t 
onne
-

tion to pra
ti
ally motivated and previously studied problems su
h

as s
heduling, distan
e 
onstrained graph labeling, map labeling, dis-

joint representatives of hypergraphs and independent sets in graphs.

1 Introdu
tion

Consider a universeX and a family of its subsetsM = fM

i

j i 2 I;M

i

� Xg.

The System of Distin
t Representatives (SDR) forM sele
ts from ea
h M

i

�

The authors a
knowledge support of joint Cze
h U.S. grants KONTAKT ME338 and

NSF-INT-9802416 during visits of the �rst two authors to Eugene, OR, and of the third

author to Prague.

y

Resear
h partially supported by Cze
h Resear
h grant GAUK 158/99.

z

Supported in part by the grant NSF-ANI-9977524.

x

Supported by the Ministry of Edu
ation of the Cze
h Republi
 as proje
t LN00A056.

1



an element (its representative), su
h that distin
t sets are represented by

distin
t elements. Su
h assignment 
an be formally des
ribed by an inje
tive

mapping f : I ! X satisfying the property f(i) 2M

i

for all i 2 I .

An equivalent interpretation of SDR is by a mat
hing in a bipartite

graph, where verti
es of one blo
k of the bi-partition 
orrespond to the

elements of X , the other blo
k represents the family M and edges des
ribe

the membership of elements in sets of M.

The theory of Systems of Distin
t Representatives is well known and

very important for dis
rete optimization problems. When the family M

and all its sets M

i

are �nite, the elegant Hall theorem [12℄ des
ribes the

ne
essary and suÆ
ient 
ondition for the existen
e of an SDR, whi
h { if it

exists { 
an be found by a polynomial time algorithm (augmenting paths or

the mat
hing algorithm of Edmonds [5℄).

Though several generalizations of the 
on
ept have been studied, we be-

lieve that the 
on
ept of distant representatives is new. We assume that X is

equipped by a metri
 dist(a; b) and therefore we may ask for representatives

that are suÆ
iently spa
ed in X . More formally:

De�nition 1 Given a parameter q > 0 and a family M = fM

i

j i 2 Ig

of subsets of X, a mapping f : I ! X is 
alled a System of q-Distant

Representatives (shortly an Sq-DR) if

(1) f(i) 2M

i

for every i 2 I,

(2) dist(f(i); f(j)) � q for every i; j 2 I; i 6= j.

The metri
 on the spa
e X 
ould be de�ned in several ways, for example:

� The trivial metri
: For arbitrary universe X we set dist(a; b) = 0 if

a = b, and dist(a; b) = 1 otherwise.

� The integral metri
: X = N, dist(a; b) = ja� bj.

� The graph metri
: Take X = V (G) and set dist(a; b) to the length of

the shortest path 
onne
ting verti
es a and b in a graph G.

� The L

i

metri
 in the d-dimensional Eu
lidean spa
e X = R

d

. In

parti
ular we 
onsider the Eu
lidean plane X = R

2

and

{ the L

1

(Manhattan) metri
 de�ned as the sum of 
oordinate dif-

feren
es ja

x

� b

x

j+ ja

y

� b

y

j.
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{ the L

2

metri
. It is the usual Eu
lidean metri
 equal to the

length of the segment joining the points a and b in the plane.

{ the L

1

metri
 de�ned as maximum 
oordinate di�eren
e, i.e.

dist(a; b) = maxfja

x

� b

x

j; ja

y

� b

y

jjg

Observe that in the 
ase of trivial, integral or graph metri
 the Sys-

tem of q-Distant Representatives is equivalent to System of Distin
t Rep-

resentatives as long as q � 1. This holds also in a slightly more general

setting: Consider any universe X with a metri
 for whi
h dist(a; b) � 1

whenever a 6= b. Then for q � 1 the 
ondition (2) merely says that, for

i 6= j, f(i) 6= f(j), i.e., a System of q-Distant Representatives is a Sys-

tem of Distin
t Representatives. For this 
ase any further metri
 stru
ture

on X be
omes irrelevant and in su
h a 
ase an Sq-DR 
an be found by a

polynomial-time algorithm.

A more general 
on
ept of Systems of Disjoint Representatives on Hy-

pergraphs (SDRH) was studied by Aharoni and Haxell [1℄. They provide

ne

esary and suÆ
ient 
onditions for the existen
e of su
h systems for �-

nite families M. Although these 
onditions 
an be dire
tly translated for

instan
es of the Sq-DR problem with �nite sets M

i

, we show that in general

they 
annot be veri�ed in polynomial time (unless P=NP).

The aim of this paper is to show that for the ranges q � 1 and q > 1

the problem Sq-DR behaves quite di�erently. This is shown in the 
ase of

integral metri
 in Se
tion 2 and for unit diameter balls in the plane (with

all three plane metri
s) in Se
tion 3. We show that in many 
ases, Sys-

tems of q-Distant Representatives 
an be modeled as Systems of Indepen-

dent Representatives (SIR) in graphs and we 
hara
terize the 
omputational


omplexity of this problem for various graph 
lasses in Se
tion 4.

In Se
tion 5 we relate our work to the previous work on disjoint represen-

tatives on hypergraphs ([1℄). Finally, in Se
tion 6 we dis
uss the appli
ation

of Sq-DR in the �-
oloring problem on pre
olored trees.

2 Systems of distant representatives on N

We �rst fo
us our attention on the integral distan
e. We show that for

q > 1, the linear ordering of the elements of X be
omes the determining

fa
tor.

We will show that de
iding whether a given family has an Sq-DR is NP-


omplete for q > 1. This fa
t is interesting on its own but for the purpose
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of �-
olorings (the appli
ation dis
ussed in Se
tion 6) we need a somewhat

stronger result. We 
all a set of numbers t-sparse if jx � yj � t for every

two distin
t members x; y of the set.

Theorem 2 For every q > 1 and every t, it is NP-
omplete to de
ide if a

family M of t-sparse sets of integers has a System of q-Distant Represen-

tatives.

Proof We redu
e from 3-Satis�ability of Boolean formulas in 
onjun
tive

normal form. This problem is known to be NP-
omplete even when re-

stri
ted to formulas whose ea
h 
lause 
ontains 2 or 3 literals and every

variable o

urs in exa
tly 3 
lauses | on
e positive and twi
e negated [9℄.

Suppose � = (V;C) is su
h a formula (where V is its variable set and C its


lause set). We assume that the variables are numbered x

1

; x

2

; : : : ; x

n

.

Fix a number s > t+ q � 2q (we may assume without loss of generality

that t � q). For a variable x

i

, let 
lause 
 
ontain the positive o

urren
e

of x

i

and let 
lauses d; e 
ontain :x

i

. Denote x

i

(
) = (i � 1)s+ 2, x

i

(d) =

(i � 1)s + 1 and x

i

(e) = (i � 1)s + q + 1. For every 
lause 
 2 C 
reate a

3-element set M




= fx

i

(
)jx

i

2 
 or :x

i

2 
g.

Observe �rst that the sets M




, 
 2 C are t-sparse. This is be
ause the

smallest di�eren
e of any two numbers x

i

(
); x

j

(d), i 6= j is at least s�q > t.

We 
laim that M = fM




g


2C


ontains an Sq-DR if and only if � is

satis�able. Suppose �rst that M 
ontains an Sq-DR f . We de�ne a truth

valuation � of the variables V so that

� �(x

i

) = true if f(
) = x

i

(
) for some 
lause 
 su
h that x

i

2 
,

� �(x

i

) = false if f(
) = x

i

(
) for some 
lause 
 su
h that :x

i

2 
,

� �(x

i

) is arbitrary if none of the above applies.

Obviously every 
lause is satis�ed by this assignment. We have to show,

though, that � is de�ned 
orre
tly. Assume to the 
ontrary that for some

variable x

i

, �(x

i

) should be both true and false. That means that (i�1)s+2

and at least one of (i� 1)s+1 and (i� 1)s+ q+1 are both representatives

of some sets. This is, however, impossible, sin
e their di�eren
e (i � 1)s+

2� ((i� 1)s+ 1) = 1 or (i� 1)s+ q + 1� ((i� 1)s+ 2) = q � 1 would be

less than q.

On the other hand, suppose that � is satis�ed by a truth valuation �. For

every 
lause 
, pi
k a variable (say x

i

) whi
h satis�es 
 and set f(
) = x

i

(
).
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This is 
learly a set of representatives of M. To see that the system is

q-distant, note that if di�erent 
lauses 
 and d are satis�ed by di�erent

variables then the di�eren
e of f(
) and f(d) is at least s � q > t � q,

while if 
 and d are satis�ed by the same variable, say x

i

, then this variable

must o

ur negated in both 
lauses, and hen
e f(
) = (i � 1)s + 1 and

f(d) = (i� 1)s+ q + 1 (or vi
e versa), and thus their di�eren
e is q. �

The problem Sq-DR on integers be
omes tra
table if we in
lude an ad-

ditional requirement that all sets in the family M are intervals. In su
h

a situation we 
an extend the universe X to real numbers and formulate

the problem in terms of s
heduling: Let I be a set of tasks to be exe-


uted on one pro
essor without preemption. Ea
h task's pro
essing time

has the same length (

q

2

) whi
h is to be s
heduled within the given release

time r

i

and due time d

i

. The 
orresponding sets of the family M are then

M

i

= (r

i

+

q

2

; d

i

�

q

2

). The question is whether for a given instan
e a feasible

s
hedule exists.

Clearly, the polynomial-time algorithm solving the s
heduling problem

due to Simons [19℄ provides also a solution for the Sq-DR problem on N (or

R) with the integral metri
.

3 Systems of distant representatives in the

plane

In this se
tion we 
onsider the Eu
lidean plane as the universe X and sets

of its points as the family M. If all sets M

i

are �nite, we 
an transform

su
h an instan
e to a �nite graph G as will be des
ribed in Se
tion 4. We

disregard for the moment this 
ase and fo
us our attention on in�nite sets

M

i

, namely 
losed, unit diameter balls in R

2

(we 
all them simply unit

balls). We note that ea
h su
h an in�nite set 
an be des
ribed in 
onstant

spa
e, e.g., by the 
oordinates of the 
enter of the ball.

Observe that for all three 
onsidered plane metri
s, two points a and b

are at distan
e smaller than q if the two balls of diameter q, one 
entered

at a and the other at b, interse
t. The Sq-DR problem for 
losed unit balls

in R

2

has thus a ni
e geometri
 representation: repla
e ea
h 
losed unit

ball M

i

of M by an open ball M

0

i

of diameter 1 + q and ask, whether ea
h

M

0

i


an be assigned a representative, a ball of diameter q 
ompletely pla
ed

inside M

0

i

, su
h that all these representatives are pairwise disjoint. In the

rest of this se
tion we use this representation M

0

of the Sq-DR problem,
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rather than the original sets M. The reason is, that in this representation

all essential properties 
an be 
aptured by the in
lusion relation and we do

not need 
on
ern ourselves with the underlying metri
.

It is 
lear that su
h problems 
an model pra
ti
al appli
ations like, for

instan
e, map labeling, where setsM

i


orrespond to the possible label pla
e-

ment, and the representative of diameter q 
orresponds to the pla
e for a

label.

We note here that the one-dimensional version of �nding a Sq-DR for

(unit) balls on R is equivalent to the s
heduling problem mentioned above,

and thus admits an algorithm running in polynomial time. We show in this

se
tion that in the two-dimensional spa
e problem be
omes NP-
omplete

for all of the L

1

, L

2

and L

1

metri
s.

In the Eu
lidean metri
 a ball 
orresponds to a disk of the same diam-

eter. In the L

1

and L

1

metri
s balls are squares. More pre
isely, in the

Manhattan metri
 the diameter is the length of its diagonals (whi
h are

parallel with the 
oordinate axes) while in the L

1

metri
 the diameter is

the square's side length and squares are oriented in the ususal way. Hen
e,

balls in the L

1

and L

1

metri
s are topologi
ally equivalent and the S1-

DR problem for unit balls in R

2

with the Manhattan metri
 redu
es to the


orresponding problem with L

1

metri
 by rotating all squares by

�

4

and

s
aling the 
oordiantes by the fa
tor

p

2.

Theorem 3 The S1-DR problem is NP-hard for 
losed unit balls in the

Eu
lidean plane with the L

1

metri
.

Proof We show a redu
tion from the planar 3-SAT problem, whose NP-


ompleteness was proved in [16℄. An instan
e for this version of the satis�-

ability problem 
onsists of a formula � = (V;C) in the 
onjun
tive normal

form, where ea
h variable has one positive and two negative o

urren
es,

ea
h 
lause 
onsists of two or three literals, and the in
iden
e graph G of �

is planar. The graph G has vertex set V [ C and an edge (x; 
) belongs to

E(G) i� the 
lause 
 
ontains x or :x as a literal.

We redu
e � to an instan
e of S1-DR in the plane. The 
orresponding

family M

0


ontains squares of side length 2 (=q + 1). It 
onsists of three

parts: one part represents 
lauses ("
lause gadgets"), the next variables

("variable gadgets"), and the third part are 
onne
tors joining 
lause and

variable gadgets together.

A three-literal 
lause gadget 
onsists of two squares both with the same

pla
ement. It is 
lear, that only two of the four quadrants (unit squares)

6



N

1

N

2

P

1

P

2

Figure 1: Variable gadget.


ould not be o

upied by representatives whenever an S1-DR exists. Simi-

larly, for a 
lause with only two literals we use three squares in a 
ommon

position.

The variable gadget is s
hemati
ally depi
ted in Fig. 1. The dashed lines

represent the unit grid in the plane. Solid lines show the 16 squares whi
h

we 
all a
tive, the bold lines indi
ate two squares in the same position. The

gray area 
annot be used for a possible representative of an a
tive square

| it is fully o

upied by four squares in the same position (thus ea
h of

them will be represented by a di�erent quadrant).

The important property of the variable gadget is, that if any S1-DR

exists, then either squares P

1

and P

2

or N

1

and N

2

(but not both pairs)

will be partially o

upied by the representatives for the variable gadget. For

example, if neither P

1

nor P

2

is hit by the representatives, then N

1

and N

2

are, as is shown in Fig. 2. The small squares are representatives for the

a
tive squares of the gadget, their numbering 
orresponds to left-to-right

ordering in Fig. 1.

The 
onne
tor 
onsists of a 
hain of squares. These squares 
ome in

triples so that all squares in a triple have the same position (thus, Fig. 3

a
tually represents 18 squares of side length 2). Two 
onse
utive triples

in the 
hain share one quadrant. Of the two quadrants at the ends of the


hain, like A and B in the Fig. 3, at least one is fully o

upied, if the 
hain

has a S1-DR.

In the 
olle
tion M

0

we in
lude for ea
h 
lause 
 2 C in � a disjoint


opy of the 
lause gadget pla
ed on a grid a

ording to the planar drawing

of G. Similarly we pla
e the variable gadgets for ea
h variable x 2 V . If

7



1 2 3 4 5

7 8 9 10

11

12 13 14 15 16

6

N

1

N

2

P

1

P

2

Figure 2: S1-DR for the variable gadget 
orresponding to the truth assign-

ment.

A

B

Figure 3: Conne
tor gadget.
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a variable x o

urs positively in a 
lause 
, we in
lude a 
onne
tor joining

the unique quadrant of the 
lause gadget representing 
 with a lower right

quadrant of the square P

1

related to the variable gadget of x. Similarly, we

use left 
orners of N

1

and N

2

for the two possible o

urren
es of :x.

The pla
ement of all these obje
ts in the plane will follow the planar

drawing of the graph G in a unit grid. All squares ex
ept those in the


onstru
tion of the variable gadget 
oin
ide with unit grid, so the entire


olle
tionM 
an be 
onstru
ted so that its size is polynomial in the size of

the formula �.

Assume that an S1-DR forM

0

exists. For no 
lause gadget all its literals


an be represented by a free quadrant, and thus at least one these literals

is for
ed to be represented by the square P

1

(for a positive literal) or by

some N

i

(otherwise) of the 
orresponding variable gadget. As indi
ated

above, it is impossible for a representative to o

upy both P

1

and N

i

at the

same time. Hen
e we may de�ne the truth assignment x = true if P

1

is not

o

upied by the representatives for a
tive squares of the variable gadget for

x and x = false otherwise. Su
h an assignment is well-de�ned and is valid

for �. The 
onstru
tion of an S1-DR from the truth assignment of � is then

straightforward.

�

In the proof of Theorem 3 only few squares were pla
ed out of the unit

grid. We show that when all unit squares respe
t this grid, the problem is

solvable by a polynomial-time algorithm.

Corollary 4 For any q of the form

1

k

; k 2 N, the Sq-DR problem for 
losed

unit squares 
an be solved in polynomial time if all sides of squares in M


oin
ide with the grid of span q.

Proof If any Sq-DR exists, then shift all the representatives to the left-

and down-most position. The resulting Sq-DR has the property that all

representatives 
oin
ide with the grid points.

Thus, we 
an without loss of generality restri
t the universe X to the

grid points and solve the problem by �nding a System of Distin
t Repre-

sentatives. �

We 
on
lude this se
tion by proving an analogous results for the Eu-


lidean metri
.

Theorem 5 The S1-DR problem is NP-hard for unit disks in the Eu
lidean

metri
.
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P

1

P

2

N

1

N

2

a) b)


)

d)

B

A

Figure 4: Gadgets for the S1-DR problem on disks.

Proof The proof mimi
s the proof of Theorem 3. We represent a planar for-

mula � by a 
olle
tion of disks 
onsisting of 
lause and variable gadgets, and


onne
tors. As above we use the representation M

0

, where representatives


orrespond to disks of diameter 1, while the disks in M

0

have diameter 2.

The �rst tool involved in the 
onstru
tion is the reserved gray area.

Observe that the four disks depi
ted in Fig. 4 (a) allow an S1-DR only as

the four gray disks.

The 
onne
tors are depi
ted in Fig. 4 (b). In no S1-DR of the 
onne
tor

gadget disks A and B may remain empty. The variable gadget is illustrated

in the part (
). As in the previous proof, it is impossible to �nd represen-

tatives for the variable gadget where some P

i

remains free together with

some N

i

. If the disk P

1

remains empty, the 
orresponding variable will be

assigned the true value.

Finally, 
lause gadgets are shown in Fig. 4 (d). At least one of the three

(or two) dashed disks 
annot be left free to saturate the adja
ent 
onne
tor's

end.

The remainder of the prof follows in the same manner as in the 
ase of

the L

1

metri
. �

We believe that both of the above 
onstru
tions 
an be adjusted for

other �xed values of q.

Problem 1 Classify the 
omputational 
omplexity for the Sq-DR geometri


problem with the L

1

, L

2

and L

1

metri
s and q in the range (0;1).

Our NP-
ompleteness proof of the S1-DR problem 
an be adjusted also

10



for higher dimensions d of the Eu
lidean spa
e. Here a d-dimensional unit

ball 
orresponds to

� the d-dimensional ball of radius

1

2

for the Eu
lidean metri
,

� the 
onvex hull of 2d ve
tors in the 
ase of Manhattan metri
 where

ea
h of these ve
tors has only one non-zero 
oordinate equal to �

1

2

,

� the d-dimensional 
ube of unit side length for the 
ase of L

1

metri
.

The proof is based on a similar redu
tion from the satis�ability problem. It

uses similar gadgets to represent variables and 
lauses, similar 
onne
tors

and also alike geometri
 arguments of possible pla
ement of the represen-

tants.

Problem 2 Find a uniform proof for the NP-hardness of the Sq-DR problem

for unit balls in the d-dimensional Eu
lidean spa
e for all L

i

metri
s (q >

0; d � 2; i � 1), where the L

i

metri
 is de�ned as

dist

L

i

(a; b) =

i

v

u

u

t

d

X

j=1

ja

j

� b

j

j

i

:

Problem 3 It remains as an open question whether the Sq-DR problem for

unit balls belongs to the 
lass NP. It is not straightforward to see whether

the 
oordinates of the representatives | if they exist | 
ould be always

des
ribed and veri�ed in polynomial spa
e and time.

4 Systems of independent representatives in

graphs

We have shown a signi�
ant di�eren
e in the 
omputational 
omplexity of

Sq-DR for the integral metri
 when q � 1 and when q > 1.

In this se
tion we observe that for any metri
 spa
e X , the Sq-DR prob-

lem 
an be redu
ed to the S2-DR problem on graphs as follows: Given an

instan
e M of Sq-DR, 
onstru
t (as an instan
e of the S2-DR) a graph G

on the (possibly in�nite) vertex set V (G) = X with a; b 2 X adja
ent in G

if and only if dist

X

(a; b) < q. The family M remains un
hanged.

Then, verti
es of G 
orresponding to an Sq-DR in X are independent

(non-adja
ent) in G and vi
e-versa. This leads naturally to the following

11



version of Systems of q-Distant Representatives, a problem parametrized

by a 
lass A of graphs. The instan
e of this SA-IR problem (System of A-

Independent Representatives) is a graph G 2 A and a family M of subsets

of the vertex set V (G). The question is whether M allows a System of

Distin
t Representatives su
h that the representatives form an independent

set in G. L. Lov�asz asked [personal 
ommuni
ation℄ for a possible 
omplete


hara
terization of polynomial and NP-
omplete instan
es of the SA-IR

problem with respe
t to the parameter 
lass A.

Proposition 6 For any graph 
lass A, the SA-IR problem is at least as

diÆ
ult as the Independent Set problem restri
ted to graphs of A.

Proof Given a graph G 2 A and a number k, we take G and the multiset

of k 
opies of V (G) as the family M. This family allows a System of

Independent Representatives if and only if �(G) � k. �

This easy observation gives many examples of hard instan
es of our

problem (e.g., planar graphs, triangle-free graphs et
.), but all of these are

a
tually 
overed by the following 
orollary of our Theorem 2. For a graph

G, we denote by mv(G) the maximum k su
h that G 
ontains k disjoint


opies of K

1;2

as an indu
ed subgraph.

Proposition 7 If a graph 
lass A is su
h that for every k, there is a G 2 A

with mv(G) � k, then the SA-IR problem is NP-
omplete.

Proof Take an instan
e of the S2-DR problem on 2-sparse sets of integers,

as 
onstru
ted in the proof of Theorem 2. Then the graph G 
orresponding

to this situation is just the disjoint union of n 
opies of K

1;2

, n being the

number of variables in the formula the redu
tion started with. �

We immediately see that Proposition 6 does not provide a tight lower

bound on the 
omplexity of the SA-IR problem. Disjoint unions of K

1;2

's,

and more generally the so 
alled 
omplement-redu
ible graphs (
ographs) [4℄,

allow a polynomial time algorithm for the Independent Set problem, but

provide hard instan
es for our SA-IR problem. It would be very interesting

to know whether Proposition 7 
ompletely 
hara
terizes the hard instan
es

of SA-IR. At present we are able to prove this di
hotomy for 
lasses A whi
h

are sub
lasses of 
ographs.

Before 
on
luding this se
tion with a formal statement, we mention a

somewhat similar situation for the Independent Set problem. It has been

12



showed by Tuza [6℄ that if a graph does not 
ontain k disjoint 
opies of K

2

(denoted k �K

2

) as an indu
ed subgraph, then the number of maximal (wrt.

set in
lusion) independent sets is polynomial in the number of verti
es of

the graph (the exponent depending on k). Consequently, sin
e one 
an list

all maximal independent sets in time polynomial in their number, for every

�xed k, one 
an solve the Independent Set problem for graphs without k

indu
ed 
opies of K

2

in polynomial time.

For the System of independent representatives (SIR), we need to go a

little further than enumerating the maximal independent sets, sin
e e.g., if

a graph G is the disjoint union of

n

2


opies of K

2

, G has n verti
es and

O(2

n

2

) maximal independent sets, but still the SIR problem on G 
an be

solved in polynomial time, as lays the following observation.

De�nition 8 For a set A of verti
es of a graph G, we say that the subgraph

G[A℄ indu
ed in G by A is a du
s (disjoint union of 
omplete subgraphs) if

every 
onne
ted 
omponent of G[A℄ is a 
omplete graph. We 
all a 
olle
tion

D of subsets of the vertex set of G an idu
s if, for every A 2 D, G[A℄ is a

du
s and every independent set S in G is 
ontained in some A 2 D. The

minimum size of an idu
s in G will be denoted by md(G).

Proposition 9 If G has an idu
s whi
h 
an be 
onstru
ted in polynomial

time, then SIR on G 
an be solved in polynomial time.

Proof Let M = fM

i

: i 2 Ig, M

i

� V (G) be the input to our problem and

D an idu
s as stated. We list the elements of idu
s D and for ea
h A 2 D,

we 
he
k if M has a SIR using only verti
es of A. This we do as follows. If

A

j

; 1 � j � t, are the vertex sets of the 
onne
ted 
omponents of G[A℄, we


ollapse ea
h A

j

into a single vertex a

j

, and set M

0

i

= fa

j

: A

j

\M

i

6= ;g.

Then we solve SDR for M

0

= fM

0

i

: i 2 Ig. If su
h an SDR exists for

some A 2 D, we 
on
lude that M has an SIR. We answer in negative in the

opposite 
ase.

This algorithm is 
learly polynomial in the size of the problem and the

time needed to 
onstru
t the idu
s D. To argue its 
orre
tness, note that

if M has an SIR, the representatives form an independent set in G, say S,

whi
h by the de�nition of the idu
s is a subset of some A 2 D. For this

parti
ular A our algorithms �nds an SDR of M

0

.

On the other hand, the existen
e of disjoint representatives on the 
ol-

lapsed instan
e M

0

guarantees that a system independent representatives

for M exists as well. If f

0

: I ! fa

j

: j = 1; : : : ; tg is an SDR for M

0

based

13



on A =

S

t

j=1

A

j

, then for ea
h i there is some v

i

2 A

j

\M

i

, where j is su
h

that f

0

(i) = a

j

. Then f(i) = v

i

; i 2 I is an SIR for M . �

Now we are ready to 
lassify the 
omputational 
omplexity of SA-IR for

any A, sub
lass of 
ographs. Re
all that 
ographs are de�ned re
ursively so

that (1) a single vertex is a 
ograph, (2) the disjoint union of 
ographs is a


ograph and (3) the join (i.e., the disjoint union plus all edges between pairs

of 
omponents) of 
ographs is a 
ograph. Ea
h 
ograph G is then des
ribed

by a rooted tree (
alled the 
otree of G) in whi
h every inner node is either

a join or a sum node, and join and union nodes alternate on every path.

Leaves of the 
otree are in a bije
tive 
orresponden
e with the verti
es of

G. If we assume that every inner node has at least two 
hildren, su
h a tree

is uniquely de�ned.

We will further 
all a join node a strong join node if it has at least one

non-leaf 
hild (whi
h must then be a union node). A set of join nodes is


alled union independent if no two of them lie on the same shortest path

from the root and the lowest 
ommon an
estor of any two of them is a union

node.

Proposition 10 For a 
ograph G, mv(G) is equal to the maximum number

of union independent strong join nodes in the 
otree of G.

Proof Suppose G[A℄ = k �K

1;2

for some A =

S

k

i=1

A

i

, where k = mv(G)

and ea
h A

i

indu
es a 
opy of K

1;2

. Let u

i

be the lowest 
ommon an
estor

of the verti
es in A

i

(
onsidered as leaves of the 
otree). Be
ause G[A

i

℄ is


onne
ted, u

i

is a join node. The two non-adja
ent verti
es of G[A

i

℄ belong

to the subtree rooted in the same 
hild of u

i

. Hen
e fu

i

: i = 1; : : : ; kg

are strong join nodes. Sin
e verti
es of di�erent A

i

's are nonadja
ent, these

nodes are union independent.

On the other hand, suppose that U = fu

i

: i = 1; : : : ; kg is a set of

union independent strong join nodes of the 
otree. For ea
h u

i

, 
onsider

one of its union node 
hildren v

i

and take two nonadja
ent verti
es, say

x

i

; y

i

, belonging to the subgraph of G determined by the leaves that lie in

the subtree rooted in v

i

. Let z

i

be a vertex of G belonging to the subgraph

determined by the leaves of the subtree rooted in another 
hild of u

i

(u

i

has

at least two 
hildren). Then G[fx

i

; y

i

; z

i

g℄ is isomorphi
 to K

1;2

and sin
e

the nodes of U are union independent, there are no edges between verti
es

of di�erent 
opies of K

1;2

. Hen
e mv(G) � jU j. �

14



Theorem 11 Let A be a 
lass of 
ographs. Then the following di
hotomy

holds:

1. for every k, A 
ontains a graph G su
h that mv(G) � k, and the

SA-IR problem is NP-
omplete;

2. there is a k su
h that mv(G) � k for every G 2 A, and then the SA-

IR problem is solvable in polynomial time (the exponent depending on

k).

The �rst part is just restated Proposition 7, the se
ond part follows from

the following lemma and Proposition 9.

Lemma 12 For a 
ograph G, the minimum size of an idu
s

md(G) � jV (G)j

mv(G)

and su
h idu
s 
an be 
onstru
ted in O(jV (G)j

mv(G)

) time.

Proof Let T be the 
otree of G. We 
onstru
t the optimum idu
s D re
ur-

sively as follows.

1. If T is a single leaf, G is a single vertex, D 
onsists of the single one-

element set V (G), mv(G) = 0 and indeed md(G) = jDj = jV (G)j

0

.

2. If T has just one non-leaf node (the root) then G is either an edgeless

graph (if the root is a union node), or G is a 
omplete (if the root is

a join node). In both 
ases D 
onsists of the single independent set

V (G), mv(G) = 0 and md(G) = jDj = jV (G)j

0

.

3. If the root of T is a strong join node, G is the join of the subgraphs

G

i


orresponding to the 
hildren u

i

of the root, say i = 1; : : : ; t. In

this 
ase every independent set in G is fully 
ontained in one of the

G

i

's, and hen
e D =

S

t

i=1

D

i

is an idu
s for G, provided ea
h D

i

is

an idu
s for G

i

. Hen
e

md(G) �

t

X

i=1

md(G

i

):

Sin
e the root itself forms a union indepondent set of strong join

nodes (with one element only) and every other union independent set

15



of strong join nodes lies in one of the subtrees rooted in the 
hildren

of the root, we have

mv(G) = maxf1;mv(G

1

); : : : ;mv(G

t

)g:

Then we have

md(G) �

t

X

i=1

jV (G

i

)j

mv(G

i

)

�

t

X

i=1

jV (G

i

)j

mv(G)

� jV (G)j

mv(G)

sin
e mv(G) � 1.

4. If the root is a union node with at least one non-leaf 
hild, G is the

disjoint union of subgraphs G

i


orresponding to the 
hildren u

i

of the

root, say i = 1; : : : ; t. In this 
ase every independent set in G is itself

the disjoint union of independent sets in parti
ular G

i

's. It follows

that

D = f

t

[

i=1

D

i

: D

i

2 D

i

g

(where D

i

is an idu
s for G

i

) is an idu
s for G, and hen
e

md(G) �

t

Y

i=1

md(G

i

):

Straightforwardly,

mv(G) =

t

X

i=1

mv(G

i

);

and hen
e

md(G) �

k

Y

i=1

jV (G

i

)j

mv(G

i

)

� jV (G)j

P

t

i=1

mv(G

i

)

= jV (G)j

mv(G)

:

�

We have fully 
lassi�ed the 
omputational 
omplexity of the SA-IR prob-

lem for all sub
lases of 
ographs.

We 
onje
ture that the Proposition 7 gives good 
hara
terization for all

NP-
omplete 
ases. To prove or disprove the 
onje
ture one has to solve

the following problem:
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Problem 4 Find an polynomial time algorithm for all 
lasses of graphs

having bounded number of disjoint indu
ed K

1;2

. or 
onstru
t su
h 
lass of

graphs A and show that the SA-IR problem is NP-
omplete.

5 Relation to hypergraphs

We will show that the Systems of A-Independent Representatives are related

to Systems of Disjont Representatives on Hypergraphs (SDRH) of Aharoni

and Haxell[1℄ by the line graph 
onstru
tion.

An instan
e of the SDRH problem 
onsists of a family H of hypergraphs

H

i

(i 2 I) (over a 
ommon vertex set). The question is whether ea
h hyper-

graph 
an be represented by one of its edges, su
h that the representatives

are pairwise disjoint [1℄.

Proposition 13 The SDRH problem is polynomially equivalent to the SG-

IR problem for the 
lass G of all graphs.

Proof We �st show a redu
tion from SDRH to SG-IR:

For an instan
e H we 
onstru
t a graph G as follows: we represent

hyperedges of all H

i

(i 2 I) by verti
es of G with two verti
es adja
ent

whenever the 
orresponding hyperedges interse
t. The setM

i

(of the family

M =M

i

) 
ontains verti
es that represent edges of H

i

.

It is straightforward to 
he
k that any system of independent repre-

sentatives for G and M is a system of disjoint representatives for H and

vi
e-versa.

For the impli
ation in the opposite dire
tion, for ea
h graph G 2 G,


onstru
t H by taking as its verti
es the edges of G. For ea
h i 2 I , ea
h

hyperedge of the hypergraph H

i


ontains all edges in
ident with the vertex

u, for ea
h vertex u 2M

i

.

Disjoint representatives of H 
orrespond naturally to independent rep-

resentatives in G: if the representatives for H

i

; H

j

2 H were to 
orrespond

to adja
ent verti
es u; u

0

2 V

G

, then (u; u

0

) would appear (as a vertex) in

both of the representatives. �

Observe that in the se
ond part of the proof we have 
onstru
ted a

hypergraph, in whi
h the maximum size of a hyperedge 
oresponds to the

maximum degree in G. In general, this hypergraph may not be a graph. But

the SDRH problem remains hard when restri
ted to graphs (viewed as 2-

uniform hypergraphs), be
ause n �K

1;2

is a line graph of n �P

4

for arbitrary

17



n. Hen
e we may 
on
lude with the following 
omputational 
omplexity


har
terization of the SDRH problem on k-uniform hypergraphs.

Corollary 14 The SDRH problem is

1. polynomially solvable for 1-uniform hypergaphs (i.e., set systems);

2. NP-
omplete when restri
ted to k-uniform hypergraphs, for every k �

2.

This 
orollary shows that SDRH is indeed a more diÆ
ult problem than

SDR. Though the ne
essary and suÆ
ient 
ondition for the existen
e of an

SDR provided by the Hall theorem involves 
he
king exponentially many

inequalities, the existen
e of an SDR 
an be de
ided in polynomial time

by well known te
hniques. Our result shows the SDRH problem, though


hara
terized by the generalized Hall 
ondition by Aharoni and Haxell[1℄,

does not allow a polynomial time de
ision algorithm (unless P=NP).

6 The tree labeling problem

We show an appli
ation of Sq-DR in the distan
e 
onstrained labelings of

pre
olored trees. This notion stems from the radio frequen
y (or 
hannel)

assignment problem. Its graph theoreti
al model [13℄ asks for a labeling

of the verti
es of an input graph by nonnegative integers so that labels of

verti
es at distan
e at most i di�er by at least p

i

, for every i � k, where k

and p

1

; : : : ; p

k

are parameters of the problem. As a parti
ular subproblem,

Roberts proposed the problem of assigning integers (frequen
ies) to verti
es

(transmitters) su
h that verti
es that are \fairly 
lose" to ea
h other (at

distan
e two) re
eive di�erent labels and verti
es that are very 
lose (ad-

ja
ent) re
eive labels that are at least two apart. This 
orresponds to the


ase of k = 2 and (p

1

; p

2

) = (2; 1), referred to as (2; 1)-labelings of graphs

[3, 7, 11, 10, 15, 18, 20℄. The more general two-parameter problem with

(p

1

; p

2

) = (p; q), p � q > 1, was 
onsidered in [2, 7, 8℄.

The minimum � su
h that a graph G allows a (p; q)-labeling by integers

from the range f0; 1; : : : ; �g is denoted by �

(p;q)

(G). It was shown in [11, 20℄

that determining �

(2;1)

(G) is an NP-
omplete problem even for graphs G

with diameter two. The 
omplexity of de
iding �

(2;1)

(G) � � for �xed �

was shown NP-
omplete for every � � 4 in [7℄. It was also shown in [7℄ that

for every p � q � 1, there is a � (dependent on p; q) su
h that de
iding

�

(p;q)

(G) � � is NP-
omplete.
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As 
on
erns spe
ial graph 
lasses, �

(2;1)

(G) 
an be determined eÆ
iently

for paths, 
y
les and wheels [11℄, and for 
ographs and trees [3℄ (disproving

the 
onje
ture of [11℄ that the problem is NP-
omplete for trees). D. Welsh

suggested [personal 
ommuni
ation, 1999℄ that, by an algorithm similar to

Chang and Kuo's, it should be possible to determine �

(p;q)

(T ) for a tree T

for arbitrary p; q. The 
ru
ial step of the algorithm uses bipartite mat
hings

(or Systems of Distin
t Representatives, SDR), and an analogous algorithm

for q > 1 would need to be able to de
ide existen
e of Systems of q-Distant

Representatives.

As follows from Theorem 2 this problem is NP-
omplete in general. It is

therefore plausible to 
onje
ture that determining �

(p;q)

(T ) is NP-hard for

trees, when q > 1. Note also that the 
omplexity of determining �

(2;1)

(G)

for graphs of bounded tree-width is not known.

For graph 
oloring problems, it is natural to 
onsider the pre
oloring

extension variants of the problems where some verti
es of the input graph

are given as already (pre)
olored, and the question is if this pre
oloring 
an

be extended to a proper 
oloring of the entire graph using a given number

of 
olors. (For several results on the 
omplexity of pre
oloring extension for

spe
ial graph 
lasses see e.g. [14, 17℄.) The aim of this se
tion is to 
onsider

the pre
oloring extension variant of (p; q)-labelings of trees. We show that

at least in this setting the 
ases q = 1 and q > 1 behave quite di�erently.

Chang and Kuo's algorithm 
an be easily extended to pre
olored trees and

parameters (p; 1), for any p. On the other hand, the problem is NP-
omplete

for every p > q > 1.

Theorem 15 For every �xed p � q > 1, it is NP-
omplete to de
ide if a

pre
oloring of a tree 
an be extended to a (p; q)-labeling whose labels do not

ex
eed a given �.

ProofWe show a redu
tion from Systems of q-Distant Representatives. Let

t � q

2

+ 2p and let a family M = fM

i

g

n

i=1

of t-sparse sets be given. We

may assume that min(

S

n

i=1

M

i

) � t and we set � = t+max(

S

n

i=1

M

i

).

We build a tree T with a root v

0

and 
hildren of the root v

i

; i = 1; 2; : : : ; n

(and another level of nodes v

i;j;m

, as de�ned later). The root will be pre-


olored by 0, verti
es v

i

will not be pre
olored, but ea
h of them will have

a 
ertain number of 
hildren pre
olored so that the only admissible 
olors

for v

i

will be exa
tly the elements of M

i

. This 
an be attained as follows.

For a vertex v

i

, let M

i

= fa

i;1

< a

i;2

< : : : < a

i;k

i

g. Now 
onsider the

interval [a

i;j

+1; a

i;j+1

�1℄. Sin
e M

i

is t-sparse, a

i;j+1

�a

i;j

� q

2

+2p and
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one 
an 
hoose numbers 


i;j;1

= a

i;j

+ p < 


i;j;2

< : : : < 


i;j;l

j

= a

i;j+1

� p

so that q � 


i;j;m+1

� 


i;j;m

� 2p�1 for every m = 1; 2; : : : ; l

j

�1. (In more

detail, if a

i;j+1

�a

i;j

� 2p = �q+� then � � q and we set l

j

= �+1. Then

take 


i;j;m+1

= 


i;j;m

+q+1 for m = 1; 2; : : : ; � and take 


i;j;m+1

= 


i;j;m

+q

for m = � + 1; : : : ; �. Note that 2p � 1 � q + 1 > q.) Finally for all

m = 1; 2; : : : ; l

j

add leaves v

i;j;m

pre
olored by 


i;j;m

adja
ent to the vertex

v

i

. In every (p; q)-labeling f , it must be f(v

i

) =2 [a

i;j

+ 1; a

i;j+1

� 1℄, sin
e

any integer from this interval di�ers by at most p� 1 from some 


i;j;m

.

We perform this 
onstru
tion for every vertex v

i

and for ea
h interval

[a

i;j

+1; a

i;j+1

�1℄. Be
ause we have assumed that a

i;1

� t and ��a

i;k

i

� t,

the initial and terminal intervals [0; a

i;1

� 1℄ and [a

i;k

i

+1; �℄ are handled in

the same way, with dummy boundary values a

i;0

= �1 and a

i;k

i

+1

= �+1.

It follows that T allows a (p; q)-labeling whi
h extends the pre
oloring

(and uses labels from f0; 1; : : : ; �g) if and only if M has a System of q-

Distant Representatives.

Suppose that f : V (T ) �! f0; 1; : : : ; �g is a (p; q)-labeling whi
h extends

the pre
oloring. For ea
h i, f(v

i

) 2 M

i

, sin
e (by the argument above) for

every j, f(v

i

) 62 [a

i;j

+ 1; a

i;j+1

� 1℄. Sin
e for i 6= i

0

, v

i

and v

i

0

have a


ommon neighbor (the root v

0

), we have jf(v

i

)�f(v

i

0

)j � q and f restri
ted

to fv

1

; v

2

; : : : ; v

n

g yields a System of q-Distant Representatives for M.

Showing that T allows a (p; q)-labeling extending the pre
oloring, pro-

vided M allows a System of q-Distant Representatives, is straightforward.

Note here that the pre
oloring of T 
onstru
ted from M itself satis�es the

(p; q)-
onstraints, sin
e for ea
h i the 
olors used on v

i;j;m

are at least q

apart, they are at least p (and thus at least q away from the label 0 of the

root), and they do not interfere with other v

i

0

or v

i

0

;j

0

;m

0

sin
e su
h verti
es

are at distan
e at least three. �

For the (p; q)-labeling problem of trees without pre
olored verti
es, the


omplexity is still open when q > 1. It is tempting to try to prove NP-


ompleteness along the lines above. One possibility would be to repla
e

pre
olored verti
es by trees that allow only 
ertain labels at the root. Of


ourse one 
annot ask for trees that would allow only one possible label, sin
e

the set of admissible labels for a parti
ular vertex is always symmetri
 with

respe
t to the interval [0; �℄ (if f is a (p; q)-labeling then so is f

0

= �� f).

This does not 
ause problems for the desired redu
tion sin
e one 
an show

that Systems of q-Distant Representatives are NP-
omplete even when all

sets M

i

2 M are symmetri
. This observation leads to the following open

problems (aÆrmative solution to the �rst one would imply NP-
ompleteness
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of (p; q)-labelings of trees):

Problem 5 Does there exist, for any relatively prime p > q > 1, any

suÆ
iently large � and any (q

2

+ 2p)-sparse set M , a 
onstru
tion of trees

T

x;�

, x 2 [p; �� p℄, su
h that

(1) the size of T

x;�

is polynomial in �,

(2) T

x;�

allows a (p; q)-labeling in whi
h the root is labeled by x and all

labels of 
hildren of the root are at distan
e at least q from the set M ,

(3) in any (p; q)-labeling of T

x;�

, the root is labeled either by x or by

�� x?

The 
ondition (1) above is imposed to guarantee polynomiality of the

desired redu
tion. However, we do not even know of the existen
e of any

T

x;�

satisfying at least (2-3), and therefore we deem the following problem

interesting on its own:

Problem 5 Prove that for any relatively prime p > q > 1, any large enough

� and any x 2 [p; � � p℄, there exists a tree T

x;�

su
h that in any (p; q)-

labeling of T

x;�

the root is labeled either by x or by � � x, and T

x;�

has

su
h a labeling.
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