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Abstra
t

In an l-fa
ial 
oloring, any two di�erent verti
es joined by a fa
ial

walk of length at most l re
eive distin
t 
olors. The 
on
ept of fa
ial


oloring extends the well-known 
on
ept of 
y
li
 
oloring. We prove

that

�

18l

5

�

+ 2 
olors suÆ
e for an l-fa
ial 
oloring of a plane graph.

For l = 2, 3 and 4, the upper bounds of 8, 12 and 15 
olors are shown.

We use our results on fa
ial 
oloring to de
rease to 16 the upper

bound on the number of 
olors needed for 1-diagonal 
oloring of plane

quadrangulations.

1 Introdu
tion

In this paper, we introdu
e an extension of 
y
li
 
oloring of plane graphs

whi
h we 
all fa
ial 
oloring. A 
y
li
 
oloring of a plane graph is a 
oloring
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of its verti
es su
h that any two verti
es in
ident with the same fa
e re
eive

distin
t 
olors. The number of used 
olors have 
learly to be at least the size

�

?

of the largest fa
e (measured as the number of its verti
es) of a plane

graph. Hen
e any upper bounds have always to be restri
ted to plane graphs

with bounded maximum fa
e sizes (we survey known results later).

Two verti
es u and v are l-fa
ially adja
ent if there exists a fa
ial walk

of length (measured as its number of edges) at most l between them. In

an l-fa
ial 
oloring, we demand that any two di�erent l-fa
ially adja
ent

verti
es re
eive distin
t 
olors. If �

?

� 2l + 1, any 
y
li
 
oloring is an l-

fa
ial 
oloring and moreover if a plane graph is 2-
onne
ted, any l-fa
ial


oloring is a 
y
li
 
oloring (note that ea
h plane graph 
an be 
hanged to a

2-
onne
ted graph only by adding some edges without in
reasing its 
y
li



hromati
 number). The bounds for the l-fa
ial 
oloring do not restri
t to

plane graphs with bounded maximum fa
e sizes but they hold for all plane

graphs regardless their maximum fa
e sizes. Hen
e the 
on
ept of fa
ial


oloring may be viewed as an extension of the 
on
ept of 
y
li
 
oloring

(whi
h restri
ts to plane graph with bounded fa
e sizes) to all plane graphs.

In addition, our results on the 2-fa
ial 
oloring are used to prove a better

upper bound for the number of 
olors needed in 1-diagonal 
oloring of plane

quadrangulations.

We survey results on 
y
li
 
oloring in this paragraph: The best known

lower bound

�

3

2

�

?

�

for 
y
li
 
oloring is also 
onje
tured to be the best

possible; see a well-known monograph [12℄ (p. 37) on graph 
oloring prob-

lems by Jensen and Toft. Ore and Plummer proved the �rst upper bound

of 2�

?

for the problem in [13℄. Borodin slightly improved the bound to

2�

?

� 3 for �

?

� 8 in [3℄. Signi�
ant progress has been made re
ently:

Borodin, Sanders and Zhao managed to prove the bound of

�

9

5

�

?

�

was

in [5℄ and the 
urrently best known general bound

�

5

3

�

?

�

is due to Sanders

and Zhao [16℄. Better results are known for graphs with small maximum

fa
e sizes, i.e., for small values of �

?

. Let f




(�

?

) be the number of 
olors

needed for a 
y
li
 
oloring of a plane graph with maximum fa
e size �

?

.

The 
ase of 
y
li
 
oloring of plane triangulations, i.e., �

?

= 3, is equivalent

to the famous Four Color Theorem whi
h was proved in [1℄ (see also [15℄ for

a re
ent re�nement of its proof). Hen
e f




(3) = 4. The 
ase of �

?

= 4 is

Ringel's problem: The problem was solved and it was shown that f




(4) = 6

by Borodin in [4, 2℄. The values of f




for �

?

= 3 and �

?

= 4 are the only

ones whi
h are 
urrently known exa
tly. The upper bounds f




(5) � 8 and

f




(6) � 10 were proved in [5℄ and f




(7) � 12 in [3℄. The lower bound

7 � f




(5) is known. There is a related 
onje
ture by Plummer and Toft

2



[14℄ on 
y
li
 
oloring of 3-
onne
ted plane graphs whi
h have been re
ently

proved for graphs with large maximum fa
e sizes [7, 8, 11℄ by Enomoto,

Hor�n�ak and Jendrol'.

We de�ne an l-fa
ial 
oloring in a formal way and state its basi
 proper-

ties in Se
tion 2. Notation related to plane graphs used in this paper is also

introdu
ed in Se
tion 2. Again, let f

f

(l) be the number of 
olors needed to

l-fa
ial 
oloring of a plane graph. It 
learly holds that f




(2l + 1) � f

f

(l).

We do not know a single value of l for whi
h the inequality 
an be proved

to be stri
t. We extend all the results for 
y
li
 
oloring ex
ept for those

of [16℄ to fa
ial 
olorings: A stru
tural result of [5℄ is used to get an upper

bound f

f

(l) �

�

18

5

l

�

+2 in Se
tion 3 (Theorem 3, see Corollary 2 for l � 4).

This bound 
orresponds to the bound on f




from [5℄. Better results 
an

be obtained for small values of l. Sin
e the 1-fa
ial 
oloring is the usual


olorings of plane graphs, the 
ase l = 1 is also equivalent to the Four Color

Theorem. Hen
e f

f

(1) = 4. The bound f

f

(2) � 8 is proved in Se
tion 4;

this mat
hes the 
orresponding best known bound f




(5) � 8 for the 
y
li



oloring. The bounds f

f

(3) � 12 and f

f

(4) � 15 are proved in Se
tion 5.

Both these bounds mat
h the 
orresponding best known bounds f




(7) � 12

and f




(9) � 15 for the 
y
li
 
oloring.

The obtained results are applied to the 1-diagonal 
oloring of plane quad-

rangulations. A 1-diagonal 
oloring of plane triangulations was studied (in

a dual form) in [6℄. The 
on
ept was generalized to a d-diagonal 
oloring of

plane graphs in [10℄. Two verti
es u and v are d-diagonally adja
ent if there

exists a set S of at most d edges su
h that the removal of the edges of S makes

u and v to be in
ident with the same fa
e. In the d-diagonal 
oloring, any

two verti
es whi
h are d-diagonally adja
ent have to re
eive distin
t 
olors.

A 0-diagonal 
oloring is 
learly a 
y
li
 
oloring. A d-diagonal 
oloring of

plane quadrangulations was �rst studied in [9℄; Hor�n�ak and Jendrol' proved

in [9℄ that 21 
olors are always suÆ
ient to 1-diagonal 
olor a plane quad-

rangulation. Sanders and Zhao improved this upper bound to 19 in [17℄.

Related results on diagonal 
oloring of plane graphs with small maximum

fa
e sizes 
an be found in [18℄. We de
rease the upper bound on the number

of 
olors needed for a 1-diagonal 
oloring of plane quadrangulations to 16.

The lower bound of 11 for this type of 
oloring 
an be found in [17℄.
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2 Basi
 Properties

Throughout the paper, we write V (G), E(G) and F (G) for the vertex set,

the edge set and the fa
e set of a plane graph G. We 
all a vertex v a k-

vertex if its degree is k; similarly, a k-fa
e is a fa
e of size k. We write � k

(� k) for integers smaller or equal (greater or equal) to k; e.g., a � 4-vertex

is a vertex of degree at most 4. A vertex v is a (f

1

; : : : ; f

d

)-vertex if it is

a d-vertex and the fa
es in
ident with v have sizes (in either a 
lo
kwise or

anti-
lo
kwise order around v) f

1

; : : : ; f

d

. In addition, � denotes all integers

in this notation, e.g., a (4;� 5; �)-vertex is a vertex of degree 3 in
ident

with a fa
e of size 4 and a fa
e of size at least 5.

A fa
ial walk of a fa
e f is a sequen
e of verti
es of it in the order

obtained when traversing a part of the boundary of the fa
e. If a plane

graph is not 2-
onne
ted, then some of its fa
ial walks 
ontain some verti
es

several times. A fa
ial walk not 
ontaining any vertex twi
e is a fa
ial path.

The length of a fa
ial walk (path) is the number of its edges. In parti
ular,

two verti
es u and v are l-fa
ially adja
ent if they are 
onne
ted by a fa
ial

walk of length of at most l. Thus, two verti
es are 1-fa
ially adja
ent i�

they are adja
ent. We 
all a 
oloring of verti
es of a plane graph an l-

fa
ial 
oloring if any two l-fa
ially adja
ent verti
es re
eive distin
t 
olors.

The l-fa
ial degree of a vertex v is the number deg

l

(v) of verti
es whi
h

are l-fa
ially adja
ent to it. An (l; k)-minimal graph is a plane graph with

the smallest number of verti
es (and among all su
h graphs with the smallest

number of edges) whi
h has no l-fa
ial 
oloring using at most k 
olors. An l-

fa
ial 
oloring using k 
olors is 
alled an (l; k)-
oloring for brevity.

Several basi
 lemmas on l-fa
ial 
oloring are stated in what follows. Ea
h

of Lemmas 2{6 has its 
ounterpart for the 
ase of the 
y
li
 
oloring [3℄.

Their proofs are straightforward extensions of the proofs of the 
orrespond-

ing lemmas from [3℄ and hen
e they are omitted. The only ex
eption is

Lemma 2 whi
h turned out to be surprisingly mu
h more diÆ
ult to prove

than its 
ounterpart and hen
e we de
ided to in
lude its proof.

Lemma 1 Let v be a (f

1

; : : : ; f

d

)-vertex and l � 1 an integer. The l-fa
ial

degree of v is at most

�

P

d

i=1

minff

i

; 2l+ 1g

�

� 2d.

Proof: The number of the l-fa
ial neighbors of v among verti
es in
ident

with an f

i

-fa
e is minff

i

� 1; 2lg. Then, the bound of the lemma follows

by summing up these expressions and de
reasing the sum by 1 be
ause

ea
h neighbor of v is 
ounted twi
e in it. (Note that even this sum is only

4



an upper bound on the l-fa
ial degree be
ause some l-fa
ial neighbors of v

may be 
ounted in it several times.)

Lemma 2 Ea
h (l; k)-minimal graph (for k � 3l+ 1) is 2-
onne
ted.

Proof: Let G be an (l; k)-minimal graph. G is 
learly 
onne
ted. As-

sume that G is not 2-
onne
ted. Let G

1

be one of end-blo
ks of G, v

the 
orresponding separating vertex and G

2

the rest of G (in
luding v).

Let v

�l

; : : : ; v

�1

, v, v

1

; : : : ; v

l

be a fa
ial walk of G

1

and w

�l

; : : : ; w

�1

, v,

w

1

; : : : ; w

l

a fa
ial walk of G

2

su
h that v

�l

; : : : ; v

�1

, v, w

�1

; : : : ; w

�l

and

v

l

; : : : ; v

1

, v, w

1

; : : : ; w

l

are fa
ial walks of G. It might happen that some

verti
es of v

�l

; : : : ; v

�1

, v, v

1

; : : : ; v

l

are a
tually the same (if the length of

the border of the outer fa
e is smaller than 2l + 1).

Both G

1

and G

2

have an (l; k)-
oloring due to the minimality of G;

let 


1

be an (l; k)-
oloring of G

1

and 


2

an (l; k)-
oloring of G

2

. Assume

that 


1

and 


2

use 
ompletely di�erent 
olors. Let V

�

= fv

�1

; : : : ; v

�l

g,

V

+

= fv

1

; : : : ; v

l

g, W

�

= fw

�1

; : : : ; w

�l

g and W

+

= fw

1

; : : : ; w

l

g. The

sets V

�

and V

+

need not to be disjoint; similarly, the sets W

�

and W

+

.

We 
onsider all the four sets to be multisets, i.e. if a single vertex appears

twi
e among v

�l

; : : : ; v

�1

; v

1

; : : : ; v

l

, then we pretend that there are two

verti
es 
olored with its 
olor in V

�

[ V

+

even if it is the only vertex of

V

�

[ V

+

with the parti
ular 
olor.

Some 
olors used by 


1

and 


2

will be identi�ed. First, we identify

the 
olors 


1

(v) and 


2

(v). For ea
h 1 � i � l, if the vertex v

�i

is the only

vertex among the verti
es V

�

[V

+


olored with the 
olor 


1

(v

�i

) and w

i�l�1

is the only vertex among the verti
es W

�

[ W

+


olored with the 
olor




2

(w

i�l�1

), then we identify the 
olors 


1

(v

�i

) and 


2

(w

i�l�1

). We pro
eed

in the same manner, for the pair of verti
es v

i

and w

l�i+1

.

Next, we pro
eed as follows: If there is a 
olor 
 su
h that it is used by




1

to 
olor some verti
es of G

1

and no vertex of fvg [ V

�

[ V

+

is 
olored

with the 
olor 
, we identify the 
olor 
 with any 
olor used by 


2

and not

by 


1

(if there is any). Similarly, we identify 
olors used by 


2

avoiding

the verti
es fvg [W

�

[W

+

with 
olors used by 


1

and not by 


2

. These

rules are applied till any su
h 
olors exist. The obtained 
oloring is 
learly

an l-
oloring. It uses at most k 
olors unless more than k 
olors are used

on the verti
es U := fvg [ V

�

[ V

+

[W

�

[W

+

.

We prove that at most k 
olors are used by the �nal 
oloring to 
olor

the verti
es of U . This will assure that at most k 
olors are used by the

5



�nal 
oloring at all. Let k(x) for x 2 U be the number of verti
es of U

having the same 
olor as x. The number of 
olors used by the 
oloring on

the verti
es of U is equal to

P

x2 U

1

k(x)

. The following inequality will be

proven:

X

x2 U

1

k(x)

� 3l+ 1 � k.

If the 
olors of v

�i

and w

i�l�1

were not identi�ed, then either k(v

�i

) � 2

or k(w

i�l�1

) � 2 and hen
e:

1

k(v

�i

)

+

1

k(w

i�l�1

)

�

3

2

.

If the 
olors were identi�ed, then k(v

�i

) = k(w

i�l�1

) � 2 and this gives:

1

k(v

�i

)

+

1

k(w

i�l�1

)

� 1.

The same inequalities hold for the pair of verti
es v

i

and w

l�i+1

. For ea
h

i 2 f�l; : : : ;�1; 1; : : : ; lg, the sum of the inverse values of the two 
orre-

sponding verti
es is at most

3

2

. Hen
e the whole sum is bounded as follows:

X

x2 Unfvg

1

k(x)

�

3

2

� 2l � 3l

whi
h gives the desired inequality and 
onsequently �nishes the whole proof.

Lemma 3 No (l; k)-minimal graph (for k � 2l + 1) 
ontains a separating


y
le of length at most 2l+ 1.

Lemma 4 No (l; k)-minimal graph 
ontains an edge separating an f

1

-fa
e

and an f

2

-fa
e with f

1

+ f

2

� 2l+ 3.

Lemma 5 No (l; k)-minimal graph 
ontains a vertex with the l-fa
ial degree

at most k � 1.

Lemma 6 No (l; k)-minimal graph (for l � 2 and 3l + 1 � k) 
ontains

an edge uv separating two � 4-fa
es su
h that u and v are � 3-verti
es,

the l-fa
ial degree of u is at most k and the l-fa
ial degree of v is at most

k + 1.

6



3 The Bound for the General Case

We �rst state a stru
tural theorem whose proof 
an be found in [5℄ (Theorem

3.1 of [5℄). Theorem 3.1 in [5℄ states that ea
h plane graph with maximum

fa
e size �

?

� 8 
ontains a vertex whi
h is 
y
li
ally adja
ent to at most

�

9

5

�

?

�

� 1 verti
es (two verti
es are 
y
li
ally adja
ent if they are in
ident

with the same fa
e). The proof of Theorem 3.1 in [5℄ is a
tually a proof of

the following stru
tural result on plane graphs:

Theorem 1 Ea
h 
onne
ted plane graph 
ontains at least one of the fol-

lowing 
on�gurations:

1. a � 2-fa
e.

2. a 1-vertex.

3. a (� 15; �)-vertex.

4. a 3-vertex whi
h is a (3;� 10; �)-vertex, a (4;� 7; �)-vertex or a (5;�

6; �)-vertex.

5. a 4-vertex whi
h is of one of the following types: a (3;� 4; �;� 4)-

vertex, a (3;� 4;� 4; �)-vertex, a (3; 3; 5; �)-vertex or a (3; 5; 3; �)-

vertex.

6. a (3; 3; 3; 3; �)-vertex.

7. a k-fa
e (k � 16) with a fa
ial path of length at least

�

k�11

5

�

formed

by 2-verti
es.

Theorem 1 
an be used to bound the minimum l-fa
ial degree of a plane

graph:

Corollary 1 Let l � 5 be a �xed integer. Ea
h plane graph without loops

and parallel edges 
ontains a vertex of the l-fa
ial degree at most

�

18l

5

�

+ 1


olors.

Proof: Let G be a plane graph and l � 5 a �xed integer throughout

the proof. We may assume that G is 
onne
ted. The proofs 
onsists of

a 
areful examination of the 
on�gurations of Theorem 1:

1. This is forbidden by the assertion of the lemma.

7



2. If G 
ontains a 1-vertex v, then the l-fa
ial degree of v is at most 2l.

3. If G 
ontains a (� 15; �)-vertex v, then the l-fa
ial degree of v is at

most 15 + 2l � 3 = 2l + 12 �

�

18l

5

�

+ 1 (if l � 7). If l = 5 or l = 6,

respe
tively, the l-fa
ial degree of v is at most 4l � 2, i.e. 18 or 22,

respe
tively, whi
h is at most

�

18l

5

�

+ 1.

4. If v is a (3;� 10; �)-vertex, a (4;� 7; �)-vertex or a (5;� 6; �)-vertex,

then the l-fa
ial degree of v is at most 13+2l+1�6 = 2l+8 �

�

18l

5

�

+1.

5. If v is a (3;� 4; �;� 4)-vertex or a (3;� 4;� 4; �)-vertex, then v has

the l-fa
ial degree at most 3+4+4+2l+1�8 = 2l+4 �

�

18l

5

�

+1. If

v is a (3; 5; 3; �)-vertex or a (3; 3; 5; �)-vertex, then the l-fa
ial degree

of v is at most 3 + 3 + 5 + 2l + 1� 8 = 2l+ 4 �

�

18l

5

�

+ 1.

6. If v is a (3; 3; 3; 3; �)-vertex, then it has the l-fa
ial degree at most

3 + 3 + 3 + 3 + 2l + 1� 10 = 2l + 3 �

�

18l

5

�

+ 1.

7. If G 
ontains a k-fa
e (k � 16) with a fa
ial path of length at least

�

k�11

5

�

formed by 2-verti
es, then we pro
eed as follows: Let v be any

of 2-verti
es of the fa
ial path. If k � 2l, then the l-fa
ial degree of v

is at most:

k + (2l + 1)� 3�

�

k � 11

5

�

= 2l � 2 +

�

4k + 11

5

�

�

2l� 2 +

�

8l + 11

5

�

�

�

18l

5

�

+ 1.

If k � 2l+ 1, then the fa
ial path has length at least

�

2l

5

�

� 2. Hen
e

the l-fa
ial degree of v is at most 2(2l+1)�3�

��

2l

5

�

� 2

�

=

�

18l

5

�

+1.

Theorem 1 provides also upper bounds of 5, 9, 12 and 15, on mini-

mum 1-fa
ial, 2-fa
ial, 3-fa
ial and 4-fa
ial degree, respe
tively, of plane

graphs. We did not state these bounds expli
itly be
ause we do not need

them. The proofs of these bounds are essentially the same as the proof of

Corollary 1.

We use the obtained upper bound on the minimum l-fa
ial degree to get

a bound on the number of 
olors needed for an l-fa
ial 
oloring of a plane

graph:

8



Theorem 2 Let l � 5 be a �xed integer. Ea
h plane graph has an l-fa
ial


oloring using at most

�

18l

5

�

+ 2 
olors.

Proof: Let G be a (l;

�

18l

5

�

+ 2)-minimal graph. Sin
e G 
ontains neither

a loop nor a pair of parallel edges, G 
ontains a vertex of the l-fa
ial degree

at most

�

18l

5

�

+ 1 (Corollary 1) whi
h is impossible due to Lemma 5.

4 The Bound for 2-Fa
ial Coloring

We �rst prove two lemmas whi
h forbid the existen
e of 
ertain edges and

paths in (2; 8)-minimal graphs:

Lemma 7 Let G be a (2; 8)-minimal graph and let x and y be two adja
ent

verti
es of G. Then the following holds:

a) deg

2

(x) + deg

2

(y) � 18;

b) If deg

2

(x) � 10 and deg

2

(y) � 10, then one of the fa
es in
ident with

the edge xy is a � 5-fa
e.

Proof: By Lemma 1 and Lemma 2, the graph G is 2-
onne
ted and with

minimum degree at least 3 (the 2-fa
ial degree of ea
h vertex is at least 8).

Let f

1

and f

2

be the two fa
es in
ident with xy (note that f

1

6= f

2

). For

i = 1; 2, let P

i

= x

i

xyy

i

be the fa
ial walk of f

i

.

In the proof of ea
h of the 
ases (a) and (b), we 
onstru
t from the graph

G a smaller graph G

0

. By the minimality of G, G

0

has a (2; 8)-fa
ial 
oloring.

Afterwards, we modify this 
oloring to a (2; 8)-
oloring of G whi
h yields

a 
ontradi
tion.

a) Suppose that the 
laim is false. Sin
e ea
h vertex has its 2-fa
ial

degree at least 8, we may assume that d

2

(x) = 8 and d

2

(y) is equal

either to 8 or to 9.

Suppose �rst that both f

1

and f

2

are � 4-fa
es. By Lemma 3, the ver-

ti
es x, y, x

1

, x

2

, y

1

and y

2

are pairwise distin
t (note that if there

is a triangle x

1

xx

2

or y

1

yy

2

and this triangle is not separating, then

the 2-fa
ial degree of x or y, respe
tively, is less than 8). Moreover,

the verti
es x

1

and y

2

are at distan
e 3. Otherwise, we obtain either

9



a separating 
y
le of length � 5 or one of the verti
es x and y is a 3-

vertex in
ident with a 3-fa
e and thus its 2-fa
ial degree is less than

8.

LetG

0

be the graph obtained fromG by 
ontra
tion of the path x

1

xyy

2

to a single vertex z and 
 a (2; 8)-
oloring ofG

0

. We extend 
 to a (2; 8)-


oloring of G: The verti
es of V (G)nfx; y; x

1

; y

2

g preserve their 
olors,

the verti
es x

1

and y

2

are 
olored with the 
olor of the vertex z (this

is possible be
ause these two verti
es are not 2-fa
ially adja
ent). By

the assumption, there is at least one available 
olor for y (deg

2

(y) � 9)

and at least two available 
olors for x (deg

2

(x) � 8). So, we 
an easily

obtain a (2; 8)-
oloring of G.

Suppose now that f

1

or f

2

is a triangle, say f

1

. Then, by Lemma 4,

f

2

is a � 5-fa
e. Sin
e both the verti
es x and y have 2-fa
ial degrees

at least 8, they are � 4-verti
es. If x

1

and x

2

are 2-fa
ially adja
ent,

then either they are joined by an edge or they have another 
ommon

neighbor di�erent from x. Sin
e x has degree at least 4 (its 2-fa
ial

degree is at least 8), in both the 
ases, there is a separating 
y
le of

length at most 4 whi
h is impossible due to Lemma 3. So, we may

assume that x

1

and x

2

are not 2-fa
ially adja
ent. The 
ontra
tion

of the path x

1

xx

2

to a single vertex z yields the graph G

0

whi
h has

a (2; 8)-
oloring 
 due to minimality of G. Again we use this 
oloring

to obtain a (2; 8)-
oloring of G: The verti
es of V (G) n fx; x

1

; x

2

g

preserve their 
olors, the verti
es x

1

and x

2

are 
olored with the 
olor

of the vertex z in G

0

. Finally, we 
olor x (re
all deg

2

(x) � 8).

b) Suppose the 
laim is false. Then, the sizes of both the fa
es f

1

and

f

2

are at least six. Suppose �rst that deg

2

(x) � 9. The verti
es x

1

and y

1

are not 2-fa
ially adja
ent, otherwise there is a separating � 5-


y
le whi
h is impossible by Lemma 3. Similarly, x

2

and y

2

are not 2-

fa
ially adja
ent. Now, we 
reate a graph G

0

: Add to G the edges x

1

y

1

and x

2

y

2

and 
ontra
t them to the verti
es z

1

and z

2

, respe
tively.

The (2; 8)-
oloring 
 of G

0

, whi
h exists due to the minimality of G,

is used to get a (2; 8)-
oloring of G. Let the 
olors of all the verti
es

ex
ept for x; y; x

1

; y

1

; x

2

; y

2

be the same, we 
olor x

1

; y

1

with the 
olor

of z

1

and x

2

; y

2

with the 
olor of z

2

. Sin
e deg

2

(y) � 10 and deg

2

(x) �

9, one available 
olor for y and two available 
olors for x are left. Now,

one 
an easily extend 
 to y and x.

Suppose now that deg

2

(x) = 10. By the symmetry, it is possible

10



to assume that also deg

2

(y) = 10. Note that the degrees of both x

and y have to be at least 4 in G. Hen
e, one 
an easily show that

no two verti
es from x

1

; x

2

; y

1

; y

2

are 2-fa
ially adja
ent (unless G


ontains a separating � 5-
y
le whi
h is impossible due to Lemma 3).

The graph G

0

is obtained by 
ontra
ting all the edges of the paths P

1

and P

2

into a single vertex z. We extend the (2; 8)-
oloring 
 of G

0

,

whi
h exists due to the minimality of G, to a (2; 8)-
oloring of G. All

the non-
ontra
ted verti
es preserve their 
olors and the verti
es x

1

,

x

2

, y

1

and y

2

are 
olored with the 
olor 
(z). There are two available


olors for x and y and so a (2; 8)-
oloring of G 
an be easily obtained.

Lemma 8 Let G be a (2; 8)-minimal graph and ab
 a path in G 
omprised

of three 3-verti
es. Then, b is a (5; 5; 5)-vertex.

Proof: Suppose that the lemma is false. We may assume that G is 2-


onne
ted. Let f be the fa
e whi
h is in
ident with edges ab and b
. By

Lemma 1 and Lemma 7(a), f is a � 5-fa
e.

Suppose �rst that f is a 5-fa
e. Let f = ab
de and let f

0

be the

other fa
e in
ident with the edge ab. Assume that f

0

is a � 6-fa
e. By

Lemma 7(a), the verti
es a, b, 
 are (5;� 5;� 5)-verti
es and the (usual)

degrees of the verti
es d and e are at least three. Let a

0

, b

0

, 


0

, respe
tively,

be the neighbors of a, b, 
, respe
tively, whi
h are not in
ident with the fa
e

f . Note that no two verti
es from a

0

, b

0

, d are 2-fa
ially adja
ent due to

Lemma 3.

We obtain the graph G

0

from G by 
ontra
ting the 
onne
ted subgraph

of G indu
ed by the vertex set fa; b; 
; d; a

0

; b

0

g to a single vertex x. By

the minimality of G, G

0

has a (2; 8)-
oloring. We obtain a (2; 8)-
oloring of

G from it: All the non-
ontra
ted verti
es preserve their 
olors. The verti
es

a

0

, b

0

and d are 
olored with the 
olor of the vertex x. Then, we 
olor

the verti
es 
, a, b one by one (in this order) with available 
olors (ea
h time

there is at least one available 
olor). Due to symmetry, we may 
on
lude

that if f is a 5-fa
e, then b is a (5; 5; 5)-vertex.

Suppose now that f is a � 6-fa
e. The vertex b is a (5; 5;� 6)-vertex due

to Lemma 7(b). Hen
e, a and 
 are (5;� 5;� 6)-verti
es due to Lemma 6.

Let d be the other neighbor of 
 in
ident with f and b
ehg the other fa
e

(i.e., not f) in
ident with the edge b
. By Lemma 3, all the verti
es a, b, 
,

d, e, h and g are mutually distin
t. Moreover, no two verti
es from a, d, h

11



are 2-fa
ially adja
ent. Contra
t the 
onne
ted subgraph of G+ bh indu
ed

by the vertex set fa; b; 
; d; hg to a single vertex x; let G

0

be the obtained

graph. By the minimality of G, G

0

has a (2; 8)-
oloring. Now, we extend

this 
oloring to G. All the non-
ontra
ted verti
es preserve their 
olors.

The verti
es a, d and h are 
olored with the 
olor of x and then the verti
es

b and 
 are 
olored with available 
olors.

The proofs of the following two lemmas are the same as their 
ounter-

parts for Lemma 5.5 and Lemma 5.6 in [5℄.

Lemma 9 No (2; 8)-minimal graph 
ontains a (3;� 5; 3;� 5)-vertex.

Lemma 10 No (2; 8)-minimal graph 
ontains any of the following 
on�gu-

rations (
onsult Figure 1):

1. 5-fa
es abwyv, b
xzw and ab
ut su
h that the verti
es a and 
 are

3-verti
es and the following holds:

deg

2

(w) � 11 _ (deg

2

(w) � 12 ^ (deg

2

(y) � 9 _ deg

2

(x) � 10));

2. a 5-fa
e xybua and a 3-fa
e xys su
h that x is a 4-vertex, a is a 3-

vertex, b is a (4; 5;� 5)-vertex, and either y is a 4-vertex or a is

a (4; 5;� 5)-vertex,

3. a 5-fa
e vabx
 su
h that the verti
es a and b are 3-verti
es, x is a 4-

vertex, 
 is a (4; 5;� 5)-vertex and ybx is a subwalk of a � 5-fa
e.

We alter the proof of Theorem 5.1 of [5℄ to the 
ase of fa
ial 
olorings:

Theorem 3 Ea
h plane graph has a 2-fa
ial 
oloring using at most 8 
olors.

Proof: We use the dis
harging method to prove the theorem. The initial


harge 


0

is given by the following assignment:

� The 
harge of a k-vertex v is 


0

(v) := 6� k.

� The 
harge of a k-fa
e f is 


0

(f) := 6� 2k.

It is easy to verify (using Euler's formula) that the sum of the initial 
harges

assigned to the verti
es and the fa
es of a graph is 12.

The 
harge is then distributed using the following set of rules (in Rules

R2-R10, we assume that x

1

x

2

x

3

x

4

x

5

is a fa
ial 5-path of a fa
e f ; in par-

ti
ular f is a � 5-fa
e):
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a

b

s

u

5

3

a

b

y




v x

5

� 5

Figure 1: Three basi
 
on�gurations of Lemma 10. The 3-verti
es are

depi
ted as triangles and the 4-verti
es as squares. The numbers pla
ed

in the fa
es represent their sizes.

Rule R1: Ea
h � 5-vertex sends

1

2

to ea
h in
ident 4-fa
e.

Rule R2: If x

2

is a (4;� 5;� 5)-vertex, then it sends

5

4

to f .

Rule R3: If x

1

or x

3

is of degree � 4 and x

2

is a (5; 5; 5)-vertex adja
ent

to two (5; 5;� 5)-verti
es, then x

2

sends

5

4

to f .

Rule R4: If both the verti
es x

1

and x

3

are (5; 5;� 5)-verti
es and the

vertex x

2

is a (5; 5; 5)-vertex, then x

2

sends

1

2

to f .

Rule R5: If x

2

is a 3-vertex and f re
eives no 
harge from x

2

by Rules R2,

R3 or R4, then x

2

sends 1 to f .

Rule R6: If x

2

is a 4-vertex and x

1

x

2

or x

2

x

3

is in
ident with a 3-fa
e,

then x

2

sends

3

4

to f .

Rule R7: If x

2

is a 4-vertex and f re
eives no 
harge from x

2

by Rule R6,

then x

2

sends

1

2

to f .

Rule R8: If x

2

is a 5-vertex and ea
h of x

1

x

2

, x

2

x

3

is in
ident with a 3-

fa
e, then x

2

sends

1

2

to f .

Rule R9: If x

2

is a 5-vertex and f re
eives no 
harge from x

2

by Rule R8,

then x

2

sends

1

4

to f .

13



Rule R10: If x

1

and x

4

are (5; 5;� 5)-verti
es and x

2

and x

3

are (5; 5; 5)-

verti
es, then f re
eives

1

4

from the 5-fa
e adja
ent to f whi
h is

in
ident with x

2

x

3

.

Now, we prove that for every x 2 V (G) [ F (G), the �nal 
harge 


�

(x)

is non-positive. We 
onsider several 
ases to do so:

Case that x is a vertex of G: If x is a 3-vertex, it is not in
ident with

a 3-fa
e due to Lemma 1 and Lemma 5. If x is in
ident with a 4-fa
e,

then other two fa
es in
ident with it are � 5-fa
es due to Lemma 4.

Hen
e by Rule R2 x sends

5

4

to ea
h of the � 5-fa
es and by Rule R1

it sends

1

2

to the 4-fa
e. We infer 


�

(x) = 0.

Suppose now that x is a (� 5;� 5;� 5)-vertex. If x is adja
ent to

three 3-verti
es, then x is a (5; 5; 5)-vertex due to Lemma 8. But

then Con�guration 1 of Lemma 10 is present in the graph (x being

the vertex b of the 
on�guration) whi
h is impossible. If x is adja
ent

to exa
tly two 3-verti
es, then x is a (5; 5; 5)-vertex due to Lemma 8;

it sends out

5

4

by Rule R3 to ea
h of the two fa
es in
ident with its

neighbor whi
h is � 4-vertex and it sends out

1

2

to the remaining 5-

fa
e. Hen
e 


�

(x) = 0. If x is adja
ent to at most one 3-vertex, then it

sends out 1 to ea
h of the in
ident fa
es by Rule R5. Hen
e 


�

(x) = 0

as well.

If x is a 4-vertex, then x is in
ident with at most one 3-fa
e by

Lemma 4, Lemma 7 and Lemma 9. If x is in
ident with a 3-fa
e,

then it sends out twi
e

3

4

by Rule R6 and on
e

1

2

either by Rule R1

or by Rule R7. In both the 
ases, 


�

(x) = 0 as desired.

If x is a 5-vertex, then it 
annot be in
ident to more than two 3-fa
es

by Lemma 4. If it is in
ident to two 3-fa
es, then it is a (� 5; 3;�

5; 3;� 5)-vertex and it sends out on
e

1

2

by Rule R8 and twi
e

1

4

by

Rule R9. Otherwise, x is in
ident with at least four � 4-fa
es, and

it sends out altogether 1 to all them by Rule R1 and Rule R9. In all

the 
ases 


�

(x) = 0.

If x is a � 6-vertex, then it neither sends nor re
eives any 
harge, and

hen
e 


�

(x) � 0.

Case that x is a fa
e of G: If x is a 3-fa
e or a 4-fa
e, it is easy to see

that 


�

(x) � 0 (no rule applies to a 3-fa
e and the only rule whi
h

applies to a 4-fa
e is Rule R1).
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We �rst deal with x being a � 6-fa
e. Verti
es of any fa
ial path uvw

of x may send at most 3 (in total) to x: By Lemma 8, at least one

of them is a � 4-vertex and so it sends at most

3

4

to x. If the total


ontribution is bigger than 3, then other two verti
es are 3-verti
es

ea
h sending

5

4

to x. But in su
h 
ase v sends at most

1

2

to x (Rule

R6 
annot apply) be
ause of Lemma 1 and Lemma 5 used to u and

w. Hen
e the total 
ontribution is at most 3 also in this 
ase. From

this, it immediately follows that 


�

(x) � 2� 2r+3d

r

3

e � 0 where r is

the size of x.

The remaining 
ase is that the fa
e x is a 5-fa
e x

1

x

2

x

3

x

4

x

5

. Let

S � fx

1

; : : : ; x

5

g 
onsist of those verti
es whi
h are (5;� 5;� 5)-

verti
es. If a vertex x

i

is a 3-vertex, then its unique neighbor not

in
ident with x is denoted by x

0

i

. Regarding the possible 
ontent of

S, the following 
ases are enough to be 
onsidered:

Sub
ase S = fx

1

; x

2

; x

3

; x

4

; x

5

g: By Lemma 8, all the verti
es x

i

have to

be (5; 5; 5)-verti
es. Hen
e the 
harge is sent to x only by Rules R4

and R10 and so 


�

(x) � �4 +

5

2

+

5

4

� 0.

Sub
ase S = fx

1

; x

2

; x

3

; x

4

g: Both the verti
es x

2

and x

3

by Lemma 8 are

(5; 5; 5)-verti
es and ea
h of them sends

1

2

to x by Rule R4. By Rule

R10, x re
eives

1

4

. If 


�

(x) > 0, then ea
h of x

1

and x

4

have to send

5

4

to x by Rule R3 and x

5

1

2

by Rule R7. This implies that x

1

and x

4

are

(5; 5; 5)-verti
es and x

5

is a 4-vertex. But this is Con�guration 1 of

Lemma 10 with w = x

5

and y = x

1

(deg

2

(x

5

) � 12 and deg

2

(x

1

) � 9);

note that x

0

4

is a 3-vertex, otherwise Rule R3 does not apply to x

4

.

Sub
ase S = fx

1

; x

2

; x

3

g: By Lemma 8, x

2

is a (5; 5; 5)-vertex (thus Rule

R4 applies to it). Ea
h of x

1

and x

3

sends at most

5

4

to x. Neither x

4

nor x

5

is a 3-vertex in
ident with a � 4-fa
e due to Lemma 7. Hen
e

both of them are � 4-verti
es and they send at most

1

2

to x ea
h.

Thus 


�

(x) � �4 +

10

4

+

3

2

.

Sub
ase S = fx

2

; x

4

; x

5

g: As in the previous 
ase, it is possible to 
on
lude

that both x

1

and x

3

are � 4-verti
es and all the fa
es in
ident with x

are � 5-fa
es. The vertex x

2

sends 1 to x by Rule R5.

Assume that the verti
es x

1

and x

5

send together to x more than

3

2

. Then, x

1

is a 4-vertex sending

1

2

to x by Rule R7 and x

5

is 3-

vertex sending

5

4

to x by Rule R3. The latter implies that x

0

5

is

a 3-vertex. Con�guration 1 of Lemma 10 may be seen in the graph
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with b = x

5

, w = x

1

, y = x

2

and 
 = x

0

5 (note that deg

2

(x

1

) � 12

and deg

2

(x

2

) � 9) whi
h is impossible.

The symmetri
 argument yields that the verti
es x

3

and x

4

send to-

gether at most

3

2

to x. Hen
e, 


�

(x) � �4 + 1 + 2 �

3

2

= 0.

Sub
ase S = fx

4

; x

5

g: By Lemma 7, both the verti
es x

1

and x

3

are � 4-

verti
es. If the verti
es x

4

and x

5

together send more than

9

4

to x,

then Rule R3 applies to both of them and they send the 
harge of

10

4

to x. Hen
e x

0

4

and x

0

5

are 3-verti
es and x

4

and x

5

are (5; 5; 5)-

verti
es by Lemma 8. Then x sends to the other fa
e in
ident with

the edge x

4

x

5

the 
harge of

1

4

by Rule R10. It is possible to 
on
lude

that the 
harge sent to x by the verti
es x

4

and x

5

minus the possible


harge sent out by the fa
e x itself is at most

9

4

.

We �rst deal with the 
ase that x

2

is a 3-vertex. In su
h 
ase, x

2

is

a (4; 5;� 5)-vertex be
ause x

2

62 S and it sends

5

4

to x by Rule R2.

If x

1

is a 4-vertex, then Con�guration 3 of Lemma 10 with x = x

1

,

a = x

4

, b = x

5

and 
 = x

2

is present in the graph whi
h is impossible.

Similarly, x

3

is not a 4-vertex. Sin
e both x

1

and x

3

are � 5-verti
es,

ea
h of them sends to x at most

1

2

. Hen
e 


�

(x) � �4+

9

4

+

5

4

+2�

1

2

= 0.

The remaining 
ase is x

2

being a � 4-vertex. Ea
h of the verti
es x

1

,

x

2

and x

3

sends to x at most

3

4

. If all of them send

3

4

, then Rule R6

applies to all them and x

2

is a (3; 5; 3;� 5)-vertex whi
h is impossible

by Lemma 9. Hen
e these three verti
es send x in total at most 2. If

neither x

4

nor x

5

sends

5

4

to x, then the total 
harge re
eived by x is

at most 4. If 


�

(x) > 0, then it is possible to assume that x

4

sends

5

4

to x (using Rule R3), two verti
es of x

1

, x

2

and x

3

send

3

4

to x (using

Rule R6) and the remaining one sends

1

2

to x (using Rule R7 or Rule

R8). Hen
e, x

0

4

is a 3-vertex and x

4

is a (5; 5; 5)-vertex by Lemma 8.

If x

3

sends

3

4

, then it has to be by Rule R6. This implies that x

3

is

a 4-vertex, the edge x

2

x

3

is in
ident with 3-fa
e and deg

2

(x

3

) � 10.

On the other hand, if x

3


ontributes

1

2

, then it is sent by Rule R7.

This gives that x

3

is a 4-vertex and deg

2

(x

3

) � 12. Moreover, in su
h


ase Rule R6 has to apply to both x

1

and x

2

(and hen
e they both

are 4-verti
es). This gives that the edge x

1

x

2

is in
ident with a 3-

fa
e and deg

2

(x

1

) � 10 and deg

2

(x

2

) � 10. In either of the 
ases,

Con�guration 1 of Lemma 10 with x = x

1

, w = x

3

and b = x

4

is

present in the graph whi
h is impossible.
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Sub
ase S = fx

1

; x

3

g: The vertex x

2

is a � 4-vertex and so it sends at

most

1

2

to x. Ea
h of x

1

and x

3

sends 1 to x by Rule R5. The verti
es

x

4

and x

5

are also � 4-verti
es by Lemma 7 and ea
h of them sends

at most

3

4

to x. Hen
e 


�

(x) � �4 +

1

2

+ 2 � 1 + 2 �

3

4

= 0.

Sub
ase S = fx

2

g: The vertex x

2

sends 1 to x by Rule R5. The verti
es x

1

and x

3

are � 4-verti
es by Lemma 7. If none of the remaining verti
es

is a (4; 5;� 5)-vertex, then 


�

(x) � �4 + 1 + 4 �

3

4

= 0. Otherwise,

either x

4

or x

5

is a (4; 5;� 5)-vertex (they 
annot be both again due

to Lemma 7). Assume x

5

is the (4; 5;� 5)-vertex. Then x

5

sends

5

4

to x by Rule R2 and x

1

sends at most

1

2

.

If 


�

(x) > 0, then the verti
es x

3

and x

4

sends together

5

4

to x. This

implies that x

3

and x

4

are 4-verti
es and the edge x

3

x

4

is in
ident with

a 3-fa
e. Con�guration 2 with a = x

2

, b = x

5

, x = x

3

and y = x

4

of

Lemma 10 
an be seen present in the graph whi
h is impossible.

Sub
ase S = ;: If any of the verti
es in
ident with x sends to it more than

3

4

, then that vertex must be a (4; 5;� 5)-vertex whi
h sends

5

4

to x by

Rule R2. There are no two su
h adja
ent verti
es by Lemma 7 and

hen
e x is in
ident with at most two su
h verti
es. If x is in
ident with

no su
h vertex, then 


�

(x) � �4+5 �

3

4

< 0. Assume that x is in
ident

with exa
tly one (4; 5;� 5)-vertex sending

5

4

to x, x

2

is this vertex

and x

2

x

3

is in
ident with a 4-fa
e. The vertex x

3

sends at most

1

2

to x

(otherwise, x

3

is a (3; 5; 4; �)-vertex whi
h is impossible by Lemma 7

used to the edge x

2

x

3

). Hen
e 


�

(x) � �4 + 3 �

3

4

+

5

4

+

1

2

= 0.

The 
ase whi
h remains is that the fa
e x is in
ident with two (4; 5;�

5)-verti
es. Suppose that x

1

and x

3

are these two verti
es. Then x

2

may send at most

1

2

to x. If x

4

or x

5

sends

3

4

to x (and hen
e it is

a 4-vertex), then we obtain a 
opy of Con�guration 2 with fa; bg =

fx

1

; x

3

g in the graph. Thus 


�

(x) � �4 + 2 �

5

4

+ 3 �

1

2

= 0.

5 The Bounds for 3-Fa
ial and 4-Fa
ial Col-

orings

We �rst restate Lemma 5 for the 
ase of 3-verti
es and Lemma 6 for the 
ase

of edges whose both end verti
es are 3-verti
es:
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Lemma 11 Let v be an (f

1

; f

2

; f

3

)-vertex of an (l; k)-minimal graph G. Let

s

i

= minf2l+ 1; f

i

g for i = 1; 2; 3. Then, s

1

+ s

2

+ s

3

� k + 6:

Lemma 12 Let v

1

and v

2

be two adja
ent 3-verti
es of an (l; k)-minimal

graph G; let v

1

be an (f

1

; f

2

; f

3

)-vertex and v

2

an (f

1

; f

2

; f

4

)-vertex. Let

s

i

= minf2l + 1; f

i

g for i = 1; 2; 3; 4. Suppose that f

1

� 4 and f

2

� 4. If

s

1

+ s

2

+ s

3

� k + 6, then s

2

+ s

3

+ s

4

� k + 8.

We 
an now state and prove the main theorem of this se
tion:

Theorem 4 Ea
h plane graph has a 3-fa
ial 
oloring using at most 12 
ol-

ors and a 4-fa
ial 
oloring using 15 
olors.

Proof: Let l 2 f3; 4g be a �xed integer and G be an (l; 3l + 3)-minimal

graph. The minimum degree of G is at least three by Lemma 5 and ea
h

edge has fa
e-weight at least 2l+4 by Lemma 4. The proof is an appli
ation

of a dis
harging method. The initial 
harge 


0

is the following:

� The 
harge of a k-vertex v is 


0

(v) := 4� k.

� The 
harge of a k-fa
e f is 


0

(f) := 4� k.

It is easy to verify (using Euler's formula) that that the total 
harge dis-

tributed to the verti
es and fa
es is equal to 8.

We apply the following two rules:

Rule R1: A 3-fa
e sends

1

3

to ea
h in
ident fa
e.

Rule R2: A 3-vertex v sends 0, 0,

1

5

and

1

3

, respe
tively, to ea
h in
ident

fa
e of size 3, 4, 5 and 6, respe
tively. The remaining positive 
harge

of v is equally distributed between other in
ident fa
es.

Let 


�

be the �nal 
harge. We prove for the sake of 
ontradi
tion that




�

(x) � 0 for all x 2 V (G) [ F (G). Several 
ases are distinguished:

Case A: Let v 2 V (G). If v is a � 4-vertex, it neither re
eives nor sends

out any 
harge and hen
e 


�

(v) � 0. If v is a 3-vertex, then it is either

in
ident with three 6-fa
es or a � 7-fa
e (Lemma 11) and hen
e it

sends out all its 
harge by Rule R2.

Case B: Let f 2 F (G). Let r be the size of f .
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Case B.1: r � 2l. The fa
e f is not in
ident with a 3-fa
e due to Lemma 4

and hen
e it re
eives no 
harge by Rule R1. If r = 3, the fa
e f sends

all its 
harge out by Rule R1 and it re
eives no 
harge by Rule R2;

hen
e 


�

(f) = 0. If r = 4, f neither sends nor re
eives any 
harge; so




�

(f) = 0. If r = 5 or r = 6, then ea
h in
ident vertex sends to f at

most

1

5

or

1

3

by Rule R2, respe
tively. Thus 


�

(f) � �1 + 5 �

1

5

= 0 if

r = 5 and 


�

(f) � �2 + 6 �

1

3

= 0 if r = 6.

Suppose now that 6 < r � 2l. In this 
ase, l = 4. If r = 7, then

f 
ould re
eive from an in
ident vertex v more than

1

3

only if v is

in
ident with a � 5-fa
e. Due to Lemma 11, f is in
ident with neither

a (� 5;� 6; r)-vertex nor a (� 4; r; �)-vertex (re
all r = 7). Hen
e

no vertex v sends more than

2

5

to f and if v sends

2

5

to f , then v is

a (5;� 7; r)-vertex. By parity argument, f 
an re
eive

2

5

from at most

six verti
es. Thus, 


�

(f) � �3 + 6 �

2

5

+

1

3

< 0. If r � 8, then ea
h

vertex sends to f at most

1

2

, and so 


�

(f) � 4� r + r �

1

2

� 0.

Case B.2: r � 2l+1. If

1

3

is sent to f through an edge xy by Rule R1, we

pretend that this 
harge was sent to f through the verti
es x and y

(through ea
h of them the 
harge of

1

6

). If r is an odd number, then

there is a � 4-vertex in
ident with the fa
e f or a 3-vertex in
ident

with f whi
h is a (� 6;� 6; r)-vertex. Assume the opposite in order

to see this, i.e., that ea
h vertex in
ident with f is a (� 5; �; r)-vertex.

Then there is a (� 5;� 5; r)-vertex v in
ident with f (re
all that r

is odd). The l-fa
ial degree of v is at most 2l + 11 � 6 = 2l + 5


ontradi
ting minimality of G by Lemma 5. Let x

0

be su
h a vertex,

i.e. a 4-vertex or a (� 6;� 6; r)-vertex. Note that x

0

must exist only

if r is odd. If x

0

is a 4-vertex, then it sends no 
harge to f by Rule

R2. Hen
e the fa
e f re
eive through x

0

the 
harge of at most

1

3

by

Rule R1. In the 
ase that x

0

is a (� 6;� 6; r)-vertex, then no 
harge

is sent from x

0

to f by Rule R1 and the 
harge sent by Rule R2 is

also at most

1

3

.

Case B.2.1: l = 3. By Lemma 11, no 3-vertex is in
ident with a 3-fa
e.

Thus ea
h vertex sends to f 
harge by at most one of the rules R1

and R2. In parti
ular, any vertex sends at most

1

2

to f (it sends

1

2

i� it is a (4; r; �)-vertex). Let u, v and w be any three 
onse
utive

verti
es on the boundary of f . We prove that the 
harge sent to f

together by these three verti
es is at most

4

3

. If one of them is not

a 3-vertex, then the total 
ontribution is at most

4

3

. Assume next
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that all u, v and w are 3-verti
es. By Lemma 12, there are no two


onse
utive (4; r; �)-verti
es on the boundary of f . So, if two verti
es

of u, v and w send to f the 
harge of

1

2

, then these two verti
es are

u and w. In that 
ase, v is either a 4-vertex or a (� 6;� 6; r)-vertex

(again using Lemma 12). In either of the 
ases, v sends at most

1

3

to

f and the three verti
es altogether send to f at most

4

3

. If only one

vertex out of u, v and w sends

1

2

to f , then the others may send ea
h

at most

2

5

to f . So, f re
eives at most

13

10

<

4

3

in total.

If r � 8, then, by the above 
laim, 


�

(f) � 4 � r +

4

3

�

r

3

� 0. If

r = 7, split verti
es of f di�erent from x

0

to two parts formed by

three 
onse
utive verti
es. Ea
h of these parts sends to f at most

4

3

.

We infer that 


�

(v) � �3 +

4

3

� 2 +

1

3

= 0.

Case B.2.2: l = 4. Any � 4-vertex 
an send to f the 
harge of at most

1

3

(only Rule R1 may apply). Any 3-vertex 
an send to f the 
harge of

at most

1

2

+

1

6

by the rules R1 and R2 (no 3-vertex is a (3; 3; r)-vertex).

Let u, v, w and z be any four 
onse
utive verti
es on the boundary of

f . We 
laim that these four verti
es send to f altogether the 
harge

of at most

7

3

. If at least one of u, v, w and z is a � 4-vertex, then f

re
eives from them the 
harge at most 3 �

�

1

2

+

1

6

�

+

1

3

�

7

3

. So, assume

that all of them are 3-verti
es.

In order to obtain a 
ontribution bigger than

7

3

at least three of these

four verti
es 
ontribute

1

6

to f by R1. By Lemma 12, there are no

three 
onse
utive (3; r; �)-verti
es. So, we may assume that u, w and z


ontribute

1

2

+

1

6

. In that 
ase, v is a (� 6;� 6;� 6)-vertex (Lemma 12

applied to u and w), so v sends

1

3

to f . The 
harge at most

7

3

is sent

to f in total. Thus, the 
laim is established.

By the above 
laim, if r � 10, then 


�

(f) � 4� r+

7

3

�

r

4

� 0. If r = 9,

then the existen
e of the vertex x

0

implies (similarly to the 
ase B.2.1)

that 


�

(f) � �5 +

7

3

� 2 +

1

3

= 0.

Theorem 3 and Theorem 4 extend Theorem 2 to l-fa
ial 
olorings for

small values of l:

Corollary 2 Let l � 1 be a �xed integer. Ea
h plane graph has an l-fa
ial


oloring using at most

�

18l

5

�

+ 2 
olors.

20



Figure 2: Constru
tion of graphs G

1

and G

2

from a quadrangulation Q

des
ribed in the proof of Theorem 5.

6 1-Diagonal Coloring of Quadrangulations

Re
all that we demand in a 1-diagonal 
oloring that any two verti
es in-


ident with the same fa
e or with the pair of neighboring fa
es (i.e., fa
es

sharing an edge) have distin
t 
olors. We use the bound from Theorem 3

to improve the upper bound on the number of 
olors needed for 1-diagonal


oloring of plane quadrangulations:

Theorem 5 Every plane quadrangulation has a 1-diagonal 
oloring using

at most 16 
olors.

Proof: Let Q be a plane quadrangulation. Q is a bipartite graph and

let V

1

and V

2

be its two parts of verti
es. We form plane graphs G

1

and

G

2

as follows: The vertex set of G

i

is V

i

, i 2 f1; 2g, and two verti
es are

joined by an edge in G

i

i� they are in
ident with the same fa
e of Q (see

Figure 2). Whi
h verti
es of V

1

(or V

2

) have to get distin
t 
olors in a 1-

diagonal 
oloring of Q? The verti
es whi
h are in
ident with the same fa
e

(i.e., adja
ent in G

1

or G

2

) and the verti
es whose fa
es are neighboring

(i.e., those 
onne
ted by a fa
ial walk of length 2 in G

1

or in G

2

). We may


on
lude that two verti
es in V

1

(V

2

, resp.) have to be 
olored in Q by

di�erent 
olors i� they are 2-fa
ially adja
ent in G

1

(G

2

, resp.). Both G

1

and G

2

have 2-fa
ial 
olorings using at most 8 
olors due to Theorem 3.

Let 


1

be su
h a 
oloring of G

1

and 


2

of G

2

; assume that 


1

and 


2

use
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l 1 2 3 4 5 6 7 8 9 10

�

?

= 2l+ 1 3 5 7 9 11 13 15 17 19 21

Upper bound on f

f

(l) 4 8 12 15 20 23 27 30 34 38

Upper bound on f




(�

?

) 4 8 12 15 19 22 25 29 32 35

Lower bound 4 7 10 13 16 19 22 25 28 31

Table 1: Summary of known results for 
y
li
 and fa
ial 
oloring.


ompletely di�erent 
olors. Let 
 be a 
oloring of Q su
h that 
 = 


i

(v)

for i su
h that v 2 V

i

. The 
oloring 
 (using at most 16 
olors) is 
learly

a 1-diagonal 
oloring of Q.

7 Open Problems

We dis
uss relation between the 
on
ept of 
y
li
 
oloring and its extension

fa
ial 
oloring and pose several open problems in this se
tion. Re
all that

f

f

(l) is the maximum number of 
olors needed for an l-fa
ial 
oloring of

a plane graph and f




(�

?

) is the maximum number of 
olors needed for

a 
y
li
 
oloring of a plane graph with maximum fa
e size at most �

?

. Our

upper bounds on f

f

(l), the best known upper bounds on f




(2l + 1) and

the best lower bounds for 1 � l � 10 
an be found in Table 1 (remember

that f




(2l + 1) � f

f

(l)). We mat
h the bound f




(�

?

) �

j

9�

?

5

k

by proving

f

f

(l) �

�

18l

5

�

+ 2. The bound f




(�

?

) �

l

5�

?

3

m

from [16℄ bids the following

problem: Does the inequality f

f

(l) �

�

10l+5

3

�

hold for all l � 1? However,

it would be more interesting to bring some light into the relation between

the two studied 
on
epts of 
oloring (
y
li
 and fa
ial 
olorings). We do not

know a single example of a graph for whi
h the 
on
ept of fa
ial 
oloring

would be more general (in sense it requires more 
olors) than the 
on
ept

of 
y
li
 
oloring:

Problem 1 Is it true that f

f

(l) = f




(2l + 1) for all l � 1?

Ore and Plummer [13, 12℄ 
onje
tured that f




(�

?

) =

�

3

2

�

?

�

; we state

as a problem the 
ounterpart of this famous 
onje
ture for fa
ial 
oloring:
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Problem 2 Does the equality f

f

(l) = 3l+ 1 hold for all l � 1?

The equality in the last problem is known only when l = 1 for whi
h it

is equivalent to the Four Color Theorem. The equality in the 
ase of l = 2

(f

f

(2) = 7) would have several interesting 
orollaries: Besides improving

the best upper bound for the 
y
li
 
oloring of plane graphs with maximum

fa
e size at most 5 (and hen
e �nding the value of f




(5)) and de
reasing

the upper bound on the number of 
olors needed for 1-diagonal 
oloring of

plane quadrangulations to 14 (from 16 whi
h we proved in Theorem 5), it

would also prove Wegner's 
onje
ture on 2-distan
e 
oloring (i.e., 
oloring

of squares of graphs) restri
ted to plane 
ubi
 graphs be
ause 2-distan
e


olorings (
olorings of the square) of a plane 
ubi
 graph are pre
isely their

2-fa
ial 
olorings. Due to its interest, we state this as a separate problem:

Problem 3 Does ea
h plane graph have a 2-fa
ial 
oloring using at most

7 
olors?
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