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Abstra
t

A 
hannel assignment problem is determined by a triple (V;E;w)

where V is a vertex set, E an edge set and w is a fun
tion assigning

edges positive integer weights. An assignment 
 of integers between

1 and K to the verti
es is proper if j
(u) � 
(v)j � w(uv) for ea
h

uv 2 E; the smallest K for whi
h there is a proper assignment is

the span of the problem. The problem is l-bounded if the values of

w do not ex
eed l.

An algorithm running in time O(n(l+2)

n

) for 
omputing the span

of an l-bounded 
hannel assignment problem with n verti
es is pre-

sented and we dis
uss (im)possibility of designing a faster algorithm

based on maximal independent set approa
h. We further �nd an al-

gorithm running in time O(nl(l + 2)

n

) for 
omputing the number of

di�erent proper assignments of span at most K.

1 Introdu
tion

The 
hannel assignment problem naturally generalizes graph 
oloring. A 
han-

nel assignment problem is a triple (V;E;w) where V is a vertex set, E is

a set 
onsisting of pairs of elements of V (
alled edges) and w is a fun
-

tion assigning edges of E positive integer weights. If e is an edge of E,

the number w(e) is 
alled the weight of the edge e. The value of w(uv)

is 
onsidered to be zero if uv 62 E. An assignment 
 of positive integers

to the verti
es, i.e. the elements of V , is proper, if j
(u) � 
(v)j � w(uv)

�
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for ea
h edge uv 2 E. The span of a proper assignment is the maximum

integer assigned to a vertex; the span of a 
hannel assignment problem is

the smallest integer k for whi
h there is a proper assignment of the span k.

If all the edge weights are equal to one, then an assignment is proper i� it is

a 
oloring of the underlying graph G = (V;E) and the span of this 
hannel

assignment problem is the 
hromati
 number of G. A 
hannel assignment

problem and its spe
ial 
ase 
alled distan
e graph labelling [6, 7℄ 
an be

used to model real-world problems: The verti
es 
an be thought as radio

transmitters, integers assigned to them as frequen
ies and the weights of

the edges as minimal di�eren
es of frequen
ies whi
h 
an be assigned to

the transmitters 
orresponding to their end-verti
es without interferen
e.

Determining the span of a 
hannel assignment problem is very hard;

it is NP-
omplete even if the underlying graph has treewidth 3 (
f. [12℄).

A 
hannel assignment problem is l-bounded if the weight of ea
h edge is at

most l. In Se
tion 3, we �nd an algorithm for 
omputing an optimal assign-

ment of an l-bounded 
hannel assignment running in time O(n(l+2)

n

) and

in spa
e O((l + 2)

n

) where n = jV j (Corollary 1). This improves a previ-

ous algorithm due to M
Diarmid running in time O(n

2

(2l+1)

n

) from [11℄,

see also [10℄. Our algorithm is based on a 
on
ept of separated sequen
es

introdu
ed in Se
tion 2. Next, we modify the algorithm to an algorithm

running in time O(nl(l + 2)

n

) whi
h 
omputes the number of proper as-

signments of span at most K (Theorem 2); note that the running time of

the 
ounting algorithm is independent on K. The 
omputational models


onsidered in this paper are the following: In 
ase of the �rst algorithm,

we assume that we are 
apable to store n-bit pointers and ea
h operation

with O(log n)-bit numbers requires a unit of time. In 
ase of the se
ond

algorithm, sin
e the resulting numbers might be !(logn)-bit numbers, we

assume that ea
h operation with �(b)-bit numbers requires a unit of time, if

the results are �(b)-bit numbers. The just presented models are impli
itly

assumed throughout the paper.

For the 
ase of ordinary graph 
oloring (a 1{bounded 
hannel assign-

ment problem), our algorithm runs in time O(3

n

) (omitting the polynomial

fa
tor). There are better algorithms for this spe
ial 
ase: The �rst one with

running time O(2:4422

n

) was obtained by Lawler in [8℄ and an improvement

to O(2:4150

n

) from [5℄ is due to Eppstein. All these algorithms are based

on maximal independent set (MIS) te
hnique. There is a series of papers on

algorithms for 3{
oloring of graphs [1, 2, 4, 13℄ and only one of them, [1℄,

is not MIS{based. A question might be whether it is possible to improve

the running time O(n(l + 2)

n

) of our algorithm using the MIS te
hnique.
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We show that this is impossible in Se
tion 4: There are 2{bounded 
hannel

assignment problems su
h that any MIS{based algorithm outputs a span

arbitrarily larger than the a
tual span is (Theorem 3).

2 Separated Sequen
es

In this se
tion, de�nitions and notation related to separated sequen
es are

introdu
ed.

Let (V;E;w) be a �xed l-bounded 
hannel assignment in this paragraph.

We de�ne w(uv) := 0 in 
ase that uv 62 E. A sequen
e V = V

0

; : : : ; V

k�1

of

k subsets of V is non-de
reasing if V

i�1

� V

i

for 1 � i � k�1. A sequen
e V

is separated if it is non-de
reasing and w(v

i

v

j

) � j� i for any v

i

2 V

i

nV

i�1

,

v

j

2 V

j

n V

j�1

, 1 � i � j � k � 1. In parti
ular, if V is separated,

then V

i

n V

i�1

is an independent set for any 1 � i � k � 1. Note that

there is no 
ondition on the weights of the edges joining the verti
es of

V

0

to the remaining verti
es. Unless stated otherwise, a (non-de
reasing,

separated) sequen
e is a sequen
e formed by subsets of the vertex set in this

paper. A subsequen
e of a separated sequen
e is separated, too. A non-

de
reasing sequen
e V

0

= V

0

0

; : : : ; V

0

k

0

�1

extends a non-de
reasing sequen
e

V = V

0

; : : : ; V

k�1

if there exists i

0

; k � k

0

+ 1 � i

0

� k � 1 su
h that

the following holds:

V

i

0

+j

= V

0

j

for 0 � j � k � 1� i

0

:

The sequen
e V

00

= V

0

; : : : ; V

i

0

= V

0

0

; : : : ; V

k�1

= V

0

k�1�i

0

; : : : ; V

0

k

0

�1

is


alled an extension of V with V

0

and write V � V

0

for it; it will be al-

ways 
lear from the 
ontext whi
h extension we have in mind if there are

more possible extensions. The extension of a separated sequen
e with an-

other separated sequen
e is not ne
essarily a separated sequen
e in general.

However, the following holds:

Lemma 1 Let (V;E;w) be an l-bounded 
hannel assignment, V

0

a separated

sequen
e of length at least l + 1 whi
h extends a separated sequen
e V. If

the length V�V

0

is the length of V in
reased by one, then V�V

0

is separated.

Proof: Let V � V

0

= V

0

; : : : ; V

K

, 1 � i; j � K, v

i

2 V

i

n V

i�1

and

v

j

2 V

j

n V

j�1

. If both i < K and j < K, then w(v

i

v

j

) � ji� jj be
ause V

is separated. Let further i = K. If j � K � l, then w(v

i

v

j

) � l � ji � jj
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be
ause the problem is l-bounded. If j > K � l, then w(v

i

v

j

) � ji � jj

be
ause V

0

is separated.

The span of a 
hannel assignment problem is related to separated se-

quen
es in the next lemma:

Lemma 2 Let (V;E;w) be a 
hannel assignment problem and let K � 0 be

an integer. Proper assignments of (V;E;w) with the span at most K one-

to-one 
orrespond to separated sequen
es V

0

; : : : ; V

K

of length K + 1 with

V

0

= ; and V

K

= V .

Proof: Let 
 be a proper assignment. Let V

i

= fvj
(v) � ig for 0 � i � k.

The just de�ned sequen
e is separated sin
e V

i

n V

i�1

= fvj
(v) = ig and

j
(u) � 
(v)j � w(uv) for all the edges uv of E; the 
onditions V

0

= ;

and V

K

= V are also satis�ed. On the other hand, we 
an de�ne for

a separated sequen
e V

0

= ;; V

1

; : : : ; V

K�1

; V

K

= V a proper assignment


(v) = minfijv 2 V

i

g. Sin
e V

0

= ; and V

K

= V , the assignment 
 is

de�ned for all the verti
es and its span is at most K. Be
ause the sequen
e

is separated, 
 is proper. It is straightforward to verify that the just de�ned


orresponden
e is really one-to-one.

The immediate 
orollary of Lemma 2 is the following:

Lemma 3 The span of a 
hannel assignment problem (V;E;w) is equal to

the minimum K su
h that there exists a separated sequen
e V

0

; : : : ; V

K

with

V

0

= ; and V

K

= V .

3 The algorithms

We des
ribe our algorithms for l-bounded 
hannel assignment problems in

this se
tion. Let (V;E;w) be a given l-bounded 
hannel assignment prob-

lem. We write G

l

(V;E;w) for the dire
ted graph whose verti
es are all

the separated sequen
es of length l and a sequen
e V is joined by an ar
 to

a sequen
e V

0

if V

0

extends V and V � V

0

is a separated sequen
e of length

l + 1. Let V

;

l

be the (separated) sequen
e ;; : : : ; ; of length l and V

V

l

be

the (separated) sequen
e V; : : : ; V of length l. Note that G

l

(V;E;w) might


ontain loops, in parti
ular, there are loops in
ident with V

;

l

and V

V

l

. V

;

l
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is 
alled the initial separated sequen
e and V

V

l

the �nal separated sequen
e.

We �rst show that G

l

(V;E;w) 
an be 
onstru
ted in time O(jV j(l + 2)

jV j

):

Lemma 4 Let (V;E;w) be a 
hannel assignment problem. There is an al-

gorithm whi
h outputs all the separated sequen
es of length k and whi
h

runs in time O(n(k + 1)

n

) and in spa
e O(n) where n = jV j. The number

of separated sequen
es of length k is at most (k + 1)

n

.

Proof: The algorithm is in Figure 1; it uses the following one-to-one


orresponden
e between sequen
es a

1

; : : : ; a

n

of integers between 0 and k of

length n and non-de
reasing sequen
es V

0

; : : : ; V

k�1

of length k:

a

i

= minfjjv

i

2 V

j

g [ fkg

The algorithm simply generates all su
h sequen
es of integers and 
he
ks

that the 
orresponding sequen
e V of sets is separated. One 
an 
he
k that

the edges v

i

v

j

, 1 � j < i, do not violate the 
ondition that V is separated,

when generating a

i

. This straightforwardly leads to our O(n(k + 1)

n

)-time

algorithm.

Lemma 5 Let (V;E;w) be an l-bounded 
hannel assignment problem and

n := jV j. The graph G

l

(V;E;w) 
an be 
onstru
ted in time O(n(l + 2)

n

)

and in spa
e O((l + 2)

n

). The graph G

l

(V;E;w) 
ontains at most (l + 2)

n

ar
s.

Proof: We 
reate a 
omplete (l + 1)-ary tree T of depth n (the depth of

a tree 
ontaining only a root is zero). The paths from the root to the leaves

in T 
orrespond to sequen
es of integers between 0 and l and hen
e to non-

de
reasing sequen
es of subsets of V of length l as des
ribed in the proof of

Lemma 4. Noti
e that it is possible to �nd for a sequen
e V the 
orrespond-

ing leaf of T in time O(n). We use twi
e the algorithm from Lemma 4. First,

all the separated sequen
es of length l are generated and stored in the leaves

of T whether the 
orresponding sequen
e is separated. Next, there will be

stored a list of ar
s leading from the 
orresponding vertex of G

l

(V;E;w) in

ea
h leaf of T : All the separated sequen
es V of length l + 1 are generated

and split to two sequen
es V

0

and V

00

of length l ea
h su
h that V = V

0

�V

00

(V 
an be uniquely de
omposed to V

0

and V

00

) and we add to the list of

ar
s leading from V

0

stored in T an ar
 from V

0

to V

00

. Finally, the graph
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Input: 
hannel assignment problem (V,E,w), n:=|V|

integer k

Initial 
all: gener(1)

var a: array[1..n℄ of integer;

pro
edure gener(next: integer);

var i,j: integer;

if next=n+1 then

for i:=1 to n do

if a[i℄<k then

output "the i-th vertex is in all sets V_j j>=a[i℄"

fi

endfor

exit

else

for i:=0 to k do

a[next℄:=i

for j:=1 to next-1 do

if a[j℄<>0 and a[j℄<>k and a[next℄<>0 and a[next℄<>k and

|a[next℄-a[j℄|<w(v_{next}v_j) then


ontinue the for-
y
le for next i

fi

endfor

gener(next+1)

endfor

exit

Figure 1: The algorithm for generating separated sequen
es of length k
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G

l

(V;E;w) is output by a simple single traversing T . The running time of

the algorithm is dominated by the step when the algorithm from Lemma 4

is used for the se
ond time and it is O(n(l + 2)

n

).

Sin
e ea
h ar
 of G

l

(V;E;w) 
orresponds to a separated sequen
e of

length l + 1, the number of ar
s of G

l

(V;E;w) is at most (l + 2)

n

due to

Lemma 4. From this, it is 
lear that spa
e O((l + 2)

n

) is enough to store

G

l

(V;E;w) and hen
e it 
overs all spa
e demands of the algorithm.

We are now ready to relate G

l

(V;E;w) to proper assignments:

Theorem 1 Let (V;E;w) be an l-bounded 
hannel assignment problem.

Then the length of the shortest dire
ted path between V

;

l

and V

V

l

in G

l

(V;E;w)

is equal to the span of (V;E;w) in
reased by l � 1.

Proof: Let V

0

; : : : ;V

L

be a shortest dire
ted path from V

;

l

to V

V

l

in

G

l

(V;E;w). It follows from the de�nition of G

l

(V;E;w) that V

i�1

� V

i

is a separated sequen
e of length l + 1 (1 � i � L). Sin
e (V;E;w) is

l-bounded, it straightforwardly follows from Lemma 1 that V

0

� : : :�V

L

is

a separated sequen
e of length L+l. We 
an 
onstru
t a separated sequen
e

V of length L + l � 2(l � 1) by 
utting �rst l � 1 and last l � 1 elements

of V

0

� : : : � V

L

. Sin
e the �rst element of V is ; and the last one is V ,

the span of (V;E;w) is at most L� l + 1 due to Lemma 3.

We prove the opposite inequality of the statement of the theorem in this

paragraph. Let K be the span of (V;E;w) and V a separated sequen
e of

length K+1 starting with ; and ending with V (it exists due to Lemma 3).

V is extended to V

0

by adding l � 1 empty sets to the beginning of V and

by adding l� 1 sets V to the end. The length of V

0

is K+2l� 1. V

0


an be

split to sequen
es V

0

; : : : ;V

L

of length l formed by 
onse
utive subsequen
es

of V

0

. Note that V

0

= V

;

l

, V

L

= V

V

l

and L = K + l � 1. This establishes

the theorem.

Theorem 1 implies together with Lemma 2 and Lemma 5 the following:

Corollary 1 There is an algorithm for 
omputing the span of an l-bounded


hannel assignment problem and 
onstru
ting an optimal assignment whi
h

runs in time O(n(l + 2)

n

) and spa
e O((l + 2)

n

) where n is the number of

verti
es.
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Proof: The proof of Theorem 1 a
tually des
ribes the way how to �nd

an optimal assignment of the problem. The shortest path between two

verti
es in a dire
ted graph 
an be found in time linear in the number of

ar
s, see, e.g., [3℄.

The �rst algorithm 
an be modi�ed to 
ount proper assignments:

Theorem 2 There is an algorithm for 
omputing the number of proper

assignments of span at most K for a given l-bounded 
hannel assignment

problem and given K; the algorithm runs in time O(nl(l+2)

n

) and in spa
e

O((l + 2)

n

) where n is the number of verti
es of the problem.

Proof: Proper assignments of span at most K one-to-one 
orrespond

to separated sequen
es of length K + 1 starting with an empty set and

ending with the whole vertex set due to Lemma 2. It follows from the

proof of Theorem 1 that separated sequen
es of length K + 1 one-to-one


orrespond to dire
ted walks (i.e., they may 
ontain the same vertex more

times) between V

;

l

and V

V

l

of length K + l � 1 in G

l

(V;E;w). We redu
ed

the problem to 
omputing the number of dire
ted walks in G

l

(V;E;w).

First, the verti
es of G

l

(V;E;w) are topologi
ally sorted, i.e., a sequen
e

of verti
es V

1

; : : : ;V

N

of G

l

(V;E;w) is found whi
h satis�es that if V

i

V

j

is

an ar
, then i � j. This 
an be done in time O((l+2)

n

), see, e.g., [3℄. Note

that V

1

= V

;

l

and V

N

= V

V

l

. For ea
h vertex G

l

(V;E;w), a triple (A; p; k

0

)

is 
omputed where A is an array of size k

0

indexed by numbers from 0 to

k

0

� 1, p is a polynomial and k

0

is an integer. We write (A

i

; p

i

; k

i

0

) for a

triple assigned to the vertex V

i

. It is demanded that the triple (A

i

; p

i

; k

i

0

)

assigned to V

i

satis�es the following:

The number of dire
ted walks from the vertex

V

1

= V

;

l

to the vertex V

i

of length k is

�

A

i

[k℄ if 0 � k < k

0

:

p

i

(k) if k

0

� k:

The triples 
an be 
omputed in the order determined by the topologi
al

ordering. The triple assigned to V

1


onsists of an empty array A

1

, a poly-

nomial p

1

(k) := 1 and an integer k

0

:= 0. Let us assume that the triples

for all V

i

, i < i

0

have been 
omputed. We �rst 
ompute a triple (A

0

; p

0

; k

0

0

)

whi
h has the same meaning as (A

i

0

; p

i

0

; k

i

0

) ex
ept that it 
ounts the di-

re
ted walks from V

1

to V

i

0

whi
h end with exa
tly one V

i

0

. Let I be the

set of those i for whi
h there is an ar
 V

i

V

i

0

in G

l

(V;E;w). The following

8



holds due to the de�nition of the triples:

k

0

0

:= 1 +max

i2I

k

i

A

0

[0℄ := 0

A

0

[k℄ :=

X

i2I;k�1<k

i

0

A

i

[k � 1℄ +

X

i2I;k�1�k

i

0

p

i

(k � 1) for 1 � k < k

0

0

p

0

(k) :=

X

i2I

p

i

(k � 1)

If there is not a loop V

i

0

V

i

0

in G

l

(V;E;w), then any walk from V

1

to V

i

0

ends with exa
tly one V

i

0

and hen
e (A

i

0

; p

i

0

; k

i

0

) = (A

0

; p

0

; k

0

0

). If there is

a loop V

i

0

V

i

0

, then the triple (A

i

0

; p

i

0

; k

i

0

) is determined as follows:

k

i

0

0

:= k

0

0

A

i

0

[k℄ :=

X

0�k

0

�k

A

0

[k

0

℄ for 0 � k < k

0

p

i

0

(k) :=

X

0�k

0

<k

0

0

A

0

[k

0

℄ +

X

k

0

0

�k

0

�k

p

0

(k

0

)

Using the above formulas, we 
an 
ompute all the triples (note that there

are expli
it formulas for summing polynomials of bounded degree whi
h 
an

be used in 
ase of 
omputing p

i

0

(k)) and we 
an determine the number of

dire
ted walks from V

1

= V

;

l

to V

N

= V

V

l

from (A

N

; p

N

; k

N

0

).

It remains to establish the time and spa
e demands of the algorithm.

We �rst realize that the length of any dire
ted path in G

l

(V;E;w) is at most

nl: For any path V

1

; : : : ;V

k

the sequen
e V

1

� : : :� V

k

is a separated (and

hen
e non-de
reasing) sequen
e of length k+ l�1 and it does not 
ontain a

subsequen
e 
onsisting of at least l+1 identi
al sets (otherwise the sequen
e

V

1

; : : : ;V

k


ontained the same vertex twi
e). This immediately gives that

k + l � 1 � nl and hen
e k � nl. Sin
e k

i

0

is the length of the longest

dire
ted path from V

1

to V

i

(this 
an be easily proved by indu
tion from

the formulae de�ning k

i

0

for 1 � i � N), the above implies that k

i

0

� nl for

all 1 � i � N . The degree of a polynomial is in
reased only at a vertex with

a loop; hen
e the degree of p

i

is at most the maximum number of verti
es

with loops on a path from V

1

to V

i

. On any dire
ted path V

1

; : : : ;V

k

there

are at most n verti
es with loops be
ause the verti
es V

i

with loops are

pre
isely the verti
es 
orresponding to sequen
es 
onsisting of l identi
al

9



subsets of V , and the sequen
e V

1

� : : :� V

k

is separated (and hen
e non-

de
reasing). We may 
on
lude that the degree of any p

i

is at most n. The

time and spa
e needed by the algorithm 
an be now estimated: The graph

G

l

(V;E;w) 
an be 
onstru
ted in time O(n(l+2)

n

) and in spa
e O((l+2)

n

).

Computation of (A

0

; p

0

; k

0

) requires addition of at most nl values for ea
h

ar
 leading to a vertex and hen
e it takes total time O(nl(l+2)

n

) for all the

verti
es of G

l

(V;E;w) be
ause G

l

(V;E;w) 
ontains at most (l + 2)

n

ar
s.

In addition at every vertex with a loop, we need extra time to 
ompute the

a
tual triple from (A

0

; p

0

; k

0

). This extra time is at most O(l �p(n)) for some

polynomial p(n). Sin
e G

l

(V;E;w) 
ontains at most (l + 1)

n

verti
es, the

time bound O(nl(l + 2)

n

) dominates the extra time O(l(l + 1)

n

p(n)). The

spa
e needed by the algorithm 
onsists of major parts: the spa
e needed to

store G

l

(V;E;w) whi
h is O((l + 2)

n

) and the spa
e needed to store all the

triples whi
h is O(nl(l+1)

n

). The former expression dominates the latter.

Note that we a
tually proved that the number of proper satisfying as-

signments of span K is a polynomial in K from suÆ
iently large K. This

result has been previously proved using other te
hniques in [9℄ and in [14℄.

4 MIS approa
h

One of su

essful approa
hes in designing faster algorithms for graph 
ol-

oring is based on maximal (in
lusionwise) independent sets (MIS), see [2,

4, 5, 8, 13℄. A general s
heme of su
h a 
oloring algorithm 
an be found in

Figure 2. The tri
ky part of the algorithms from [2, 4, 5, 8, 13℄ is elimi-

nation of 
ertain small 
on�gurations in a given graph and then bounding

the number of maximal independent sets (and hen
e the running time of

the algorithm). A general s
heme of an MIS-based algorithm for a 
hannel

assignment problem 
an be found in Figure 3. We prove that the span 
om-

puted by an MIS-based algorithm 
an be arbitrarily larger than the a
tual

span of a given problem even if restri
ted to 2-bounded 
hannel assignment

problems.

We �rst introdu
e several de�nitions: If G

1

= (V

1

; E

1

; w

1

) and G

2

=

(V

2

; E

2

; w

2

) are 
hannel assignment problems, then a k-join of G

1

and G

2

is the following 
hannel assignment problem:

V = V

1

[ V

2

10



Initial 
all: 
hromati
_number(G, 0, empty set)

fun
tion 
hromati
_number(graph G, integer i,

pre
olored verti
es W): integer;

if W=V(G)

return i

fi

k:=infinity

for all maximal independent sets A of verti
es in G-W do


olor verti
es of A with the 
olor i+1

k':=
hromati
_number(G, i+1, W united with A)

if k'<k then

k:=k'

fi

endfor

return k

Figure 2: A s
heme of an MIS-based algorithm for graph 
oloring

E = E

1

[ E

2

[ fv

1

v

2

jv

1

2 V

1

; v

2

2 V

2

g

w(e) = w

i

(e

i

) if e

i

2 E

i

and w(e) = kotherwise

We simply add all possible edges between the vertex sets V

1

and V

2

and

assign them the weights equal to k. LetG

1

= (V

1

; E

1

; w

1

), G

4

= (V

4

; E

4

; w

4

)

andG

7

= (V

7

; E

7

; w

7

) be the three 
hannel assignment problems determined

by following equalities (
f. Figure 4):

V

1

= fag and E

1

= ;

V

4

= fa; b; �; �g

E

4

= fab; ��; a�; a�; b�; b�g

w

4

(a�) = w

4

(a�) = w

4

(b�) = w

4

(b�) = 1

w

4

(ab) = w

4

(��) = 2

V

7

= fa; b; 
; �; �; �

0

; �

0

g

E

7

= fab; a
; b
; ��; a�; a�; b�; b�; 
�; 
�; ��

0

; ��

0

g

w

7

(ab) = w

7

(a
) = w

7

(b
) = w

7

(��) = w

7

(��

0

) = w

7

(��

0

) = 2
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Initial 
all: span(P, 0, empty assignment)

fun
tion span(
hannel assignment problem P, integer i,

preassignment 
): integer;

if all the verti
es have been assigned 
olors then

return i

fi

k:=infinity

for all maximal sets A of verti
es whi
h 
an be assigned in P

the 
olor i+1 with respe
t to the preassignment 
 do

extend 
 to 
' by assigning verti
es of A the 
olor i+1

k':=span(P, i+1, 
')

if k'<k then

k:=k'

fi

done

return k

Figure 3: A s
heme of an MIS-based algorithm for 
hannel assignment

problem

12



G

1

a

G

4

a

b

�

�

G

7

a

b




�

�

�

0

�

0

Figure 4: The 
hannel assignment problems G

1

, G

4

and G

7

. The edges

with the weights equal to 2 are drawn bold.

w

7

(a�) = w

7

(a�) = w

7

(b�) = w

7

(b�) = w

7

(
�) = w

7

(
�) = 1

Let G

1;4;7

(A;B;C) is a 
hannel assignment obtained by the mutual 2-join

of A disjoint 
opies of G

1

, B disjoint 
opies of G

4

and C disjoint 
opies of

G

7

. We keep the names of the verti
es of the three just introdu
ed 
hannel

assignment problems throughout the whole se
tion.

Lemma 6 The span of the 
hannel assignment problem G

1;4;7

(0; 0; C) is at

most 6C � 1.

Proof: There is a proper assignment of span 5 for the 
hannel assignment

problem G

7

: Assign 1; 3; 5 to the verti
es a, b, 
 (respe
tively), the number

2 to both the verti
es � and �

0

and the number 4 to both the verti
es �

and �

0

. It is easy to �nd (based on this assignment) a proper assignment of

G

1;4;7

(0; 0; C) of span at most 6C�1: Use the numbers 1; : : : ; 5 for the �rst


opy of G

7

, the number 7; : : : ; 11 for the se
ond 
opy of G

7

, the number

13; : : : ; 17 for the third 
opy of G

7

, et
.

Lemma 7 An MIS-based algorithm outputs as the span of the 
hannel as-

signment problem G

1;4;7

(A;B;C) a number whi
h is at least 2A+5B+7C�

1.

Proof: The proof pro
eeds by indu
tion on the number of verti
es ofG

1;4;7

.

The 
laim is 
lear for G

1;4;7

(1; 0; 0) or G

1;5;7

(0; 1; 0). The remaining 
ases

are redu
ed to smaller 
ases in the following. Consider what possible types

of maximal (in
lusionwise) independent sets of verti
es in G

1;4;7

(A;B;C)

are:

13



� The set 
ontains (and hen
e it 
onsists of) the only vertex of

a 
opy of G

1

.

This vertex re
eives 
olor 1, no vertex re
eives 
olor 2 and the problem

left is G

1;4;7

(A � 1; B; C). The 
laim follows now straightforwardly

from the indu
tion.

� The set 
ontains of a vertex of a 
opy of G

4

.

Let a, b, � and � be the verti
es of the 
opy of G

4

. Due to the

symmetry, one may assume that the set 
ontains (only) the vertex a.

Hen
e a is assigned the 
olor 1. In the next step, either � or � is

assigned 2. Next, b is assigned 3 and in the last step the remaining

of the verti
es � and � is assigned 4. Then no vertex re
eives 5

and the problem whi
h remains is G

1;4;7

(A;B � 1; C). The algorithm

determines as the span of the new problem a number whi
h is at least

2A+5B+7C�6 and as the span of the original problemG

1;4;7

(A;B;C)

a number whi
h is at least 2A+ 5B + 7C � 1 as desired.

� The set 
ontains only verti
es of a 
opy of G

7

. Assume it


ontains either � or �.

It is possible to assume (w.l.o.g.) that the independent set is f�; �

0

g.

These two verti
es re
eive the number 1. In the next step, one of

the verti
es a, b and 
 (say a) re
eives the number 2. Next, the

verti
es � and �

0

re
eive 3. In the next step, one of the verti
es b or


 (say b) re
eives 4 and then no vertex re
eives 5. We are left with a

single vertex of the original 
opy of G

7

, but it might happen that the

algorithm pro
eeds with 
oloring verti
es of another 
opy. Hen
e the

indu
tion has to be used for G

1;4;7

(A+ 1; B; C � 1) to get the 
laim.

� The set 
ontains only verti
es of a 
opy of G

7

. Assume it


ontains one of the verti
es a, b and 
.

It is possible to assume (w.l.o.g.) that the vertex 
ontained in the

set is a. Then, the set is formed by a, �

0

and �

0

. These three ver-

ti
es re
eive the 
olour 1 and in the next step none of the remaining

verti
es re
eivess the 
olor 2. The problem whi
h we are left with is

G

1;4;7

(A;B + 1; C � 1) and the indu
tion gives the 
laim.

� The set 
ontains only verti
es of a 
opy of G

7

. Assume it


ontains one of the verti
es �

0

, �

0

.

In su
h a 
ase, the set also 
ontains one of the verti
es a, b, 
, � and

� and one of the previous 
ases applies.

14



Theorem 3 For ea
h k � 0, there is a 2-bounded 
hannel assignment prob-

lem su
h that the span output by an MIS-based algorithm ex
eeds its a
tual

span by at least k.

Proof: It is enough to use Lemma 6 and Lemma 7 for G

1;4;7

(0; 0; C) for

C suÆ
iently large.
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