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Abstra
t

A sub
oloring is a vertex 
oloring of a graph in whi
h every 
olor


lass indu
es a disjoint union of 
liques. We derive a number of

results on the 
ombinatori
s, the algorithmi
s, and the 
omplexity of

sub
olorings.

On the negative side, we prove that 2-sub
oloring is NP-hard for


omparability graphs, and that 3-sub
oloring is NP-hard for AT-free

graphs and for 
omplements of planar graphs. On the positive side, we

derive polynomial time algorithms for 2-sub
oloring of 
omplements

of planar graphs, and for r-sub
oloring of interval and of permuta-

tion graphs. Moreover, we prove asymptoti
ally best possible up-

per bounds on the sub
hromati
 number of interval graphs, 
hordal

graphs, and permutation graphs in terms of the number of verti
es.

Keywords: graph 
oloring; sub
oloring; spe
ial graph 
lasses; poly-

nomial time algorithm; 
omputational 
omplexity.
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1 Introdu
tion

We denote by G = (V;E) a �nite undire
ted and simple graph. The 
om-

plement G of G = (V;E) is the graph on V with edge set E su
h that

fu; vg 2 E if and only if fu; vg 62 E. For a set of graphs G, we denote by

G the set of 
omplements of graphs from G; hen
e G 2 G if and only if

G 2 G. Let G = (V

G

; E

G

) and H = (V

H

; E

H

) be graphs with V

G

\ V

H

= ;.

The disjoint union G

_

[H is the graph with vertex set V

G

[ V

H

and edge set

E

G

[E

H

. The join G_H of G and H is the graph with vertex set V

G

[V

H

and edge set E

G

[E

H

[ffu; vg : u 2 V

G

; v 2 V

H

gg. Finally, G on H denotes

the graph that results by adding a new vertex v to the disjoint union of G

and H , and by joining v to all the verti
es in G and H .

For every non-empty W � V , the subgraph of G = (V;E) indu
ed by

W is denoted by G[W ℄. A 
lique C of a graph G = (V;E) is a non-empty

subset of V su
h that all the verti
es of C are pairwise adja
ent, i.e., G[C℄

is a 
omplete graph. The maximum size of a 
lique in G is denoted by

!(G). A subset of verti
es I � V is independent if no two of its elements

are adja
ent. An r-
oloring of the verti
es of a graph G = (V;E) is a

partition V

1

; V

2

; : : : ; V

r

of V ; the r sets V

j

are 
alled the 
olor 
lasses of the

r-
oloring. An r-
oloring is proper if every 
olor 
lass is an independent set.

The 
hromati
 number �(G) is the minimum value r for whi
h a proper

r-
oloring exists.

Evidently, an r-
oloring is proper if and only if for every 
olor 
lass V

j

the indu
ed subgraph G[V

j

℄ is the union of 
omplete graphs of 
ardinality

one. This awkward reformulation leads to several interesting generalizations

of the 
lassi
al 
hromati
 number.

� An r-
oloring V

1

; V

2

; : : : ; V

r

is an r-sub
oloring, if for every 
olor 
lass

the indu
ed subgraph G[V

i

℄ is the disjoint union of 
omplete graphs

(there is no restri
tion on the sizes of these 
omplete graphs).

� An r-
oloring is a 
o
oloring, if for every 
olor 
lass the indu
ed sub-

graph G[V

i

℄ either is a 
lique or an independent set.

� Let F be some �xed graph. An r-
oloring is an F -free 
oloring, if for

every 
olor 
lass the indu
ed subgraph G[V

i

℄ does not 
ontain F as an

indu
ed subgraph.

The sub
hromati
 number �

sub

(G), the 
o
hromati
 number �


o

(G), and the

F -free 
hromati
 number �(F;G) of a graph G, is the smallest number r

for whi
h G has an r-sub
oloring, an r-
o
oloring, and an F -free r-
oloring,

1



respe
tively. Note that a 
oloring is a sub
oloring if and only if it is a P

3

-free


oloring (where P

k

denotes the path on k verti
es).

In this paper, we study the algorithmi
 and 
ombinatorial behavior of

the sub
hromati
 number on various 
lasses of spe
ially stru
tured graphs.

See Appendix A for de�nitions of these graph 
lasses.

1.1 Known results

Finding proper 
olorings for various 
lasses of perfe
t graphs is a long stud-

ied and well understood problem. We refer to the book [11℄ of Golumbi
 for

a 
lassi
al sour
e on algorithmi
 aspe
ts of perfe
t graphs. By a 
elebrated

result of Gr�ots
hel, Lov�asz & S
hrijver [12℄, the 
hromati
 number of a per-

fe
t graph 
an be 
omputed in polynomial time. Simple and fast algorithms

are known for di�erent sub
lasses of perfe
t graphs like 
hordal graphs, 
om-

parability graphs, permutation graphs et
. However, even small steps away

from proper 
oloring towards more general 
on
epts like sub
oloring and


o
oloring in
rease the 
omputational 
omplexity of 
oloring enormously.

For instan
e, the 
o
hromati
 number is NP-hard to 
ompute even for

permutation graphs (Wagner [17℄). Gimbel, Krats
h & Stewart [9℄ proved

the NP-hardness of 
omputing the 
o
hromati
 number for 
ir
le graphs

and line graphs of 
omparability graphs, and they derived a polynomial

time algorithm for 
hordal graphs. A
hlioptas [1℄ proved that for any graph

F with at least three verti
es and for any �xed integer r � 2, the problem of

de
iding whether a given input graph has an F -free r-
oloring is NP-hard.

By putting F = P

3

, we get that r-sub
oloring is NP-hard for any �xed inte-

ger r � 2. Fiala, Jansen, Le & Seidel [8℄ strengthened this hardness result

to input graphs that are triangle-free, planar, and have maximum vertex

degree four. On the positive side, [8℄ gave polynomial time algorithms for

the sub
oloring problem on 
ographs and on graphs of bounded treewidth.

The literature also 
ontains a number of results on P

4

-free 
olorings:

Gimbel & Ne�set�ril [10℄ showed that P

4

-free r-
oloring in r = 2 or r = 3


olors is NP-hard even for planar input graphs. Sin
e P

4

is isomorphi
 to

its 
omplement P

4

, we 
on
lude that P

4

-free 
oloring in 2 or 3 
olors is

NP-hard for 
omplements of planar graphs. Ho�ang & Le [13℄ proved that

P

4

-free 2-
oloring is NP-hard for 
omparability and 
o
omparability graphs.

Now let us list a number of useful 
ombinatorial results from the litera-

ture on sub
olorings and 
o
olorings.

Proposition 1.1. For any graph G, �

sub

(G) � �


o

(G) � minf�(G); �(G)g.

2



Perfe
t graphs

NP-hard for �xed r � 2

AT-free graphs

NP-hard for �xed r � 3 [�℄

Comparability graphs

NP-hard for �xed r � 2 [�℄

Co
omparability

graphs Open

Permutation graphs

Poly-time for �xed r [�℄

Cographs

Poly-time [8℄

Interval graphs

Poly-time for �xed r [�℄

Figure 1: Summary of some of our results on r-sub
oloring for spe
ial graph


lasses, and the 
ontainment relations between these 
lasses. [�℄ denotes a


ontribution of this paper.

Proposition 1.2. (Mynhardt & Broere [16℄)

Let K

m;m;:::;m

be the 
omplete m-partite graph 
ontaining m 
lasses of m

verti
es. Then �

sub

(K

m;m;:::;m

) = �


o

(K

m;m;:::;m

) = �(K

m;m;:::;m

) = m.

Proposition 1.3. (Albertson, Jamison, Hedetniemi & Lo
ke [2℄)

Let G and H be graphs with �

sub

(G) � k and �

sub

(H) � k. Then �

sub

(G on

H) � k + 1.

1.2 Our results

We study 
ombinatorial, algorithmi
 and 
omplexity aspe
ts of the sub
ol-

oring problems. In parti
ular, we derive the following results.

� For general n-vertex graphs the sub
hromati
 number may be

�(n= logn); for perfe
t graphs, permutation graphs, and 
ographs,

it may be �(

p

n); for 
hordal graphs and interval graphs, it may be

3



�(logn). All these bounds are best possible up to 
onstant fa
tors.

These results are proved in Se
tion 2.

� For 
omplements of planar graphs 2-sub
oloring is polynomially solv-

able (Se
tion 4) whereas 3-sub
oloring is NP-hard (Se
tion 3).

� For AT-free graphs, r-sub
oloring is NP-hard for any �xed r � 3

(Se
tion 3). For 
omparability graphs, r-sub
oloring is NP-hard for

any �xed r � 2 (Se
tion 5.1).

� For interval graphs (Se
tion 5.2) and for permutation graphs (Se
-

tion 5.3) r-sub
oloring is polynomially solvable for any �xed r � 2.

Figure 1 summarizes some of our results and illustrates the relations be-

tween some of the graph 
lasses studied in this paper. Appendix A 
ontains

the de�nitions of these graph 
lasses.

2 Upper and lower bound results

In this se
tion we derive several bounds on the sub
hromati
 number of

graphs in terms of their number of verti
es. We �rst state two useful results

from the literature.

Proposition 2.1. (Albertson, Jamison, Hedetniemi & Lo
ke [2℄)

For any graph G on n verti
es, �

sub

(G) � 2n=(log

2

n� 2)+O(n=(log

2

n)

2

).

Proposition 2.2. (Erd}os, Gimbel & Krats
h [6℄)

Every perfe
t graph G on

�

k+2

2

�

�1 verti
es has 
o
hromati
 number at most

k. Therefore, �


o

(G) � b

p

2n+ 1=4� 1=2
.

As our �rst result, we observe that up to 
onstant fa
tors the upper

bound stated in Proposition 2.1 is best possible.

Lemma 2.3. For every n, there exists a graph G on n verti
es with

�

sub

(G) � n=(2 log

2

n+ 1).

Proof. We slightly modify the famous argument of Erd}os [5℄. Consider the

random graph on n verti
es that 
ontains every edge independently with

probability 1=2.

A subset X of k = 2 log

2

n + 1 verti
es is 
alled good, if it indu
es

a disjoint union of 
liques, and thus 
onstitutes a feasible 
olor 
lass for

4



a sub
oloring. Let us estimate the probability that some �xed set X is

good. Altogether, there are 2

(

k

2

)

possibilities for the edges in X . Out of

these exa
tly B

k

are good, where B

k

denotes the kth Bell number that is

the number of ways a set of n elements 
an be partitioned into nonempty

subsets. The 
rude upper bound B

k

� k! yields that the probability that

X is good is at most k!=2

(

k

2

)

.

Therefore, the expe
ted total number of good subsets of 
ardinality k

is at most

�

n

k

�

� k!=2

(

k

2

)

. Sin
e

�

n

k

�

� n

k

=k! and sin
e k = 2 log

2

n + 1,

a straightforward 
al
ulation reveals that this expe
ted number is stri
tly

less than 1. Hen
e, there exists a graph G in the probability spa
e that

does not 
ontain any good subset. In any sub
oloring of G all 
olor 
lasses


ontain fewer than k verti
es, and thus �

sub

(G) > n=k.

For perfe
t graphs, the sub
hromati
 number is mu
h smaller than

n= logn: Propositions 2.2 and 1.1 yield that for every perfe
t graph G on n

verti
es, �

sub

(G) � �


o

(G) � b

p

2n+ 1=4�1=2
. Erd}os, Gimbel & Krats
h

[6℄ observed that the disjoint union of 
liques H = K

1

_

[K

2

_

[ � � �

_

[K

k

(this

is a graph on

�

k+1

2

�

verti
es) has 
o
hromati
 number k. In every sub
ol-

oring of H every 
olor 
lass is either a 
lique, or an independent set. Thus

�

sub

(H) = �


o

(H) = �


o

(H) = k. Sin
e H is a perfe
t graph (in fa
t, it is

even a 
ograph and a permutation graph), we get that up to additive 
on-

stant the bound

p

2n is the best possible upper bound for the sub
hromati


number of perfe
t graphs.

In the rest of this se
tion, we will dis
uss interval graphs. We will show

that for interval graphs the sub
hromati
 number is bounded by O(log n).

Lemma 2.4. For every interval graph G on n verti
es, �

sub

(G) � blog

2

(n+

1)
. This bound is best possible.

Proof. For the upper bound we use indu
tion on n. The statement is 
learly

true for n = 1. Consider an interval representation of an interval graph G

on n verti
es; without loss of generality we assume that the left endpoints

of the intervals are the integers 1; 2; : : : ; n. If n is odd, we take an arbitrary

maximal 
lique C that 
ontains the interval with left endpoint (n + 1)=2.

Then every 
omponent of G � C 
ontains at most (n � 1)=2 verti
es. We


olor C by one 
olor, and we use blog

2

((n + 1)=2)
 additional 
olors to


olor all these 
omponents indu
tively. If n is even, a similar analysis goes

through.

For showing that the bound blog

2

(n + 1)
 is best possible, we 
onsider

the following graphs G

i

: For k = 1, the graph G

1


onsists of one vertex.

5



For k > 1, we set G

k

= G

k�1

on G

k�1

where the new vertex is 
alled v.

Note that G

k

has 2

k

� 1 verti
es, and that by Proposition 1.3 �

sub

(G

k

) =

k. Moreover, G

k

is an interval graph; its interval representation 
an be

obtained by putting two disjoint interval representations of G

k�1

next to

ea
h other, and by adding one long interval that 
orresponds to the vertex

v.

We mention without proof that a similar indu
tive argument yields

�

sub

(G) = O(log n) for any 
hordal graph G. Albertson, Jamison, Hedet-

niemi & Lo
ke [2℄ observed that the interval graphs G

k

in the proof of

Lemma 2.4 form a 
lass of interval graphs with unbounded sub
hromati


number. We now present a stronger result on the 
oloring of interval graphs

with forbidden subgraphs.

Lemma 2.5. For any m and r, there exists an interval graph I(m; r) that

does not have a P

m

-free r-
oloring.

Proof. Let N = R(K

m+1

; r) be the Ramsey number that spe
i�es the small-

est number of verti
es in a 
omplete graph su
h that every r-
oloring of the

edges of this graph indu
es a mono
hromati
 
lique K

m+1

(that is, a 
lique

in whi
h all edges have the same 
olor). Let K

N

be the 
omplete graph

on vertex set f1; 2; : : : ; Ng. Let I

N

be the interse
tion graph of all 
losed

intervals with integer endpoints from f1; 2; : : : ; Ng. Every interval [a; b℄ in

I

N

naturally 
orresponds to the edge fa; bg in K

N

.

Now 
onsider an arbitrary r-
oloring of the intervals in I

N

. This indu
es

a 
orresponding r-
oloring of the edges in K

N

, and hen
e there exists a

mono
hromati
 
lique K

m+1

with vertex set X with jX j = m + 1. In I

N

,

the intervals with both endpoints in X also form a mono
hromati
 set I

X

.

Sin
e I

X


ontains an indu
ed path P

m

, every r-
oloring of I

N


ontains an

indu
ed mono
hromati
 path P

m

.

3 Negative results: AT-free graphs

In this se
tion we derive a generi
 NP-hardness result. As 
orollaries to

this result, we derive the NP-hardness of 3-sub
oloring for graphs with

independen
e number two (and hen
e for AT-free graphs).

For an integer p � 1 and a graph G, we denote by pG the disjoint union

of p 
opies of G. We start with an auxiliary lemma.

6



Lemma 3.1. For any graph G and for any integer p � �(G), the 
hromati


number �(G) of G 
oin
ides with the sub
hromati
 number �

sub

(pG) of the

graph pG.

Proof. It is trivial to see �

sub

(pG) � �(G): Any independent set I in the

graph G translates into a 
lique with pjI j verti
es in the graph pG. Hen
e,

any 
olor 
lass in a proper 
oloring of G 
orresponds to a feasible 
olor 
lass

in a sub
oloring of pG.

On the other hand, we 
laim �(G) � �

sub

(pG). This statement is trivial

if �(G) = 1, and from now on we assume that G 
ontains at least one

edge. Let G

1

; G

2

; : : : ; G

p

denote the p disjoint 
opies of G in the graph pG.

Consider any 
oloring of pG in k < �(G) 
olors. Then every subgraph G

i


ontains a mono
hromati
 edge. Sin
e k < p, there are two subgraphs G

i

and G

j

with i 6= j that both 
ontain a mono
hromati
 edge of the same


olor. In pG, the endpoints of these two mono
hromati
 edges indu
e a

mono
hromati
 C

4

, and thus pG 
ontains a mono
hromati
 P

3

.

The following theorem is the main result of this se
tion. It is an imme-

diate 
onsequen
e of Lemma 3.1.

Theorem 3.2. Let G be a graph 
lass that is 
losed under taking disjoint

unions (that is, G;H 2 G implies G

_

[H 2 G). Let r be an integer.

If the proper r-
oloring problem is NP-hard for graphs from G, then the

r-sub
oloring problem is NP-hard for graphs from G.

Corollary 3.3. The 3-sub
oloring problem is NP-hard even when restri
ted

to

(a) graphs with independen
e number at most two,

(b) AT-free graphs,

(
) 
omplements of planar graphs.

Proof. Ma�ray & Preissmann [15℄ proved that proper 3-
oloring is NP-hard

even for triangle-free graphs. The 
lass of triangle-free graphs is 
losed

under taking disjoint unions, and a graph is triangle-free if and only if its


omplement has independen
e number at most two. With this, (a) follows

from Theorem 3.2.

Sin
e the graphs with independen
e number at most two form a sub
lass

of the AT-free graphs, (b) is a 
onsequen
e of (a). Finally, the 
lass of

planar graphs is 
losed under taking disjoint unions, and it is well-known

7



that proper 3-
oloring of planar graphs is an NP-hard problem. Thus,

Theorem 3.2 implies (
).

We 
on
lude this se
tion with some 
onsequen
es of Lemma 3.1 on the

hardness of approximation of the sub
oloring problem for general graphs.

We rely on the results of Feige & Kilian [7℄ on the hardness of approximating

the 
hromati
 number of a graph: For any " > 0, the 
hromati
 number

of n-vertex graphs 
annot be approximated within a fa
tor of n

1�"

, unless

NP � ZPP.

Corollary 3.4. For any " > 0, the sub
hromati
 number of n-vertex graphs


annot be approximated within a fa
tor of n

1=2�"

, unless NP � ZPP.

Proof. Let G be an arbitrary graph on n verti
es. Then the graph nG has

n

2

verti
es, and by Lemma 3.1 we have �(G) = �

sub

(nG). Now the result

of Feige & Kilian [7℄ 
ompletes the argument.

4 Positive results: Complements of planar

graphs

Gimbel & Ne�set�ril [10℄ showed that de
iding P

4

-free 2-
olorability of a planar

graph is NP-hard. Sin
e the 
omplement of P

4

is again P

4

, this implies that

P

4

-free 2-sub
olorability is NP-hard for 
omplements of planar graphs, too.

Fiala, Jansen, Le & Seidel [8℄ showed that de
iding 2-sub
olorability of a

planar graph is NP-hard. Surprisingly, we will show in this se
tion that 2-

sub
olorability is polynomially solvable for 
omplements of planar graphs.

This will follow as a 
orollary from the main theorem of this se
tion.

Theorem 4.1. Let ` � 2, and let G be a 
lass of graphs that do not 
ontain

K

`;`

as an (indu
ed or non-indu
ed) subgraph. Then 2-sub
olorability of a

graph G = (V;E) in G 
an be de
ided in polynomial time O(jV j

3`

).

Before giving the proof of Theorem 4.1, we state two auxiliary lemmas.

Lemma 4.2. Let H

i

(1 � i � m) be graphs with jH

i

j � ` � 1 su
h that

the join G = H

1

_H

2

_ � � � _H

m

does not 
ontain K

`;`

as an (indu
ed or

non-indu
ed) subgraph. Then jH

1

j+ jH

2

j+ � � �+ jH

m

j � 3`� 3.

Proof. Suppose otherwise, and 
onsider a 
ounterexample with jH

1

j+jH

2

j+

� � �+ jH

m

j � 3`�2. Let k be the smallest index for whi
h q := jH

1

j+ jH

2

j+

8



� � �+ jH

k

j � `. Sin
e jH

k

j � `�1 and sin
e jH

1

j+ jH

2

j+ � � �+ jH

k�1

j � `�1

by the de�nition of k, we 
on
lude that q � 2`�2. Therefore p := jH

k+1

j+

� � �+ jH

m

j � ` holds. But then the q � ` verti
es in H

1

; : : : ; H

k

on one side

and the p � ` verti
es in H

k+1

; : : : ; H

m

on the other side span a K

`;`

, the

desired 
ontradi
tion.

Lemma 4.3. Let G be a graph that does not 
ontain K

`;`

as an (indu
ed

or non-indu
ed) subgraph. Then for every P

3

-free 
oloring of G, ea
h 
olor


lass C is of one of the following two types:

(A) the join Q _ I of a graph Q with at most ` � 1 verti
es and an inde-

pendent set I;

(B) a graph R with at most 3`� 3 verti
es.

Proof. We use the fa
t that every P

3

-free graph is also P

4

-free, and hen
e

a 
ograph. We 
onsider the 
ograph G[C℄ indu
ed by the 
olor 
lass C.

If G[C℄ is not 
onne
ted, then every 
onne
ted 
omponent of this P

3

-

free graph must 
onsist of a single vertex. Hen
e, we are in 
ase (A) with

Q = ;. In the remaining 
ases, G[C℄ is a 
onne
ted 
ograph and hen
e


an be presented as the join H

1

_ H

2

of two 
ographs H

1

and H

2

with

jH

1

j � jH

2

j. Clearly, jH

1

j � `� 1 sin
e G[C℄ does not 
ontain K

`;`

. If H

2

is not 
onne
ted, then its vertex set indu
es an independent set. If H

2

is


onne
ted, then it again 
an be written as the join of two 
ographs. By

repeating this pro
edure over and over again, we eventually �nd that G[C℄


an be written as the joinH

1

_H

2

_� � �_H

m

, where the graphsH

1

; : : : ; H

m�1

all have at most `�1 verti
es, and where H

m

is either a graph with at most

`� 1 verti
es or an independent set.

If jH

m

j � ` � 1, then we get from Lemma 4.2 that jCj � 3` � 3, and

we are in 
ase (B). If jH

m

j � `, then H

m

is an independent set. Moreover,

jH

1

j + jH

2

j + � � � + jH

m�1

j � ` � 1, sin
e G[C℄ does not 
ontain K

`;`

as a

subgraph. Hen
e, we are in 
ase (A) with I = H

m

and Q = H

1

_H

2

_ � � � _

H

m�1

.

Proof of Theorem 4.1. For the ease of exposition, we will deal with P

3

-free


olorings of graphs from the 
lass G, instead of P

3

-free 
olorings of graphs

from the 
lass G. Clearly, these two problems are equivalent. Now let

G = (V;E) be a graph from G.

A

ording to Lemma 4.3, in any P

3

-free 2-
oloring of G both 
olor 
lasses

must be of type (A) or (B). This yields the three possible 
ases (AA), (AB),

9



and (BB). The two 
ases (AB) and (BB) involve a 
olor 
lass of type (B).

They 
an be solved simultaneously by enumerating all O(jV j

3`�3

) 
andidate

sets for R. In any feasible solution, the graphs G[R℄ and G[V �R℄ both are

P

3

-free, and this 
an be 
he
ked in O(jV j

3

) time.

We are left with the 
ase (AA) where both 
olor 
lasses are of type (A).

In this 
ase we are looking for a partition of the vertex set V into four sets

Q

1

, Q

2

, I

1

, I

2

su
h that for i = 1; 2

� 0 � jQ

i

j � `� 1 holds,

� G[Q

i

℄ is a P

3

-free graph,

� G[I

i

℄ is an independent set,

� G[Q

i

℄ _G[I

i

℄ is a subgraph of G.

Note that if G[Q

i

℄ is a P

3

-free graph and if G[I

i

℄ is an independent set, then

also G[Q

i

℄ _G[I

i

℄ is a P

3

-free graph.

We enumerate all O(jV j

2`�2

) possible pairs of 
andidate sets for Q

1

and

Q

2

. For ea
h su
h pair, we 
he
k whether G[Q

1

℄ and G[Q

2

℄ are P

3

-free. If

they are not, then we move on to the next pair. If they are, then we try to

split the remaining verti
es in Z := V �Q

1

�Q

2

into the independent sets

I

1

and I

2

. A vertex z 2 Z is 
alled good for I

i

if it is adja
ent to all verti
es

in Q

i

. In any feasible solution, I

i

only 
ontains verti
es that are good for

it.

If there is a vertex z 2 Z that is neither good for I

1

nor for I

2

, then

we stop and move on to the next pair. Whenever a vertex z 2 Z is good

for I

i

and not good for the other independent set I

1�i

, then we pre
olor

z with 
olor i. Then we 
he
k whether this pre
oloring 
an be extended

to a proper 2-
oloring of G[Z℄; this 
an be done by standard methods in

O(jV j+ jEj) time. If the pre
oloring 
an not be extended, then we move on

to the next pair. If it 
an be extended, then the two proper 
olor 
lasses I

1

and I

2

together with Q

1

and Q

2


onstitute a solution to the P

3

-free 
oloring

problem on G.

Sin
e planar graphs do not 
ontain K

3;3

as a subgraph, we have the fol-

lowing 
orollary to Theorem 4.1. Corollaries 3.3.(
) and 4.4 together provide

a 
omplete 
lassi�
ation of the 
omplexity of sub
olorings of 
omplements

of planar graphs.

Corollary 4.4. The 2-sub
oloring problem on 
omplements of planar graphs

is polynomially solvable.

10



a b a b

Figure 2: The gadget graphs Sour
e-Sour
e and Sour
e-Sink.

5 Perfe
t graphs

In this se
tion, we dis
uss three 
lasses of perfe
t graphs. In Se
tion 5.1

we prove NP-hardness of r-sub
olorability for every �xed r � 2 on 
ompa-

rability graphs. In Se
tions 5.2 and 5.3, we give polynomial time dynami


programming algorithms for r-sub
olorability for every �xed r � 2, on in-

terval graphs and on permutation graphs, respe
tively.

5.1 Comparability graphs

In this se
tion we prove the NP-hardness of r-sub
olorings on 
omparability

graphs for every �xed r � 2. Our NP-hardness redu
tion is based on the

two graphs Sour
e-Sour
e (depi
ted to the left) and Sour
e-Sink (depi
ted

to the right) in Figure 2. Both graphs have two 
onta
t verti
es a and b.

Lemma 5.1. (a) The graphs Sour
e-Sour
e and Sour
e-Sink are 
ompara-

bility graphs.

(b) The graphs Sour
e-Sour
e and Sour
e-Sink possess a 2-sub
oloring,

in whi
h no 
onta
t point re
eives the same 
olor as its neighbor.

(
) In every 2-sub
oloring of Sour
e-Sour
e and Sour
e-Sink, the 
onta
t

verti
es a and b must re
eive di�erent 
olors.

Proof. Proof of (a). The orientations depi
ted in Figure 2 are transitive.

Proof of (b). The 2-
olorings depi
ted in Figure 2 are sub
olorings. Proof

of (
). By 
he
king all possible 
ases.

Statements (b) and (
) in Lemma 5.1 are extremely useful for our NP-

hardness proofs: Consider a graph G, and let x; y be a pair of verti
es in

G. Let the graph G

+

result from G by adding an independent 
opy of a

Sour
e-Sour
e or a Sour
e-Sink gadget to G, and by identifying vertex x

11



with 
onta
t point a, and vertex y with 
onta
t point b. Then the graph

G

+

has a 2-sub
oloring, if and only if G has a 2-sub
oloring in whi
h x and

y re
eive di�erent 
olors.

Theorem 5.2. The 2-sub
oloring problem is NP-hard for 
omparability

graphs.

Proof. The proof is by a redu
tion from the NP-
omplete SET SPLITTING

problem [14℄: Given a �nite set S and a 
olle
tion C of triples over S, de
ide

whether there is a partition of S into two subsets S

1

and S

2

su
h that every

triple in C has a non-empty interse
tion with S

1

and with S

2

.

Now let C = f


1

; 


2

; : : : ; 


m

g be a 
olle
tion of triples over a �nite set

S = fs

1

; s

2

; : : : ; s

n

g. We 
onstru
t the following graph G

C

from C: For

every s

j

2 S, there is a 
orresponding vertex x

j

2 X . For every triple




i

= (s

1

i

; s

2

i

; s

3

i

) 2 C, there are three 
orresponding verti
es y

1

i

; y

2

i

; y

3

i

that

form a P

3

; there is an edge between y

1

i

and y

2

i

, and there is an edge between

y

2

i

and y

3

i

. Vertex y

2

i

is 
alled the middle vertex of this path, and verti
es

y

1

i

and y

3

i

are 
alled the end verti
es. Moreover, we introdu
e the following


opies of the Sour
e-Sour
e and Sour
e-Sink gadgets:

� For every o

urren
e of s

j

in the �rst or third position of some triple




i

= (s

1

i

; s

2

i

; s

3

i

), the graph G

C


ontains a 
opy of the Sour
e-Sour
e

gadget; the 
onta
t points are identi�ed with vertex x

j

, and with

vertex y

1

i

(�rst position) or y

3

i

(third position), respe
tively.

� For every o

urren
e of s

j

in the se
ond position of some triple 


i

=

(s

1

i

; s

2

i

; s

3

i

), the graph G

C


ontains a 
opy of the Sour
e-Sink gadget;

the 
onta
t point b is identi�ed with vertex x

j

, and the 
onta
t point

a is identi�ed with vertex y

2

i

.

This 
ompletes the de�nition of the graph G

C

. We argue that G

C

is a


omparability graph by 
onsidering the following orientation: All Sour
e-

Sink and Sour
e-Sour
e gadgets are oriented as shown in Figure 2. The

edges of the paths y

1

i

; y

2

i

; y

3

i

are dire
ted towards the middle verti
es y

2

i

. In

the resulting orientation, all verti
es x

j

2 X and all end verti
es of paths

are sour
es, and all middle verti
es of paths are sinks. Hen
e, ar
s in
ident

to these verti
es 
an not violate transitivity, and the remaining ar
s are

within the gadgets.

We 
laim that G

C

has a 2-sub
oloring if and only if the 
orresponding

instan
e of SET SPLITTING has answer YES.

12



Assume that G

C

has a 2-sub
oloring. We 
onstru
t the following set

splitting: If x

j

is 
olored 1, then s

j

2 S

1

. If x

j

is 
olored 2, then s

j

2 S

2

.

Consider a triple 


i

= (s

1

i

; s

2

i

; s

3

i

) in C. If it is 
ontained in S

1

or S

2

, then

the three verti
es that 
orrespond to s

1

i

; s

2

i

; s

3

i

must all have the same 
olor,

and the three verti
es y

1

i

; y

2

i

; y

3

i

on the P

3


orresponding to C

i

must all have

the opposite 
olor. But then this P

3

would be mono
hromati
, and the


oloring would not be a sub
oloring.

Next assume that C possesses a set splitting of S into S

1

and S

2

. We


onstru
t the following 
oloring: If s

j

2 S

1

, then we 
olor vertex x

j

by 1. If

s

j

2 S

2

, then we 
olor vertex x

j

by 2. Then we extend this 
oloring to the

Sour
e-Sink and Sour
e-Sour
e gadgets a

ording to Figure 2. It is easily


he
ked that the resulting 
oloring is a 2-sub
oloring of G

C

. This 
ompletes

the proof of the theorem.

The NP-hardness result on 2-sub
oloring for 
omparability graphs 
an

easily be generalized to r-sub
olorings with r � 3.

Theorem 5.3. For any r � 2, the r-sub
oloring problem on 
omparability

graphs is NP-hard.

Proof. We pro
eed by indu
tion on r. The starting 
ase r = 2 has been

settled in Theorem 5.2. So assume that we have proved the statement

up to r, and that we want to prove it for r + 1. This will be done as

follows: For every 
omparability graph G

r

, we 
onstru
t in polynomial time

a 
omparability graph G

r+1

su
h that G

r

is r-sub
olorable if and only if

G

r+1

is (r + 1)-sub
olorable.

Let K = K

r+1;:::;r+1

be the 
omplete (r + 1)-partite graph 
ontaining

r+1 
lasses of r+1 verti
es. Re
all that by Proposition 1.2, �

sub

(K) = r+1.

We put G

r+1

= G

r

on K where the new vertex is 
alled v. Observe that

G

r+1

is a 
omparability graph: G

r

and K are 
omparability graphs; we

take their transitive orientations, and we orient all edges that are in
ident

with the new vertex v away from v.

Assume that G

r+1

is sub
olorable in r + 1 
olors. By Proposition 1.2

the verti
es of the graph K must use all r+1 
olors; in parti
ular, the 
olor


 of the new vertex v is used in K. But this implies that 
olor 
 
annot be

used for the verti
es of G

r

, sin
e this would yield a mono
hromati
 P

3

in


olor 
. Hen
e, the graph G

r

is sub
olorable in r 
olors.

Now assume that G

r

is sub
olorable in r 
olors. Take this r-sub
oloring,

and 
olor the new vertex v by a new 
olor. Color K by r+1 
olors in su
h

a way that every independent 
lass of r+1 verti
es re
eives all r+1 
olors;

13



in other words, every 
olor 
lass indu
es a 
lique of size r + 1 in K. The

resulting (r + 1)-
oloring of G

r+1

is a sub
oloring.

5.2 Interval graphs

In this se
tion we design for every �xed r � 2 a polynomial time algorithm

for the r-sub
oloring problem on interval graphs. Let G = (V;E) be an

interval graph with jV j = n. Without loss of generality we may assume

that the left endpoints of the intervals I

1

; : : : ; I

n

that represent G are the

integers 1; 2; : : : ; n. For k = 1; : : : ; n we denote by G

k

the subgraph that is

indu
ed by the �rst k intervals I

1

; : : : ; I

k

. For a 
lique Cl in G, we denote

by inter(Cl ) 6= ; the interse
tion of all intervals in Cl and by union(Cl)

the union of all these intervals. Note that inter(Cl ) and union(Cl ) are also

intervals.

Consider an arbitrary 
olor 
lass C in an arbitrary r-sub
oloring of G

k

.

This 
olor 
lass C is the union of a number q of disjoint 
liques Cl

1

; : : : ;Cl

q

;

without loss of generality we assume that union(Cl

i

) always lies 
ompletely

to the left of union(Cl

i+1

). Now assume that we would like to extend the

sub
oloring to the graph G

k+1

by adding interval I

k+1

(with left endpoint

k + 1) to 
olor 
lass C. There are only two possibilities for doing this:

(a) If the point k + 1 lies to the right of union(Cl

q

), then interval I

k+1

may start a new 
lique in C.

(b) If the point k + 1 lies within inter(Cl

q

), then interval I

k+1

may be

added to the rightmost 
lique Cl

q

in C.

Note furthermore that the left endpoints of inter(Cl

q

) and union(Cl

q

) do

not ex
eed k. Hen
e, for de
iding whether 
ase (a) or 
ase (b) holds, we

only need to know the right endpoints of inter(Cl

q

) and union(Cl

q

). These

observations suggest the following dynami
 programming formulation.

Every state is spe
i�ed by a (2r + 1)-tuple [k; i

1

; i

2

; : : : ; i

r

;u

1

; : : : ; u

r

℄.

Here 1 � k � n, and the variables i

1

; : : : ; i

r

and u

1

; : : : ; u

r

either spe
ify

right endpoints of some of the intervals I

1

; : : : ; I

k

, or they take the dummy

value `�'. Hen
e, altogether there are O(n

2r+1

) states. For every state, we


ompute a Boolean value B[k; i

1

; : : : ; i

r

;u

1

; : : : ; u

r

℄. This Boolean value is

TRUE, if and only if there exists a sub
oloring of G

k

with 
olor 
lasses

C

1

; : : : ; C

r

with the following properties for j = 1; : : : ; r: If C

j

is empty,

then i

j

= u

j

= �. And if C

j

is non-empty, then i

j

is the right endpoint of
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inter(Cl ) and u

j

is the right endpoint of union(Cl) of the rightmost 
lique

Cl in 
olor 
lass C

j

.

The values B[k; i

1

; : : : ; i

r

;u

1

; : : : ; u

r

℄ are 
omputed �rst for level k = 1,

then for level k = 2, and so on up to level k = n. Sin
e in any sub
oloring

for G

k

the interval I

k+1


an be added in at most two possible ways (a) and

(b) to at most r 
olor 
lasses, every TRUE value at level k generates at most

2r TRUE values at level k + 1. The graph G is r-sub
olorable, if and only

if there exists a TRUE value at level n. Summarizing, we get the following

theorem.

Theorem 5.4. For any �xed r, the r-sub
oloring problem for an interval

graph with n verti
es 
an be solved in O(r � n

2r+1

) time.

5.3 Permutation graphs

In this se
tion we design for every �xed r � 2 a polynomial time algorithm

for the r-sub
oloring problem on permutation graphs. We use a dynami


programming approa
h that is quite similar to that designed for interval

graphs in Se
tion 5.2.

Let � = h�(1); �(2); : : : ; �(n)i be a permutation, and let G = G[�℄ be

the asso
iated permutation graph; see Figure 3 for an illustration. The

verti
es in G are denoted by 1; : : : ; n as in the ordering on the upper line of

the permutation diagram. By G

k

we denote the subgraph that is indu
ed

by the �rst k verti
es 1; : : : ; k. For any 
lique Cl in G with verti
es x

1

<

x

2

< � � � < x

`

ordered along the upper line, these numbers x

i

must show

up in the reverse ordering x

`

; x

`�1

; : : : ; x

2

; x

1

along the lower line. For a


lique Cl , we denote by min(Cl) and by max(Cl ) its smallest and its largest

vertex, respe
tively.

Consider an arbitrary 
olor 
lass C in an arbitrary r-sub
oloring of G

k

.

This 
olor 
lass C is the union of a number q of disjoint 
liques Cl

1

; : : : ;Cl

q

;

without loss of generality we assume that max(Cl

i

) is always stri
tly smaller

than min(Cl

i+1

). Now assume that we would like to extend the sub
oloring

to the graph G

k+1

by adding vertex k + 1 to 
olor 
lass C. There are only

two possibilities for doing this:

(a) If on the lower line, the number k + 1 lies to the right of min(Cl

q

),

then vertex k + 1 may start a new 
lique in C.

(b) If on the lower line, the number k+1 lies to the left of max(Cl

q

) and

min(Cl

q�1

) doesn't lie to the right of k+1, then vertex k + 1 may be

added to the rightmost 
lique Cl

q

in C.
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Hen
e, for de
iding whether 
ase (a) or 
ase (b) holds, we only need to know

min(Cl

q

), max(Cl

q

) and min(Cl

q�1

), where q is the index of the rightmost


lique in C. This leads to the following dynami
 programming formulation.

Every state is spe
i�ed by a (3r + 1)-tuple

[k; min

0

1

; : : : ;min

0

r

; min

1

; : : : ;min

r

; max

1

; : : : ;max

r

℄. Here 1 � k � n,

and the variables min

0

1

; : : : ;min

0

r

, min

1

; : : : ;min

r

and max

1

; : : : ;max

r

either spe
ify verti
es, or take the dummy value `�'. Hen
e, altogether

there are O(n

3r+1

) states. For every state, we 
ompute a Boolean value

B[k; min

0

1

; : : : ;min

0

r

; min

1

; : : : ;min

r

; max

1

; : : : ;max

r

℄. This Boolean value

is TRUE, if and only if there exists a sub
oloring of G

k

with 
olor 
lasses

C

1

; : : : ; C

r

with the following properties for j = 1; : : : ; r: If C

j

is empty,

then min

0

j

= min

j

= max

j

= �. If C

j


onsists from one 
lique then

min

0

j

= �. And if C

j

is non-empty, then min

j

is the smallest vertex and

max

j

is the largest vertex of the rightmost 
lique Cl in 
olor 
lass C

j

. If

C

j


ontains more than one 
lique then min

0

j

is the smallest vertex of the

rightmost 
lique Cl

0

in C

j

� Cl .

The values B[k; min

0

1

; : : : ;min

0

r

; min

1

; : : : ;min

r

; max

1

; : : : ;max

r

℄ are


omputed �rst for level k = 1, then for level k = 2, and so on up to

level k = n. Sin
e in any sub
oloring for G

k

the vertex k + 1 
an be added

in at most 2r possible ways, every TRUE value at level k generates at most

2r TRUE values at level k + 1. The graph G is r-sub
olorable, if and only

if there exists a TRUE value at level n. Summarizing, we get the following

theorem.

Theorem 5.5. For any �xed r, the r-sub
oloring problem for a permutation

graph with n verti
es 
an be solved in O(r � n

3r+1

) time.

6 Con
luding remarks and questions

� What is the 
omputational 
omplexity of r-sub
oloring for 
o
ompa-

rability graphs?

� What is the 
omputational 
omplexity of r-sub
oloring for 
hordal

graphs?

� What is the 
omputational 
omplexity of 2-sub
oloring for AT-free

graphs? (In Se
tion 3, we have proved that 3-sub
oloring of AT-free

graphs is NP-hard).
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� What is the 
omputational 
omplexity of r-sub
oloring for interval

graphs and permutation graphs, if r is part of the input? (In Se
tion 5,

we have proved that these problems are polynomially solvable if r is

�xed and not part of the input).
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A Graph 
lasses

In this appendix, we 
olle
t de�nitions and simple properties of the graph


lasses as 
onsidered in this paper. We refer the reader to the book of
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Golumbi
 [11℄ for broader information on perfe
t graphs, and to the book

by Brandst�adt, Le & Spinrad [3℄ for additional referen
es.

Perfe
t graphs. A graph G is perfe
t if for every indu
ed subgraph G

0

of

G, the 
hromati
 number �(G

0

) equals the size !(G

0

) of the largest 
lique.

Comparability graphs. An orientation H = (V;D) of an undire
ted

graph G = (V;E) assigns one of the two possible dire
tions to ea
h edge

e 2 E. The orientation is transitive if (a; b) 2 D and (b; 
) 2 D implies

(a; 
) 2 D. A graph G = (V;E) is a 
omparability graph if there exists a

transitive orientation H = (V;D) of G.

Co
omparability graphs. A graph is a 
o
omparability graph if it is the


omplement of a 
omparability graph.

Permutation graphs. Let � be a permutation of the set f1; 2; : : : ; ng.

We think of � as the sequen
e � = h�(1); �(2); : : : ; �(n)i, and we asso
iate

with it the following permutation diagram: Draw two parallel horizontal

lines. Write the numbers 1; 2; : : : ; n from left to right in the upper line.

Write the numbers �(1); �(2); : : : ; �(n) from left to right in the lower line.

For ea
h i 2 f1; 2; : : : ; ng, draw the straight segment from i in the upper

line to i in the lower line. See Figure 3 for an illustration.

5 4 1 2 3

1 2 3 4 5

1

23

4

5

Figure 3: The permutation diagram and the graphG[�℄ for � = (5; 4; 1; 2; 3).

The inversion graph G[�℄ = (V;E) asso
iated with � has vertex set

V = f1; 2; : : : ; ng. There is an edge between i and j if and only if in the

permutation diagram the two line segments [i; �(i)℄ and [j; �(j)℄ interse
t.
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Equivalently we may say that there is an edge between i and j if and only

if (i� j)(�

�1

(i)� �

�1

(j)) < 0 holds.

An undire
ted graph G is a permutation graph if it is isomorphi
 to

G[�℄ for some permutation �. The permutation graphs form a sub
lass

of the 
omparability graphs. Moreover, it is known that a graph G is a

permutation graph if and only if it is both, a 
omparability graph and a


o
omparability graph.

Cographs. Cographs are the graphs that do not 
ontain an indu
ed P

4

.

An equivalent indu
tive de�nition of 
ographs is the following: A graph G

is a 
ograph, if (i) it 
onsists of a single vertex, or if (ii) there are 
ographs

G

1

and G

2

su
h that G = G

1

_

[G

2

, or if (iii) there are 
ographs G

1

and G

2

su
h that G = G

1

_ G

2

. The 
ographs form a sub
lass of the permutation

graphs.

Interval graphs. A graph G = V;E) is an interval graph if one 
an assign

to ea
h v 2 V an interval I

v

on the real line su
h that (u; v) 2 E if and

only if I

v

\ I

u

6= ;. Interval graphs form a sub
lass of the 
o
omparability

graphs.

AT-free graphs. An independent set of three verti
es is 
alled an aster-

oidal triple (AT) if every two of them are 
onne
ted by a path avoiding the

neighborhood of the third one. A graph is AT-free if it does not 
ontain

an asteroidal triple. AT-free graphs were introdu
ed to generalize interval

graphs and 
o
omparability graphs. The 
lass of AT-free graphs is not a

sub
lass of the perfe
t graphs.
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