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Abstra
t

In this paper the geometri
 dimension of an oriented matroid is

introdu
ed. It is the minimal eu
lidian dimension where its separoid

(to be de�ned) 
an be realized as a family of 
onvex sets. We show

that in the uniform 
ase, it is enough to know this invariant to de
ide

if the oriented matroid is linear .

1 Introdu
tion

\Oriented matroids 
an be thought of as a 
ombinatorial abstra
tion of point


on�gurations over the reals" {so reads the opening remark of Bj�orner et al.

(1993) [2℄ basi
 referen
e book. However, they are more general than that,

and one of the basi
 problems in the area is to give meaningful 
hara
teri-

zations of those oriented matroids that do arise from point 
on�gurations;

they are 
alled linear or 
oordinatizable. They 
an also be thought of, by

polarity, as a 
ombinatorial abstra
tion of 
on�gurations of oriented hy-

perplanes, or of oriented (
odimension 1) subspheres arrangements on a

sphere. From this point of view, the Topologi
al Representation Theorem

due to Folkman & Lawren
e (1978) [8℄ settles that, all oriented matroids


an be realized if the spheres are let to \wiggle" a bit, that is, if they are

not asked to be geometri
ally 
at but only that they keep the topologi
al

behavior of spheres, they are then 
alled \pseudospheres arrangements".

�

Partially supported by the Alfr�ed R�enyi Institute of Mathemati
s at Budapest, Mag-

yarorz�ag.
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Figure 0. An oriented matroid.

Thinking again in terms of points, there should be an analogue of the

extra freedom that 
omes from \wiggling" hyperplanes... it is \fattening"

points to 
onvex sets. This is, 
onvex sets play the role of \pseudopoints".

But then the natural 
ombinatorial abstra
tion be
omes more general |

be
omes a separoid [1,3,10,12,13,14,15℄.

Separoids are 
ombinatorial obje
ts that 
apture the stru
ture arising

from a family of 
onvex sets, where some subfamilies are naturally separated

from others. Namely, two subfamilies are said to be separated if there

exists a hyperplane that leaves them on opposite sides of it |the axioms

of a separoid are simply the obvious properties of this relation. Theorem

1 settles that all separoids 
an be represented this way, this is, given an

abstra
t separoid we will 
onstru
t a family of 
onvex set in IE

d

whose

separation stru
ture by hyperplanes is that of the given separoid. This will

aloud us to introdu
e the geometri
 dimension invariant as the minimum

dimension where this realization 
an be done.

Separoids run into their �rst appli
ation in the 
ontext of geometri


transversal theory in an attempt to answer the question: how does the spa
e

of hyperplanes transversal to a family of 
onvex sets in IE

d

looks like? As

already pointed out by Goodman, Pola
k & Wenger (1993) [9℄ the existen
e

of a transversal hyperplane depends on the existen
e of a suitable oriented

matroid. We found that the spa
e of all su
h hyperplanes is essential (as

a subset of IP

d�1

) if the geometri
 dimension of the underlying (a
y
li
)

separoid is less than d�1 (
f. Aro
ha et al. 1999 [1℄). Further resear
h lead

us to an equivalent version of the Basi
 Spheri
ity Theorem; the �rst step

to rea
h the 
hara
terization of the 
o
ir
uit graphs for uniform oriented

matroids (
f. Montellano & Strausz 2001 [10℄).

In this paper, also in terms of the geometri
 dimension, those separoids

that arises from a 
on�guration of points in general position will be 
har-
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a
terized: a general position separoid is a point separoid if and only if its


ombinatorial dimension and its geometri
 dimension are equal.

We think on oriented matroids as separoids in orther to isolate those

axioms from whi
h the main theorem depends. In Se
tion 2 the basi


notions and examples of separoids are introdu
ed. Se
tion 3 proves that

the geometri
 dimension is well de�ned to all |not ne
essarly a
y
li
|

separoids (Theorem 1) and Se
tion 4 is devoted to the 
hara
terization of

uniform point separoids (Theorem 2). Its proof uses a 
ouple of te
hni
al

propositions whi
h are left to the end (Se
tion 6). In Se
tion 5 a formal


ryptomorphism (Proposition 1) is exhibited to show that the 
ategory of

oriented matroids is embedded naturally in that of separoids and enoun
e

the appli
ation of the two theorem to oriented matroids as Theorem 3.

2 Separoids

The theory of separoids forms a broad setting to des
ribe those 
ombinato-

rial properties that arise from families of 
onvex sets and the separations

they de�ne. Mathemati
al obje
ts whi
h appear to be totally di�erent, su
h

as 
on�gurations of points, arrangements of aÆne subspa
es, dire
ted and

undire
ted graphs, oriented matroids, 
onvex polytopes and separation ax-

ioms of topologi
al spa
es, �nd a 
ommon generalization in the language of

separoids.

A separoid S = (X; j) over the base set X 6= � is a relation j� 2

X

� 2

X

on the subsets of X with the following properties: if A;B � X , then

Æ A j B =) B j A;

ÆÆ A j A =) A = �;

Æ Æ Æ A j B and A

0

� A =) A

0

j B:

So we say that a separoid is a symmetri
, quasi-antire
exive, ideal relation

on a family of subsets. The elements of j are 
alled separations and, when

speaking of a separation A j B, it is said that \A is separated from B". A

separoid is a
y
li
 if the empty set is separated from the base one, i.e. if

� j X . The separations with the empty set are 
alled trivial separations

and, in the sequel, the base set X is �nite. Observe that it is enough to

know maximal separations to re
onstru
t the separoid |they en
ode the

whole information.

A pair of disjoint subsets A and B whi
h are not separated are 
alled a
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Radon partition and denoted A yB, this is,

A yB () A \B = � and A 6 j B:

Ea
h part, A and B, is known as a (Radon) 
omponent and the union

A[B will be 
alled, following oriented matroid terminology, the support of

the partition. A minimal Radon partition is a Radon partition A yB where

ea
h 
omponent is minimal by 
ontention, i.e.

A

0

� A =) A

0

j B and B

0

� B =) A j B

0

:

Clearly, the set of all minimal Radon partitions en
ode the whole separoid

and it will be denoted by MRP , i.e., A y B 2MRP means that A y B is a

minimal Radon partition.

Now, let S and T be two separoids over the base sets X and Y respe
-

tively. A separoid morphism S �! T is a fun
tion ':X ! Y with the

property that for all A;B � Y ,

A j B =) '

�1

(A) j '

�1

(B):

A separoids 
ategory is de�ned with su
h morphisms between separoids.

Two separoids are isomorphi
 if there exists a bije
tive morphism from one

onto the other whose inverse fun
tion is also a morphism. Equivalently, S

is isomorphi
 to T if there exists a bije
tive morphism ':S �! T su
h that

A y B =) '

�1

(A) y '

�1

(B):

Examples:

1. Consider a subset X � IE

d

of the d-dimensional eu
lidian spa
e and

de�ne the following relation

A j B () hAi \ hBi = �;

where hAi denotes de 
onvex hull of A. If X is �nite, the pair P = (X; j)

is an a
y
li
 separoid and will be 
alled a point separoid. In fa
t, the name

of separoids arises as a generalization of the fa
t that A j B is a non-trivial

separation if and only if there exists a hyperplane stri
tly separating hAi

from hBi. Theorem 2 
hara
terizes an important 
lass of point separoids.

2. Consider a family F of 
onvex sets in IR

d

and de�ne the separoid S(F)

as above, this is, two subsets of the family A;B � F are separated if there

exists a hyperplane that leaves all members of A on one side of it and those

4



of B on the other. If F is �nite and the elements of F are 
ompa
t, then

S(F) = (F ; j) is an a
y
li
 separoid and will be 
alled a separoid of 
onvex

bodies. The Representation Theorem of Aro
ha et al. (1999) [1℄ proves that

every �nite a
y
li
 separoid is isomorphi
 to a separoid of 
onvex bodies.

Theorem 1 is a generalization of this result for the non-a
y
li
 
ase |and

therefore for open 
onvex sets.

3. Consider an oriented matroid M = (E;L) and identify it with the

subset L � f�; 0;+g

E

of its 
ove
tors in the usual manner. Let T = T (L)

be the set of topes, maximal 
ove
tors, and de�ne the following relation

j� 2

E

� 2

E

on the subsets of E: A;B � E are separated, A j B, if and

only if there exist a tope T 2 T su
h that A � T

+

:= fe 2 E : T

e

= +g;

and B � T

�

:= fe 2 E : T

e

= �g. The pair S(M) = (E; j) is a separoid.

In Se
tion 5 this example will be studied in more detail, in parti
ular it will

be shown that the oriented matroid 
an be re
onstru
ted from its separoid,

and hen
e that separoids generalize oriented matroids (
f. Proposition 1).

4. Edelman (1984) [7℄ has de�ned a 
omplex whi
h en
odes the separoid

of an oriented matroid. He 
onsider the set

�(T ) := fX 2 f�; 0;+g

E

: X � T and T 2 T g;

where T denotes the topes of an oriented matroid and � denotes the 
on-

formal relation, i.e., X � Y if and only if X

+

� Y

+

and X

�

� Y

�

. Clearly

a signed ve
tor X 2 � is in Edelman's 
omplex if and only if X

+

j X

�

.

He uses the Basi
 Spheri
ity Theorem to prove that su
h a 
omplex has

the homotopy type of a sphere. Theorem 1 of Montellano & Strausz (2001)

[10℄ is a dire
t 
onsequen
e of this result |it is some how the dual version

of it| and leads to the 
hara
terization of the 
o
ir
uit graphs of uniform

oriented matroids.

5. All a
y
li
 separoids on three elements arise from one of the eight

families of 
onvex bodies in Figure 1. Those labeled a, b, e and h are

the point separoids of order 3; in fa
t, they 
ome from the four essentially

di�erent oriented matroids with three elements.
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Figure 1. The a
y
li
 separoids of order 3

6. Consider a family of 
onvex sets F , 
hoose a point in ea
h of its

elements to 
onstru
t a point separoid P and de�ne the obvious bije
tion

':P ! F . This is a morphism sin
e every hyperplane that separates A

from B, subsets of F , also separates their respe
tive points '

�1

(A) and

'

�1

(B).

7. Consider a family of 
onvex sets F in IR

d

and let �: IR

d

! IR

e

be

an aÆne proje
tion. The obvious bije
tion �̂:F ! �(F) is a morphism

between their separoids S(F) �! S(�(F)):

8. Strong and weak maps of oriented matroids are both examples of

morphisms between their respe
tive separoids (see Bj�orner et al. (1993) [2℄

se
. 7.7).

9. In Figure 1, bije
tive morphisms go from left to right between every

pair of separoids. Observe that there is no a bije
tive morphism between

those separoids labeled d and e.

Given a subset X

0

� X of the base set of a separoid S, the indu
ed

separoid is de�ned as the restri
tion of j to X

0

. An embedding is an inje
tive

morphism between separoids su
h that it is an isomorphism between the

domain and the indu
ed separoid of the image. The order is the number of

elements in X and the size is the number of separations de�ned there.

There is also a notion of dimension on separoids whi
h is easily and

intrinsi
ally determined. The d-dimensional simploid � = �

d

is a separoid

of order d + 1 su
h that every subset is separated from its 
omplement,

whi
h yields A j B () A \B = �: The simploid 
an be realized with the

vertex set of the simplex, hen
e its name |Figure 1.a represents �

2

.

The (
ombinatorial) dimension of a separoid, denoted by d(S), is the
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maximum dimension of its indu
ed simploids.

With the de�nition of dimension at hand, it is quite easy to translate to

separoid terms the 
lassi
 Radon's theorem; they 
apture the 
ombinatorial

essen
e of it (
f. Danzer et al. 1963).

Lemma 1 (Radon). Let S = (X; j) be a d-dimensional separoid, then every

subset Y � X of 
ardinality greater or equal to d+ 2 
ontains two disjoint

subsets A;B � Y su
h that they are not separated from ea
h other A y B.

Proof. Follows immediately from the fa
t that Y is not a simploid.

There have been many authors that observe that the Radon's theorem


an be settled in a more pre
ise way (
f. E
kho� 1993): Let X be a set of

d+2 points in IR

d

in general position. Then X 
ontains a unique partition

in two disjoint subsets whose 
onvex hulls have a 
ommon point. Moreover,

this point is also unique. This motivates the next de�nitions.

A Radon separoid is a separoid with the property that for all A yB;C y

D 2MRP su
h that A[B � C [D follows that fA;Bg = fC;Dg; i.e., the

elements of MRP are in
omparable.

A separoid is said to be in general position if every subset A � X of


ardinality d+ 1 is an indu
ed simploid.

Lemma 2 (general position). Let S be a d-dimensional separoid in general

position. If AyB 2MRP is a minimal Radon partition, then the 
ardinality

of the support A [ B is at least d+ 2.

Proof. The 
ardinality of the support 
annot be smaller be
ause every

subset � � S of 
ardinality d+ 1 or less is an indu
ed simploid.

3 The Geometri
 Dimension

This se
tion introdu
es a basi
 invariant in separoids theory. It will be show

that Example 2 is in fa
t the most general example, i.e. when thinking in

separoids, we 
an always have in the mind a family of 
onvex sets and use

all the intuition that 
omes from this pi
ture with out loss of generality. Let

us start this se
tion with some general fa
ts of the separoids 
ategory.

Given two separoids S and T over the sets X and Y respe
tively, their

produ
t S�T is de�ned as a separoid over the set X�Y with its two 
anon-

i
al proje
tions �

X

; �

Y

and two subsets of it A;B � X � Y are separated
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i� at least one proje
tion is, i.e.,

A j B () �

X

(A) j �

X

(B) or �

Y

(A) j �

Y

(B):

Clearly, this de�nition implies that the proje
tions �

X

; �

Y

are separoid mor-

phisms. A straight forward argument proves that it is the 
ategori
al prod-

u
t, this is

P �! S � T () P �! S and P �! T:

On
e the produ
t has been de�ned for two separoids, the de�nition for a

�nite number of separoids

Q

m

i=1

S

i

is obvious.

This produ
t has a geometri
 
ounterpart. Let S and T be separoids of


onvex sets in IR

s

and IR

t

, respe
tively. The geometri
 produ
t S 
 T is a

family of 
onvex set in IR

s

� IR

t

whose elements are of the form K

s

� K

t

,

where K

s

2 S and K

t

2 T . In general, it is not the 
ase that the separoid of

S
T is isomorphi
 to its 
ombinatorial 
ounterpart S�T however, in some

spe
ial 
ases, if the 
onvex sets are \big enough", S 
 T is a realization of

S � T .

Figure 2. B � B

Theorem 1 (Representation Theorem) Every (�nite) separoid of size m


an be realized with a family of 
onvex sets in IR

m

.

Proof. Given a separoid S and a separation in it A j B, a 
hara
teristi


morphism �

AjB

:S ! B exists

�

AjB

(x) =

(

+; if x 2 A

�; if x 2 B

0; otherwise,

where B denotes the separoid de�ned in the set f�; 0;+g with the unique

maximal separation � j +. It is not hard to prove that S 
an be embedded
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into the produ
t of as many 
opies of B as separations S has

�:S �!

Y

AjB2S

B:

The existen
e of su
h a morphism is guarantee and determined by all the


hara
teristi
s morphisms.

In order to see that � 
an be made inje
tive, take two di�erent elements

x 6= y 2 S. If there exists a separation A j B with x 2 A, sin
e S is an

ideal relation, we have a separation of the form x j B. This leads to the

inequality � = �

xjB

(x) 6= �

xjB

(y) 2 f0;+g and therefore to �(x) 6= �(y).

Now we may suppose that neither x nor y appears in any separation

and then they are mapped to the element (0; : : : ; 0) 2

Q

B. We 
an identify

all elements with this property in order make � and inje
tion; after the

realization of

Q

B bellow, we 
an re
onsider these elements and use as many


opies of the ambient spa
e IR

m

, the 
onvex set that represents (0; : : : ; 0),

to realize the original separoid S. Observe that this identi�
ation does not


hange the separoids size.

Finally, to see that � is an embedding observe that, if A j B, there is a

proje
tion �:

Q

B �! B su
h that �

AjB

= �� and therefore �(A) j �(B).

The end of the proof is to show how to realize

Q

m

i=1

B as a family of


onvex sets. In the real line, let B mapped as follows:

� 7! IR

�

;

0 7! IR;

+ 7! IR

+

;

Where IR

�

= fr 2 IR : r < 0g denotes the set of negative real numbers and

analogously with IR

+

. Clearly this realizes the separoid B and the produ
t

of m 
opies of it 
an be realized in IR

m

by the geometri
 produ
t of these

family 
onvex sets (see Figure 2).

The geometri
 dimension of a separoid 
an be de�ned as the minimum

dimension of the Eu
lidian spa
e where the given separoid S 
an be realized

as a separoid of 
onvex sets; we denote it by gd(S). There are not known

algorithms to 
al
ulate this invariant and it is 
onje
tured that it is, at least,

an NP-hard problem. It is important to give better upper bounds of gd(S)

than that impli
itly given in the theorem; in parti
ular, we believe it should

grow at most linearly with respe
t to the order (not the size).

We end this se
tion showing how to prove that the 
ombinatorial dimen-

sion bounds the geometri
 dimension.
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Lemma 3 For any separoid S, its 
ombinatorial dimension is not greater

than its geometri
 dimension, i.e., d(S) � gd(S).

Proof. Let S be d-dimensional with geometri
 dimension g = gd(S), and

suppose that g < d: Let S be a family of 
onvex sets in IR

g

that realizes S.

Sin
e S is d-dimensional, it 
ontains a d-dimensional simploid � � S of order

d + 1. Choose a point for ea
h 
onvex set of �. This set of points 
onsists

of g + 2 or more points in IR

g

and, by the Radon's lemma, there exists a

partition of them in two subsets whose 
onvex hulls interse
t. Therefore

they are not separated. This 
ontradi
ts the fa
t that � was a simploid.

4 Uniform Point Separoids

In this se
tion we will 
on
entrate in a very spe
i�
 
lass of separoids. Point

separoids are those separoids whi
h 
an be realized by a 
on�guration of

points P � IE

d

in some Eu
lidian spa
e. They are extremely diÆ
ult to


hara
terize from a purely 
ombinatorial point of view. In fa
t, it is known

that the stret
hability problem |a polar version in dimension 2| is NP-hard

(
f. Shor 1991 [11℄). However, from the geometri
 point of view intrinsi
 to

separoids, we 
an 
hara
terize those point separoids in general position.

Theorem 2 Let S be a separoid in general position. S is a point separoid

if and only if its dimension and its geometri
 dimension are equal.

Proof. The ne
essity is 
lear. For the suÆ
ien
y, 
onsider S as a separoid

of 
onvex sets in IR

d

, where d = d(S). Choose a point in ea
h 
onvex set,

denote by P the point separoid that they de�ne, and let

':P �! S

be the obvious morphism (see Example 6). We will show that, in fa
t, this

is an isomorphism of separoids.

In one hand, by the 
onstru
tion, we have that for every A;B � S,

A j B =) '

�1

(A) j '

�1

(B):

On the other hand, let A y B 2 MRP be a minimal Radon partition of

S. Sin
e S is a separoid in general position, the 
ardinality of the support

is #(A [ B) � d + 2. Then the preimage of this union 
onsists of d + 2

or more points in IR

d

and by the Radon's lemma there exists a partition
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D yE of '

�1

(A[B) in P . Sin
e ' is a bije
tive morphism, '(D)y'(E) is a

Radon partition of A [ B. Finally, due to Proposition 3 (Se
tion 6), S is a

Radon separoid and fA;Bg = f'(D); '(E)g. Therefore '

�1

(A) y '

�1

(B).

Sin
e the set MRP generates all Radon partitions, it follows that for every

A;B � S,

A y B =) '

�1

(A) y '

�1

(B):

Thus, ' is an isomorphism of separoids and S is a point separoid.

This result is sharp. The hypothesis of general position 
annot be droped

without adding a new ingridient. The separoid B used in the proof of

the Representation Theorem is a 1-dimentional Radon separoid, it 
an be

realized in the line but it is not a point separoid. Even if we restri
ts to

a
y
li
 separoids this 
an be done (see Figure 1.g). However, the small

examples of non-stret
hable pseudolines arrengments suggest the following

(
f. Theorem 3)

Conje
ture. An oriented matroid is 
oordinatizable if and only if its rank

minus one equals its geometri
 dimension.

5 Oriented Matroids

Oriented matroid theory was introdu
ed in the 1960's when J. Folkman

and J. Lawren
e proved that every oriented matroid 
an be thought of as

a family of oriented pseudospheres. In parti
ular, they proved that the

natural partial order asso
iated to an oriented matroid is a sphere. One

of the main bri
ks of the theory is the 
lassi
 Radon's theorem (1921).

Oriented matroids en
ode minimal Radon partitions in terms of 
ir
uits ,

a symmetri
 anti
hain of signed ve
tors C � f�; 0;+g

E

with a 
ouple of

properties; as we will see, the family of all signed ve
tors has asso
iated

a natural partial order and a separoid is not other thing but a symmetri


ideal of su
h an order. We will translate all the theory developed in the

previous se
tion. In parti
ular, after Proposition 1, it will be 
lear that

Theorem 3

� Oriented matroids 
an be represented with families of 
onvex sets,

� An uniform oriented matroid is 
oordinatizable if and only if

its rank equals its geometri
 dimension plus one.

In this 
hapter oriented matroids, and separoids, will be handled as

families of signed ve
tors. Thus some notation and de�nitions have to be

introdu
ed.
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Let E be any set with n elements and denote by B

E

= f�; 0;+g

E

the

set of (signed) ve
tors with n entries in f�; 0;+g. Given a signed ve
tor

X = (X

e

)

e2E

, the set X

�

:= fe 2 E : X

e

6= 0g is 
alled the support of X .

The zero set of X is the 
omplement of its support, X

0

:= E nX

�

= fe 2

E : X

e

= 0g. Its positive and negative sets are X

+

:= fe 2 E : X

e

= +g

and X

�

:= fe 2 E : X

e

= �g, respe
tively. The opposite �X is de�ned by

(�X)

e

= �(X

e

).

In the family of signed ve
tors B

E

a partial order 
an be de�ned as

X � Y () X

+

� Y

+

and X

�

� Y

�

:

If X � Y , it will be said that X 
onforms to Y .

With all this at hand, a separoid S = (E; j) 
an be en
oded with signed

ve
tors as follows: S � B

E

is a separoid if

(S1) X 2 S =) �X 2 S; (symmetry)

(S3) X 2 S and X

0

� X =) X

0

2 S: (it is an ideal)

The separations 
an be re
onstru
ted with the obvious de�nition:

X 2 S () X

+

j X

�

:

Re
all that it suÆ
es to know maximal separations to re
onstru
t the whole

separoid |they en
ode the whole information of it.

To de�ne separoid morphisms in this 
ontext, the set B

E


an be inter-

preted as the family of fun
tions of the form �:E ! f�; 0;+g where, given

one su
h a fun
tion � = X 2 B

E

, its appli
ations are denoted by �(e) = X

e

.

Also, if F is any other m-set |together with its family B

F

| and ':E ! F

is any fun
tion, the 
ofun
tion '

�

:B

F

! B

E


an be de�ned in the usal way:

if � 2 B

F

then '

�

� 2 B

E

is de�ned as

('

�

�)(e) = �('(e)):

Now, given two separoids S � B

E

and F � B

F

, a separoid morphism,

denoted by S �! F , is a fun
tion ':E ! F su
h that

� 2 F =) '

�

� 2 S:

Analogously to the former de�nition of a separoid, the Radon partitions

of a separoid S = (E; y) 
an be en
oded with signed ve
tors: S � B

E

are

the Radon partitions of a separoid if

(R1) X 2 S =) �X 2 S; (symmetry)

(R3) X 2 S and X � X

0

=) X

0

2 S: (it is a �lter)

12



On
e again, re
all that the minimal Radon partitons e
ode the whole infor-

mation of the separoid.

An oriented matroid M = (E; C) of order n = jEj is a set of signed

ve
tors, C � B

E

; with the following properties (
f. Bj�orner et al. (1993) [2℄

p.103):

(C1) 0 62 C

(C2) X 2 C =) �X 2 C

(C3) X;Y 2 C and X

�

� Y

�

=) X = �Y

(C4) X;Y 2 C and X

e

= �Y

e

6= 0 =) there exists Z 2 C

su
h that Z

+

� X

+

[ Y

+

; Z

�

� X

�

[ Y

�

and Z

e

= 0

The elements of C are known as the 
ir
uits of the matroid.

Given an oriented matroidM the set of its 
ir
uits C 
an be identi�ed, in

a one to one fashion, with the set of minimal Radon partitions of a separoid

on the same base set E. We have the following obvious 
ryptomorphism.

Proposition 1 The minimal Radon partitions MRP of a separoid S are

the 
ir
uits of an oriented matroid if and only if

(M1) � y � 62MRP;

(M3) S is a Radon separoid;

(M4) A yB;A

0

yB

0

2MRP and x 2 A \ B

0

=)

9A

00

yB

00

2MRP : A

00

� A

0

[A n x and B

00

� B [ B

0

n x:

The topes T (M) � B

E

of the oriented matroid are the maximal separa-

tions and its 
ove
tors L(M) � B

E

are those separations whi
h 
omposed

with topes give topes, i.e.,

X 2 L () 8T 2 T : X Æ T 2 T where (X Æ Y )

e

=

�

X

e

if X

e

6= 0,

Y

e

otherwise,

:

Observe that not every separation is a 
ove
tor, this is, there are more

separations than 
ove
tors in an oriented matroid.

6 The Te
hni
al Lemmas

In this se
tion we settle some general results on separoids that will be needed

some where else. We start with a new \
onvex version" of the well known

Carath�eodory's theorem (
f. Danzer et al. 1963 [5℄ and see also E
kho�

1993 [6℄):

13



Lemma 4 (Carath�eodory). Let X =

S

i2I

K

i

� IR

d

, be the union of some


onvex sets K

i

. If x 2 hXi is a point in the 
onvex hull of X, then there

exists a subset J � I with jJ j � d+1 and, for every j 2 J , a point x

j

2 K

j

su
h that x is a 
onvex 
ombination of the points x

j

.

Proof. By Carath�eodory's theorem, we need at most d+ 1 points of X to

express x as a 
onvex 
ombination of them. It is easy to see that, if two (or

more) of these are on the same 
onvex set K

j

, they 
an be repla
ed by a

single point x

j

2 K

j

whi
h is a 
onvex 
ombination of them. Therefore we

need at most one point in ea
h 
onvex.

With this lemma at hand, is easy to see how to \realize" ea
h minimal

Radon partition of a separoid.

Proposition 2 Let S be a separoid of 
onvex sets. Given a minimal Radon

partition A y B, there exists a point on ea
h 
onvex set of the support,

a

i

2 K

i

2 A and b

j

2 K

j

2 B, su
h that

ha

i

: K

i

2 Ai \ hb

j

: K

j

2 Bi 6= �:

Proof. If x 2 hAi \ hBi 6= �, by Carath�eodory's lemma, we need at most

d+1 elements of A, K

i

2 A, and at most one point in ea
h of them a

i

2 K

i

to express x as a 
onvex 
ombination of them. By the minimality of the

partition, it is 
lear that we need at least one point in ea
h 
onvex of A.

The same argument works for B and we are done.

We will use also a \
ontinuous version" of Radon's original proof.

Lemma 5 (
ontinuous Radon). Let z

i

(t) = (1 � t)x

i

+ ty

i

with t 2 [0; 1℄,

be d+ 2 segments in IR

d

. If their respe
tive extreme points, fx

i

g and fy

i

g,

are di�erent point separoids in general position, there exists a t 2 (0; 1) su
h

that the separoid fz

i

(t)g is not in general position.

Proof. It is easy to see that, for every t 2 [0; 1℄ there exist a solution of

the following equations

X

�

i

(t)z

i

(t) = 0;

X

�

i

(t) = 0;

X

j�

i

(t)j = 2;

and moreover the �

i

(t) 
an be 
hoosen to be 
ontinuous. Sin
e the points

x

i

= z

i

(0) are in general position, su
h a solution for t = 0 is unique and

14



every �

i

(0) is non-zero. Su
h a solution leads to a unique Radon partition,

the positives vs. the negatives

X

�

i

(0)>0

�

i

(0)x

i

= �

X

�

i

(0)<0

�

i

(0)x

i

;

X

�

i

(0)>0

�

i

(0) = �

X

�

i

(0)<0

�

i

(0) = 1

or, in separoid notation

fx

i

: �

i

(0) > 0g y fx

i

: �

i

(0) < 0g:

The same argument works for t = 1, but by hypothesis it yields a \di�erent"

partition

fy

i

: �

i

(1) > 0g y fy

i

: �

i

(1) < 0g:

To be di�erent partitions means that there is a j su
h that �

j

(0) and �

j

(1)

have di�erent signs (while others have the same), then there exists a t 2

(0; 1) su
h that �

j

(t) = 0. For that t, fz

i

(t)g is not in general position.

We 
lose this with a beautiful theorem of separoids that was used to


hara
terize point separoids in general position.

Proposition 3 If a separoid is in general position and its geometri
 di-

mension is equal to its dimension, then it is a Radon separoid.

Proof. Let S be a d-dimensional separoid in general position. If its geo-

metri
 dimension is equal to its dimension, it 
an be realized as a family

S of 
onvex sets in IR

d

. Suppose that S is not a Radon separoid. Then

there are subsets of A;B;C;D � S su
h that A y B, C y D 2 MRP ,

A [ B � C [ D and fA;Bg 6= fC;Dg. Sin
e S is in general position, the

support S

0

:= A [ B has at least d + 2 elements. Sin
e C y D is minimal,

applying Proposition 2 and the 
lassi
 Radon's theorem, its support has at

most d+2 elements. Then, with out loss of generality, we may suppose that

jSj = jA [ Bj = jC [Dj = d+ 2.

Using again Proposition 2, two 
on�guration of points 
an be de�ned,

two points on ea
h 
onvex set, in su
h a way that they realize the two Radon

partitions. Considering the line segment that join ea
h 
ouple |inside ea
h


onvex set| and applying the 
ontinuous Radon lemma, we 
on
lude that

S is not in general position.
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This is a very surprising statement whi
h needs some time to digest

(espe
ially when one realize that we may assume that the separoid is not a

Radon separoid, a meaningless assumtion inside oriented matroid theory).

The geometri
 dimension, in the uniform 
ase, en
odes axiom (C3).
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