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Abstra
t

In this paper the Radon 
omplex of an oriented matroid is intro-

du
ed. It is a natural poset asso
iated to the Radon partitions of a

separoid |a natural generalization of an oriented matroid| whi
h,

in their turn, will be de�ned. We show that, in the uniform 
ase,

the 1-skeleton of the Radon 
omplex' dual is the oriented matroid's


o
ir
uit graph. This leads to a 
hara
terization of su
h graphs via a

natural metri
 de�ned in the k-dual of the n-
ube.

1 Introdu
tion

The oriented matroid theory was introdu
ed in the 60's when J. Folkman

and J. Lawren
e proved that every oriented matroid 
an be thought of as

a family of oriented pseudospheres [11℄. In parti
ular, they proved that the

natural partial order asso
iated to an oriented matroid is a sphere |this last

result is known as the Basi
 Spheri
ity Theorem [3,6℄. This result has many

appli
ations and we will use, as our intuition sour
e, a slightly di�erent

version of it: The Radon 
omplex of an oriented matroid is a sphere. As

it will be shown later this is a dire
t 
onsequen
e of Edelman's theorem

(1984) [9℄ and Alexander duality.

A 
ornerstone of the theory is the 
lassi
 Radon's theorem (1921) [7,8℄:

Given a family of n � d + 2 points in IR

d

, there exists a pair of disjoint

subsets of it whose 
onvex hulls interse
t. Oriented matroids en
ode su
h

pairs in terms of its 
ir
uits, a set of signed ve
tors C � f�; 0;+g

E

. The

family of all signed ve
tors has a natural poset asso
iated whi
h turns out

to be the fa
e latti
e of the n-
ube. The Radon 
omplex of an oriented

1



matroid is a \
ubi
" 
omplex (an ideal in the fa
e latti
e of the n-
ube)

whose verti
es are identi�ed with those subsets whi
h are\non-separated"

of their respe
tive 
omplements |it will be formally de�ned in Se
tion 2.

This 
omplex 
ontains the stru
ture of the oriented matroid. Theorem 2

shows that the dual poset of su
h a 
omplex 
an be 
hara
terized via the

natural 
ombinatorial metri
 asso
iated to its 1-skeleton.

We follow ideas explored by K. Fukuda and K. Handa (1993) [12℄ but

in the more general 
ontext of separoids [1,4,5,16,17,18,19,20℄: a symmetri


ideal (or �lter) de�ned by an anti
hain in the fa
e latti
e of the n-
ube (or

the n-
rosspolytope). Fukuda and Handa 
hara
terized every tope graph

T = T (M) of an oriented matroid of rank 3 showing that they are those

antipodal planar graphs whi
h 
an be embedded in the n-
ube preserving

their graph distan
e. The planarity of T indu
es a dual graph G = T

�

whi
h 
an be proved to be the 
o
ir
uit graph of the oriented matroid. No


hara
terization is known of the 
o
ir
uit (or tope) graph in the general


ase (
f. [2℄), but Theorem 2 gives ne
essary and suÆ
ient 
onditions for

uniform oriented matroids with arbitrary rank. We basi
ally prove that a

graph G is the 
o
ir
uit graph of a uniform oriented matroid of order n and

rank r if and only if it is of order 2

�

n

r+1

�

, antipodal and 
an be embedded

\metri
ally" in the (n� r � 1)-dual of the n-
ube.

On the other hand, separoids have their origin in the study of Geomet-

ri
 Transversal Theory [4,13,16℄. They are general enough to embra
e, at

the same time, the 
ombinatorial stru
ture of a family of 
onvex sets in

eu
lidian spa
e [1℄ and that of oriented matroids [5℄. In fa
t, every separoid

arises from a 
on�guration of 
onvex sets. This result plays the role of \the

polar version" of the Topologi
al Representation Theorem (
f. [3℄ p. 225)

however, the 
ombinatorial stru
ture that is preserved turns out to be more

general. In other words, when the hyperplanes \wiggle" to be pseudohy-

perplanes, their polar points \fatten" to be
ome 
onvex sets, but not every


on�guration of 
onvex sets 
an be exhibited in this way.

In the following, oriented matroids are thought of as separoids in order

to 
on
entrate in those axioms from whi
h the main theorem depends. In

parti
ular, the Radon 
omplex is more naturally de�ned in the separoid than

in the oriented matroid. Separoids introdu
e new elements to be 
onsidered

(we 
all them generalized 
otopes) whi
h are identi�ed with the verti
es of

the Radon 
omplex. Edelman [9℄ has used separoids (with no name) to

prove that

�(V (T )) := fX 2 f�; 0;+g

E

: X � T and T 2 V (T )g

2



has the homotopy type of a sphere, where V (T ) denotes the set of topes

of an oriented matroid (
f [3℄ p. 180). The Radon 
omplex is just the


omplement (in Q

n

= f�; 0;+g

E

) of Edelman's 
omplex, but it must be

observed that not every vertex of it is a 
otope. The basi
 properties of

separoids are shown in Subse
tion 2.1 while Subse
tion 2.2 introdu
es the

Radon 
omplex formally.

On Subse
tion 3.1 oriented matroids are de�ned (in terms of its 
ir
uits)

and it is shown how separoids generalize them (Proposition 2). Also, a new

version of the Basi
 Spheri
ity Theorem is presented there as Theorem 1.

Subse
tion 3.2 introdu
es the k-dual of the n-
ube and Subse
tion 3.3 is

devoted to the main result (Theorem 2). Se
tion 3 
ontains, as well, a

te
hni
al lemma whi
h is proved in Se
tion 4.

2 Separoids

Separoids are 
ombinatorial obje
ts that embra
e the stru
ture arising from

a family of 
onvex sets, where some subfamilies are naturally separated

from others. Namely, two subfamilies are said to be separated if there exists

a hyperplane that leaves them on opposite sides of it |the axioms of a

separoid are simply the obvious properties of this relation.

2.1 Basi
 Notions.

A separoid S = (E; j) over the base set E is a relation j� 2

E

� 2

E

on the

subsets of E with the following properties: if A;B � E,

(S1) A j B ) B j A;

(S2) A j B ) A \B = �;

(S3) A j B and A

0

� A) A

0

j B:

The elements of j are 
alled separations and, when speaking of a separation

A j B, it is said that \A is separated from B". A separoid is a
y
li
 if the

empty set is separated from the base one, i.e., if � j E. The separations with

the empty set are 
alled trivial separations and, in this paper, almost all

separoids are �nite and a
y
li
. Observe that it is enough to know maximal

separations to re
onstru
t the separoid |they en
ode the whole information

of it.

Examples.
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1. Consider a family F of 
onvex sets in the d-dimensional eu
lidian

spa
e IR

d

and de�ne the following relation j� 2

F

� 2

F

on the subsets of F :

A j B if and only if there exists a hyperplane H that leaves the elements

of A in one open semispa
e (bounded by H) and those of B in the other.

Clearly, the pair (F; j) is a separoid. A
tually, every separoid 
an be realized

with a family of 
onvex set [5℄. More over, the separoid is a
y
li
 if and

only if su
h realization 
an be done with 
onvex bodies [1,20℄. When ea
h


onvex is a point, we are dealing with a linear oriented matroid (see below)

and we 
all it a point separoid (for more on point separoids look for [5,18℄).

2. Consider an oriented matroid M = (E;L) and identify it with the

subset L � f�; 0;+g

E

of its 
ove
tors in the usual manner. Let T = T (L)

be the set of topes, maximal 
ove
tors, and de�ne the following relation

j� 2

E

� 2

E

on the subsets of E: A;B � E are separated, A j B, if and

only if there exists a tope T 2 T su
h that A � T

+

:= fe 2 E : T

e

=

+g; and B � T

�

:= fe 2 E : T

e

= �g. The pair S(M) = (E; j) is

a separoid. In Se
tion 3 this example will be studied in more detail; in

parti
ular, it will be shown that the oriented matroid 
an be re
onstru
ted

from its separoid, and hen
e that separoids generalize oriented matroids. A

formal 
ryptomorphism shows how to interpret 
ir
uits as minimal Radon

partitions (and topes as maximal separations) of a separoid.

3. Edelman has de�ned a 
omplex whi
h en
odes the separoid of an

oriented matroid. He 
onsiders the set �(T ) := fX 2 f�; 0;+g

E

: X �

T and T 2 T g, where T denotes the topes of an oriented matroid and �

denotes the 
onformal relation, i.e., X � Y if and only if X

+

� Y

+

and

X

�

� Y

�

. Clearly, a signed ve
tor X 2 � belongs to Edelman's 
omplex if

and only if X

+

j X

�

. He uses the Basi
 Spheri
ity Theorem to prove that

su
h a 
omplex has the homotopy type of a sphere. Theorem 1 is a dire
t


onsequen
e of this result |it is somehow its dual.

4. All a
y
li
 separoids of order three arise from one of the eight families

of 
onvex sets shown in Figure 1. Only those in Figures 1.a, 1.b, 1.e and 1.h

are point separoids |they 
ome from the four essentially di�erent a
y
li


oriented matroids with three elements.

4



Figure 1. The a
y
li
 separoids of order three.

Given a subset F � E of the base set of a separoid S, the indu
ed

separoid is de�ned as the restri
tion of j to F . The order is the number of

elements in E.

There is a notion of dimension on separoids whi
h is easily and intrinsi-


ally determined. The d-dimensional simploid � = �

d

is a separoid of order

d + 1 su
h that every subset is separated from its 
omplement, whi
h by

the third 
ondition (S3) yields A j B () A \ B = �: The simploid 
an

be realized with the vertex set of the simplex, hen
e its name |Figure 1.a

represents �

2

. The dimension of a separoid is the maximum dimension of

its indu
ed simploids. It is easy to see that the dimension of the separoid

of an oriented matroid is its rank minus 1 (see Se
tion 3).

With the notion of dimension the 
lassi
 Radon's theorem (see [7℄) 
an

be translated to separoids terms; they 
apture the 
ombinatorial essen
e of

it.

Lemma 1 (Radon) Let S = (E; j) be a d-dimensional separoid, then every

subset F � E of 
ardinality at least d + 2 
ontains two disjoint subsets

A;B � F su
h that they are not separated from ea
h other.

Proof. Clearly follows from the fa
t that F is not a simploid.

A Radon partition 
onsists of two non-separated disjoint sets, and it

will be denoted by A y B. Considering the Radon partitions of a separoid
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S = (E; j) as a relation y � 2

E

� 2

E

, it satis�es the following properties:

(R1) A yB ) B y A;

(R2) A yB ) A \ B = �;

(R3) A yB and C � E nA) A yB [ C:

This leads to an equivalent de�nition of a separoid. The separations 
an be

re
onstru
ted with the obvious de�nition; A j B if and only if A \ B = �

and there are no subsets A

0

� A and B

0

� B su
h that A

0

yB

0

.

Ea
h part, A and B, is known as a Radon 
omponent and the union

A[B will be 
alled, following oriented matroid terminology, the support of

the partition.

A minimal Radon partition is a Radon partition A yB where ea
h 
om-

ponent is minimal by 
ontention, i.e.,

A

0

� A) A

0

j B and B

0

� B ) A j B

0

:

The set of all minimal Radon partitions of a given separoid determines the

separoid and will be denoted by MRP , so A yB 2MRP means that A yB

is a minimal Radon partition.

Some authors have observed that the Radon's theorem 
an be stated in

a more pre
ise way (
f. [6℄): Let E be a set of d+2 points in IR

d

in general

position. Then E 
ontains a unique partition in two disjoint subsets whose


onvex hulls have a 
ommon point. Moreover, this point is also unique. This

takes us to the next de�nitions.

A Radon separoid is a separoid with the property that for every AyB;Cy

D 2MRP with the same support (A[B = C[D), fA;Bg = fC;Dg. That

is to say, the elements of MRP are unique on a �xed support. Therefore,

point separoids are Radon separoids.

A d-dimensional separoid is said to be in general position or to be uni-

form, following oriented matroid terminology, if every subset F � E of


ardinality d+ 1 is an indu
ed simploid.

In relation to what has been said, we have the following

Lemma 2 (general position) Let S be a uniform d-dimensional separoid.

If A y B 2 MRP is a minimal Radon partition, then the 
ardinality of the

support A [ B is at least d+ 2.

2.2 The Radon Complex.

We will asso
iate to ea
h separoid of order n a \
ubi
" 
omplex whi
h

is 
ontained in the n-
ube. The Radon 
omponents of a separoid 
an be
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identi�ed with some verti
es of the n-
ube and the Radon 
omplex of the

separoid will be de�ned as the indu
ed 
omplex of those verti
es. It was

proved in [17℄ that, if the separoid is a point separoid, su
h set of verti
es

indu
es a topologi
al sphere (see Proposition 1).

Let Q

n

denote the n-
ube (see Figure 2). Its verti
es V (Q

n

) will be

identi�ed with the family of subsets 2

E

of the n-set E. Its fa
es are intervals

of the natural 
ontention partial order de�ned in 2

E

, i.e., ea
h fa
e is of the

form

[A;B℄ := fX � E : A � X � Bg:

This de�nition leads to an n-ball but in the sequel the n-
ube will be thought

of as an (n� 1)-sphere so the fa
e [�;E℄ is dropped out.

Q

12

12

ø

2 Q3 Q4

--- +--

-+-

--+

++-

+-+

-++
+++

Figure 2. The n-
ube, for n = 2; 3; 4.

We 
all generalized 
otopes the Radon partitions of the form A y (E nA).

Given a separoid S, for ea
h generalized 
otope A y (E nA), take the vertex

A 2 V (Q

n

); the 
omplex indu
ed by all those verti
es is what we 
all the

Radon 
omplex of the separoid and we denote it by R = R(S). Here, by

indu
ed we mean that a fa
e of Q

n

is in the 
omplex if and only if all of its

verti
es are in su
h 
omplex. Some small Radon 
omplexes are shown in

Figure 3.

It follows from the de�nition and (R3) that

Lemma 3 If A y B is a Radon partition of S then [A;E n B℄ is a fa
e of

R(S).
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a cb d

Figure 3. The four point separoids of order three and their Radon 
omplex.

Proposition 1 The Radon 
omplex of a point separoid of order n and di-

mension d is homotopi
ally equivalent to the (n� d� 2)-sphere. Moreover,

if the separoid is in general position, they are homeomorphi
.

The proof of Proposition 1 is in [17℄ but, in order to be self 
ontained,

its basi
 ideas will be exposed:

Let P = fp

1

; : : : ;p

n

g � IR

d

be a point separoid. De�ne a linear fun
tion

': IR

n

! IR

d

as '(x) =

P

x

i

p

i

where x

i

denotes the ith 
oordinate of

x 2 IR

n

. Then, A y B is a Radon partition of P if and only if there exists

�

i

2 IR su
h that

X

i2A

�

i

p

i

=

X

i2B

�

i

p

i

; and

X

i2A

�

i

=

X

i2B

�

i

= 1; and �

i

� 0:

Clearly, this is equivalent to

X

i2A[B

�

i

p

i

= 0; and

X

i2A[B

�

i

= 0; and

X

i2A[B

j�

i

j = 2:

If we denote by K = '

�1

(0), by � = (1; : : : ; 1)

?

� IR

n

and by O

n

= fx 2

IR

n

: kxk = 2g (where k:k denotes the Manhattan norm) then the solution

spa
e of the three previous equations is

R

�

(P) = K \ � \ O

n

:
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The proof ends showing that the duality from the n-
rosspolytope to the

n-
ube sends R

�

(P) to R(P), i.e., these two 
omplexes are dual one from

the other.

O3 K

U

∏

Figure 4. The proof of Proposition 1.

Noti
e that Proposition 1, for n = d+2 points in general position, implies

that R is a sphere of dimension 0 (two antipodal verti
es) whi
h represents

the unique Radon partition. Therefore, Proposition 1 generalizes Radon's

theorem |hen
e the name of the 
omplex.

Also, it is 
lear that a separoid S (thought of as a sub
omplex of O

n

) is a

point separoid if and only if there exists a 
atK su
h that O

n

\�\K is a re-

tra
tion of S, i.e., S & O

n

\ � \ K.

It is well known that the \Stret
hability Problem" is NP-hard [14℄.

3 Oriented Matroids

Proposition 1 
an be extended to the more general 
lass of separoids that


omes from oriented

matroids. Edelman proved in 1984 that if the set of topes of an oriented ma-

troid T (M)

is 
losed by the 
onformal relation � (
f. Example 3), the homotopy type of

its 
ove
tors

L = fX 2 f�; 0;+g

E

: T 2 T ) X ÆT 2 T g is preserved. Therefore, by the

Basi


Spheri
ity Theorem, �(T ) has the homotopy type of a sphere. Sin
e the

Radon 
omplex of M is the 
omplement (in Q

n

= f�; 0;+g

E

) of �, by
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the Alexander duality (see e.g. Spanier [15℄), R(M) has also the homotopy

type of a sphere. Hen
e it follows that

Theorem 1 The Radon 
omplex of an oriented matroid is homotopi
 to a

sphere.

This result did guide our intuition to prove Theorem 2 below.

In the sequel, separoids, as usually in oriented matroids, will be handled

as families of signed ve
tors. Therefore some notation has to be introdu
ed.

3.1 Cryptomorphism.

Let E be any set with n elements and denote the set of (signed) ve
tors with

n entries in f�; 0;+g as f�; 0;+g

E

. Given a signed ve
tor X = (X

e

)

e2E

,

the set X

�

:= fe 2 E : X

e

6= 0g is 
alled the support of X . The zero set of

X is the 
omplement of its support, X

0

:= E n X

�

= fe 2 E : X

e

= 0g.

Its positive and negative sets are X

+

:= fe 2 E : X

e

= +g and X

�

:= fe 2

E : X

e

= �g, respe
tively. The opposite �X is de�ned by (�X)

e

= �(X

e

).

Additionally, in the family of signed ve
tors f�; 0;+g

E

a partial order 
an

be de�ned as

X � Y () X

+

� Y

+

and X

�

� Y

�

:

If X � Y , it will be said that X 
onforms to Y . A
tually, this poset is

the fa
e latti
e of the n-
rosspolytope and dual of the n-
ube.

Given two signed ve
tors X and Y , the separator of X and Y is the set

S(X;Y ) = fe 2 E : X

e

= �Y

e

6= 0g:

Two signed ve
tors X , Y with the same support size (jX

�

j = jY

�

j < n)

will be said to be adja
ent if there exist i; j 2 E su
h that X

k

= Y

k

for all

k 62 fi; jg, X

i

= 0 6= Y

i

and Y

j

= 0 6= X

j

.

This notion of adja
en
y de�nes a graph G

n

whose vertex set is the

family of all signed ve
tors. It naturally leads to the de�nition of moving a

zero from one pla
e to another (non-zero pla
e) whi
h is a step of a walk in

the graph. Therefore, the distan
e in G

n

from one ve
tor to another is the

minimum number of moves of zeros needed to rea
h the destination ve
tor

(
f Lemma 5). This motivates the following de�nition: the traversen of two

signed ve
tors X , Y is

T (X;Y ) = fe 2 E : X

e

= 0 6= Y

e

or Y

e

= 0 6= X

e

g:
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Remark. X and Y are adja
ent in G

n

if and only if S(X;Y ) = � and

jT (X;Y )j = 2.

This 
hara
terization of the adja
en
y will be used in three di�erent

settings: as adja
en
y on the 
ir
uit graph of an oriented matroid; as adja-


en
y in the k-dual graph of the n-
ube; and as adja
en
y of k-sub
ubes of

the n-
ube.

With all this at hand, the Radon partitions of a separoid (E; y) 
an

be en
oded with signed ve
tors as follows: S � f�; 0;+g

E

are the Radon

partitions of a separoid if and only if

(R1) X 2 S ) �X 2 S; (symmetry)

(R3) X 2 S and X � X

0

) X

0

2 S: (it is a �lter)

Thus, the Radon partitions are re
onstru
ted with this de�nition

A y B () 9X 2 S : A = X

+

and B = X

�

:

Re
all that it suÆ
es to know minimal Radon partitions to re
onstru
t

the separoid |they en
ode the whole information of it.

An oriented matroid M = (E; C) of order n = jEj is a set of signed

ve
tors,

C � f�; 0;+g

E

;

with the following properties (
f. [3℄ p. 103):

(C1) 0 62 C (� j �)

(C2) X 2 C ) �X 2 C (symmetry)

(C3) X;Y 2 C and X

�

� Y

�

) X = �Y (uniqueness)

(C4) X;Y 2 C; X 6= �Y and X

e

= �Y

e

6= 0) there exists Z 2 C

su
h that Z

+

� X

+

[ Y

+

; Z

�

� X

�

[ Y

�

and Z

e

= 0 (weak elimination)

The elements of C are known as the 
ir
uits of the matroid.

Given an oriented matroid M the set of its 
ir
uits C 
an be identi�ed,

in a one to one fashion, with the MRP set of a separoid on the same base

set E. As a 
onsequen
e, we have the following 
ryptomorphism:

Proposition 2 The minimal Radon partitions MRP of a separoid S are

the 
ir
uits of an oriented matroid if and only if

(M1) � y � 62MRP;

(M3) S is a Radon separoid;

(M4) A yB;A

0

yB

0

2MRP and x 2 A \ B

0

) 9A

00

yB

00

2MRP

A

00

� A

0

[ A n x and B

00

� B [ B

0

n x:

11



Given the 
ir
uits of an oriented matroid, its ve
tors, V = V(M), 
an

be re
onstru
ted by an operation known as 
omposition, de�ned as

(X Æ Y )

e

=

�

X

e

if X

e

6= 0,

Y

e

otherwise,

via the following: V � C is the minimal superset of C 
losed by 
omposi-

tion, i.e., X;Y 2 V ) X Æ Y 2 V . Observe that V � S, i.e., sin
e ve
tors


lose 
ir
uits by 
omposition and separoids by 
onformal relation, in general

there are more Radon partitions in the separoid than ve
tors in the oriented

matroid. Therefore, generalized 
otopes (maximal Radon partitions) e�e
-

tively generalize 
otopes, maximal ve
tors.

As an example, 
onsider the point separoid (realizable oriented matroid)

of Figure 5; it 
ontains only two 
ir
uits 1y23 = (+;�;�; 0) and its opposite.

From the oriented matroid point of view, these two 
ir
uits are all the

ve
tors, but for the separoid there are four more Radon partitions 1y234; 14y

23 and its opposites.

12 3

4

Figure 5. A point separoid of order 4.

Finally, in the proof of Theorem 2 we will use the following de�nitions

(
f. [3℄ Lemma 4.1.8): If V denotes the set of ve
tors of an oriented matroid

M on E and A � E, then the set of ve
tors of the deletion MnA equals

V nA = fX

EnA

: X 2 Vg

and the set of ve
tors of the 
ontra
tion M=A equals

V=A = fX

EnA

: X 2 V and A � X

0

g;

where X

EnA

2 f�; 0;+g

EnA

denotes the restri
tion.

3.2 The k-dual of the n-
ube.

Every oriented matroid M = (E; C) has a graph G = G(M) asso
iated

whose verti
es are the 
ir
uits of the matroid. Two of those verti
es X;Y 2

12



C are adja
ent if X Æ Y = Y Æ X while for every Z � X Æ Y it happens

that Z 2 fX;Y g. This graph is what we 
all the 
ir
uit graph of the

oriented matroid |in the literature [2,10,12℄ this graph is studied via the

dual oriented matroid so it is better known as 
o
ir
uit graph. It is well

known that the 
o
ir
uit graph of an oriented matroid is the 1-skeleton

of the 
ell de
omposition indu
ed by the pseudospheres that realize the

oriented matroid via the Topologi
al Representation Theorem of Folkman

and Lawren
e [11℄, therefore, two (
o)
ir
uits X;Y are adja
ent if and only

if jS(X;Y )j = 0 and jT (X;Y )j = 2 (re
all the de�nition of \moving a zero").

LetQ

k

n

denote the k-dual of Q

n

de�ned as follows (k > 0): the verti
es of

Q

k

n

are the k-sub
ubes of Q

n

and two of them are adja
ent if their respe
tive

sub
ubes interse
t in a (k � 1)-sub
ube. From now on, we will denote the

fa
es of Q

n

by the standard signed ve
tors; in other words, ea
h fa
e [A;B℄

is denoted by X 2 f�; 0;+g

E

where

X

i

=

(

+ if i 2 A,

0 if i 2 B nA,

� otherwise.

Q3
Q3
1 Q3

2 Q3
3

Figure 6. The three k-duals of Q

3

.

We 
all antipodal automorphism the fun
tion whi
h sends ea
h ve
tor

X to its opposite �X . Observe that if every 
ir
uit of a separoid has the

same support size (say n�k), the 1-skeleton of the dual poset of the Radon


omplex of su
h a separoid is a subgraph of Q

k

n

and it is 
losed by the

antipodal automorphism.

Lemma 4 The 
ir
uit graph of a uniform oriented matroid is the 1-skeleton

of the dual of its Radon Complex.

Proof. LetM be a uniform oriented matroid of order n and dimension d, S

its separoid and R its Radon 
omplex. Sin
e M is uniform (S is in general

13



position), all fa
es of R are of dimension k = n � d � 2 and therefore the

dual is well de�ned. Ea
h fa
et [A;B℄ of R 
an be identi�ed with a 
ir
uit

of the form AyE nB (and vi
eversa). Now, by the Remark, two k-sub
ubes

X;Y of Q

n

are \adja
ent" (they interse
t in a (k� 1)-sub
ube) if and only

if jS(X;Y )j = 0 and jT (X;Y )j = 2.

This subse
tion ends with the statement of Lemma 5 whi
h will be used

below but, sin
e its proof is too te
hni
al, it will be postpone until Se
tion 4.

Lemma 5 The graph distan
e in Q

k

n

(k > 0) is, for X 6= Y

d

Q

k

n

(X;Y ) =

�

jS(X;Y )j+ 1 if X

�

= Y

�

;

jS(X;Y )j+

1

2

jT (X;Y )j otherwise.

3.3 Main theorem

By a graph embedding G ,! H it is meant an inje
tive fun
tion i:V (G) !

V (H) of its verti
es that sends edges to edges. Besides, in su
h a 
ase we

will identify the verti
es of the domain with those of its image and we will

refer to the verti
es of the domain with the name of their respe
tive images.

In parti
ular, if a graph is embedded in Q

k

n

, ea
h vertex of the graph will

be denoted by the signed ve
tor of its image. As usual, an embedding is

said to be isometri
 if the graph distan
e of the domain is preserved by its

image. An embedding G ,! Q

k

n

is said to be antipodal if it is 
losed by the

antipodal automorphism of Q

k

n

, i.e. if X 2 V (G) then �X 2 V (G).

In order to isolate the problem, let us summarize our observations in the

following

Lemma 6

I. If G is the 
ir
uit graph of a d-dimensional uniform oriented matroid of

order n > d+2 then there exists an antipodal embedding G ,! Q

n�d�2

n

su
h

that

X 6= �Y 2 V (G)) d

Q

n�d�2

n

(X;Y ) = jS(X;Y )j+

1

2

jT (X;Y )j (�)

II. If G ,! Q

k

n

is an antipodal embedding that satis�es (�), then V (G)

ful�ls the axioms (C1), (C2) and (C3) of an oriented matroid.

Proof.

I. The existen
e of the embedding results from Lemma 4. The embedding

must by antipodal be
ause of axiom (C2); and axiom (C3) together with

14



Lemma 5 implies the metri
 
ondition (�).

II. The antipodality of the embedding implies that the verti
es of G are the

set of 
ir
uits of a separoid, and then (C1) and (C2) are ful�lled. It follows

from Lemma 5 and 
ondition (�) that su
h separoid is a Radon separoid

and therefore axiom (C3) is ful�lled.

Considering Lemma 6, we 
an see that to make a 
hara
terization of the


ir
uit graphs of the uniform oriented matroids, in terms of an embedding in

Q

n�d�2

n

, we need to fo
us our attention in translating the weak elimination

axiom (C4) into some aditional properties of the embedding di�erent from

the antipodality and the 
ondition (�). As we will see, Theorem 2 implies

that to require of the embedding to be also isometri
 is a suÆ
ient 
ondition

for a graph to be a 
ir
uit graph of a uniform oriented matroid, however, it

is not a ne
essary 
ondition, as the following pi
ture (Figure 7) shows. In

it, the verti
es X and Y are non-antipodal (in fa
t we are depi
ting only

the proje
tive half of the oriented matroid); jS(X;Y )j+

1

2

jT (X;Y )j = 2 but

d

G

(X;Y ) = 3.

Figure 7. An non-isometri
 embedding.

A problem with the isometri
 embeddings is that we are requiring of

every pair X 6= �Y 2 V (G) that there must be a XY -path P � G su
h that

for every Z 2 V (P ) it results that d

Q

k

n

(Z; Y ) < d

Q

k

n

(X;Y ), and therefore

jS(Z; Y )j < jS(X;Y )j or jT (Z; Y )j < jT (X;Y )j:

Furthermore, if P = (X;Z

1

; :::; Z

m

= Y ), for every ` < m,

d

Q

n�d�2

n

(X;Z

`

) < d

Q

n�d�2

n

(X;Z

`+1

) and d

Q

n�d�2

n

(Y; Z

`+1

) < d

Q

n�d�2

n

(Y; Z

`

):

15



In other words, from the point of view of Q

n�d�2

n

, at ea
h and every step

along P , its elements must get away from X and 
loser to Y . But oriented

matroids are more 
exible than that.

Let us introdu
e a weaker (hen
e more general) 
on
ept of metri
 em-

beddings. An embedding G ,! Q

k

n

is said to be i-metri
 if for every pair of

verti
es X 6= �Y 2 V (G) there exists a XY -path P = (X;Z

1

; :::; Z

m

= Y )

in G su
h that for every pair of su

essive verti
es Z

`

; Z

`+1

of P , it happens

that (Z

`+1

)

i

2 fX

i

; Y

i

g if (Z

`

)

i

= (Z

`+1

)

j

= 0 6= (Z

`

)

j

(i.e., if we are

moving a zero from i to j). In a 
ertain way, every step takes \the right

dire
tion" in Q

k

n

. Then, for every Z 2 V (P ) we have that

S(Z; Y ) � S(X;Y ) and jT (Z; Y )j � jT (X;Y )j;

and, as a 
onsequen
e, d

Q

k

n

(Z; Y ) � d

Q

k

n

(X;Y ). Su
h a path will be 
alled

an i-metri
 path. Clearly, an isometri
 embedding is i-metri
.

Lemma 7 Let G ,! Q

k

n

be an embedding. If P � G is an i-metri
 path

from X to Y then for every e 2 S(X;Y ) there exists a Z 2 V (P ) su
h that

e 2 Z

0

, Z

�

� X

�

[ Y

�

and Z

+

� X

+

[ Y

+

.

Proof. Sin
e 
hanging an element of the separator S(X;Y ) while walking

in an XY -path into Q

k

n

, from one sign to the other requires to move the sign

to zero and, after that, to the other sign, for every element in the separator

there exists a vertex Z in any XY -path with a zero in that position. To see

that su
h a vertex satis�es the extra sign 
onditions if we are in an i-metri


path, let e 2 S(X;Y ) and P = (X = Z

0

; Z

1

; : : : ; Z

m�1

; Z

m

= Y ) be an

i-metri
 XY -path. Now, let us suppose that (Z

s

)

+

6� X

+

[ Y

+

, let i 2

(Z

s

)

+

n (X

+

[Y

+

) and ` = min

�

j : (Z

j

)

i

= (Z

s

)

i

= +

	

. Sin
e X

i

6= (Z

`

)

i

,


learly ` > 0 thus, again by the Remark, it follows that (Z

`�1

)

i

= 0. But

then, the step (Z

`�1

; Z

`

) is not allowed in an i-metri
 XY -path, and this

is a 
ontradi
tion.

Theorem 2 A graph G is the 
ir
uit graph of a d-dimensional uniform

oriented matroid of order n > d + 2 if and only if its order is 2

�

n

d+2

�

and

there exists an antipodal i-metri
 embedding G ,! Q

n�d�2

n

su
h that for

every pair X 6= �Y 2 V (G), d

Q

n�d�2

n

(X;Y ) = jS(X;Y )j+

1

2

jT (X;Y )j.

Proof. The suÆ
ien
y of Theorem 2 results from the order of G and Lemas

6 and 7. That is to say, given a graph G with the properties stated by
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Theorem 2, it follows that G is the 
ir
uit graph of a d-dimensional uniform

oriented matroid of order n > d+ 2.

For the ne
essity of Theorem 2, let G ,! Q

n�d�2

n

be the natural embed-

ding of the 
ir
uit graph G of an uniform oriented matroidM = (E; C). By

Lemma 6, it just remains to show that this embedding is i-metri
. To do

this, we will 
onsider here three 
ases. For X 6= �Y 2 V (G),

Case 1 (S(X;Y ) = � = X

0

\ Y

0

).

In this 
ase their 
omposition � = X Æ Y is a tope of the oriented

matroid. In the topologi
al representation this tope is the ball that results

of interse
ting a number of 
losed semispa
es (
f. [3℄ Proposition 4.3.6) and

we may suppose, without loose of generality (via reorientation) |and with

a little abuse of notation| that

� =

\

H

+

i

= ++ � � �+;

where H

+

i

= fV 2 V(M) : V

i

2 f0;+gg. Sin
e the boundary of su
h a

ball �� is 
onne
ted and it 
ontains both X and Y , there exists a geodesi


XY -path P � �� in it. As we walk along this path from X to Y , the signs

of the elements of the path are those of the tope. As a 
onsequen
e, it

follows that P is an i-metri
 path.

For the remaining two 
ases, we will pro
eed by indu
tion. Clearly if

jEj = 3 the embedding is i-metri
 (see Figure 3). Now, let us suppose

that for every oriented matroid of order less than n su
h an embedding is

i-metri
 and let jEj = n.

Case 2 (X

0

\ Y

0

6= �).

Let j 2 X

0

\Y

0

. Consider the matroidM

0

=M=j and denote by G

0

its


ir
uit graph. Also let X

0

; Y

0

denote the 
ontra
tion of the 
ir
uits X and

Y . Clearly X

0

and Y

0

are two non-antipodal verti
es and, by the indu
tion

hypothesis, there exists an i-metri
 path P

0

= (X

0

; Z

1

; : : : ; Z

m

= Y

0

) in

Q

n�d�3

n

. Now, if we restore the j-th 
oordinate to ea
h ve
tor Z

`

|i.e., if

we 
onsider the ve
tors

^

Z

`

2 C for whi
h (

^

Z

`

)

k

= (Z

`

)

k

(for all k 6= j)|,

ea
h ve
tor re
eives a zero in that 
oordinate. Therefore, if Z

`

and Z

`+1

are adja
ents in G

0

then

^

Z

`

and

^

Z

`+1

are adja
ents in G. So, the path

P = (X;

^

Z

1

; : : : ;

^

Z

m

= Y ) is an XY -path in Q

n�d�2

n

and sin
e P

0

is an

i-metri
 path, it is not diÆ
ult to see that P is also an i-metri
 path.

Case 3 (X

0

\ Y

0

= � and S(X;Y ) 6= �).

Let k 2 S(X;Y ). Consider the matroidM

0

=Mnk and denote by G

0

its


ir
uit graph. Also let X

0

; Y

0

denote the restri
tion of the 
ir
uits X and Y .

On
e again, X

0

and Y

0

are two non-antipodal verti
es and, by the indu
tion
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hypothesis, there exists an i-metri
 path P

0

= (X

0

; Z

1

; : : : ; Z

m

= Y

0

). Let

us restore the k-th 
oordinate to ea
h ve
tor Z

`

, and 
onsider the resultant

su

esion (X;

^

Z

1

; : : : ;

^

Z

m

= Y ) in G. If

^

Z

`

and

^

Z

`+1

are not adja
ents

in G, sin
e Z

`

and Z

`+1

are adja
ent in G

0

(i.e., S(Z

`

; Z

`+1

) = � and

jT (Z

`

; Z

`+1

)j = 2), we must have that

S(

^

Z

`

;

^

Z

`+1

) = fkg and jT (

^

Z

`

;

^

Z

`+1

)j = 2:

Let T (

^

Z

`

;

^

Z

`+1

) = fr; sg. Now, due to the week elimination axiom,

there exists a 
ir
uit W 2 C su
h that k 2 W

0

, W

+

� (

^

Z

`

)

+

[ (

^

Z

`+1

)

+

and W

�

� (

^

Z

`

)

�

[ (

^

Z

`+1

)

�

. Observe then that for every i 62 fr; s; kg,

W

i

= (

^

Z

`

)

i

= (

^

Z

`+1

)

i

and so, without loose of generality, let 0 = (

^

Z

`

)

r

6=

W

r

= (

^

Z

`+1

)

r

and 0 = (

^

Z

`+1

)

s

6=W

s

= (

^

Z

`

)

s

.

From here it is not diÆ
ult to noti
e the following three fa
ts:

(i) W is adja
ent to both

^

Z

`

and

^

Z

`+1

, and therefore (

^

Z

`

;W;

^

Z

`+1

) is a

path in G.

(ii) If (

^

Z

`

)

i

= W

j

= 0 6= (

^

Z

`

)

j

, then j = k, i 6= s and as a result W

i

=

(Z

`+1

)

i

2 fX

i

; Y

i

g.

(iii) If W

i

= (Z

`+1

)

j

= 0 6= W

j

, then j = s and i 6= r. Sin
e k 2 S(X;Y ),

if i = k then (Z

`+1

)

i

2 fX

i

; Y

i

g; otherwise W

i

= (Z

`

)

i

and W

j

= (Z

`

)

j

.

A

ordingly, we have that (Z

`

)

i

= (Z

`+1

)

j

= 0 6= (Z

`

)

j

whi
h on its turn

implies that (Z

`+1

)

i

2 fX

i

; Y

i

g sin
e P

0

is i-metri
.

In this way we 
an 
onstru
t aXY -path in G from the su

esion (X;

^

Z

1

; : : : ;

^

Z

m

=

Y ) whi
h is i-metri
 sin
e P

0

is i-metri
.

This theorem leads to a new axiomatization of uniform oriented ma-

troids. However, the hypothesis of uniformity 
annot be dropped with-

out adding a new ingredient be
ause otherwise the 
ir
uit graph of a non-

uniform oriented matroid may not be embeddable in Q

k

n

. We believe that

there should be a notion of distan
e related to the �rst bari
entri
 subdi-

vision of the n-
ube that leads to a similar theorem but for the general

(non-uniform) 
ase.

4 The Distan
e Lemma

Proof of Lemma 5. Let X;Y 2 V (Q

k

n

). First of all, we exhibit a XY -

path with the desired length |this will show that the distan
e in Q

k

n

is at

most that of the statement. There are four 
ases:

Case 1 (S(X;Y ) = � and T (X;Y ) = �).

This 
ondition is equivalent to X = Y .
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Case 2 (S(X;Y ) = � and T (X;Y ) 6= �).

Let T

0

(X;Y ) = fi 2 E : X

i

= 0 6= Y

i

g (analogously T

0

(Y;X) =

fi 2 E : Y

i

= 0 6= X

i

g). Clearly T (X;Y ) = T

0

(X;Y ) [ T

0

(Y;X) and,

sin
e they have the same support size, jT

0

(X;Y )j = jT

0

(Y;X)j. Let us as-

sign an arbitrary (but �xed) linear order to both previously de�ned sets:

T

0

(X;Y ) = (�

1

; : : : ; �

jT

0

(X;Y )j

) and T

0

(Y;X) = (�

1

; : : : ; �

jT

0

(Y;X)j

). Now,

let fZ

1

; Z

2

; : : : ; Z

1

2

jT (X;Y )j

g be de�ned as follows:

(Z

m

)

i

=

�

Y

i

if i 2 f�

1

; : : : ; �

m

; �

1

; : : : ; �

m

g,

X

i

otherwise.

Observe that

S(X;Z

1

) = S(Z

1

; Z

2

) = : : : = S(Z

1

2

jT (X;Y )j�1

; Y ) = �;

jT (X;Z

1

)j = jT (Z

1

; Z

2

)j = : : : = jT (Z

1

2

jT (X;Y )j�1

; Y )j = 2;

and Z

1

2

jT (X;Y )j

= Y . Therefore, by the Remark, (X;Z

1

; Z

2

; : : : ; Z

1

2

jT (X;Y )j

=

Y ) is a XY -path and its length is

1

2

jT (X;Y )j.

Case 3 (S(X;Y ) 6= � and T (X;Y ) 6= �).

Let us assign an arbitrary (but �xed) linear order to the separator:

S(X;Y ) = (�

1

; : : : ; �

jS(X;Y )j

), and let fZ

1

; Z

2

; : : : ; Z

jS(X;Y )j

g be de�ned as

follows:

(Z

m

)

i

=

(

Y

i

if i 2 f�

1

; �

1

; : : : ; �

m�1

g,

0 if i = �

m

;

X

i

otherwise.

Observe that,

S(X;Z

1

) = S(Z

1

; Z

2

) = : : : = S(Z

jS(X;Y )j�1

; Z

jS(X;Y )j

) = �;

jT (X;Z

1

)j = jT (Z

1

; Z

2

)j = : : : = jT (Z

jS(X;Y )j�1

; Z

jS(X;Y )j

)j = 2:

Furthermore, S(Z

jS(X;Y )j

; Y ) = � and

jT (Z

jS(X;Y )j

; Y )j = jT (X;Y ) n f�

1

g [ f�

S(X;Y )

gj = jT (X;Y )j:

Now, let us 
onstru
t a Z

jS(X;Y )j

Y -path as in the previous 
ase. As it 
an

be seen, both paths 
ombined be
ome an XY -path of the desired length.

Case 4 (S(X;Y ) 6= � and T (X;Y ) = �).

Let i

0

2 X

0

= Y

0

be arbitrary (but �xed) and let Z

1

be de�ned as

follows

(Z

1

)

i

=

(

0 if i = �

1

,

+ if i = i

0

,

X

i

otherwise.
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Observe that S(Z

1

; Y ) = S(X;Y )nf�

1

g and T (Z

1

; Y ) = f�

1

; i

0

g, therefore

the previous 
ases apply.

To �nish the proof, we have to show that the distan
e in Q

k

n

is at least

that one stated by the Lemma. We do it by indu
tion.

Let d:V (Q

k

n

)� V (Q

k

n

)! IN be the following fun
tion

d(X;Y ) =

�

jS(X;Y )j+ 1 if X

�

= Y

�

;

jS(X;Y )j+

1

2

jT (X;Y )j otherwise.

By the Remark, it follows that d(X;Y ) = 1 if and only if d

Q

k

n

(X;Y ) = 1.

Let suppose that for every X;Y and for every m < m

0

, we have that

d(X;Y ) = m if and only if d

Q

k

n

(X;Y ) = m. Let (X;Z

1

; : : : ; Z

m

0

= Y )

be a geodesi
 XY -path (of length d

Q

k

n

(X;Y )). We want to prove that

d(X;Y ) � m

0

so, suppose that d(X;Y ) > m

0

.

Sin
e the path is geodesi
, it follows that d

Q

k

n

(X;Y ) = d

Q

k

n

(X;Z

1

) +

d

Q

k

n

(Z

1

; Y ) whi
h by hypothesis implies that m

0

= 1 + d(Z

1

; Y ), hen
e

d(X;Y ) > 1 + d(Z

1

; Y ).

Let

Æ

XY

=

n

1 if X

�

= Y

�

;

0 otherwise.

Then we 
an denote d(X;Y ) = jS(X;Y )j+

1

2

jT (X;Y )j+ Æ

XY

in
luding in

one equation both 
ases of d(X;Y ) de�nition. Re
all that X

�

= Y

�

if and

only if T (X;Y ) = �.

With this notation at hand we have that

jS(X;Y )j+

1

2

jT (X;Y )j+ Æ

XY

> 1 + jS(Z

1

; Y )j+

1

2

jT (Z

1

; Y )j+ Æ

Z

1

Y

:

Sin
e X is adja
ent to Z

1

, there exist i; j 2 E su
h that for every

` 62 fi; jg;X

`

= (Z

1

)

`

, X

i

= 0 6= (Z

1

)

i

and X

j

6= 0 = (Z

1

)

j

. Then S(X;Y )

and S(Z

1

; Y ) , and respe
tively T (X;Y ) and T (Z

1

; Y ), di�er only in the

i-th and j-th 
oordinates. This motivates the following notation: Given

F � E, let S

F

(X;Y ) = F \ S(X;Y ) and T

F

(X;Y ) = F \ T (X;Y ). Thus,

we have that

jS

ij

(X;Y )j+

1

2

jT

ij

(X;Y )j+ Æ

XY

> 1+ jS

ij

(Z

1

; Y )j+

1

2

jT

ij

(Z

1

; Y )j+ Æ

Z

1

Y

:

We 
onsider two 
ases:

Case 1 (T

ij

(X;Y ) = �).
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Sin
e X

i

= 0 6= (Z

1

)

i

and X

j

6= 0 = (Z

1

)

j

, then Y

i

= 0 and Y

j

6= 0

therefore, fi; jg � T

ij

(Z

1

; Y ) and i 62 S

ij

(X;Y ). But

2 � jS

ij

(X;Y )j+

1

2

jT

ij

(X;Y )j+Æ

XY

> 1+jS

ij

(Z

1

; Y )j+

1

2

jT

ij

(Z

1

; Y )j+Æ

Z

1

Y

� 2;

an obvious 
ontradi
tion.

Case 2 (T

ij

(X;Y ) 6= �).

Clearly, in this 
ase, Æ

XY

= 0. Then

jS

ij

(X;Y )j+

1

2

jT

ij

(X;Y )j > 1 + jS

ij

(Z

1

; Y )j+

1

2

jT

ij

(Z

1

; Y )j:

Sin
e X

i

= 0 then i 62 S

ij

(X;Y ), in 
onsequen
e j 2 S

ij

(X;Y ). Therefore

j 2 T

ij

(Z

1

; Y ), whi
h implies that

1+

1

2

� jS

ij

(X;Y )j+

1

2

jT

ij

(X;Y )j > 1+jS

ij

(Z

1

; Y )j+

1

2

jT

ij

(Z

1

; Y )j � 1+

1

2

;

a new 
ontradi
tion.

This 
on
ludes the proof.
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