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Abstra
t

Free binary de
ision diagrams (FBDDs) are graph{based data

stru
tures representing Boolean fun
tions with a 
onstraint (addi-

tional to binary de
ision diagrams) that ea
h variable is tested dur-

ing the 
omputation at most on
e. The fun
tion EAR

n

is a Boolean

fun
tion on n� n Boolean matri
es; EAR

n

(M) = 1 i� the matrix M


ontains two equal adja
ent rows. We prove that the size of optimal

FBDDs 
omputing EAR

n

is 2

�(log

2

n)

.

1 Introdu
tion

Graph{based data stru
tures representing Boolean fun
tions are important

both from the pra
ti
al (veri�
ation of 
ir
uits) and from the theoreti
al

(
ombinatorial properties of Boolean fun
tions) point of view. The sizes of

minimal representations of di�erent Boolean fun
tions in a 
ertain 
lass of

data stru
tures and the relation between the sizes in di�erent 
lasses are

intensively studied. We refer the reader to a re
ent monograph [6℄ on the

topi
 by Wegener.

A binary de
ision diagram (BDD) is a dire
ted graph where verti
es

are labelled with input variables and the two outgoing ar
s with values 0
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and 1 (we understand 0 to be false and 1 to be true). The 
omputation is

started in a spe
ial vertex 
alled a sour
e and guided in a natural way by

the input to one of the two spe
ial verti
es, 
alled sinks | one of them is

an a

epting sink (1{sink) and the other one is a reje
ting sink (0{sink).

We refer the reader for a formal de�nition to Se
tion 2. We study free

binary de
ision diagrams (FBDDs) in this paper; they are BDDs with an

additional 
onstraint that ea
h variable is tested during the 
omputation at

most on
e. FBDDs were introdu
ed by Masek in [3℄ (he 
alled them read{

on
e bran
hing programs) already in 1976. Lots of upper and lower bounds

on the sizes of FBDDs have been proved sin
e: The �rst lower bound was

proved in [7, 8℄ and further ones were proved later, e.g. [1, 2, 4, 5℄.

The fun
tion EAR

n

is de�ned on n � n Boolean matri
es as follows:

The value of EAR

n

(M) is 1 i� M 
ontains two adja
ent equal rows, i.e. if

there exists 1 � i

0

< n su
h that for all 1 � j � n M [i

0

; j℄ = M [i

0

+ 1; j℄

(throughout the paper the �rst 
oordinate always 
orresponds to the rows of

the matrix). The problem to de
ide whether the fun
tion EAR

n

has FBDDs

of a polynomial size was mentioned as an open problem in [6℄ (Problem 6.17).

We prove that the size of optimal FBDDs for the fun
tion EAR

n

(M) is

2

�(log

2

n)

. This settles the original problem. The interest in the size of

FBDDs for EAR

n

is ampli�ed by the fa
t that the size of its optimal FBDDs

is neither polynomial nor exponential.

The paper is stru
tured as follows: We re
all basi
 de�nitions related

to (free) binary de
ision diagrams in Se
tion 2. Next, we prove the upper

bound 2

O(log

2

n)

on the size of FBDDs 
omputing the fun
tion EAR

n

in

Se
tion 3. The mat
hing lower bound 2


(log

2

n)

is proved in Se
tion 4.

2 De�nitions and Notation

A binary de
ision diagram (BDD, bran
hing program) B is an a
y
li
 di-

re
ted graph with three spe
ial verti
es: a sour
e, a 0{sink and a 1{sink.

We 
all the verti
es of B nodes. Ea
h node ex
ept for the sinks has out{

degree two and it is assigned one of the input variables; one of the two ar
s

leading from it is labelled with 0 and the other with 1. The out{degrees

of the sinks are zero. The size of a BDD is the number of its nodes. The


omputation path for x

1

; : : : ; x

n

in B is the (unique) path v

0

; : : : ; v

k

with

the following properties:

� The node v

0

is the sour
e of B.
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� If the node v

i

; 0 � i � k�1 has been assigned a variable x

j

, then v

i+1

is the unique node to whi
h an ar
 labelled with the value of x

j

leads

from v

i

to.

� The node v

k

is either the 0{sink or the 1{sink.

The value of the fun
tion f

B

(x

1

; : : : ; x

n

) is equal to 1 if the last node of the


omputation path for x

1

; : : : ; x

n

is the 1{sink. We say that the fun
tion f

B

is


omputed by B and the diagram B represents the fun
tions f

B

. We say that

B is redu
ed if ea
h its node is on a 
omputation path for some 
hoi
e of the

input variables and there are no parallel ar
s in B. It is straightforward (
f.

[6℄) to prove that for ea
h binary de
ision diagram there exists one whi
h

is redu
ed and whi
h 
omputes the same fun
tion. We say that a binary

de
ision diagram B is a free binary de
ision diagram (FBDD, read{on
e

bran
hing program) if for any 
hoi
e of the input variables, the 
omputation

path for them does not 
ontain two verti
es with the same variable assigned,

i.e. during the 
omputation ea
h variable is tested at most on
e.

Let B be a �xed (free) binary de
ision diagram in this paragraph. If

the values of the variables x

1

; : : : ; x

n

are �xed, then we de�ne for a node

v on the 
omputation path for x

1

; : : : ; x

n

the test set of v as the set of all

the variables assigned to the nodes pre
eding v, i.e. the set of the variables

whi
h have been already tested during the 
omputation. In 
ase of (F)BDDs


omputing the fun
tion EAR

n

, we understand the test sets as the set of the


oordinates of the tested entries of the matrix.

3 Upper Bound

Let n be the size of the input matrix for the fun
tion EAR

n

unless other-

wise stated throughout this se
tion. Consider the following algorithm (Algo-

rithm 1): The algorithm is based on a fun
tion test(row1,row2,
olumn,bit1,bit2)

whi
h tests whether the submatrix formed by the rows from row1 to row2

and the 
olumns from 
olumn to n 
ontain two equal adja
ent rows; it as-

sumes that matrix[row1,
olumn℄=bit1 and matrix[row2,
olumn℄=bit2.

The fun
tion starts sweeping the entries of the 
olumn 
olumn from the row

row1 to the row row2. If the fun
tion dis
overs two di�erent entries, let say

that matrix[i,
olumn℄<>matrix[i+1,
olumn℄, then two equal adja
ent

rows 
an be only among the rows from the row row1 to the row i or among

the rows from the row i+1 to the row row2. It is possible to 
all the fun
-

tion re
ursively at the moment to handle ea
h of these two 
ases separately.
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However, we make a re
ursive 
all only for the smaller 
ase and for the

larger one, we \restart" the fun
tion with new parameters (this saves spa
e

used by the algorithm and the proof of Proposition 2 suggests why this is

a good idea). The only role of parameters bit1 and bit2 is to prevent the

fun
tion to a

ess a single bit twi
e; the values of the two entries provided

in these two variables were already a

essed and the 
alled fun
tions need

them in order to work properly (see the proof of Proposition 1 and the proof

of Proposition 3 for details).

Algorithm 1

Initial 
all: test(1, n, 1, matrix[1,1℄, matrix[n,1℄)

pro
edure test(row1, row2, 
olumn, bit1, bit2: integer);

var i: integer;

begin

restart:

if row1+1=row2 then {Condition 1}

begin

if bit1<>bit2 then exit;

for i:=
olumn+1 to n do

if matrix[row1,i℄<>matrix[row2,i℄ then

exit;

a

ept

end;

i:=row1+1;

while i<=row2-1 do

if bit1=matrix[i,
olumn℄ then {Condition 2}

i:=i+1

else

begin

if row1=i-1 then {Condition 3}

begin

row1:=row1+1;

bit1:=not(bit1);

goto restart;

end;

if (i-1)-row1 < row2-i then {Condition 4}

begin

if 
olumn=n then a

ept;
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test(row1,i-1,
olumn+1,

matrix[row1,
olumn+1℄,matrix[i-1,
olumn+1℄);

row1:=i;

bit1:=not(bit1);

goto restart

end

else

begin

test(i,row2,
olumn,not(bit1),bit2);

bit2:=bit1;

row2:=i-1;

goto next_
olumn

end;

end;

next_
olumn:

if 
olumn=n then a

ept;

if bit1<>bit2 then row2:=row2-1;


olumn:=
olumn+1;

bit1:=matrix[row1,
olumn℄;

bit2:=matrix[row2,
olumn℄;

goto restart

end;

The following three propositions are proved by indu
tion for 
olumn =

n; : : : ; 1 and row2� row1 = 1; : : : ; n� 1. We in
lude their rather te
hni
al

proofs for the 
ompleteness:

Proposition 1 The fun
tion test from Algorithm 1 a

esses only the en-

tries of the matrix with the 
oordinates [x; y℄ whi
h satisfy one of the fol-

lowing:

row1 < x < row2 and y = 
olumn

row1 � x � row2 and 
olumn < y � n

Moreover, the fun
tion test a

esses ea
h su
h entry at most on
e.

Proof: If Condition 1 applies, the statement of the proposition is obvious.

Otherwise, the while-
y
le is started; note that in this 
ase, only the entries

in the 
olumn 
olumn are a

essed before the fun
tion is \restarted", i.e.

a goto-statement to the label restart is exe
uted. On
e the fun
tion is

restarted, the indu
tion 
an be used to get the statement of the proposition.
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If Condition 2 is always true, the exe
ution rea
hes the label next_
olumn.

Sin
e in this 
ase i is in
reased by one in ea
h loop of the while-
y
le, the

statement of the lemma for the entries in the 
olumn 
olumn holds and

the indu
tion gives the statement for the entries in the 
olumns 
olumn+

1; : : : ; n.

Let us assume that Condition 2 is false for some i. If Condition 3 applies,

the indu
tion is used. Otherwise, a re
ursive 
all is made. In this 
ase,

the indu
tion together with a 
arefull 
omparison of the paramaters of the

re
ursive 
all to the fun
tion test and the parameters when the fun
tion is

\restarted" gives the statement.

Proposition 2 The depth of the re
ursive 
alls in the fun
tion test from

Algorithm 1 is at most log

2

(row2� row1+ 1).

Proof: The di�eren
e row2�row1 is never in
reased during the exe
ution

of the fun
tion test. The re
ursive 
all is made only when the algorithm

rea
hes Condition 4. If (i�1)�row1 < row2� i, then 2i�1 < row1+row2.

Hen
e the expression row2�row1+1 in the re
ursive 
all, i.e., (i�1)�row1,

is smaller or equal to the half of the expression row2 � row1 + 1. In the


ase that (i � 1) � row1 � row2 � i, a symmetri
 argument yields the

analogous 
on
lusion. We may 
on
lude that at ea
h 
all the expression

row2� row1+ 1 is at least halved, i.e., it is at most half of this expression

when the fun
tion test has been 
alled and thus the re
ursion depth is at

most log

2

(row2� row1+ 1).

Proposition 3 The fun
tion test a

epts i� there are two equal adja
ent

rows in the submatrix of the input matrix formed by the rows from the row

row1 to the row row2 and by the 
olumns from the 
olumn 
olumn to the


olumn n.

Proof: If Condition 1 applies, the statement of the proposition is obvious.

Otherwise, the while-
y
le is started. If all the entries at positions [i; 
olumn℄

for row1 < i < row2 are equal to bit1, the exe
ution of the fun
tion rea
hes

the label next_
olumn. If 
olumn = n, then there are two equal adja
ent

rows in the submatrix (re
all that row1+1 � row2) and the fun
tion a

epts.

Otherwise, it is tested whether bit1 = bit2. If so, then the entries of the
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rows from the row row1 to the row row2 in the 
olumn 
olumn are the same.

The fun
tion is \restarted" with the value of 
olumn in
reased by one and

the indu
tion is used to get the 
laim. Otherwise, bit1 6= bit2. If there

are two equal adja
ent rows in the submatrix, then they must be among

the rows from the row row1 to the row row2� 1; hen
e the value of row2 is

des
reased by one, the value of 
olumn is in
reased by one, the fun
tion is

\restarted" and the indu
tion gives the statement.

Assume now that there exists i

0

, row1 < i

0

< row2, su
h that bit1

di�ers from the entry at the position [i

0

; 
olumn℄. If i

0

= row1+1 (tested by

Condition 3), we just in
rease row1 by one and \restart" the fun
tion. The

indu
tion again gives the statement in this 
ase. Otherwise, the adja
ent

rows 
an only be either among the rows from the row row1 to the row

i

0

� 1 or among the rows from the row i

0

to the row row2 (note that it

holds i

0

< row2 due to the 
ondition of the while-
y
le). The fun
tion is

re
ursively 
alled for the part 
onsisting of the smaller number of rows. If

the smaller part is the part 
ontaining the rows with already tested entries,

the 
olumn 
olumn is 
ut from it. In this 
ase, two equal adja
ent rows (if

exist) in this smaller submatrix (from whi
h the 
olumn 
olumn was 
ut)

together with two entries from the 
olumn 
olumn form two equal adja
ent

rows. We may 
on
lude: If there are two adja
ent rows in the smaller part of

the submatrix, the fun
tion a

epts due to the indu
tion and there are two

equal adja
ent rows in the original submatrix (the 
ase that the smaller part

does not 
ontain rows with already tested entries is trivial). If the smaller

part does not 
ontain two adja
ent rows, then the fun
tion is \restarted"

for the larger part of the submatrix and again the indu
tion is used to get

the statement in a similar fashion when the re
ursive 
all for the smaller

part was made.

Theorem 1 There is a FBDD B 
omputing EAR

n

of size 2

O(log

2

n)

.

Proof: Algorithm 1 stores during its 
omputation at most O(log n) num-

bers from the range from 1 to n due to Proposition 2 (ea
h 
all of the

fun
tion test in
reases the number of the stored variables by a 
onstant).

Hen
e the algorithm uses at most O(log

2

n) bits and the number of di�er-

ent states whi
h 
an be rea
hed during the 
omputation by the algorithm

is bounded by 2

O(log

2

n)

; the state in
ludes the pointer to the instru
tion to

be exe
uted and the 
ontent of the memory. We 
an 
reate a BDD B with
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2

O(log

2

n)

nodes whi
h simulates the 
omputation of Algorithm 1: Its nodes

will 
orrespond to the states of the algorithm just before a

essing an entry

of the input matrix and depending on its value the 
omputation (in the di-

agram) 
ontinues to one of the 
onsequent nodes. The 
omputation rea
hes

the 1{sink if Algorithm 1 a

epts. Proposition 1 implies that B is a
tually

a free binary de
ision diagram and Proposition 3 gives that B 
omputes the

fun
tion EAR

n

.

4 Lower Bound

4.1 Notation Used in the Lower Bound Proof

Let n be �xed in this subse
tion and determine the size of the input matrix.

The adversary generates an input matrix depending on the previous 
ompu-

tation done by the diagram. The adversary strategy is des
ribed by a pair


onsisting of a binary tree T of depth d := blog

3

n
 � 1 (a tree 
onsisting

only of a root has depth 1 and an empty tree has depth 0) and a sequen
e

of bits of length (blog

3

n
 � 1)blogn


2

(the bases of the logarithms are two

unless written di�erently). If the adversary uses a labelled tree T and a bit

ve
tor b, we say that the 
omputation is guided by (T; b). There is a natural

one{to{one 
orresponden
e between the verti
es of T and sequen
es of 0

and 1 of length at most d whi
h 
an be de�ned indu
tively as follows: Let

a

1

; : : : ; a

k

be a sequen
e of zeroes and ones. If k = 1, then the 
orresponding

vertex is the root. If a

1

= 0, resp. a

1

= 1, then the 
orresponding vertex

is the vertex of the left, resp. right, subtree of the root 
orresponding to

a

2

; : : : ; a

k

. Ea
h vertex v of T is assigned an integer from a 
ertain interval:

If the sequen
e a

1

; : : : ; a

d


orresponds to v, then v is assigned an integer

from the following interval (
f. Figure 1):

��

2a

1

3

1

+ : : :+

2a

d

3

d

+

1

3

d+1

�

n+ 1;

�

2a

1

3

1

+ : : :+

2a

d

3

d

+

2

3

d+1

�

n

�

We 
all a binary tree with integers assigned to its verti
es from the intervals

above a labelled tree of order n or a labelled tree if the value of n is 
lear

from the 
ontext. We write I

i

(T ) for the set of the integers assigned to the

verti
es of T in depth at most i, 0 � i � d; I

0

(T ) is an empty set. If T is a

labelled tree of order n and of depth d, we de�ne a 
olumn 


k

(T ), 1 � k � d
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4; : : : ; 6

10; : : : ; 18

22; : : : ; 24

28; : : : ; 54

58; : : : ; 60

64; : : : ; 72

76; : : : ; 78

Figure 1: Intervals for a labelled tree of order n = 81

of n bits as follows: The i{th entry of 


k

(T ) is 0 if the number of integers

of I

k

(T ) less than i is even and it is 1 otherwise. Let b := b

l

k

; 1 � k �

d = blog

3

n
 � 1; 1 � l � blogn


2

, be the sequen
e of (blog

3

n
 � 1)blogn


2

bits whi
h is a part of the des
ription of the adversary strategy. We de�ne




l

k

(T; b) to be 


k

(T ) if b

l

k

= 0 and to be the negation of 


k

(T ) otherwise

(1 � k � d and 1 � l � blogn


2

).

We say that the k{th pair of rows, 1 � k � n � 1, was explored during

the 
omputation if there is 
; 1 � 
 � n su
h that the entries M [k; 
℄ and

M [k+1; 
℄ of the input matrix M were already tested and M [k; 
℄ 6=M [k+

1; 
℄, i.e. the k{th pair of rows of the input matrix have been dis
overed to

be di�erent. If B is a FBDD 
omputing the EAR

n

fun
tion and v is the

node on the 
omputation path in B, then the exploration set E(v) of v is

the set of all the integers k for whi
h the k{th pair of rows was explored

before the test at v. The numbers of E(v) are 
alled explored. We say

that the exploration set E(v) is separated if jfk; k + 1g \ E(v)j � 1 for any

1 � k � n� 2 and neither 1 2 E(v) nor n� 1 2 E(v).

4.2 Adversary Strategy

Let n be a �xed (suÆ
iently large) integer, B a �xed FBDD 
omputing

EAR

n

, T a �xed labelled tree of order n and b a �xed ve
tor des
ribing

the adversary strategy in this subse
tion. The adversary 
reates the input

matrix M depending on the 
omputation performed by B. The adversary

sele
ts a whole 
olumn ea
h time when B a

esses a variable from a 
olumn

whose any entry has not been tested so far (we 
all su
h a 
olumn new).

The adversary stops the 
omputation at a 
ertain node before rea
hing any

of the sinks. The strategy is as follows:
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� Initially, set level = 1 and 
olumns = 0.

� If B does not a

ess a new 
olumn, the value of the entry of the input

matrix is determined.

� If B a

esses a new 
olumn 
, no number of I

level

(T; b)n I

level�1

(T; b)

has been explored and 
olumns < blogn


2

, then 
 will be 



olumns+1

level

(T; b)

and the value of 
olumns will be then in
reased by one.

� If B a

esses a new 
olumn 
, no number of I

level

(T; b)n I

level�1

(T; b)

has been explored and 
olumns = blogn


2

, then the 
omputation will

be stopped.

� If B a

esses a new 
olumn 
, there is a number of I

level

(T; b) n

I

level�1

(T; b) whi
h has been explored and the inequality level <

blog

3

n
�1 holds, then 
 will be 


1

level+1

(T; b), the value of level will

be then in
reased by one and the value of 
olumns will be set to one.

� If B a

esses a new 
olumn 
, there is a number of I

level

(T; b) n

I

level�1

(T; b) whi
h has been explored and level = blog

3

n
�1, then

the value of level will be in
reased by one and the 
omputation will

be stopped.

The adversary wants to for
e B to either explore lots of (not too 
lose) pairs

of rows or to a

ess lots of 
olumns without exploring any pairs of rows.

In the former 
ase, B has to \remember" whi
h pairs of rows have been

explored; in the latter, B has to \remember" at least some values from lots

of 
olumns. In order to rea
h the former goal, the adversary provides to B


olumns 


l

k

for k = level until a number from I

level

(T; b) n I

level�1

(T; b)

is explored. In order to rea
h the latter goal, the adversary provides B


olumns 


l

k

in
reasing l. When one of the goals is rea
hed, the adversary

stops the 
omputation.

If the 
omputation was stopped when level � blog

3

n
� 1, we say that

the 
omputation was stopped prematurely. Note that at most O(log

3

n)


olumns are a

essed before the 
omputation is stopped by the adversary

(this is the point where we need that n is suÆ
iently large). Sin
e the matrix


onsisting only of 
olumns 


l

k

; 1 � k � d; 1 � l � blogn


2

, de�nitely 
ontains

two equal adja
ent rows, the 
omputation is stopped before rea
hing any of

the sinks (if n is large).

We write v(T; b) for the node of B where the adversary stopped the


omputation when guided by (T; b), E(T; b) for the exploration set of v(T; b)

and M(T; b) be the test set of v(T; b).
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4.3 Analysis of the Strategy

Let n be a �xed (suÆ
iently large) integer and B a �xed FBDD 
omputing

EAR

n

in this subse
tion.

Lemma 1 Let T be a labelled tree of order n and of depth d. For ea
h

x

1

; x

2

2 I

k

(T ); 1 � k < d, there exists a number x for whi
h x

1

< x < x

2

and x 2 I

k+1

(T ) n I

k

(T ). In addition, min I

k+1

(T ) 2 I

k+1

(T ) n I

k

(T ) and

max I

k+1

(T ) 2 I

k+1

(T ) n I

k

(T ).

Proof: This immediately follows from the 
hoi
e of the intervals in the

de�nition of a labelled tree.

Lemma 2 Let the pair (T; b) be a des
ription of the adversary strategy.

Then the set E(T; b) is separated.

Proof: It is enough to realize that E(T; b) � I

d

(T ) where d is the depth

of T . The set I

d

(T ) satis�es the 
ondition jfk; k + 1g \ I

d

(T )j � 1 for any

1 � k � n � 2 be
ause the intervals from whi
h the numbers are assigned

to the verti
es of T are disjoint and any two of them are separated by at

least one integer.

Lemma 3 Let the pairs (T; b) and (T

0

; b

0

) be des
riptions of the adversary

strategy. If E(T; b) 6= E(T

0

; b

0

), then v(T; b) 6= v(T

0

; b

0

).

Proof: Suppose the opposite, i.e. v(T; b) = v(T

0

; b

0

). We prove that B

does not 
ompute EAR

n

. We may assume that there exists i

0

2 E(T; b) n

E(T

0

; b

0

) be
ause E(T; b) 6= E(T

0

; b

0

) and the roles of (T; b) and (T

0

; b

0

) are

symmetri
. If n is large, then M(T; b)[M(T

0

; b

0

) omits at least one 
olumn.

We sele
t this 
olumn, 
all it 


0

, in su
h manner that the only possible pair

of rows whi
h 
an be equal is the i

0

{th pair (i.e., its entries alternate ex
ept

for the i

0

{th and the (i

0

+ 1){th entry). We 
hoose the untested entries

of the matrix in su
h way that the i

0

{th and (i

0

+ 1){th rows are equal;

note that the entries of the 
olumns previously de�ned by the adversary

might be 
hanged in this step. B a

epts the 
reated matrix. On the

other hand, if we �ll with the same entries the matrix partially dis
overed

during the 
omputation guided by (T; b) (note that B | when 
ontinuing

11



the 
omputation | 
an only a

ess the entries of the matrix whi
h were

not tested during the 
omputation guided by either (T; b) or (T

0

; b

0

) and

hen
e this de�nes all the entries of the matrix whi
h 
an be a

essed when


ontinuing the started 
omputation), B a

epts. But sin
e i

0

2 E(T; b) and

only the i

0

{th and (i

0

+ 1){th entries of 


0

are equal, B had to reje
t.

Lemma 4 Let the pairs (T; b) and (T

0

; b

0

) determine the adversary strategy.

If M(T; b) 6= M(T

0

; b

0

), then v(T; b) 6= v(T

0

; b

0

).

Proof: If E(T; b) 6= E(T

0

; b

0

), then v(T; b) 6= v(T

0

; b

0

) due to Lemma 3.

Assume E(T; b) = E(T

0

; b

0

) and let E

0

:= E(T; b) = E(T

0

; b

0

). We may fur-

ther assume that there exists [x; y℄ 2M(T; b)nM(T

0

; b

0

) be
ause M(T; b) 6=

M(T

0

; b

0

) and the roles of (T; b) and (T

0

; b

0

) are symmetri
. Sin
e E

0

is

separated (due to Lemma 2), x� 1 62 E

0

^ x� 1 � 1 or x 62 E

0

^ x � n� 1.

It is enough to 
onsider the 
ase that x 62 E

0

and x � n � 1 due to the

symmetry. If n is large, then M(T; b)[M(T

0

; b

0

) omits at least one 
olumn,

say 


0

. We 
omplete the matrix from the 
omputation guided by (T; b)

in su
h manner that the x{th and the (x + 1){th row are equal (this is

possible be
ause x 62 E

0

) and we 
hoose 


0

to be a 
olumn whose entries

alternates ex
ept for the pair formed by the x{th and the (x + 1){th one.

The entries already de�ned by the adversary might be 
hanged in this step.

The rest of the matrix is 
ompleted arbitrarily. The diagram B a

epts

this matrix. On the other hand, if we �ll with the same entries the matrix

partially dis
overed during the 
omputation guided by (T

0

; b

0

) (re
all that

B 
an only a

ess the entries of the matrix whi
h were not tested during the


omputation guided by either (T; b) or (T

0

; b

0

) when 
ontinuing the stopped


omputation and hen
e this de�nes all the entries of the matrix whi
h B

may a

ess), B a

epts. But B did not test the entry of the matrix with the


oordinates [x; y℄ and the x{th pair of rows is the only one whi
h 
an form

two equal adja
ent rows. If we 
hoose this entry to be di�erent from the

entry with the 
oordinates [x+ 1; y℄, then B had to reje
t.

Lemma 5 If there exists a labelled tree T su
h that for any bit ve
tor b the


omputation guided by (T; b) stops prematurely, then the size of B is at least

2

blogn


2

.

12



Proof: Let T be a labelled tree with the properties from the statement of

the lemma. Let k

0

be the largest value of level obtained for some ve
tor b

0

when the 
omputation is stopped. Let B be the set of 2

blogn


2

bit ve
tors

whi
h agree with b

0

for all the entries ex
ept for b

l

k

0

; 1 � l � blogn


2

. The

value of level when the 
omputation guided by (T; b) is stopped for b 2 B

is k

0

: It 
annot be more due to the 
hoi
e of b

0

and it 
annot be less be
ause

rea
hing the level k

0


an be in
uen
ed only by the entries b

l

k

for k < k

0

.

We prove that all the nodes v(T; b) for b 2 B are mutually di�erent.

Let b and b

0

be two ve
tors in B with v(T; b) = v(T; b

0

). It holds

that E(T; b) = E(T; b

0

) due to Lemma 3 and M(T; b) = M(T; b

0

) due to

Lemma 4; let E

0

and M

0

be their 
ommon values. Let l

0

be the smallest

l for whi
h b and b

0

di�er; we may assume that b

l

0

k

0

= 0 and b

0

l

0

k

0

= 1. Let

[x

0

; y

0

℄ 2M

0

be the �rst entry of the matrix tested in the 
olumn de�ned by




l

0

k

0

; due to the 
hoi
e of l

0

, the entry [x

0

; y

0

℄ is the same for the 
omputation

guided by (T; b) and (T; b

0

). On the other hand, sin
e b

l

0

k

0

6= b

0

l

0

k

0

, the value

of the entry [x

0

; y

0

℄ is di�erent when the 
omputation is guided by (T; b) and

when it is guided by (T

0

; b

0

). Let x

1

and x

2

be (the uniquely determined)

integers su
h that x

1

� x

0

� x

2

, [x; y

0

℄ 2 M

0

for all x

1

� x � x

2

, all the

entries [x; y

0

℄ have the same value in either of the two matri
es and x

1

is

the smallest and x

2

is the largest integer with these properties. It 
annot

be that both x

1

� 1 2 E

0

_ x

1

= 1 and x

2

2 E

0

_ x

2

= n; otherwise, either

x

1

� 1 2 I

k

0

(T ) n I

k

0

�1

(T ) or x

2

2 I

k

0

(T ) n I

k

0

�1

(T ) (Lemma 1) and the


omputation 
annot be stopped prematurely with level = k

0

. We assume

that x

2

2 E

0

(the other 
ase is symmetri
).

If n is large, thenM

0

omits at least one 
olumn. We 
omplete the matrix

from the 
omputation guided by (T; b) in su
h manner that the x

2

{th and

the (x

2

+ 1){th row are equal (this is possible be
ause x

2

62 E

0

) and we


hoose 


0

to be a 
olumn whose entries alternates ex
ept for the pair formed

by the x

2

{th and the (x

2

+ 1){th entry. The entries previously de�ned by

the adversary might be 
hanged in this step. The rest of the matrix is


ompleted arbitrarily. The diagram B a

epts this matrix. On the other

hand, if we �ll with the same entries the matrix partially dis
overed during

the 
omputation guided by (T; b

0

) (note that this de�nes all the entries

of the matrix whi
h 
an be a

essed by B when 
ontinuing the started


omputation), B a

epts. But the entries [x

2

; y℄ and [x

2

+1; y℄ are di�erent

and only the x

2

{th pair of rows might form two equal adja
ent row due to




0

. Thus B had to reje
t.
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4.4 The Bound

Theorem 2 Let B be a FBDD 
omputing EAR

n

. The the size of B is at

least 2


(log

2

n)

.

Proof: We assume that n is large enough to hold Lemma 3 and Lemma 5.

We may assume: For ea
h labelled binary tree T , there exists a bit ve
-

tor b

T

for whi
h the 
omputation guided by (T; b

T

) does not stop prema-

turely. Otherwise, Lemma 5 would imply the lower bound. We prove that

j

S

T

fv(T; b

T

)gj � 2


(log

2

n)

. Let E

0

=

S

T

fE(T; b

T

)g. Due to Lemma 3, it

is enough to prove that jE

0

j � 2


(log

2

n)

.

We will not use integer parts in the rest of the proof in order to improve


larity of the arguments. It is straightforward to 
he
k that this does not


hange the asymptoti
 of the obtained result. We 
reate a bipartite graph

G with one of its parts formed by verti
es 
orresponding to the elements of

E

0

and the other one formed by verti
es 
orresponding to all the possible

labelled trees of order n (we further a
tually identify the verti
es with the

elements to whi
h they 
orrespond). The number N of labelled trees of

order n is:

N =

d

Y

k=1

�

n

3

k

�

2

k�1

We join ea
h labelled tree T to E 2 E

0

su
h that E � I(T ); the degree of

any vertex 
orresponding to a labelled tree is at least one, sin
e it is joined

at least to E(T; b

T

). Thus G 
ontains at least N edges. On the other hand,

it straightforward to verify that the degree of any vertex 
orresponding to

E 2 E

0

is at most the following number N

0

(ea
h E 
ontains at least one

element from the k{th level of the tree, 1 � k � d):

N

0

=

d

Y

k=1

�

n

3

k

�

2

k�1

�1

We may 
on
lude that the size of E

0

is at least:

jE

0

j �

N

N

0

=

d

Y

k=1

n

3

k

A straightforward 
omputation gives the desired bound:

jE

0

j �

d

Y

k=1

n

3

k

14



log jE

0

j �

d

X

k=1

log

n

3

k

�

d

X

k=1

log

3

d

3

k

=

d

X

k=1

(d� k) = 
(d

2

) = 
(log

2

n)

jE

0

j � 2


(log

2

n)
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