H-colorings of Large Degree Graphs^∗

Josep Díaz^† Jaroslav Nešetřil^‡ Maria Serna^†

Dimitrios M. Thilikos^†

Abstract We consider the H-coloring problem on graphs with vertices of large degree. We prove that for H an odd cycle, the problem belongs to P. We also study the phase transition of the problem, for an infinite family of graphs of a given chromatic number, i.e. the threshold density value for which the problem changes from P to NP-complete. We extend the result for the case that the input graph has a logarithmic size of small degree vertices. As a corollary, we get a new result on the chromatic number; a new family of graphs, for which computing the chromatic number can be done in polynomial time.

1 Introduction

Given a graph G, with vertex set V (G) and edge set E(G), a k-coloring of G is a mapping of V to {1, . . . , k} such that no two vertices on the same edge receive the same color. Given graphs G and H, an homomorphism of G to H is an edge preserving mapping of V (G) to V (H).

For any fixed graph H, the H-coloring problem consists in deciding whether there is a homomorphism of a given input graph G into H.

As usual, let K_k denote a complete graph on k vertices. Then, the problem of deciding if there is a K_k -coloring of G is the problem of deciding if G

∗This research was supported by the IST Program of the EU under contract number IST-99-14186 (ALCOM-FT). It was also supported by the the Project LN00A056 of the Czech Ministery of Education, the Spanish CICYT project TIC2000-1970-CE, and the Ministry of Education and Culture of Spain (Resolución 31/7/00 – BOE 16/8/00).

†Departament de Llenguatges i Sistemes, Universitat Politècnica Catalunya, Jordi Girona Salgado 1–3, 08034-Barcelona {diaz,sedthilk,mjserna}@lsi.upc.es ‡DIMATIA-ITI and Department of Applied Mathematics, Charles University, Malostranské nám. 25, 118 00 Prague, nesetril@kam.ms.mff.cuni.cz

is k-colorable. Thus the H-coloring problem naturally generalizes decision problems related to the chromatic number. Further examples of H-coloring problems include circular chromatic number [7], T -colorings and problems related to channel assignments problems [6].

For general graphs, the complexity of the H-coloring problem is well known, the problem is in P if H is bipartite, otherwise it is NP-complete [5]. In this paper, we are interested in studying the complexity of the H-coloring for certain types of dense input graphs. Given a constant 0 ≤ α < 1, a graph G is said to be α-dense if δ(G) ≥ α|G(V )|, where δ(G) denotes the minimum vertex degree of G.

For any fixed graph H and a constant 0 ≤ α < 1, the (H, α)-coloring problem consists in: Given an α-dense graph G, determine whether there is an H-coloring of G. Notice that α is a parameter of the problem.

¿From the previous definition, it follows that for any two constants α, β such that 0 ≤ α ≤ β < 1, we get:

• If the (H, α)-coloring problem is in P, then the (H, β)-coloring problem is in P,

• if the (H, β)-coloring problem is NP-complete , then the (H, α)-coloring problem is NP-complete,

where the definitions of the complexity classes P and NP-complete are the well known ones. These properties motivates the following definition:

Definition 1. Given a graph H the complexity threshold c(H) is defined as the inf{α | (H, α)-coloring ∈ P}.

One immediate consequence of the previous definition is the fact that c(H) = 0 if and only if for every 0 < α < 1, the (H, α)- coloring problem is in P. This is the case when H is a bipartite graph, as in this case even the (H, 0)-coloring problem is in P.

For every graph H, the threshold c(H) exists. A question of interest is whether c(H) can be defined alternatively as

sup{α | (H, α)-coloring ∈ NP-complete}.

A second question is whether there are graphs H for which

c(H) = min{α | (H, α)-coloring ∈ P}.

All non-bipartite examples for which we can compute the exact threshold indicate that c(H) is never attained. A positive answer to the first question follows from an affirmative solution to the following dichotomy conjecture:

For every H and every α, the (H, α)-coloring problem is either NP-complete or P.

A partial affirmative answer to the previous conjecture was given by Edwards, for a particular case. He considered the graph family {K_k}_{k≥3}, where for each k, c(K_k) = (k − 3)/(k − 2) (see Theorem 2.5 of [3]).

In Sections 2 and 3, we extend Edwards’ results. We give some examples of particular families of graph for which the Dichotomy conjecture is true. We also determine the complexity threshold, for infinitely many graphs with a given chromatic number. In Section 4, we relax the notion of density, by allowing a small number of low degree vertices. It is interesting to notice taht we obtain the same results, as in the density case.

We use the standard notation from graph theory. Given two graphs G and G^′ the graph G ⊕ G^′ is formed by taking one copy of G and G^′, and join by edges all vertices of G with all vertices of G^′. Given G and a v ∈ V (G), N [v] denotes the set of neighbors of v. Given G and a subset S ⊆ V (G), the induced subgraph G[S] has as vertex set S and edge set {(u, v)|u, v ∈ S ∧ (u, v) ∈ E(G)}. Given a graph G and a subgraph G^′ of G, we say that v ∈ V (G) is completely joined to G^′ if for all u ∈ V (G^′), we have (u, v) ∈ E(G). The chromatic number χ(G) is the minimum number of colors needed to color G. The clique number ω(G) is the maximum k such that K_k is a subgraph of G. A cycle on 2k + 1-vertices is denoted by C_{2k+1}, and C_{2k+1} is the complement graph of C_{2k+1}.

Through the paper, we shall work under the plausible hypothesis that P ≠ NP.

2 Exact Thresholds

We begin the section, stating a technical lemma due to Edwards, which will be needed later.

Lemma 1. [3] For any integer k ≥ 3, let α be a fixed rational such that (k − 3)/(k − 2) < α < 1, and let G be an α-dense graph, with |V (G)| = n. Then, there exits a U ⊆ V (G), and a set T of (k − 2)-cliques in G (not necessarily disjoint), such that:

• G[U] is the union of all cliques in T . • |T | = O(log n).

• Every vertex in V (G) \ U is completely joined to at least one clique in T . Furthermore, U can be computed in polynomial time.

Using the previous lemma, we prove the main result in this section, we characterize an infinite family {H_i} of graphs, for which c(H_i) ≤ (k−3)/(k− 2). Theorem 1. For any fixed integer k ≥ 3, assume that H satisfy χ(H) = k, and that any subgraph of H isomorphic to K_{k−2} is contained in at most two subgraphs of H isomorphic to K_{k−1}. Then for^{k−3}_{k−2} ≤ α ≤ 1, the (H, α)- coloring problem belongs to P.

Proof. Let G be an α-dense instance to the (H, α)-coloring problem, and let U be as in the statement of the previous lemma. Consider any fixed homomorphism f of G[U] to H. By lemma 1, any given v ∈ V (G) \ U is completely joined with at least one (k − 2)-clique. Therefore, by the hypothesis on H, if F (v) is the set of possible vertices of H that can extend f to the whole U ∪ {v}, then |F (v)| ≤ 2.

First, we prove that in polynomial time, we can decide if f can be extended to the whole G. Let V (G) \ U = {v_1, . . . , v_m}, and V (H) = {1, . . . , r}. Define the instance of the 2-SAT problem as follows, the set of variables is x_{i,j} , 1 ≤ i ≤ m, 1 ≤ j ≤ r each of them indicating whether f(i) = j, and the clauses are: 1. {x_{i,j} |j ∈ F (i)}, for 1 ≤ i ≤ m, 2. {x_{i,j} , x_{i,l}} for 1 ≤ i ≤ m, 1 ≤ j < l ≤ r, 3. {x_{i,j} , x_{h,l}} if (v_i, v_h) ∈ E(G), and (i, l) ∉ E(H). It is easy to see that the homomorphism f on G[U] can be extended to G if and only if this instance of 2-SAT has a satisfying assignment. As 2-SAT belongs to the class P, then the problem of deciding the extension of f to G is also in P. Hence, to determine if there exists an H-coloring f of G, we try all possible homomorphisms of G[U] to H, until obtaining a valid f (otherwise, the answer is NO). As the total number of possibilities for the homomorphism f is r^{|U|} ≤ r^{O(log n)}, then exhaustive search together with the 2-SAT algorithm can decide, in polynomial time, if G is H-colorable.

As a corollary we obtain that the exact threshold for odd cycles is 0.

Corollary 1. For every 0 < α < 1 and for every k ≥ 1, the (C_{2k+1}, α)- coloring problem is in the class P.

Note that also for even cycles and all bipartite graphs H, the threshold is 0, and these are the only known case where the threshold is attained.

Another result we can obtain from the previous theorem gives us an exact threshold for infinitely many graphs of a given chromatic number:

Corollary 2. c(C_{2k+1} ⊕ K_{k−3}) = (k − 3)/(k − 2) for every k ≥ 3.

Proof. By the the previous theorem, for α(k − 3)/(k − 2) the (C_{2k+1} ⊕ K_{k−3}, α)-coloring is in P. To finish the proof that (k − 3)/(k − 2) is a phase transition for the (C_{2k+1}⊕K_{k−3}, α)-coloring, we need to prove completeness. Let us consider the following reduction:

For any fixed constant k, given a graph G construct a graph G^′ in the following way. V (G^′) consist of k − 2 copies of the vertices V (G). To form E(G^′), join by an edge all vertices in different copies, also add the edges E(G) to one of the copies. Then, G is C_{2k+1}-colorable if and only if G^′ is C_{2k+1} ⊕ K_{k−3}-colorable. Moreover, |V (G^′)| = (k − 2)|V (G)|, and every vertex in V (G^′) has degree at least^{k−3}_{k−2} |V (G^′)|. Therefore, G^′ is k−3 k−2 -dense.

3 Threshold Bounds

We have seen that there are graphs for which their threshold is 0, e.g. all cycles. Next, we prove that the threshold of a graph can never be 1,

Proposition 1. For every graph H, c(H) < 1.

Proof. Let H be a fixed graph, and let ω = ω(H). It follows from the classical result of Turán (see e.g. [2], page 108), that a graph with more than |G(V )|^2/2(1 − 1/ω) edges must contain a K_{ω+1}, and therefore, the graph can not be homomorphic to H. It follows that for any graph H, c(H) ≤ 1 − 1/ω < 1. In the following result we present a family {H_k}_{k>1}, for which we can compute sharp bounds for the complexity threshold of the (H, α)-coloring problem,

Proposition 2. For all k > 1, the (K_3 ⊕ C_{2k+1}, α)-coloring problem is:

• NP-complete, if 0 ≤ α ≤ 1 −^3_{3k+1} ,

• P, if 1 > α > 1 −^k_{k+1} .

Proof. Let us consider the following reduction:

For any fixed constant k, given a graph G = (V, E) such that the number of edges is a multiple of k, construct a graph G^′ = (V^′, E^′) in the following way: Take a C_{2k+1} and replace each vertex of it by |V (G)|/k independent vertices. Denote this graph by F_{2k+1}, then G^′ = F_{2k+1} ⊕ G. Notice |V^′| = (^{2k+1}_k + 1)|V |. Then G is 3-colorable if and only if G^′ is K_3 ⊕ C_{2k+1}- colorable. Furthermore, every vertex in G^′ has degree at least (^{2k−2}_k +1)|V |, which implies that α for G is less or equal to^{((2k−2)/k)+1}_{((2k+1)/k)+1} .

To prove the P part, recall that for any k > 1 ω(C_{2k+1}) = k. Furthermore, any (k − 1)-clique in C_{2k+1} is contained in at most two cliques of size k. Therefore, any (k + 2)-clique in K_3 ⊕ C_{2k+1} is contained in at most two cliques of size k + 3. Using Theorem 1, we get the second part of the statement.

The second statement of Proposition 2 gives us better bounds that the one produced by Proposition 1, as ω(K_3 ⊕ C_{2k+1}) = k + 3, so the upper bound produced by Proposition 1 is 1 −^1_{k+3} , which is larger than 1 −^k_{k+1} .

It is still open to decide if for values 1 −^3_{3k+1} < α ≤ 1 −^1_{k+1} , the problem is in P or NP-complete, but notice that for k = 6, both values are above 0.8, and differ in 0.1. This means that, for values of k ≥ 6 , the decision problem is NP-complete for most of the dense graphs. The value of the bounds seems to indicate that, the complexity threshold for the given graphs coincides with the threshold for K_{k+4}.

The next result gives a necessary condition to guarantee a complexity threshold of at least 1/2.

Proposition 3. For any graph H, such that for some x ∈ V (H) the graph H[N [x]] has χ(H[N [x]]) > 2, the (H,^1_2 )-coloring problem is NP-complete.

Proof. Let H be a graph as in the hypothesis of the Proposition. For every x ∈ V (H), let H_x = H[N [x]]. Consider the graph H^′ obtained as the disjoint union of the graphs H_x such that χ(H_x) > 2. As each H_x is not bipartite, then H^′ is not bipartite and hence, the H^′-coloring problem is NP-complete.

Given a connected graph G^′, define G in the following way; V (G) = V (G^′) × {0, 1}, and the edges E(G) = {((v, 0), (u, 0))|(v, u) ∈ E(G^′)} ∪ {((v, 0), (u, 1))|∀u, v ∈ V (G^′)}. If f is an H^′-coloring of G^′, there is a x ∈ H such that f is a H_x-coloring of G^′. The mapping g : G → H defined as g(v, 0) = f(v) and g(v, 1) = x is an H-coloring of G. On the other hand, if g is an H-coloring of G, then for any v ∈ V (G^′), the mapping f(v) = g(v, 0) is an H^′-coloring of G^′. So the above construction is a polynomial-time reduction from the H^′-coloring problem to the (H,^1_2 )-coloring problem.

These investigations lead to the following interesting problem:

Characterize graphs H with c(H) = 0.

Presently we do not know any 3-chromatic graph H for which the (H, α)- coloring problem is NP-complete for some α > 0. A candidate for such a graph H is the particular subdivision of K_4 where we subdivide each edge of a triangle by 2 points. The resulting graph has 10 vertices and it is not C_5- colorable. By the general theorem in [5], H-coloring is NP-complete, and in this particular case it may be seen easily by the reduction from 3NAESAT given in Figure 1. However this reduction and the general reduction in [5] produce graphs with constant minimum degree and thus it does not yield NP-completeness of the (H, α)-coloring problem for any α > 0. Perhaps c(H) = 0 holds for any 3-chromatic graph H.

4 Almost α-dense graphs.

In this section, we consider the complexity of the H-coloring problem, for input graphs with vertices of high degree, except for a subset of logarithmic size.

We say that a graph G is almost α-dense if there exists a partition {V_1, V_2} of V (G), with |V_1| = O(log |V (G)|), and such that for every v ∈ V_2, the degree d_G(v) ≥ α|V (G)|.

We will consider now the H-coloring problem on almost dense graphs: For any fixed graph H, and a constant 0 ≤ α < 1, the almost-(H, α)- coloring problem consists in: Given an almost–α-dense graph G, decide whether there is an homomorphism of G into H. In the same way as it has been done in Definition 1, given a graph H, define its complexity threshold c̃(H) as the inf{α | almost(H, α)-coloring ∈ P}.

x_1 ¬x_1 x_2 ¬x_2 x_3 ¬x_3

F = {(x_1, x_2, x_3), (¬x_1, ¬x_2, ¬x_3)}

Figure 1: A sketch of the reduction.

Theorem 2. Let k ≥ 3, and 0 < ϵ < 1, assume that the graph H satisfy χ(H) = k, and let any subgraph of H isomorphic to K_{k−2}, be contained in at most two subgraphs of H isomorphic to K_{k−1}. Then, for any α > (k − 3)/(k − 2) + ϵ, the almost (H, α)-coloring problem belongs to P.

Proof. Let G be an almost α-dense graph, and let S = {u ∈ V (G) | d(u) ≥ αn}, and let R = V (G) − U. We claim that for n ≥ n_0 = n_0(ϵ) the graph G^′ = G[U] is α − ϵ-dense. This follows from the fact that assuming that |R| = r, for any u ∈ S we have d_G′ (u) ≥ αn − p, given ϵ for n big aenough it holds that αn − p ≥ (α − ϵ)(n − p) as p = O(log n). Now, using Lemma 1 we can construct a decomposition (U, P ) of S. Recall that T is a set of (k − 2)-cliques in G^′ with vertex set U. Let f be a homomorphism of G[U ∪ R] to H. For any valid H-coloring f of G[U ∪ R], and each v ∈ P , there exists a set C(v) of possible extensions of f to the whole G. then |C(v)| ≤ 2 as, from Lemma 1 each vertex in P is completely joined to one or more of the cliques in T , which have already been assigned k − 2 colors in H. In the same manner as in the proof of Theorem 1, we can define a polynomial reduction between the problem of extending a H-coloring of G[U ∪L] to a H-coloring of G, and 2-SAT, so it is possible to decide whether an H-coloring of G[U ∪ L], can be extended to a H-coloring of G. Since |U ∪ L| = O(log n), exhaustive search plus the reduction yield a polynomial time algorithm to decide the almost (H, α)-colorability of the given G.

As Corollary to the previous theorem, we state the particular case, when H = K_k.

Corollary 3. For any α > (k − 3)/(k − 2) the problem of deciding whether an almost α-dense graph G is k-colorable, is polynomially solvable.

Corollary 4. For every 0 < α < 1 and for every k ≥ 1, the almost (C_{2k+1}, α)-coloring problem is in the class P.

Corollary 5. For any α > (k − 3)/(k − 2), the almost (C_{2k+1} ⊕ K_{k−3}, α)- coloring problem is in the class P

Notice that the previous corollaries, state that for graphs such that we can compute the phase transition for density, the same phase transition holds for almost density. However, the time bounds might be too large, as the minimum value of n could be high, as ϵ approaches zero. Acknowledgement: We thank K. Edwards for providing the authors with a copy of his work in a record time and to J. Kratochvíl and three anonymous referees, for comments which improved the quality of this paper.

References

[1] R. J. Anderson and E. W. Mayr. Approximating P-complete problems.

Technical report, Stanford University, 1986.

[2] B. Bollobás: Modern Graph Theory, Springer 1998.

[3] K. Edwards. The complexity of colouring problems on dense graphs.

Theoretical Computer Science, 43:337–343, 1986.

[4] P. Erds. On the structure of linear graphs. Israel Journal of Mathematics, 1:156–160, 1963.

[5] P. Hell and J. Nešetřil. On the complexity of H-coloring. Journal of Combinatorial Theory, series B, 48:92–110, 1990.

[6] F. S. Roberts: T-colorings of Graphs Recent Results and Open Problems, Discrete Math. 93(1991),229-245

[7] X. Zhu. Circular chromatic number: A survey. In: Combinatorics, Graph Theory, Algorithms and Applications - DIMATIA Survey Collection (M.Fiedler, J. Kratochvíl, J. Nešetřil, eds.), North Holland (2000)