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Abstra
t

We prove �

odd

(G) � 2�

odd

(G) for ea
h planar graph G where

�

odd

(G) is the maximum number of edge{disjoint odd 
y
les and

�

odd

(G) is the minimum number of edges whose removal makes G to

be bipartite, i.e. whi
h meet all the odd 
y
les. For ea
h k, there is a

3{
onne
ted planar graph G

k

with �

odd

(G) = 2k and �

odd

(G) = k.

Keywords: Bipartite graphs, odd 
y
les, planar graphs, Erd�os-P�osa

property.

1 Introdu
tion

The goal of a feedba
k vertex (edge) problem in a graph is to �nd a set of

verti
es (edges) su
h that ea
h 
y
le 
ontains at least one of them. This

�
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problem is well{studied in the general 
ase where you want to meet all the


y
les both from the stru
tural and algorithmi
 point of view, see [5℄ for a

survey. We study relations among the size �

odd

(G) of a minimum set of

edges whi
h meets all the odd 
y
les of a graph G and the size �

odd

(G)

of a maximum set of edge{disjoint odd 
y
les in a graph G. Brass ([17℄)


onje
tured that �

odd

(G) � 2�

odd

(G) for all graphs G, but this 
onje
ture

turned out to be false ([1℄). In 1999, Reed

1

proved ([9℄) that for ea
h positive

integer s, there exists a proje
tive{planar graph G with �

odd

(G) = s and

�

odd

(G) = 1, i.e. the graph whi
h does not 
ontain two edge{disjoint odd


y
les, but it is ne
essary to delete at least s of its edges to make it bipartite

(Reed 
onsidered in [9℄ the vertex version of this problem, but his graphs are


ubi
 and thus his results translate also to the edge 
ase). In other words,

odd 
y
les in general graphs do not satisfy the Erd�os{P�osa property

2

, i.e.

�

odd

(G) is not bounded by a fun
tion of �

odd

(G) for general graphs. We

remark that it was proved in [8, 12℄ that ea
h 2000(k+1){
onne
ted graph


ontains either k+1 vertex{disjoint odd 
y
les or 2k verti
es meeting all the

odd 
y
les. On the other hand, further results of [9℄ dire
tly imply that the

number of verti
es meeting all the odd 
y
les is a fun
tion of the maximum

number of vertex{disjoint odd 
y
les for planar graphs. In addition, Berge

and Reed in 2000 in [2℄ proved that odd 
y
les in planar graphs also in the

edge version of the problem satisfy the Erd�os-P�osa property, i.e. �

odd

(G)

is bounded by a fun
tion of �

odd

(G) for planar graphs G. However, their

fun
tion grows very fast. In this paper, we prove that the Brass' 
onje
ture

is true for planar graphs:

Theorem 1 Let G be a plane graph. Then �

odd

(G) � 2�

odd

(G).

The inequality is tight for in�nitely many planar graphs G as stated in

Theorem 2 of Se
tion 4. The pre
ise bound for the 
orresponding vertex

version remains to be an open problem.

We brie
y survey related results in the 
ase that one wants to meet all

the triangles of a graph (note that triangles in graphs satisfy the Erd�os-P�osa

property by trivial arguments): Let �

t

(G) be the size of a minimum set of

1

Reed wrote in [9℄ that this parti
ular property of Es
her walls was pointed out to

him by Lov�asz and S
hrijver.

2

The name of this property 
omes from the paper [4℄ by Erd�os and P�osa. They proved

by probabilisti
 arguments for general graphs that the minimumnumber of verti
es whose

deletion makes a graph a
y
li
 is bounded by a fun
tion of the number of vertex{disjoint


y
les. Constru
tive proofs of this are given in [11, 14℄. Other related results 
an be

found in [15, 16℄.
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edges whi
h meets all the triangles and let �

t

(G) be the size of a maximum

set of edge{disjoint triangles of G. Tuza in [13℄ proved that �

t

(G) � 2�

t

(G)

for planar graphs and the fa
tor 2 is the best possible one for this 
lass of

graphs. He 
onje
tures that the inequality �

t

(G) � 2�

t

(G) should hold for

all graphs G. Tuza's proof was extended to a 
lass of graphs whi
h do not


ontain a subdivision of K

3;3

by Krivelevi
h in [7℄. However, the original


onje
ture of Tuza remains still open.

Sin
e we want to minimize the number of edges whi
h meets all the odd


y
les, we look for a maximum (in terms of the number of edges) bipartite

subgraph of a graph, i.e., a maximum 
ut. For planar graphs, there is a ni
e


onne
tion between minimum sets of edges whi
h meets all the odd 
y
les

and T{join problems explored by Hadlo
k in [6℄; we des
ribe this 
onne
tion

in Se
tion 2. In parti
ular, it is possible to determine the number �

odd

(G)

for planar graphs in polynomial time ([6℄). But for general graphs this

problem is NP{
omplete, see [18℄.

We use the standard graph notation throughout the paper and we refer

the reader to any graph theory textbook if ne
essary. N(v) denotes a vertex

v together with all its neighbours. G[U ℄ is a subgraph of G indu
ed by the

verti
es of U , U � V (G). We write �

odd

(G) for the size of a minimum set

of edges whi
h meets all the odd 
y
les of a graph G and �

odd

(G) for the

size of the maximum set of edge{disjoint odd 
y
les in a graph G. We mean

by a planar graph a graph whi
h 
an be embedded in the plane and by a

plane graph a �xed embedding of a planar graph. We say that a fa
e of a

plane graph is odd if the number of edges on its boundary is odd (
ounting

bridges twi
e), i.e. it 
ontains an odd 
y
le (
f. Lemma 1).

The paper is stru
tured as follows: We re
all basi
 
on
epts of linear

programming and its relation to the feedba
k edge set problem for odd


y
les in planar graphs in Se
tion 2. We present the bound on �

odd

(G) in

terms of �

odd

(G) for planar graphs G in Se
tion 3 and we prove that it

is attained by in�nitely many planar graphs in Se
tion 4. We 
on
lude in

Se
tion 5.
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2 Relation of Linear Programming to Odd

Cy
les in Planar Graphs

2.1 Mat
hings in Complete Graphs

We refer the reader to [3, 10℄ for a more detailed introdu
tion to linear

programming and its 
onne
tion to perfe
t mat
hings. We brie
y survey

just some 
on
epts in this se
tion. Let K be a 
omplete graph on an even

number of verti
es and w a fun
tion whi
h assigns a weight to ea
h edge

of K. Let O(K) be the set of all the odd{
ardinality subsets of V of size

three and more; we mean by an odd subset a subset with an odd number

of verti
es throughout the paper. The following linear program 
an be used

to 
ompute the weight of a minimum perfe
t mat
hing in K:

X

v2e2E(K)

x

e

= 1 for ea
h v 2 V (K),

X

je\oj=1;e2E(K)

x

e

� 1 for ea
h o 2 O(K),

x

e

� 0 for ea
h e 2 E(K),

min

X

e2E(K)

x

e

w(e).

There exists a solution x

e

2 f0; 1g for e 2 E(K) whi
h a
hieves the optimal

value; the edges e with x

e

= 1 form a perfe
t mat
hing of K of minimum

weight. Hen
e, the optimal value

P

e2E(K)

x

e

w(e) of the primal linear pro-

gram is equal to the weight of the minimum perfe
t mat
hing of K

The dual linear program is the following:

X

v2e;v2V (K)

y

v

+

X

je\oj=1;o2O(K)

y

o

� w(e) for ea
h e 2 E(K), (1)

y

o

� 0 for ea
h o 2 O(K),

max

X

v2V (K)

y

v

+

X

o2O(K)

y

o

.

The optimal value max

P

v2V (K)

y

v

+

P

o2O(K)

y

o

is equal to the weight of

the minimum perfe
t mat
hing of K (i.e., to the optimal value of the primal

4



linear program). One 
an de�ne based on an optimal solution of the dual

program redu
ed edge weights:

w

?

(e) := w(e) �

X

v2e;v2V (K)

y

v

�

X

je\oj=1;o2O(K)

y

o

. (2)

We de�ne also a redu
ed weight of an edge e with respe
t to a vertex set

W 
ontaining both the end{verti
es of e:

w

?

W

(e) = w(e)�

X

v2e;v2V (K)

y

v

�

X

je\oj=1;o�W;o2O(K)

y

o

. (3)

By (1), the redu
ed weights of all the edges are non{negative. The 
om-

plementary sla
kness 
onditions imply that if x

e

> 0 for an optimal primal

solution, then w

?

(e) = 0. If y is an optimal dual solution, then any perfe
t

mat
hing of K formed by the edges whose redu
ed weights are equal to zero

is a minimum perfe
t mat
hing of K.

In addition to the above results, we re
all also some additional properties

whi
h an optimal solution of the dual program may have. An optimal dual

solution y is 
alled nested if for any o

1

; o

2

2 O(K) the inequalities y

o

1

> 0

and y

o

2

> 0 imply that it holds either o

1

\ o

2

= ; or o

1

� o

2

or o

2

� o

1

.

There always exists an optimal dual solution whi
h is nested. Moreover,

there exists su
h a solution whi
h besides the fa
t that it is nested satis�es

the following 
ondition: Let o 2 O(K) with y

o

> 0 be in
lusion minimal

with respe
t to the property that its dual variable is non{zero, i.e. y

o

0

= 0

for all o

0

� o; o

0

2 O(K). Then:

� The vertex set o indu
es the subgraph K[o℄ of K whi
h 
ontains a


y
le of length joj formed by the edges e = ab with zero redu
ed

weight with respe
t to o, i.e. w

?

o

(e) = w(e)� y

a

� y

b

= 0.

� All the verti
es of o ex
ept for exa
tly one of them are mat
hed one

to the other in K, i.e. exa
tly one vertex v of o is mat
hed to a vertex

not in o.

� If we 
ontra
t the verti
es of o to a vertex v

0

, set y

v

0

= y

o

, w(v

0

a) =

min

b2o

fw(ba) � y

b

g, preserve the rest of y (repla
ing the set o with

the vertex v

0

) and mat
h v

0

to the only vertex to whi
h a vertex of o

is mat
hed (this de�nes the fun
tion x for the edges in
ident to v

0

),

we obtain again an optimal primal and an optimal dual solution for

the 
omplete graph K

0

of the obtained new problem whi
h is nested

and has the just introdu
ed properties.
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If the weights of the edges are integral, then there exists an optimal dual

solution whi
h is nested and half{integral; a ve
tor a is said to be half{

integral if 2a has integral 
oordinates. If K is a 
omplete graph and the

weights of its edges satisfy the triangle inequality, i.e., w(v

1

v

2

) � w(v

1

u) +

w(uv

2

) for all u; v

1

; v

2

2 V (K), then there exists an optimal dual solution

whi
h is nested, half{integral and y

v

� 0 for all v 2 V (K).

2.2 T{join Problem and MaximumCuts in Planar Graphs

Mat
hings in 
omplete graphs are 
losely related to T{join problems. In a

T{join problem, you are given a 
onne
ted graph G and an even{
ardinality

subset T of verti
es of G. The goal is to �nd a subgraph G

0

of G with the

least number of edges su
h that the set T 
onsists of pre
isely the verti
es of

odd degrees in G

0

. Ea
h T{join problem has an optimal solution 
onsisting

of jT j=2 edge{disjoint paths (ea
h of them 
onne
ting two di�erent verti
es

of T ). A T{join problem 
an be redu
ed to a weighted mat
hing problem

in a 
omplete graph: One forms a 
omplete graph K on the vertex set T

and the weight of the edge joining the verti
es u and v is the length of

a shortest path between u and v in G. The weight of a minimum weight

perfe
t mat
hing is pre
isely the number of edges of an optimal solution of

the 
orresponding T{join problem and the edges in
luded in the mat
hing


orrespond to the paths in G whi
h form an optimal solution. Note that

the weights of the edges in the so 
onstru
ted 
omplete graph K satisfy the

triangle inequality.

In [6℄ Hadlo
k explored a ni
e 
onne
tion between T -join problems and

deleting a minimum set of edges from a planar graph to make it bipartite.

Let G be a plane graph, G

?

its dual graph and T the set of all odd{degree

verti
es in G

?

. Let E be the set of all edges 
ontained in the jT j=2 edge{

disjoint paths of an optimal solution of the T{join problem in G

?

. Then

G

?

n has only verti
es of even degrees, and G n E (as the dual of G

?

n

E) is bipartite. Thus the optimal solutions of the T{join problem in G

?

one{to{one 
orrespond (through the duality) to the minimum edge sets E

of G su
h that G n E is bipartite. The ve
tor x determines the pairs of

verti
es between whi
h the edges of shortest paths have to be deleted and

the ve
tor y witnesses the optimality of this solution through the \
ontrol

zone 
on
ept" whi
h we introdu
e in Se
tion 3. This observation led to a

polynomial{time algorithm for a maximum 
ut problem for planar graphs

([6℄).
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2.3 Con
ept of \Control Zones"

We introdu
e the 
on
ept of \
ontrol zones" in the dual graph 
orresponding

to the optimal dual solution y of the T{join problem. This 
on
ept is

essentially the same as the 
on
ept of \moats" known from the perfe
t

mat
hing problem for points in the plane.

Fix a plane graph G. Let G

?

be the dual graph of G and T the set

of all odd{degree verti
es of G

?

. Let x and y be the optimal primal and

dual solutions 
orresponding to the T{join problem. We assume that y is

non{negative, half{integral and nested. We de�ne a distan
e of an edge

e to a vertex v to be the length of the shortest path starting at v whose

last edge is e, i.e. the distan
e of an edge e in
ident to a vertex v from

v is 1. We assign to ea
h vertex v 2 T all edges of G

?

at distan
e at

most by

v


 from v in G

?

; if y

v

is not integral, we assign to the vertex v

also the (
loser) \halves" of the edges at distan
e dy

v

e from v (Figure 1).

Thus, we 
reate a \
ontrol zone" for ea
h vertex of T . Note that in 
ase

that y

v

= 0, the 
ontrol zone of v is empty. In addition, we also 
reate a

\
ontrol zone" for ea
h o 2 O with y

0

> 0 (re
all O is the set of all the

odd{
ardinality subsets of T of size three and more). A 
ontrol zone of o

extends 
ontrol zones of v, v 2 o, and o

0

, o

0

� o: It 
ontains all the edges

at distan
e at most by

v

+

P

o

0

�o;o

0

2O

y

o

0

+ y

o


 from some vertex v, v 2 o,

whi
h are not in
luded to the 
ontrol zones of v, v 2 o, or o

0

, o

0

� o; the


ontrol zone of o also 
ontains the 
loser halves of the edges at distan
e

dy

v

+

P

o

0

�o;o

0

2O

y

o

0

+ y

o

e for some v 2 o if y

v

+

P

o

0

�o;o

0

2O

y

o

0

+ y

o

is not

an integer. The union of the 
ontrol zones of o, of all o

0

, o

0

� o, and of all v,

v 2 o, 
omprises all edges (or their halves) of G

?

whose distan
e from some

vertex v, v 2 o, is at most y

v

+

P

o

0

�o;o

0

2O

y

o

0

+y

o

. The important property

is that ea
h edge of G

?

is in
luded to at most one 
ontrol zone or is halved

to two di�erent 
ontrol zones. Hen
e any two di�erent 
ontrol zones have

an empty interse
tion. Through ea
h 
ontrol zone passes exa
tly one path

of the solution of the T{join problem 
orresponding to x. The path between

the pair of the verti
es u and v of T in the solution of the T{join problem


orresponding to x pass only through the 
ontrol zones of u, v and o with

jo \ fu; vgj = 1. It is easy to see that if we are able to 
onstru
t 
ontrol

zones (whi
h are \balls", i.e., they are expanded to the same distan
e in

all dire
tions in G

?

) and to 
onstru
t paths joining pairs of the verti
es of

T with the above des
ribed properties, then we are able to �nd a primal

solution x and a dual non{negative half{integral solution y su
h that the


onstru
ted system of paths and 
ontrol zones 
orresponds to x and y. We

7



v

Figure 1: A 
ontrol zone (bold edges) of a vertex v (drawn by a full 
ir
le)

with y

v

= 3=2.

impli
itly use this 
orresponden
e during the proof without emphasizing

this fa
t.

3 Proof of Theorem 1

We �rst state an easy lemma whi
h we use during the proof of Theorem 1.

Lemma 1 A boundary of any odd fa
e of a plane graph 
ontains an odd


y
le.

Proof:Let E be the set of edges on the boundary of the fa
e without the

bridges. Sin
e the fa
e is odd and the bridges are 
ounted twi
e, jEj is odd.

The edges of E form an even{degree subgraph H of the plane graph. H 
an

be partitioned into 2{fa
tors, i.e. into 
y
les. At least one of these 
y
les


ontains an odd number of edges and it is a
tually an odd 
y
le.

We give an intuitive explanation of the proof of Theorem 1 before an

a

urate proof. Let G be a plane graph, G

?

its dual graph and T the

set of odd{degree verti
es of G

?

. Let x and y be the optimal primal and

dual solution 
orresponding to the T{join problem. We may assume that

y is non{negative, half{integral and nested. We �nd by

v


, v 2 T , edge{

disjoint odd 
y
les formed by the edges of G 
orresponding to the edges of

G

?

joining a vertex at distan
e i to a vertex at distan
e i + 1 from v in

G

?

for 0 � i � by

v


 � 1. We take additional 
are when y

v

is not integral

8



and two di�erent 
ontrol zones share the same edge(s). In a fashion similar

to �nding edge{disjoint odd 
y
les surrounding verti
es v, v 2 T , we �nd

edge{disjoint odd 
y
les surrounding sets o, o 2 O and y

o

> 0. In the formal

proof of the theorem, we pro
eed by indu
tion on the number of fa
es and

we �nd the edge{disjoint 
y
les one by one.

Proof of Theorem 1: Let G be a plane graph, G

?

its dual graph and

T the set of odd{degree verti
es of G

?

. Let x and y be the optimal primal

and dual solution 
orresponding to the T{join problem su
h that y is non{

negative, half{integral and nested. The proof pro
eeds by indu
tion on the

number of fa
es of G. We assume that G is bridgeless, but we allow G to be

dis
onne
ted. Note that G

?

may a
tually be a multigraph but it is loopless.

Let K be the following edge{weighted 
omplete graph on the vertex set

T ; the weight of an edge uv is the length of a shortest path between u

and v in G

?

. The 
omplete graph K 
orresponds to the T{join problem

in G

?

. Let x

uv

2 f0; 1g (u; v 2 T ) be an optimal solution of the minimum

weighted mat
hing problem for the 
omplete graph K. Re
all O denotes

the set of all odd subsets of T in the rest of the proof. Let y

v

(v 2 T ) and

y

o

(o 2 O) denote the optimal solution of the dual problem. Re
all that

the dual solution is nested, half{integral and non{negative. Note that the

following equality holds (d

uv

is the length of the shortest path between u

and v in G

?

):

�

odd

(G) =

X

u;v2T

d

uv

x

uv

=

X

u2T

y

u

+

X

o2O

y

o

Sin
e the redu
ed weights are non{negative, the following inequality holds:

y

u

+ y

v

+

X

jo\fu;vgj=1;o2O

y

o

� d

uv

In parti
ular, if u 2 T and v 2 T are neighbours in G

?

, i.e., d(u; v) = 1,

then the following holds:

y

u

+ y

v

+

X

jo\fu;vgj=1;o2O

y

o

� 1

We write C

v

for the boundary of the fa
e of G 
orresponding to the vertex

v of G

?

.

Let S(y) be the following expression:

S(y) :=

P

u2T

y

u

+

P

u2T

by

u


+

P

o2O

y

o

2

9



v

v

0

C

v

Figure 2: The redu
tion in the 
ase y

v

> 1. The vertex v is drawn by a full


ir
le. The edges of G

?

are solid and the edges of G are dotted. The odd


y
le of C

v

is marked in the left �gure.

We 
onstru
t a set M of at least S(y) edge{disjoint odd 
y
les of G. Sin
e

�

odd

(G) =

P

u2T

y

u

+

P

o2O

y

o

� 2S(y), the number of the 
onstru
ted

edge{disjoint odd 
y
les of G is 
ertainly at least �

odd

(G)=2. Moreover, the


y
les in M will satisfy the following 
ondition:

(*) For ea
h u 2 T with y

u

� 1, there is exa
tly one odd 
y
le in M


ompletely 
ontained in C

u

and this 
y
le is the only one from M whi
h is

not edge{disjoint with C

u

.

We distinguish three 
ases whi
h 
over all the possibilities:

� There exists a vertex v 2 T with y

v

> 1.

Let E be the union of all C

u

, u 2 N(v), and let E

0

be their symmetri


di�eren
e. Let G

0

be the graph obtained from G by removing the

edges of E n E

0

. This 
orresponds to a 
ontra
tion of the set N(v)

of G

?

to the vertex v (with simultaneous removal of arising loops)

| 
onsult Figure 2. For 
onvenien
e, let v

0

denote the vertex after


ontra
ting N(v). The boundary of the newly 
reated fa
e is E

0

. Note

that C

v

� EnE

0

. The vertex v is the only vertex ofN(v) of odd degree

(otherwise the redu
ed weight of the edge 
onne
ting a vertex v 2 T

and its neighbour in the 
omplete graph K would be negative). Hen
e

jE

0

j is odd and the newly 
reated fa
e is an odd fa
e. Moreover, all

the (edge{disjoint) paths of the T{join ex
ept for the path from v are

vertex{disjoint with N(v) (at least half of any edge in
ident with a

vertex of N(v) is in
luded in the \
ontrol zone" of v sin
e y

v

� 3=2).

We set y

0

v

0

:= y

v

� 1, y

0

u

:= y

u

for u 6= v, u 2 T , and y

0

o

:= y

o

, o 2 O

10



(identifying the vertex v

0

with v in the sets o 2 O). We obtain a

feasible solution of the dual problem for G

0

. This de
reases S(y) by 1:

S(y

0

) = S(y)� 1. The primal solution of the original problem is also

a primal solution of the new problem (if we identify the vertex v of G

with the vertex v

0

of G

0

) and its weight is de
reased by 1. Sin
e the

value of the primal solution is equal to the value of the solution of the

dual problem, it is an optimal one (thus �

odd

(G) = �

odd

(G

0

) + 1).

Hen
e we 
an use indu
tion. We 
an always extend a set M

0

of at

least S(y

0

) = S(y) � 1 odd 
y
les of G

0

to a set M of at least S(y)

odd 
y
les of G by adding an odd 
y
le 
ontained in C

v

(it exists due

to Lemma 1). If the 
y
les of M

0

in G

0

satisfy 
ondition (*), then the


y
les of M in G satisfy 
ondition (*), too.

� It holds that y

v

� 1 for ea
h v 2 T and there exists a set o 2 O

with y

o

> 0.

Choose a minimal (by in
lusion) o with y

o

> 0. As stated in Se
tion 2,

the set o 
ontains a 
y
le of length joj (in the 
omplete graphK on the

verti
es T ) 
onsisting of edges e with w

?

o

(e) = 0. Let v

1

; v

2

; : : : ; v

n

be

this 
y
le in K (i.e. n = joj and o = fv

1

; : : : ; v

n

g). Sin
e o is in
lusion

minimal, from (3) it follows that w(v

i

v

i+1

) = y

v

i

+ y

v

i+1

, 1 � i � n,

(indi
es are taken modulo n). Sin
e w is an integer{valued fun
tion

and y

v

� 1 for ea
h v 2 T , either all y

v

i

are equal to 1=2 or all y

v

i

are

equal to 0 or 1 for 1 � i � n. Hen
e d(v

i

; v

i+1

) = w(v

i

v

i+1

) 2 f1; 2g

for 1 � i � n (indi
es are again taken modulo n). By Subse
tion 2.1,

there is exa
tly one vertex a of o whi
h is mat
hed to a vertex outside

o in K.

In the 
ase that all y

v

i

for 1 � i � n are integral, we pro
eed as follows:

Let W = [N(v) where the union is taken over all verti
es v 2 o with

y

v

= 1. If y

v

= 0 for v 2 o, then both the neighbours v

0

and v

00

of v

in the 
y
le in K have y

v

0

= 1 and y

v

00

= 1. Then v

0

and v

00

are even

neighbours of v in G

?

and v 2 W . Hen
e o � W and the subgraph

G

?

[W ℄ is 
onne
ted. Let E be the union of C

v

, taken over all v 2W ,

and let E

0

be the symmetri
 di�eren
e of C

v

, taken over all v 2 W .

Let G

0

be the graph obtained from G by removing the edges of E nE

0

.

Sin
e G

?

[W ℄ is 
onne
ted, this 
orresponds to a 
ontra
tion of the set

W in G

?

to the vertex a (with simultaneous removal of arising loops).

For 
onvenien
e, let a

0

denote the vertex after 
ontra
ting W . The

boundary of the newly 
reated fa
e is E

0

. Note that C

v

i

� E nE

0

for

y

v

i

= 1, 1 � i � n (we do not say anything about C

v

i

with y

v

i

= 0).

11



Sin
e the only odd{degree verti
es of G 
ontained in W are v

1

; : : : ; v

n

(the distan
e between any u 2 T n o and v 2 o with y

v

= 1 has to be

at least y

v

+ y

o

� 3=2 due to (1)), the newly 
reated fa
e of G is odd

and the degree of a

0

of G

?

is odd. Moreover, the only (edge{disjoint)

paths between verti
es of T , whi
h are not vertex{disjoint with W ,

are the paths from or to the verti
es of o. We set y

0

a

0

:= y

o

, i. e.,

y

0

a

0

:= y

o

+ y

a

, if y

a

= 0, and y

0

a

0

:= y

o

+ (y

a

� 1), if y

a

= 1. Further

we set y

0

v

:= y

v

for v 2 T n o, and y

0

o

0

:= y

o

0

for o

0

2 O (identifying

the vertex a

0

with the set o in the sets o

0

2 O, o � o

0

; re
all that y is

nested; the set o is not in O in G

0

).

We have obtained a feasible solution of the dual problem for G

0

.

This de
reases S(y) by at least

P

1�i�n

y

v

i

, i. e., S(y

0

) � S(y) �

P

1�i�n

y

v

i

. The primal solution of the original problem is also a

primal solution of the new problem if we repla
e the edge au with

a

0

u where u is the vertex mat
hed to a in the original solution (its

weight is de
reased exa
tly by

P

1�i�n

y

v

i

). Sin
e in G

0

the value of

the primal solution is equal to the value of the dual solution, it is

an optimal one (hen
e �

odd

(G) = �

odd

(G

0

) +

P

1�i�n

y

v

i

; re
all that

y

o

0

= 0 for o

0

� o due to the 
hoi
e of o). Thus we may use indu
tion.

We 
an always extend a set M

0

of at least S(y

0

) odd edge{disjoint


y
les of G

0

by adding the odd edge{disjoint 
y
les of C

v

i

for y

v

i

= 1,

1 � i � n, (their existen
e follows from Lemma 1) to a set M of at

least S(y

0

) +

P

1�i�n

y

v

i

� S(y) odd edge{disjoint 
y
les of G. Note

that the 
onditions y

v

i

= y

v

j

= 1 for i 6= j imply that C

v

i

and C

v

j

are edge{disjoint and fully 
ontained in E nE

0

. If the 
y
les of M

0

in

G

0

satisfy the 
ondition (*) then the 
y
les of M in G also satisfy the


ondition (*).

Next, we deal with the remaining 
ase that y

v

i

= 1=2 for all 1 � i � n

in this paragraph. Let W := o be the set 
onsisting of all v

i

for

1 � i � n. Let E be the union of C

v

, taken over all v 2 W , and

E

0

the symmetri
 di�eren
e of C

v

, taken over all v 2 W . The graph

G

?

[W ℄ is obviously 
onne
ted. Let G

0

be the graph obtained from G

by removing the edges of E n E

0

. This 
orresponds to a 
ontra
tion

of the set W to the vertex a (with simultaneous removal of arising

loops) | 
onsult Figure 3. For 
onvenien
e, let a

0

denote the vertex

after the 
ontra
tion of W . The boundary of the newly 
reated fa
e

is E

0

. Sin
e W 
onsists of n odd-degree verti
es of G

�

, the newly


reated fa
e of G is odd and the degree of a

0

in G

�

is odd. We set

12



v

4

v

3

v

2

v

1

v

5

v

0

C

v

4

C

v

3

C

v

2

C

v

1

C

v

5

Figure 3: The redu
tion in the 
ase y

v

i

= 1=2 for all v

i

2 o =

fv

1

; v

2

; v

3

; v

4

; v

5

g, y

o

> 0. The verti
es v

i

are drawn by full 
ir
les. The

edges of G

?

are solid and the edges of G are dotted. The odd 
y
les of the

boundaries C

v

2

and C

v

4

are marked in the left �gure.

y

a

0

:= y

o

+ y

a

= y

o

+ 1=2. We further set y

0

v

:= y

v

for v 2 T n o and

y

0

o

0

:= y

o

0

for o

0

2 O (identifying the vertex a

0

with the set o in the sets

o

0

2 O, o � o

0

; re
all that y is nested; note that the set o is not in O in

G

0

). We obtained a feasible solution of the dual problem for G

0

. The

value of S(y) is de
reased by n=4+ y

o

=2 due to the removal of y

v

i

, for

1 � i � n, and y

o

from the sum and it is in
reased by 1=4+y

o

=2 due to

adding y

a

0

to the sum and additional at least 1=2 due to the fa
t that

y

a

0

= y

o

+ 1=2 � 1. We 
on
lude that S(y

0

) � S(y)� (n� 3)=4. The

primal solution of the original problem is also a primal solution of the

new problem if we repla
e the edge au with a

0

u where u is the vertex

mat
hed to a in the original solution (its weight is de
reased exa
tly

by

P

1�i�n

y

v

i

� 1=2 = (n � 1)=2). Sin
e its value is equal to the

value of the solution of the dual problem, it is an optimal one (hen
e

�

odd

(G) = �

odd

(G

0

)�1=2+

P

1�i�n

y

v

i

= �

odd

(G

0

)+(n�1)=2). Note

that C

v

i

� E, but it might be that C

v

i

\(E nE

0

) 6= ; for all 1 � i � n.

The boundaries C

v

i

and C

v

j

are not disjoint i� v

i

and v

j

are adja
ent

in G. Sin
e G

?

is planar, there are at least n=4 mutually non{adja
ent

verti
es among v

1

; : : : ; v

n

due to the four{
olour theorem. Hen
e at

least (n+ 1)=4 of the boundaries C

v

i

(re
all that n is odd) are edge{

disjoint and ea
h of them 
ontains an odd 
y
le due to Lemma 1. It

is the right time to use indu
tion. G

0


ontains at least S(y

0

) edge{

disjoint odd 
y
les su
h that exa
tly one of them is not disjoint with

13



C

a

0

in G

0

(re
all that y

0

a

0

� 1). If we repla
e this odd 
y
le with at

least (n + 1)=4 edge{disjoint odd 
y
les mentioned above, we get at

least S(y

0

) + (n + 1)=4 � 1 edge{disjoint odd 
y
les of G. A simple


al
ulation gives the following bound:

S(y

0

) + (n+ 1)=4� 1 = S(y

0

) + (n� 3)=4 � S(y)

Hen
e, we get at least S(y) edge{disjoint odd 
y
les of G whi
h satisfy


ondition (*).

� It holds that y

v

� 1 for ea
h v 2 T and y

o

= 0 for ea
h o 2 O.

Let W be the set of all the verti
es v with y

v

> 0. Re
all that G

?

[W ℄

is the subgraph of G

?

indu
ed by the verti
es of W . Note that ea
h

vertex v, y

v

= 1, is an isolated vertex of G

?

[W ℄, sin
e the distan
e

between v and any other vertex u with y

u

> 0 has to be at least

y

v

+ y

u

> 1. Let n

1

be the number of verti
es v with y

v

= 1 and n

2

the number of verti
es v with y

v

= 1=2. The graph G

?

[W ℄ 
ontains an

independent set A of size n

1

+ dn

2

=4e (there are n

1

isolated verti
es

and the rest of G

?

[W ℄ 
ontains an independent set of size at least

dn

2

=4e due to the four{
olor theorem). The boundaries C

v

and C

w

for v; w 2 A, v 6= w, are edge{disjoint. Ea
h C

v


ontains an odd 
y
le

due to Lemma 1. The value S(y) is equal to (2n

1

+n

2

=2)=2 = n

1

+n

2

=4

and hen
e we have enough 
y
les. Sin
e we in
lude among these 
y
les

exa
tly one 
y
le fully 
ontained in C

v

for ea
h v, y

v

� 1, the 
y
les

satisfy also 
ondition (*).

4 Tightness of the Bound

Theorem 2 There is a 3{
onne
ted planar graph G with �

odd

(G) = 2k and

�

odd

(G) = k for ea
h integer k � 1.

Note that if we leave out the assumption that G is 3{
onne
ted, the

theorem be
omes trivial be
ause one 
an 
onsider a disjoint union of k


opies of K

4

.

Proof:Let k be the �xed integer from the statement of the theorem. Let

G be a 3{
onne
ted quadrangulation with at least k verti
es of degree 3.

We repla
e k verti
es of degree three with the gadget from Figure 4. Let

14



a

b

Figure 4: Repla
ing verti
es of degree three in a quadrangulation with the

gadget.

G

0

be the obtained graph. Note that G

0

is 3{
onne
ted. We 
laim that

�

odd

(G

0

) = 2k and �

odd

(G

0

) = k. In order to destroy all odd 
y
les fully


ontained in one gadget, two edges of it have to be deleted. There are k

disjoint gadgets in G

0

. Hen
e at least 2k edges have to be deleted to make

G

0

bipartite. We 
on
lude that �

odd

(G

0

) � 2k.

On the other hand: If in ea
h of the k gadgets the edges a and b (
f.

Figure 4) are deleted, the obtained graph is bipartite. Hen
e �

odd

(G

0

) � 2k

and �

odd

(G

0

) = 2k. This also implies: Ea
h odd 
y
le 
ontains the edge a or

the edge b from at least one of the gadgets. But then it in
ludes at least two

verti
es from the inner triangle (bold one in Figure 4). Consequently, ea
h

odd 
y
le 
ontains from at least one gadget two verti
es of its inner triangle.

Hen
e G

0

has no k + 1 edge{disjoint odd 
y
les be
ause otherwise by the

pigeon{hole prin
iple two of those odd 
y
les would 
ontain two verti
es of

the inner triangle of the same gadget and would have a 
ommon vertex and,

therefore, also a 
ommon edge (all the verti
es of the inner triangle have

degree 3). Thus �

odd

(G

0

) � k. Ea
h of the k disjoint gadgets 
ontains an

odd 
y
le and hen
e �

odd

(G

0

) � k. The last inequality also follows from

Theorem 1.

5 Con
lusion

We proved that �

odd

(G) � 2�

odd

(G) for any planar graph G. On the other

hand, Reed's Es
her walls from [9℄ provide an example of proje
tive planar
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graphs G with �

odd

(G) arbitrary large and �

odd

(G) = 1. But if �

odd

(G)

is large, these graphs are not embeddable to a torus. Hen
e the following

problem arises:

Problem 1 What is the relation between �

odd

(G) and �

odd

(G) for graphs

G whi
h 
an be embedded to a torus?

Or even more generally:

Problem 2 Des
ribe (if there is any) the relation between the numbers

�

odd

(G), �

odd

(G) and g(G) for a graph G whi
h 
an be embedded to an

orientable surfa
e of genus at most g(G).

It 
ould be probably derivable from the results of [9℄ that �

odd

(G) is

bounded by a fun
tion of �

odd

(G) and g(G).
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