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�

Supported in part by Ministry of S
ien
e and Te
hnology of Slovenia, Resear
h

Proje
t Z1-3124/02. The author would also like to thank University of Bratislava and

Charles University in Prague for the hospitality during his visits in September 2001 and

January 2002.

y

Supported in part by Ministry of S
ien
e and Te
hnology of Slovenia, Resear
h

Proje
t Z1-3129. The author would also like to thank University of Bratislava for the

hospitality during his visits in September 2001.

1

Supported in part by the Ministry of Edu
ation of Cze
h republi
, Proje
t LN00A056.

1



ley graph of an abelian group, where k � 4, admits a nowhere-zero

3-
ow.

1 Introdu
tion

Vertex-set, edge-set and the automorphism group of a graph X will be

denoted by V (X), E(X) and AutX , respe
tively. The graph X is vertex-

transitive if AutX a
ts transitively on the set of verti
es of X . A dart of a

graph X is an ordered pair (u; v), where fu; vg is an edge of X . The set of

all darts of X will be denoted by D(X). Let (A;+) be an abelian group. A

fun
tion f : D(X) ! A n f0g is a nowhere-zero A-
ow if the following two


onditions are satis�ed:

(i) f(u; v) = �f(v; u), for ea
h dart (u; v) 2 D(X);

(ii)

P

(u;v)2D(X)

f(u; v) = 0, for ea
h vertex u 2 V (X).

If A = Z and the image of f is 
ontained in the interval [�k + 1; k � 1℄,

then f is 
alled a nowhere-zero k-
ow. It is easy to see that every Eulerian

graph admits a nowhere-zero 2-
ow.

In [9, 10℄ Tutte initiated a study of nowhere-zero k-
ows. He proved

some important results on the existen
e of nowhere-zero k-
ows for 
ertain

families of graphs, as well as posed some deep 
onje
tures, most of them

still being open. He proved that a graph admits a nowhere-zero k-
ow if

and only if it admits a nowhere-zero A-
ow for some abelian group A of


ardinality k. It is easy to see that if a graph admitting a nowhere-zero

k-
ow for some k has no bridges. On the other hand, Tutte 
onje
tured

that there is a positive integer k, su
h that every bridgeless graph admits

a nowhere-zero k-
ow. His 
onje
ture was proved for k = 8 independently

by Kilpatri
k [4℄ and Jaeger [2, 3℄. This result is now superseded by the

6-
ow theorem of Seymour [8℄. The question wheter k = 5 satis�es the


ondition in the 
onje
ture remains to be unanswered and is know as the 5-


ow 
onje
ture. Sin
e the Petersen graph is bridgeless and has no nowhere-

zero 4-
ows, the number k = 5 is the best possible. Avoiding the pe
uliarity

of the Petersen graph Tutte posed the so-
alled the 4-
ow 
onje
ture saying

that every bridgeless graph without a Petersen minor admits a nowhere-

zero 4-
ow. He also posed the so 
alled the 3-
ow 
onje
ture, 
laiming that

every bridgeless graph without 3-edge-
uts admits a nowhere-zero 3-
ow.
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Jaeger [2, 3℄ showed that every 4-edge-
onne
ted graph admits a nowhere-

zero 4-
ow. His result, together with the well known fa
t that every vertex-

transitive graph of valen
e k is k-edge-
onne
ted, motivates the investiga-

tion of the interplay between the symmetry properties of graphs and the

existen
e of nowhere-zero k-
ows. It follows trivially from the above results

that every vertex-transitive graph of valen
e at least 4 admits a nowhere-

zero 4-
ow. For the result on 4-
ows in 
ubi
 vertex-transitive graphs we

refer the reader to [1, 6, 7℄. For further results on nowhere-zero 
ows we

re
ommend [11℄.

In this paper we shall 
onsider the Tutte's 3-
ow 
onje
ture restri
ted to

a sub
lass of vertex-transitive graphs, namely the Cayley graphs of abelian

groups. A Cayley graph Cay (G;S) of the group G and with symbol S, where

S is a subset of Gnf1g su
h that S

�1

= S, is the graph with vertex-set G

and edge-set ffg; gsg j g 2 G; s 2 Sg. The main result of this paper is

Theorem 3.3, saying that every Cayley graph of an abelian group of degree

at least 4 admits a nowhere-zero 3-
ow. This immediately implies that

a Cayley graph of an abelian group admits a nowhere-zero 3-
ow if and

only if it is of valen
e 2 (and thus isomorphi
 to a 
y
le or to a disjoint

union of 
y
les), or of valen
e 3 and bipartite, or of valen
e greater than

3 (see Corollary 3.4). In the last se
tion we 
onsider the 
ase of Cayley

multigraphs, and show that the above result applies for them as well.

The path and the 
y
le on n verti
es are denoted by P

n

and C

n

, re-

spe
tively. The (multi)graph 
omprised of two verti
es 
onne
ted by k

parallel edges is denoted by �

k

. Denote by C(n; k) the Cayley graph

Cay (Z

n

; f�1; 1;�k; kg), that is the graph whi
h 
an be 
onstru
ted from

the n-
y
le x

0

x

1

� � �x

n�1

x

0

by 
onne
ting x

i

with x

i+k

(index modulo n)

for ea
h i 2 f0; : : : ; n� 1g.

2 Nowhere-zero 3-
ows of some produ
t graphs

In this se
tion we will 
onstru
t a nowhere-zero 3-
ow in some parti
ular

Cayley graphs. All of these graphs are 
artesian produ
t graphs, therefore

we will use the following notion. The Cartesian produ
t X 2Y of two

graphs X and Y is de�ned on the vertex-set V (X) � V (Y ), where two

verti
es (x

1

; y

1

) and (x

2

; y

2

) of X 2Y are adja
ent if x

1

= x

2

and y

1

is

adja
ent to y

2

in Y , or if x

1

is adja
ent to x

2

in X and y

1

= y

2

. Edges

of the form f(x

1

; y

1

); (x

1

; y

2

)g are 
alled Y -edges, and the others X-edges.

Let v = (v

1

; v

2

) 2 X 2Y . Then the subgraph indu
ed in X 2Y by the
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verti
es of the form f(v

1

; y) j y 2 V (Y )g is 
alled the Y -layer through v.

The X-layer through v is de�ned similarly. In what follows, we will use the

following result of Tutte [9℄.

Theorem 2.1 A 
ubi
 graph admits a nowhere zero 3-
ow if and only if it

is bipartite.

Proposition 2.2 Let m;n � 3 be integers. Then the graph C

m

2C

n

2K

2

admits a nowhere-zero 3-
ow.

Proof. Let X = C

m

2C

n

2K

2

. If m is an even number, then remove the

edges in X whi
h 
orrespond to the layers of C

n

. As a result we obtain n

vertex disjoints 
opies of C

m

2K

2

. This graph is bipartite and 
ubi
 and by

Theorem 2.1 admits a nowhere-zero 3-
ow. Note that the removed edges

indu
e the graph with m 
onne
ted 
omponents isomorphi
 to C

n

. This

graph admits a nowhere-zero 3-
ow. But then the superposition X of the

two graphs admits a nowhere-zero 3-
ow as well.

We may therefore assume that both m and n are odd numbers. The two


opies of X isomorphi
 to C

m

2C

n

will be refered to as 0- and 1-layer. The

verti
es in ea
h layer will be labelled by (x; y), where x 2 Z

m

, y 2 Z

n

, so

that the verti
es with the same label, but in di�erent layers, are adja
ent.

We shall now remove the edges of appropriately 
hosen 
y
les of X so

that the remaining graph X

0

will be 
ubi
 and bipartite. By Theorem 2.1

this graph will then admit a nowhere-zero 3-
ow. Sin
e the removed 
y
les

will be edge disjoint we will easily extend the 3-
ow of X

0

to a nowhere-zero

3-
ow of X .

First, in ea
h of the two layers remove the edges of the 4-
y
les indu
ed

by verti
es (0; j), (1; j), (1; j+1) and (0; j+1), for ea
h j = 1; 3; : : : ; (m�2).

In ea
h i-layer we let the path P

i


ontain the following edges

(i) f(j; 0); (j; 1)g; f(j; 1); (j; 2)g; : : : ; f(j;m�2); (j;m�1)g for j = 2; 3; : : :,

n� 1;

(ii) f(j;m� 1); (j + 1;m� 1)g for j = 2; 4 : : : ; n� 3;

(iii) f(j; 0); (j + 1; 0)g for j = 1; 3; : : : ; n� 2;

(iv) f(0; 0); (1; 0)g.

Let C be the 
y
le 
omprised of the edges of P

1

, P

2

, the edge 
onne
ting

both verti
es labelled by (0; 0) and the edge 
onne
ting both verti
es labelled

by (m� 1; n� 1). Finally, remove the edges of C from X to obtain X

0

.
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Let the subset A

i

of the vertex-set of the i-layer (for ea
h i 2 Z

2

) 
ontain

the following verti
es:

(i) (0; j) and (1; j) for j = 0; 2; 4; : : : ;m� 3;

(ii) (j;m� 2) and (j;m� 1) for j = 2; 4 : : : ; n� 1;

(iii) (j; l) for 2 � j � n� 1, 0 � l � m� 3, where j + l is odd.

Further, for ea
h i 2 Z

2

let B

i

denote the 
omplement of the set A

i

relative

to the vertex-set of the i-layer. It is easy to see that the sets A

0

[ B

1

and

A

1

[ B

0

form the bipartition of the graph X

0

.

Note that in the following proposition the graph is not simple for the


ase n = 1, and for the 
ase m even and n =

m

2

. We need these 
ases

in the last se
tion, where the nowhere-zero 3-
ow is 
onsidered for Cayley

multigraphs.

Proposition 2.3 Let m;n be two integers su
h that m � n � 1 and m � 3.

Then the graph C(m;n)2K

2

admits a nowhere-zero 3-
ow.

Proof. In the graph C(m;n), let C = x

0

x

1

� � �x

m�1

x

0

be the outer 
y
le,

and let

�

C = C(m;n) � C. Edges from C and

�

C are 
alled m-edges and

n-edges, respe
tively. Note that if g
d(m;n) 6= 1 then

�

C is 
omprised of

more than one 
y
le.

Let X = C(m;n)2K

2

. If m is an even number, then we 
an de
ompose

X into one 2-fa
tor (indu
ed by the n-edegs) and one bipartite 3-fa
tor

(indu
ed by the remaining edges), and the result follows. So, we assume

that m is odd. Sin
e C(m;n) is isomorphi
 to C(m;m�n), we 
an assume

that n is odd.

In both layers of C(m;n) in X , split every x

i

(i 6= 0; n) into two verti
es

x

0

i

; x

00

i

so that the vertex x

0

i

is in
ident with the m-edges and the K

2

-edge of

x

i

and the vertex x

00

i

is in
ident with the n-edges of x

i

. Finally, in ea
h layer,

split x

0

into x

0

0

; x

00

0

so that x

0

0

is adja
ent to x

0

m�1

and it is in
ident with the

K

2

-edge of x

0

. And, similarly split x

n

into two verti
es x

0

n

; x

00

n

so that x

0

n

is

adja
ent to x

0

n+1

and in
ident with the K

2

-edge of x

n

. Note that x

00

0

and x

00

n

are 
onne
ted by an edge and by a path of length � 2 whose intermediate

verti
es are of degree 2 and whose all edges are n-edges. Contra
t this path

into an edge. Afterwards, x

00

0

and x

00

n

are 
onne
ted by two edges. Denote by

X

0

the new 
onstru
ted graph. The 
omponent ofX

0

whi
h 
ontains verti
es

x

0

n

; x

0

n+1

; : : : ; x

0

m�1

; x

0

0

(from both layers) is isomorphi
 to P

m�n+1

2K

2

; we
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left the reader to 
he
k that this graph admits nowehere 3-
ow. Sin
e n is

an odd integer, it follows that the 
omponent of X

0

whi
h 
ontains verti
es

x

00

0

; x

00

n

(and x

0

1

; x

0

2

; : : : ; x

0

n�1

) is a bipartite 
ubi
 graph. Note that this


omponent 
ontains n� 1 K

2

-edges. In 
ase that g
d(m;n) 6= 1, the graph

X

0

has also 
omponents whi
h are 
y
les 
omprised of n-edges.

By Theorem 2.1, X

0

admits a nowhere-zero 3-
ow. But than it easily

follows that X also admits a nowhere-zero 3-
ow.

Proposition 2.4 Let m � 3 be an odd integer. Then graph K

4

2C

m

ad-

mits a nowhere-zero 3-
ow.

Proof. Denote the verti
es of K

4

by x; y; z and w, and the verti
es of

the 
y
le C

m

by the elements of Z

m

, so that the edges of C

m

are of the

form fi; i + 1g, i 2 Z

m

. The verti
es of the graph X = K

4

2C

m

are

(x; i); (y; i); (z; i); (w; i), i 2 Z

m

, whi
h are brie
y denoted by x

i

; y

i

; z

i

; w

i

,

respe
tively. Now remove fromX the edges of the following 4-
y
les: (x

0

; y

0

;

y

m�1

; x

m�1

), (z

0

; w

0

; z

m�1

; w

m�1

), and (x

i

; y

i

; w

i

; z

i

) for i = 1; 2; : : : ;m �

2. Note that thus obtained graph X

0

is 
ubi
 and bipartite (where one

of the two bipartition sets is 
omprised of the verti
es x

m�1

, y

m�1

, and

x

i

; y

i

; z

i+1

; w

i+1

, for i = 0; 2; : : : ;m � 3). By Theorem 2.1 the graph X

0

admits a nowhere-zero 3-
ow. But then so does X , as required.

3 Nowhere-zero 3-
ows of Cayley graphs

In the proof of the main theorem we are going to use the notion of a

quotient graph. Let X be a graph and B = fV

1

; V

2

; : : : ; V

k

g a partition of

the vertex-set V (X). The quotient graph X

B

of the graph X relative to the

partition B is the graph with vertex-set B and an edge between V

i

and V

j

if

and only if there exist verti
es v 2 V

i

and u 2 V

j

, su
h that fv; ug 2 E(X).

If for ea
h V

i

2 B the valen
e of V

i

in the graph X

B

is the same as the

valen
e of any vertex v 2 V

i

, then the graph X

B

is refereed to as a regular

quotient graph of X . The following lemma and proposition will be used in

the proof of the main theorem.

Lemma 3.1 Let X = Cay (G;S) be a Cayley graph, and let H be a normal

subgroup of G satisfying the following 
onditions:

(i) S \H = ;;
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(ii) H \ fs

�1

t j s; t 2 S; s 6= tg = ;.

Then the Cayley graph Cay (G=H; S=H), where S=H = fsH j s 2 Sg �

G=H, is a regular quotient graph of the graph X.

Proof. The Cayley graph Cay (G=H; S=H) is 
learly the quotient graph

of X relative to the partition 
onsisting of the orbits of the a
tion of H by

left multipli
ation. The 
onditions (i) and (ii) ensure the regularity of the

quotient.

Proposition 3.2 Let X

B

be a regular quotient graph of a graph X and let

A be an abelian group. If the graph X

B

admits a nowhere-zero A-
ow, then

the graph X also admits a nowhere-zero A-
ow.

Proof. Let f be a nowhere-zeroA-
ow in the graphX

B

. De�ne

~

f : D(X)!

A by the rule

~

f(v; u) = f(V

i

; V

j

), where v 2 V

i

, u 2 V

j

. The fun
tion

~

f is


learly a nowhere-zero A-
ow in X .

We are now ready to prove the main result of this paper.

Theorem 3.3 Let X = Cay (G;S) be a Cayley graph of an abelian group

G and of degree at least 4. Then X admits a nowhere-zero 3-
ow.

Proof. Sin
e every graph with verti
es of even degrees admits a nowhere-

zero 2-
ow we may assume that X is an r-regular graph with r � 5 odd

integer. Moreover, sin
e the 
onne
ted 
omponents of a dis
onne
ted Cayley

graph of a group G are Cayley graphs of a subgroup of G, we 
an assume

that X is 
onneted, and therefore that S is a generating set of G.

Suppose that F is the set of edges from X indu
ed by two involutions

or by a generator of order � 3. Then, F is a 2-fa
tor of X . If X�F admits

a nowhere-zero 3-
ow, then so does X . It is therefore suÆ
ient to prove

the theorem for r = 5. As non-involutory elements of S 
omes in pairs, the

number of involutions in S is odd.

Suppose �rst that S 
onsists of 5 involutions, S = f�

1

; �

2

; �

3

; �

4

; �

5

g.

Then at least one of the involutions �

3

; �

4

; �

5

(say �

3

) is not 
ontained in

the group h�

1

; �

2

i. But then the graph obtained from X by deleting the 4-


y
les generated by �

4

- and �

5

-edges is 
ubi
 bipartite (sin
e isomorphi
 to

a disjoint union of 
ubes Q

3

) and thus (by Theorem 2.1) admits a nowhere-

zero 3-
ow. As the graph indu
ed by the deleted edges admits a nowhere-

zero 3-
ow as well, so does the graph X .
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Suppose now that S 
ontains 3 involutions �

1

; �

2

; �

3

and elements 
; 


�1

of order r � 3. If the three involution generate the group isomorphi
 to

Z

3

2

, then the existen
e of a nowhere-zero 3-
ow in X follows similarly as

in the previous paragraph (delete the 
-edges to obtain a bipartite graph

isomorphi
 to a disjoint union of 
ubes Q

3

). We 
an thus assume that ea
h

of the three involutions is the produ
t of the other two, and that the graph

indu
ed by the �

1

-, �

2

- and �

3

-edges is isomorphi
 to a disjoint of 
omplete

graphs K

4

. We shall split the proof into two 
ases. Suppose �rst that the

group h
i interse
ts the set f�

1

; �

2

; �

3

g trivially. In this 
ase the graph X

is isomorphi
 to the 
artesian produ
t K

4

2C

r

and it admits a nowhere-

zero 3-
ow by Proposition 2.4. Suppose, on the 
ontrary, that h
i 
ontains

at least one of the involutions �

1

; �

2

; �

3

, say �

3

. In this 
ase r is even and

the graph indu
ed by �

3

- and 
- edges is isomorphi
 to the prism K

2

2C

r

,

whi
h is bipartite and 
ubi
, and therefore admits a nowhere-zero 3-
ow.

This implies that the graph X admits a nowhere-zero 3-
ow as well.

We are now left with the 
ase where S = f
; 


�1

; d; d

�1

; �g, and 
; d are

of respe
tive orders n




; n

d

� 3, while � is an involution. As the group G is

an abelian group of even order, it 
ontains a normal subgroup N of index 2

in G. We shall 
onsider several 
ases with respe
t to the interse
tion S\N .

Note that, for the sake of 
onne
tivity of X we have that jS \N j � 4. In

most of the 
ases we will �nd a 2-fa
tor F in the graph X , su
h that the


ubi
 graph X � F , obtained from X by deleting the edges of F , will be

bipartite. In this 
ase both graphs F and X � F admit a nowhere-zero

3-
ow, implying that their superposition X admits a nowhere-zero 3-
ow

as well.

Case 1 If jS \ N j = 0 then the graph is bipartite and admits a

nowhere-zero 3-
ow by Theorem 2.1.

Case 2 If jS \N j = 1, then S \N = f�g. Note that in this 
ase the

orders n




and n

d

of elements 
 and d in G are even. At every vertex x of X ,


onsider the 4-
y
le whose verti
es are x; 
x; �
x, and �x. All these 4-
y
les


omprise a 2-fa
tor F with X � F being bipartite and 
ubi
.

Case 3 If jS \ N j = 2 then we may assume that S \ N = f
; 


�1

g.

Let F be the set of 
-edges of X . The set F is a 2-fa
tor of X , su
h that

X � F is bipartite.

Case 4 If jS \N j = 3 we may assume that S \N = f
; 


�1

; �g. Note

that n




must be even. Let F be the set of 
-edges of X . The graph X�F is

then isomorphi
 to the graph Cay (G; f�; d; d

�1

g). Sin
e the subgroups h�i

8



and hdi of G interse
t trivially, the graph X �F is isomorphi
 to a disjoint

union of bipartite graphs isomorphi
 to K

2

2C

2k

.

Case 5 Finally, suppose that jS\N j = 4. Then, S\N = f
; 


�1

; d; d

�1

g

and the graph X is isomorphi
 to the graph Y 2K

2

, where Y = Cay(N ;S\

N). Moreover, if n




(or n

d

) is an even number then let F be the 2-fa
tor

indu
ed by d-edges (or 
-edges, resp.). In this 
ase, X � F is a bipartite


ubi
 graph. So, we may assume that both n




and n

d

are odd. Consider

now the subgroup K = h
i \ hdi � N . We shall 
onsider three sub
ases.

Sub
ase a) Suppose that K \ S 6= ;. Then either h
i � hdi or hdi �

h
i, and X is isomorphi
 to the graph C(m;n)2K

2

for some m 2 fn




; n

d

g

and some n � m. By Proposition 2.3 the graph X admits a nowhere-zero

3-
ow.

Sub
ase b) Suppose that K\S = ; and K\fs

�1

t j s; t 2 S; s 6= tg 6=

;. Then either 


2

2 hdi or d

2

2 h
i. But then (sin
e K \ S = ;) the either

n




or n

d

is even, 
ontradi
ting the assumption on the parity of n




and n

d

.

Sub
ase 
) Finally suppose that K \ S = ; and K \ fs

�1

t j s; t 2

S; s 6= tg = ;. By Lemma 3.1 the Cayley graph Cay (G=K;S=K) is a regular

quotient of X . Note that the interse
tion h
Ki\hdKi is trivial and that the

group G=K is isomorphi
 to the dire
t produ
t h
Ki � hdKi � h�Ki. The

graph Cay (G=K;S=K) is thus isomorphi
 to the graph C

n

0




2C

n

0

d

2K

2

,

where n

0




= n




=jKj and n

0

d

= n

d

=jKj. By Proposition 2.2 it follows that

the graph Cay (G=K;S=K) admits a nowhere-zero 3-
ow. But then by

Proposition 3.2 the graph X admits a nowhere-zero 3-
ow as well.

From the above theorem, one 
an easily obtain the following 
hara
ter-

ization.

Corollary 3.4 Let X = Cay (G;S) be a Cayley graph of an abelian group

G. Then X admits nowhere-zero 3-
ow if and only if it is of valen
e 2, or

of valen
e 3 and bipartite, or of valen
e at least 4.

4 Nowhere-zero 3-
ows of Cayley multigraphs

The 
on
ept of nowhere-zero 
ows is based on the 
lass of multigraphs and

not stri
ly on simple graphs. This is our motivation to extend Theorem 3.3

to Cayley multigraphs, that is Cayley graphs Cay (G;S) where the symbol

S is a multiset 
ontaining ea
h element s with the same multipli
ity as its

inverse s

�1

. Moreover, we will allow the symbol S to 
ontain the unit 1

9



of the group G. The Cayley multigraphs de�ned in this way may 
ontain

multiple edges as well as loops. Denote by C

2

n

the graph 
onstru
ted from

the 
y
le C

n

by doubling every edge. Thus, C

2

n

is a 4-valen
e graph with

ea
h edge of multipli
ity two. If n � 4 is an even number then let C

�

(n;

n

2

)

be the graph obtained from C

2

n

by 
onne
ting ea
h two antipodal verti
es.

First we show that C

�

(n;

n

2

) admits a nowhere-zero 3-
ow. We 
onsider

the following two 
ases. If n = 4k+2 for some k, then C

�

(n;

n

2

) is a bipartite

5-valen
e graph. Then, we 
an de
ompose this graph into edge-disjoint one

2-fa
tor and one 3-fa
tor. Sin
e the 3-fa
tor is bipartite, we easily 
onstru
t

a nowehere zero 3-
ow in C

�

(n;

n

2

). Otherwsie, n = 4k for some k. Then,

we 
an de
ompose C

�

(n;

n

2

) into 2k 
opies of �

2

and k 
opies of �

2

2K

2

whi
h are pairwise edge-disjoint. Again, we easily 
onstru
t a nowehere zero

3-
ow in C

�

(n;

n

2

).

Theorem 4.1 Let X = Cay (G;S) be a Cayley multigraph of an abelian

group G. Then X admits nowhere-zero 3-
ow if and only if after deleting

the loops of X, the resulting graph is of valen
e 2, or of valen
e 3 and

bipartite, or of valen
e grater than 3.

Proof. Note that X admits a nowhere-zero 3-
ow if and only if the graph

obtained from X by removing all its loops admits a nowhere-zero 3-
ow. So,

we may assume that X is loopless. We may also assume thatX is 
onne
ted.

It is easy to see that if X is of degree 1 or X is non-bipartite 
ubi
 graph,

then X has no nowhere-zero 3-
ows. Further if X is of even valen
e, then it

admits su
h 
ow. So, assume that X is of odd valen
e. Similarly, as in the

proof of Theorem 3.3, we may assume that X is of valen
e 5. This implies

that the symbol S 
ontains at least one involution, say � .

Let � be the maximum multipli
ity of an edge in X (or generator from

S). If � = 1 then X is a simple graph, and the proof follows by Theorem 3.3.

Now, we 
onsider the folowing 
ases:

Case 1 If � = 2 suppose �rst that � is an involution of multipli
ity

two in S. If there exists 
 2 S whi
h is not an invoultion, then X 
an be

de
omposed into edge-disjoint 
y
les (indu
ed by the edges of 
) and 
opies

of �

2

2K

2

, and the result follows. Otherwise, all elements of S are involu-

tions, whi
h implies that X ismorphi
 to C(4; 2) or C

�

(4; 2). Note that both

graphs admit a nowhere-zero 3-
ow. Suppose now that 
 2 S is of multi-

pli
ity two and 
 is not an involution. Then X is isomorphi
 to C

�

(n;

n

2

) or

C

2

n

2K

2

for some n. By the argument above and by Propositions 2.3 these

graphs admit a nowhere-zero 3-
ow.

10



Case 2 If � = 3 the graph X 
an be de
omposed into edge disjoints


y
les (possibly of length 2) and 
opies of �

3

. Sin
e �

3

is bipartite it admits

a nowhere-zero 3-
ow and the result follows.

Case 3 If � = 4 the graph X 
an be de
omposed into edge-disjoint


y
les and 
opies of �

3

, similarly as in Case 2.

Case 4 Finally if � = 5 then X is isomorphi
 to �

5

, whi
h admits a

nowhere-zero 3-
ow.
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