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Abstra
t

We study H(p; q)-
olorings of graphs, for H a �xed simple graph

and p; q natural numbers, a generalization of various other vertex

partitioning 
on
epts su
h as H-
overing. An H-
over of a graph G is

a lo
al isomorphism between G andH, and the 
omplexity of de
iding

if an input graph G has an H-
over is still open for many graphs H.

In this paper we show that the 
omplexity of H(2p; q)-COLORING

is dire
tly related to these open graph 
overing problems, and answer

some of them by resolving the 
omplexity of H(p; q)-COLORING for

all a
y
li
 graphs H and all values of p and q.

1 Introdu
tion

Colorings of graphs is a well-studied subje
t. In some 
ases the `
olors' to

be assigned are the verti
es of a �xed graph H , and model a situation where


ertain pairs of 
olors are treated spe
ially. For example, in the well-known

H-COLORING problem we ask for an assignment of `
olors' to the verti
es
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of an input graph G su
h that adja
ent verti
es of G obtain adja
ent `
ol-

ors', de�ning a homomorphism between G and H . H-COLORING is known

to be solvable in polynomial time for bipartite H , and NP-
omplete other-

wise [9℄. In the H-COVER problem a vertex v 2 V (G) is assigned a `
olor'

u 2 V (H) of the same degree, in su
h a way that the set of `
olors' assigned

to the neighbors of v is exa
tly the set of `
olors' adja
ent to u, de�ning a

lo
al isomorphism between G and H . Graph 
overings 
ome from algebrai


graph theory [3℄, and form a spe
ial 
ase of 
overing spa
es from algebrai


topology [17℄, with appli
ations in topologi
al graph theory [8℄. The �rst

appli
ations in 
omputer s
ien
e were to graph re
ognition by parallel net-

works of pro
essors [2, 6℄. The question of the 
omputational 
omplexity of

H-COVER was �rst posed in 1989 [4℄, a variety of results have been shown,

see e.g. [12, 13, 14, 7℄, but it is still un
lear what 
hara
terizes the 
lass of

simple graphs H that lead to polynomial time H-COVER problems.

A wide generalization of both H-
oloring and H-
overing is given by the

so-
alled H(�; �)-
olorings for subsets of natural numbers � and � [15℄, and

in this paper we fo
us on the 
ase of j�j = j�j = 1. For a �xed graph H and

natural numbers p and q, the H(p; q)-COLORING problem studied in this

paper asks if an input graph G has a mapping f : V (G) ! V (H) where

the neighbors of any v 2 V (G) are mapped to the 
losed neighborhood

of f(v), with exa
tly p neighbors mapped to f(v), and exa
tly q neighbors

mapped to ea
h neighbor of f(v). From the de�nition it is 
lear that H(0; 1)-


oloring is equivalent to H-
overing, but it is maybe more surprising that

for any simple graph H and any p � 0; q � 1 there exists a multigraph M

su
h that H(2p; q)-
oloring is equivalent to M -
overing. In fa
t, the �rst

graph 
overing problem shown to be NP-
omplete in [1℄ was equivalent to

P

2

(2; 1)-COLORING, P

2

an edge. Moreover, it is known that resolving the


omplexity of M -COVER for all multigraphs M (where the 
overing de�ni-

tion is somewhat more 
ompli
ated) is ne
essary and suÆ
ient for resolving

the 
omplexity of H-COVER for all simple graphs H [12℄. Via this link, the

results in this paper, on the 
omplexity of H(p; q)-COLORING, 
ontribute

dire
tly towards the partial solution of the open problem mentioned above.

The degree re�nement matrixM

G

of a graph G gives 
ru
ial information

for these problems, and it is de�ned as follows: The degree re�nement of a

multigraph G is the partition of its verti
es into the minimum number of

blo
ks B

G

= fB

1

(G); : : : ; B

t

(G)g for whi
h there are 
onstants m

ij

su
h

that for all 1 � i; j � t ea
h vertex in B

i

has exa
tly m

ij

neighbors in B

j

.

For a given, 
anoni
al, ordering of degree re�nement blo
ks, the t� t matrix

M

G

, M

G

[i; j℄ = m

ij

, is 
alled the degree re�nement matrix.
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We 
an now state our main theorem.

Theorem 1. T (p; q)-COLORING, for a tree T and natural numbers p and

q, is solvable in polynomial time if either:

� (trivial 
ases) all blo
ks [in the degree re�nement of T ℄ have size 1, or

q = 0, or p = 0; q = 1,

� p = 0, q = 2 and either all blo
ks 
ontaining non-leaves have size 1,

or they all have size 2,

� p = 0, q � 3 and all blo
ks have size 2,

� p = 1, q = 1 and all entries in [the degree re�nement matrix℄ M

T

are

at most 2, or

� p � 2, q = 1, all entries in M

T

are at most 2, and no blo
k 
ontains

an indu
ed edge,

and is NP-
omplete in all other 
ases.

The next se
tion 
ontains all formal de�nitions, and several important

observations. The remainder of the paper is then devoted to the proof of

Theorem 1, whi
h has 3 di�erent ingredients, split into 3 se
tions: Se
t. 3


ontains polynomial-time algorithms, based on �nding fa
tors in regular

graphs and on redu
tions to 2SAT, Se
t. 4 NP-
ompleteness redu
tions,

and Se
t. 5 various 
hara
terizations of trees, to show that all 
ases have

been a

ounted for.

2 De�nitions and Basi
 Observations

Let H be a �xed simple graph with k verti
es V (H) = fu

1

; u

2

; : : : ; u

k

g, and

let p and q be natural numbers. An H(p; q)-
oloring of a simple graph G is

a partition V

1

; V

2

; : : : ; V

k

of V (G), su
h that for all 1 � i; j � k

8v 2 V

i

: jN

G

(v) \ V

j

j =

8

<

:

p if i = j

q if u

i

u

j

2 E(H)

0 otherwise ;

where N

G

(v) denotes the open neighborhood of v in G. We will also view

the partition as a vertex mapping f : V (G) ! V (H), with f(v) = v

i

for

v 2 V

i

. Note that this is equivalent to the de�nition given in Se
t. 1.

In this paper we investigate the 
omplexity of the following problem.

3



H(p; q)-COLORING

INSTANCE: Simple graph G.

QUESTION: Does G have an H(p; q)-
oloring?

For a simple graph H , H(0; 1)-COLORING is pre
isely the same as the

H-COVER problem. Moreover, any H(2p; q)-
oloring will 
orrespond to an

M -
overing for some multigraphM , as we now show. The usual de�nition of

topologi
al 
overing spa
es requires that to 
over a multigraphM by a graph

G we must spe
ify, in addition to a vertex mapping f : V (G)! V (M), also

an edge mapping g : E(G)! E(M). The edge map must respe
t the vertex

map, and for every vertex v 2 V (G), and every edge e in
ident to f(v), there

must be exa
tly one edge in
ident to v that is mapped to e. Moreover, for

every self-loop s on f(v) there must be exa
tly two edges (or one self-loop)

in
ident to v mapped to s.

For a simple graph H and natural numbers p and q, let H

p

q

be the

multigraph obtained from H by adding p self-loops to ea
h vertex of H ,

and repla
ing ea
h edge of H by q multiple edges.

Observation 1. A simple graph G has an H(2p; q)-
oloring if and only if

it has an H

p

q

-
over.

Proof. The forward dire
tion of the proof follows from [12℄ whi
h shows that

even if multigraph-
overing requires an edge map, this edge map always

exists if the vertex map f obeys the 
ardinality 
onstraint that for every

vertex v 2 V (G) the number of neighbors of v mapping to a vertex u 2 V (H)

is the same as the number of multiple edges between u and f(v). Likewise,

the number of neighbors of v mapping to f(v) should be twi
e the number

of self-loops on f(v). Clearly, an H(2p; q)-
oloring of G does satisfy these


ardinality 
onstraints as imposed by H

p

q

. The other dire
tion of the proof

is trivial.

The degree re�nement and degree re�nement matrix of a graph are 
om-

puted in polynomial time by stepwise re�nement. Start with the verti
es

partitioned by their degrees and re�ne the partition as long as two verti
es

in the same blo
k do not have the same number of neighbors in some other

blo
k. Note that the 
enter of a tree, 
onsisting of verti
es whose greatest

distan
e from any other vertex is as small as possible, 
ontains either one

or two verti
es. The following fa
t is folklore.

Fa
t 1. If G has an H-
over f , then M

G

= M

H

, and f is a one-to-one

mapping of the degree re�nement blo
ks.
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Theorem 2. If G has an H(p; q)-
oloring, and H is a simple, 
onne
ted

graph, then

M

G

= qM

H

+ pI :

Proof. If p = 2r we know from Observation 1 and Fa
t 1 that M

G

=M

H

r

q

,

and �rst show thatM

H

r

q

= qM

H

+2rI. When 
omputing the degree re�ne-

ment of H

r

q

, self-loops are in
onsequential, sin
e all verti
es u 2 V (H

r

q

) have

exa
tly r su
h loops. Likewise, the edge multipli
ity is also in
onsequential,

sin
e for all distin
t, adja
ent verti
es u; u

0

2 V (H

r

q

), there are exa
tly q

edges between u and u

0

. This implies that the degree re�nements of H and

H

r

q

have the same blo
k stru
ture. Moreover, sin
e every vertex in V (H)

gets r self-loops, and every edge in E(H) is repla
ed by q multiple edges,

we have M

H

r

q

= qM

H

+ 2rI. The argument for odd p di�ers only by some

te
hni
al details.

The following fa
t is now evident.

Fa
t 2. If G has an H(p; q)-
oloring f , and H is 
onne
ted, then jf

�1

(u)j =

jf

�1

(u

0

)j for all u; u

0

2 V (H).

The simple (p; q)-
over of G is the graph (G 1 K

q

) 2 K

p+1

, where

the graph produ
ts 1 and 2 are de�ned as follows (in so 
alled Ne�set�ril


onvention):

� V (G 1 G

0

) = V (G 2 G

0

) = V (G)� V (G

0

),

� (v; v

0

)(w;w

0

) 2 E(G 1 G

0

) if and only if vw 2 E(G), and (v

0

w

0

2

E(G

0

) or v

0

= w

0

),

� (v; v

0

)(w;w

0

) 2 E(G 2 G

0

) if and only if (vw 2 E(G) and v

0

= w

0

), or

(v

0

w

0

2 E(G

0

) and v = w).

For an example see the simple (2; 2)-
over of P

3

depi
ted in Fig. 1, P

3

the

path on three verti
es.

Observe, that the operation G 1 K

q

repla
es an edge of vw 2 E(G) with

a 
omplete bipartite graphK

q;q

on q 
opies of the verti
es v and w. Similarly

the operation G 2 K

p+1

forms a 
lique K

p+1

on p+1 
opies of every vertex

v 2 V (G), while the edges inside the p + 1 
opies of G are maintained.

Blo
ks in the degree re�nement of the simple (p; q)-
over 
orrespond to the

blo
ks in the degree re�nement of the original graph, as indi
ated in Fig. 1

by the bla
k and white vertex 
olors.
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(G 1 K

q

) 2 K

p+1

K

p+1

= K

3

G 1 K

q

K

q

= K

2

G = P

3

Figure 1: Simple (2; 2)-
over of P

3

Lemma 1. For every graph H and every p � 0, q � 1, the simple (p; q)-


over of H has an H(p; q)-
oloring.

Proof. The mapping f : ((u; a); b) ! u, where u 2 V (H), a 2 V (K

q

),

b 2 V (K

p+1

) is an H(p; q)-
oloring. Every vertex has p neighbors mapped

to the same target, those that di�er only in the b-
oordinate; and for every

neighbor u

0

of u, ((u; a); b) is adja
ent to ((u

0

; a

0

); b), for every 1 � a

0

�

q.

3 Polynomial Cases

Theorem 3. If M

H

= A

H

, the adja
en
y matrix of H, i.e. if all blo
ks

in the degree re�nement of H are of size one, then H(p; q)-COLORING is

solvable in polynomial time.

Proof. From Theorem 2 we know what the degree re�nement matrix must

be. Theorem 2 des
ribes the ne
essary 
ondition, and whenM

H

= A

H

this

is also the suÆ
ient 
ondition.

As an aside we mention that for a random graph H of the model G(n; p),

it is almost always the 
ase that M

H

= A

H

when 0 < p = p(n) �

1

2

is su
h

that p

5

n=(logn)

5

!1 [5, 
h. 3℄.

Lemma 2. T (0; q)-COLORING, q � 2, is solvable in polynomial time for

every tree T whose degree re�nement blo
ks are all of size 2.
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Proof. We redu
e to 2SAT. Let G be an instan
e of T (0; q)-COLORING,

q � 2, where T is a tree whose degree re�nement blo
ks are all of size 2.

We 
onstru
t a formula �, su
h that � has a satisfying truth assignment if

and only if G has a T (0; q)-
oloring. It will be obvious how to transform �

into a set V of variables and a 
olle
tion C of two-literal 
lauses, to form a

2SAT instan
e (V;C).

First, 
ompute the degree re�nements of G and T . If they do not obey

the 
onstraints of Theorem 2, reje
t the input G. Otherwise, let B

G

=

fB

1

(G); : : : ; B

t

(G)g and B

T

= fB

1

(T ); : : : ; B

t

(T )g be the degree re�ne-

ments of G and T , respe
tively. Let B

i

(T ) = fleft

i

; right

i

g, and note that

for ea
h vertex v 2 B

i

(G) we must de
ide whether it should map to left

i

(variable v FALSE) or right

i

(variable v TRUE). When all blo
ks in the

degree re�nement of T are of size 2, the 
enter of T is an edge uu

0

, and both

u and u

0

belong to the same degree re�nement blo
k B

1

(T ). B

1

(T ) is the

only blo
k 
ontaining adja
ent verti
es. For every pair of adja
ent verti
es

v; w 2 B

1

(G) we insert the subformula (v < w) into �, and for every vertex

x 2 B

i

(G), with a neighbour y 2 B

j

(G), j 6= i, we insert the the subformula

(x, y) into �.

Let f : V (G) ! V (T ) be a T (0; q)-
oloring of G, and label the left and

right vertex of ea
h blo
k B

i

(T ) with 0 and 1, respe
tively. Viewing the

label of f(v) as a truth assignment to variable v, we get a satisfying truth

assignment � for �. In the other dire
tion of the proof we �rst use the degree

re�nement of G to determine whi
h blo
k B

i

(T ) in the degree re�nement of

T a vertex v 2 V (G) must map to. We then use a truth assignment � for �

to determine if v should be mapped to the left or right vertex of B

i

(T ).

Let S

k

denote the graph K

1;k

, the star on k + 1 verti
es.

Lemma 3. S

k

(0; 2)-COLORING is solvable in polynomial time for every

k.

Proof. Let G be an instan
e of S

k

(0; 2)-COLORING. By Theorem 2, the

verti
es of G must either be of degree 2, or 2k. The verti
es of degree 2k

must map to the 
entral vertex of S

k

. The remaining verti
es must map to

the k leaves, in su
h way that the neighborhoods of the verti
es mapping

to the 
enter 
an be split into k disjoint pairs, where both verti
es of a pair

map to a unique leaf.

Contra
ting the verti
es of degree 2 in a homeomorphi
 manner results

in a 2k-regular graph G

0

. By Petersen's theorem, G

0


an be split into k

disjoint 2-fa
tors. We get a S

k

(0; 2)-
oloring of G by mapping the verti
es

7



of degree 2 to the same leaf if and only if the 
orresponding edges belong

to the same 2-fa
tor.

Note that in the 
ase k = 2 the lemma also provides a polynomial time

algorithm for P

3

(0; 2)-COLORING.

Lemma 4. T (0; 2)-COLORING is solvable in polynomial time for every

tree T if either all blo
ks 
ontaining non-leaves have size 1, or they all have

size 2.

Proof. Note that the 
ondition on T implies that we have either: (1) all

degree re�nement blo
ks of size 2 or more 
ontain only leaves, or (2) all

degree re�nement blo
ks of size not equal to 2 
ontain only leaves.

Case 1: Let G be an instan
e of T (0; 2)-COLORING, where T is a tree

su
h that all blo
ks in the degree re�nement of T of size 2 or more 
ontain

only leaves.

First, 
ompute the degree re�nements of G and T . If they do not obey

the 
onstraints of Theorem 2, reje
t the input G. Otherwise, let B

G

=

fB

1

(G); : : : ; B

t

(G)g and B

T

= fB

1

(T ); : : : ; B

t

(T )g be the degree re�ne-

ments of G and T , respe
tively. For ea
h blo
k B

i

(G) 
orresponding to a

blo
k B

i

(T ) of size 1, all verti
es of B

i

(G) must map to the single vertex

of B

i

(T ). For ea
h blo
k B

j

(G) 
orresponding to a blo
k B

j

(T ) of size 2

or more, the verti
es of B

j

(G) have neighbors in exa
tly one other blo
k in

the degree re�nement of G; this blo
k must 
orrespond to a blo
k of size 1

in the degree re�nement of T . Thus, for ea
h su
h B

j

(G), the problem 
an

be solved independently, in polynomial time by Lemma 3, and the solutions


ombined into an overall T (0; 2)-
oloring of G.

Case 2: Let G be an instan
e of T (0; 2)-COLORING, where T is a tree

su
h that all blo
ks in the degree re�nement of T of size not equal to 2


ontain only leaves.

First, 
ompute the degree re�nements of G and T . If they do not obey

the 
onstraints of Theorem 2, reje
t the input G. Otherwise, let B

G

=

fB

1

(G); : : : ; B

s

(G); B

s+1

(G); : : : ; B

t

(G)g and B

T

= fB

1

(T ); : : : ; B

s

(T );

B

s+1

(T ); : : : ; B

t

(T )g be the degree re�nements of G and T , respe
tively,

with B

1

(T ); : : : ; B

s

(T ) as the blo
ks of size 2, and B

s+1

(T ); : : : B

t

(T ) as the

remaining blo
ks. For the portion of G indu
ed by the blo
ks B

1

(G); : : : ;

B

s

(G), the verti
es 
an be mapped to the appropriate verti
es of the por-

tion of T indu
ed by B

1

(T ); : : : ; B

s

(T ) in polynomial time by Lemma 2.

The blo
ks B

s+1

(G); : : : ; B

t

(G) 
an be handled independently, in polyno-

8



mial time by Lemma 3, and the solutions 
ombined into an overall T (0; 2)-


oloring of G.

Lemma 5. T (p; q)-COLORING is solvable in polynomial time for every

tree T if either:

(1) p = 1, q = 1 and all entries in M

T

are at most 2, or

(2) p � 2, q = 1, all entries in M

T

are at most 2, and no blo
k in the

degree re�nement of T 
ontains an indu
ed edge.

Proof. Both problems 
an be redu
ed to 2SAT. We only provide proof of


ase 1, as the proof of 
ase 2 is similar.

Let G be an instan
e of T (1; 1)-COLORING, where T is a tree su
h that

all entries in M

T

are at most 2. We 
onstru
t a set V of variables and a

formula �, su
h that � has a satisfying truth assignment if and only if G has

a T (1; 1)-
oloring. It will be obvious how to transform � into a 
olle
tion C

of two-literal 
lauses, to form a 2SAT instan
e (V;C).

First, 
ompute the degree re�nements of G and T . If they do not obey

the 
onstraints of Theorem 2, reje
t the input G. Otherwise, let B

G

=

fB

1

(G); : : : ; B

t

(G)g and B

T

= fB

1

(T ); : : : ; B

t

(T )g be the degree re�ne-

ments of G and T , respe
tively. Let B

1

(T ) be the blo
k 
ontaining the


enter of T , and level the blo
ks of B

T

a

ording to their distan
e from

B

1

(T ), with B

1

(T ) as level 1. B

G

is given the same leveling. For ea
h ver-

tex v 2 B

i

(G) we must de
ide whi
h vertex of B

i

(T ) it should map to.

When all entries in the degree re�nement matrix M

T

are at most 2, a

vertex u 2 B

i

(T ) 
an have at most 2 neighbours in B

j

(T ), and B

1

(T ) is

the only blo
k that 
an 
ontain adja
ent verti
es. A blo
k B

i

(T ) on level

l, l > 1, 
an therefore 
ontain at most 2

l

verti
es. Every vertex v in a

blo
k on level l is represented by l variables v

1

; : : : ; v

l

. For every vertex

v 2 B

1

(G) we insert the 
lause (v

1

) into �; for every vertex w 2 B

i

(G)

on level l, with two 
hildren x; x

0

2 B

j

(G) on level l + 1, we insert 
lauses

(x

1

, w

1

); : : : ; (x

l

, w

l

); (x

0

1

, w

1

); : : : ; (x

0

l

, w

l

); (x

l+1

< x

0

l+1

) into �;

and for every vertex y 2 B

i

(G) on level l, with only one 
hild z 2 B

j

(G) on

level l + 1, we insert 
lauses (z

1

, y

1

); : : : ; (z

l

, y

l

); (z

l+1

) into �.

Let f : V (G) ! V (T ) be a T (1; 1)-
oloring of G, and label the verti
es

of T as follows: label verti
es in the 
enter of T with 1, for all other verti
es


on
atenate the label of its parent with 0 if the vertex is the left 
hild of its

parent, in its blo
k, and 
on
atenate the label of its parent with 1 if it is

the right, or only, 
hild. For a vertex v 2 B

i

(G) on level l, viewing the label

of f(v) as a truth assignment to the variables v

1

; : : : ; v

l

, digit by digit, we

get a satisfying truth assignment � for �.

9



In the other dire
tion of the proof we �rst use the degree re�nement of

G to determine whi
h blo
k B

i

(T ) in the degree re�nement of T a vertex

v 2 V (G) must map to. If the 
enter of T is an edge, T 
onsists of two

subtrees T

left

and T

right

, and we must de
ide whether a vertex v should

map to the left or right subtree. In this 
ase B

1

(G) indu
es a 2-regular

graph, whi
h is split by following the 
y
les, mapping two adja
ent verti
es

to the left vertex of the 
enter, two to the right, and so on. This split of

B

1

(G) propagates down through the rest of G, and we map one part to

T

left

, the other to T

right

. Finally, we use a truth assignment � for � and

its restri
tion to variables v

1

; : : : v

l

, to determine whi
h vertex u 2 B

i

(T ) a

vertex v 2 B

i

(G) on level l must map to, in the same manner as des
ribed

above.

4 NP-
omplete Cases

In this se
tion all remaining T (p; q)-COLORING problems are shown to be

NP-
omplete. To resolve the 
omplexity of the open H-COVER problems

mentioned in the introdu
tion, it will probably be ne
essary to generalize

Lemma 6 to all graphs, hen
e its proof is of spe
ial interest.

Re
all that the simple (p; q)-
over of H has jV (H)j � q(p + 1) verti
es.

For simpli
ity we write u

(i�1)q+j

for the vertex ((u; a); b), when a is the i-th

vertex of K

q

, and b is the j-th vertex of K

p+1

.

Lemma 6. If T

0

is a tree isomorphi
 to a 
onne
ted 
omponent of the

subtree of T indu
ed by some subset of degree re�nement blo
ks B

0

T

� B

T

,

and the degree re�nement of T

0

is identi
al to B

0

T

restri
ted to T

0

, then

T

0

(p; q)-COLORING redu
es to T (p; q)-COLORING, for every p and q.

Proof. We 
an assume q 6= 0, otherwise both T

0

(p; q)-COLORING and

T (p; q)-COLORING are solvable in polynomial time, and the redu
tion fol-

lows trivially.

For every u 2 T

0

let T

u

denote the 
omponent of (V (T ); E(T ) n E(T

0

))


ontaining u, i.e., the part of T whi
h hangs from u, but whi
h does not

belong to T

0

. Clearly trees T

u

and T

u

0

are isomorphi
 if u and u

0

belong to

the same degree re�nement blo
k.

Let G

0

be an instan
e of T

0

(p; q)-COLORING. We may assume, that the

blo
ks in the degree re�nement of G

0

, B

G

0

= fB

1

(G

0

); : : : ; B

t

(G

0

)g, 
orre-

spond to the blo
ks B

0

T

, otherwise G

0

has no T

0

(p; q)-
oloring. We 
onstru
t

10



a graph G whi
h will have a T (p; q)-
oloring if and only if G

0

has a T

0

(p; q)-


oloring.

For every vertex v 2 V (G

0

) there is a gadget F

v

. For v 2 B

i

(G

0

) F

v

is 
onstru
ted by taking the simple (p; q)-
over of T

u

, for an arbitrary ver-

tex u 2 B

i

(T

0

), and removing the edges 
onne
ting the q(p + 1) 
opies

u

1

; : : : ; u

q(p+1)

of vertex u. Note that gadgets F

v

and F

v

0

are isomorphi
 for

verti
es v and v

0

from the same degree re�nement blo
k. G is 
onstru
ted

by making q(p + 1) disjoint 
opies of G, where the a-th 
opy of a vertex

v 2 V (G

0

) is labeled v

a

. For every vertex v 2 V (G) we insert the gadget F

v

,

and identify vertex v

a

from the a-th 
opy of G and vertex u

a

from F

v

.

For an example of the 
onstru
tion of G see Fig. 2. The example shows

a redu
tion from P

2

(2; 1)-COLORING, where P

2

appears as a blo
k in T

indi
ated by the white verti
es. For a white vertex u 2 V (T ), the tree

T

u

is depi
ted in the upper right 
orner together with the gadget F

v

, the

dotted edges 
onne
ting 
opies of u are removed. An instan
e G

0

and the


onstru
ted graph G are depi
ted in the lower part. The dashed edges are

those that belong to the 
opies of G

0

, while the solid edges belong to the

gadgets F

v

.

Let B

G

= fB

1

(G); : : : ; B

t

(G)g be the degree re�nement of G. We 
laim,

that ea
h B

i

(G) 
orresponds to the blo
k B

i

(T ) 2 B

T

. Every vertex v 2

B

i

(G

0

) is 
onne
ted to exa
tly p neighbors inside B

i

(G

0

), in G; every 
opy

of v

a

is therefore 
onne
ted to the same p neighbors inside the a-th 
opy

of G

0

. Similarly, v

a

has the 
orre
t number of neighbors in every other

blo
k B

j

(G). Take any u 2 B

i

(T ), for B

j

(G

0

) 2 B

G

0

, jN(v

a

) \ B

j

(G)j =

jN(v) \ B

j

(G

0

)j = q � jN(u) \ B

j

(T )j holds inside ea
h 
opy of G

0

, and for

B

j

(G) =2 B

G

0

we get the same equality, jN(v

a

)\B

j

(G)j = q � jN(u)\B

j

(T )j,

due to the 
onstru
tion of the simple (p; q)-
over F

v

of T

u

. The properties

of F

v

assure the same for its verti
es.

If G has a T (p; q)-
oloring f , its restri
tion to a single 
opy of G

0

is

a T

0

(p; q)-
oloring. Only verti
es of T

0

(or its isomorphi
 
opy in T ) may

appear as 
olors of G

0

, be
ause the blo
ks in the degree re�nement of T

and G are in one-to-one 
orresponden
e if any su
h T (p; q)-
oloring exists.

Conversely, any T

0

(p; q)-
oloring f

0

of G

0


an be extended to a T (p; q)-


oloring f of G; we use the same mapping on ea
h 
opy of G

0

, i.e. f(v

a

) =

f

0

(v) for all 1 � a � q(p + 1), and extend it to ea
h F

v

as des
ribed in

Lemma 1.

Lemma 7. If no blo
k in the degree re�nement of H 
ontains an edge, then

H(p; q)-COLORING redu
es to H(p+1; q)-COLORING, for every p and q.
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G

0

G

u

T

u

T

F

v

Figure 2: Constru
ted graph G has a T (2; 1)-
oloring if and only if G

0

has

T

0

(2; 1)-
oloring, for T

0

= P

2

Proof. The problem is obviously inNP . We redu
e fromH(p; q)-COLORING.

Let G be an instan
e of H(p; q)-COLORING. We 
reate an instan
e G

0

of

H(p + 1; q)-COLORING, su
h that G

0

has an H(p + 1; q)-
oloring if and

only if G has an H(p; q)-
oloring. G

0

is made up of two 
opies of G, G

1

and

G

2

, with every vertex v

1

2 V (G

1

) 
onne
ted to the 
orresponding vertex

v

2

2 V (G

2

) by an edge.

If G has an H(p; q)-
oloring f : V (G) ! V (H), we get an H(p + 1; q)-


oloring f

0

: V (G

0

) ! V (H) of G

0

by taking f

0

(v

1

) = f

0

(v

2

) = f(v).

Under any H(p + 1; q)-
oloring f

0

: V (G

0

) ! V (H) of G

0

, both v

1

and v

2

must map to the same vertex, we get a H(p; q)-
oloring f of G by taking

f(v) = f

0

(v

1

).

Lemma 8. P

2

(p; q)-COLORING is NP-
omplete if p � 1, q � 1, ex
ept

for the 
ase p = q = 1.

Proof. P

2

(p; q)-COLORING is equivalent to BLACK/WHITE(p; q)-COLOR-

ING whi
h asks if the verti
es of a (p+q)-regular graph 
an be 
olored bla
k

and white su
h that every vertex has exa
tly p neighbors of the same 
olor

12



and q of the other 
olor. It has been shown to be NP-
omplete when p and

q are positive and not both 1, see [7℄.

In the redu
tion below we use the following problem:

[(l;m; n)-SAT℄ l-in-m-SATISFIABILITY WITH n OCCURRENCES

INSTANCE: Set V of variables, 
olle
tion C of 
lauses over V su
h that:

(1) every 
lause 
ontains exa
tly m distin
t, positive, variables, and

(2) every variable o

urs in exa
tly n 
lauses.

QUESTION: Is C l-in-m satis�able, that is, is there a truth assignment for

C su
h that every 
lause has exa
tly l variables that evaluate to TRUE?

(l;m; n)-SAT was shown to be NP-
omplete for every �xed l, m, n su
h

that 0 < l < m and n � 3 by Krato
hv��l in [11℄.

Lemma 9. P

3

(p; q)-COLORING is NP-
omplete if either:

(1) p = 0, q � 3, or

(2) p = 1, q = 2.

Proof. The problem is obviously in NP . We redu
e from (l;m; n)-SAT in

both 
ases.

Case 1: We redu
e from (q; 2q; q)-SAT. Let (V;C) be an instan
e of

(q; 2q; q)-SAT, q � 3. We 
reate an instan
e G of P

3

(0; q)-COLORING, su
h

that G has a P

3

(0; q)-
oloring if and only if a satisfying truth assignment

exists for C. G is 
onstru
ted by repla
ing every variable v 2 V with a

variable vertex v

v

, and every 
lause 
 2 C with a 
lause vertex v




. Clause

verti
es are 
onne
ted to the variable verti
es 
orresponding to the variables

o

urring in the 
lause.

Let � be a satisfying truth assignment for the (q; 2q; q)-SAT instan
e,

we get a P

3

(0; q)-
oloring of the 
orresponding graph by mapping the 
lause

verti
es v




to the 
enter vertex of the P

3

, and the variable verti
es v

v

to one

end-vertex if �(v) = TRUE, and to the other end-vertex if �(v) = FALSE.

A reversal works for the other dire
tion of the proof.

Case 2: We redu
e from (2; 4; 4)-SAT. Let (V;C) be an instan
e of

(2; 4; 4)-SAT with an even number of 
lauses. We 
reate an instan
e G of

P

3

(1; 2)-COLORING, su
h that G has a P

3

(1; 2)-
oloring if and only if a

satisfying truth assignment exists for C. G is 
onstru
ted by repla
ing every

variable v 2 V with a variable gadget G

v

. G

v


onsists of two verti
es v

v

and

v

0

v


onne
ted by an edge. For ea
h 
lause 
 2 C there is a 
lause vertex v
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onne
ted to the variable gadgets 
orresponding to the variables o

urring

in the 
lause. The variable gadget is 
onne
ted in su
h a way that every

vertex of the gadget is 
onne
ted to exa
tly two 
lause verti
es, the 
on-

ne
ting vertex 
an be 
hosen arbitrarily. Ea
h 
lause vertex is in addition


onne
ted to exa
tly one other [arbitrarily 
hosen℄ 
lause vertex.

Let � be a satisfying truth assignment for the (2; 4; 4)-SAT instan
e, we

get a P

3

(1; 2)-
oloring of the 
orresponding graph by mapping the 
lause

verti
es v




to the 
enter vertex of the P

3

, and the variable gadgets G

v

to one

end-vertex if �(v) = TRUE, and to the other end-vertex if �(v) = FALSE.

A reversal works for the other dire
tion of the proof.

Lemma 10. S

k

(0; q)-COLORING is NP-
omplete for k � 2 if q � 3.

Proof. The problem is obviously in NP . The star S

2

is equal to the path P

3

so we know that S

2

(0; q)-COLORING is NP-
omplete if q � 3. We redu
e

from S

k

(0; q)-COLORING to S

k+1

(0; q)-COLORING.

Let G be an instan
e of S

k

(0; q)-COLORING. We 
reate an instan
e

G

0

of S

k+1

(0; q)-COLORING, su
h that G

0

has an S

k+1

(0; q)-
oloring if

and only if G has an S

k

(0; q)-
oloring. G

0

is 
onstru
ted by adding several


opies of the 
omplete bipartite graphsK

q;(k+1)q�1

to G. These new verti
es

of low degree q will have no further neighbors and must therefore map to

the leaves in any S

k+1

(0; q)-
oloring. The new verti
es of high degree must

map to the 
entral vertex of the star and will ea
h have one more new

vertex as a neighbor, these neighbors will a
t as 
onne
tors to G. Note that

the 
onne
tors of a single 
opy of K

q;(k+1)q�1

must all map to the same

leaf of S

k+1

. By arranging the new 
opies of K

q;(k+1)q�1

in a 
y
le and

for ea
h adja
ent pair of 
opies having a pair of verti
es sharing the same


onne
tor, we guarantee that all 
onne
tors must map to the same leaf of

the star (whi
h will be the k + 1st leaf). In this way, by taking 
 
opies of

K

q;(k+1)q�1

we get 
 shared 
onne
tors and 
(q� 2) non-shared 
onne
tors,

la
king respe
tively q � 2 and q � 1 neighbors that will be assigned from

G. Assuming G has n verti
es of high degree kq, that ea
h needs q new

neighbors, we would like to 
hoose 
 so that 
(q�2)+
(q�2)(q�1) = nq, in

other words, so that the number of edges needed for 
onne
tors, is the same

as the number of new edges needed for G. Resolving, we get 
(q � 2) = n,

so we 
an do this if the number of 
entral verti
es of G divides q � 2. If

it does not, we �rst in
rease G as follows. Sin
e for any x � q we have

a bipartite q-regular graph with x verti
es in ea
h partition 
lass, we also

have a 
onne
ted, simple graph F

x

with x `
entral' verti
es of degree kq

having an S

k

(0; q)-
oloring. Moreover, a graph G has an S

k

(0; q)-
oloring
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if and only if G [ F

x

does. Thus, if n � z mod (q � 2), then n + x � 0

mod (q � 2) for x = q(q � 2) + (q � 2 � z) � q and we 
onsider instead

as input to the S

k

(0; q)-
oloring problem the graph G [ F

x

, and in this

graph the number of new edges to the k + 1st leaf mat
hes the number of


onne
tor edges needed. As we have argued alongside the 
onstru
tion, if

the 
onstru
ted graph has an S

k+1

(0; q)-
oloring, then the 
onne
tors must

all map to the same leaf, so that the 
oloring indu
ed on the 
opy of G is

an S

k

(0; q)-
oloring. Conversely, if G has an S

k

(0; q)-
oloring it is easy to

see that the 
onstru
ted graph G

0

has an S

k+1

(0; q)-
oloring.

In the redu
tion below we use the following problem:

[k-EC℄ k-EDGE-COLORING

INSTANCE: Graph G.

QUESTION: Can E(G) be partitioned into k

0

disjoint sets E

1

; E

2

; : : : ; E

k

0

,

with k

0

� k, su
h that, for 1 � i � k

0

, no two edges in E

i

share a 
ommon

endpoint in G?

If G is a k-regular graph, the question be
omes whether ea
h vertex is

in
ident to k distin
tly 
olored edges. This last problem was shown to be

NP-
omplete for k = 3 in [10℄ and for k � 3 in [16℄. We get the following

result for the 
omplexity of S

k

(1; 1)-COLORING and S

k

(1; 2)-COLORING.

Lemma 11. S

k

(p; q)-COLORING is NP-
omplete for k � 3 if either:

(1) p = 1, q = 1, or

(2) p = 1, q = 2.

Proof. Both problems are obviously in NP . We redu
e from k-EC on k-

regular graphs in both 
ases.

Case 1: Let G be an instan
e of k-EC, su
h that G is k-regular. We


onstru
t a graph G

0

, su
h that G

0

has an S

k

(1; 1)-
oloring if and only if G

is k-edge-
olorable. G

0

is made up of two 
opies of G, G

1

and G

2

, with every

vertex v

1

2 V (G

1

) 
onne
ted to the 
orresponding vertex v

2

2 V (G

2

) by

an edge. In addition, every edge vw 2 E(G

1

) [ E(G

2

) is subdivided twi
e,

that is, every edge vw be
omes a path v; v

0

; w

0

; w.

Let 
 be the 
enter vertex of the star S

k

, l

1

; l

2

; : : : ; l

k

the leaves, and

let f : E(G) ! f1; 2; : : : ; kg be a k-edge-
oloring of G. We get an S

k

(1; 1)-


oloring from f by mapping all verti
es v 2 V (G

1

) [ V (G

2

) to 
, and the

subdivision verti
es of the edge vw to l

k

if and only if f(vw) = k. In the

other dire
tion of the proof, we 
an let the S

k

(1; 1)-
oloring indu
ed on G

1
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de�ne the k-edge-
oloring, sin
e for every edge vw of G

1

, and hen
e of G,

both verti
es v

0

and w

0

on the subdivided path v; v

0

; w

0

; w must map to the

same leaf, and we use this leaf as the 
olor of the edge.

Case 2: The redu
tion to S

k

(1; 2)-COLORING is identi
al ex
ept that

for ea
h edge vw 2 E(G

1

) [ E(G

2

) we also add edges vw

0

and v

0

w to the

v; v

0

; w

0

; w-path.

Lemma 12. T (0; 2)-COLORING is NP-
omplete for every tree T whose

degree re�nement 
onsists of three blo
ks, one of size 1 and the others of

size at least 2.

Proof. The problem is obviously in NP . We redu
e from (l;m; n)-SAT. Let

B

1

(T ),B

2

(T ), andB

3

(T ) be the blo
ks in question, and assume jB

1

(T )j = 1,

jB

2

(T )j = k � 2, and jB

3

(T )j = kt, t � 1. We distinguish between the

following two 
ases: (1) k = 2, and (2) k � 3.

Case 1: When k = 2 we redu
e from (2; 4; 4)-SAT. Let (V;C) be an

instan
e of (2; 4; 4)-SAT. We 
reate an instan
e G of T (0; 2)-COLORING,

su
h that G has a T (0; 2)-
oloring if and only if a satisfying truth assignment

exists for C. G is 
onstru
ted by repla
ing every variable v 2 V with a

variable gadget G

v

. G

v


onsists of a 
omplete bipartite graph K

2;2t

where

the verti
es of the �rst partition are labeled v

v

and v

0

v

. Verti
es v

v

and v

0

v

are designated variable verti
es. For ea
h 
lause 
 2 C there is a 
lause

vertex v





onne
ted to the variable gadgets 
orresponding to the variables

o

urring in the 
lause. The variable gadget is 
onne
ted in su
h a way

that ea
h variable vertex is 
onne
ted to exa
tly two 
lause verti
es, the


onne
ting vertex 
an be 
hosen arbitrarily.

Let B

2

(T ) = fleft

2

; right

2

g, and let � be a satisfying truth assignment

for the (2; 4; 4)-SAT instan
e. We get a T (0; 2)-
oloring of G by mapping the


lause verti
es v




to the only vertex of B

1

(T ), the v

v

- and v

0

v

-verti
es of the

variable gadgets G

v

to left

2

if �(v) = FALSE, and to right

2

if �(v) = TRUE.

The remaining verti
es of the variable gadgets K

2;2t

are mapped in pairs to

the t distin
t neighbors of left

2

or right

2

, respe
tively. A reversal works for

the other dire
tion of the proof.

Case 2: When k � 3 we start with the graph G from the transforma-

tion des
ribed for 
ase 1, and add k � 2 
onne
ted bipartite gadgets G

g

.

G

g

= (V

1

; V

2

; E) is su
h that V

1


onsists of jCj verti
es of degree 2t and

V

2


onsists of jCj � t verti
es of degree 2. The gadgets G

g

are 
onne
ted

to G by 
onne
ting ea
h vertex of V

1

to two distin
t 
lause verti
es, and

ea
h 
lause vertex to two verti
es from V

1

. This forms an instan
e G

0

of

T (0; 2)-COLORING.
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In any T (0; 2)-
oloring of G

0

, the verti
es of ea
h V

1

must map to the

same vertex of B

2

(T ), due to the 
onne
tedness of the gadgets G

g

. Hen
e,

two arbitrarily 
hosen verti
es from B

2

(T ) 
an be used as 
olors determining

the truth assignment to the variables 
orresponding to the verti
es of the

original graph G.

Lemma 13. If T is a tree with one degree re�nement blo
k 
onsisting of

exa
tly one vertex u, and 2T is the tree made from two disjoint 
opies of

T , T

1

and T

2

, joined by the edge u

1

u

2

, then T (p; q)-COLORING redu
es to

2T (p; q)-COLORING, for every p and q.

Proof. The problem is obviously inNP . We redu
e from T (p; q)-COLORING.

Let G be an instan
e of T (p; q)-COLORING. We 
reate an instan
e G

0

of 2T (p; q)-COLORING, su
h that G

0

has a 2T (p; q)-
oloring if and only

if G has a T (p; q)-
oloring. G

0

is 
onstru
ted by making 2q disjoint 
opies

of G, G

1

; : : : G

2q

. For every vertex v 2 V (G) we form a 
omplete bipartite

graph K

q;q

on the sets fv

1

; : : : ; v

q

g and fv

q+1

; : : : ; v

2q

g.

For any 2T (p; q)-
oloring f

0

: V (G

0

) ! V (2T ) of G

0

, its restri
tion to a

single 
opy of G is a T (p; q)-
oloring. In the opposite dire
tion, any T (p; q)-


oloring f : V (G)! V (T ) of G 
an be extended to G

0

by using the mapping

to T

1

on the �rst q 
opies of G, and to T

2

on the last q 
opies of G.

5 Completing the Proof

The following lemma 
hara
terizes trees in terms of their degree re�nements.

Lemma 14. For any tree T with degree re�nement B

T

, one of the following


ases applies:

(1) All blo
ks of B

T


ontain only one vertex,

(2) there exists a blo
k B

i

(T ) 2 B of size 2, whose verti
es indu
e an

edge,

(3) there exists two adja
ent blo
ks B

i

(T ); B

j

(T ) 2 B whose verti
es

indu
e a disjoint union of stars S

k

; k � 3, or

(4) for all pairs of adja
ent blo
ks B

i

(T ); B

j

(T ) 2 B

T

, their verti
es

either indu
e a perfe
t mat
hing or a disjoint union of paths P

3

= S

2

,

and at least one pair indu
ing a P

3

exists in T .

Proof. Assume T has at least two distin
t verti
es u and u

0

belonging to

same degree re�nement blo
k, otherwise the �rst 
ase applies. Let u �

T

u

0

denote the fa
t that u and u

0

belong to the same blo
k in the degree

17



re�nement of T . Sin
e T is 
onne
ted, u and u

0

are 
onne
ted by a path

P = v

1

; : : : ; v

k

with u = v

1

and u

0

= v

k

as its terminals. The fa
t u �

T

u

0

implies v

i

�

T

v

k+1�i

. Therefore, if P is of odd length, its 
enter v

bk=2


; v

dk=2e

indu
es an edge and the se
ond 
ase applies.

Otherwise verti
es of two adja
ent blo
ks always indu
e a disjoint union

of stars S

k

; k � 1. The last two 
ases distinguish whether an indu
ed star

S

k

, k � 3 exists, or not.

Proof of Theorem 1. Throughout this 
ase study we assume that the

degree re�nement of the tree T 
ontains at least one blo
k of size 2 or more,

otherwise a polynomial-time algorithm follows from Theorem 3. There are

nine 
ases depending on the values of p and q.

A. p = 0.

A1. q = 1. This 
ase is equivalent to the tree-isomorphism problem,

whi
h is solvable in polynomial time, even if T is not �xed.

A2. q = 2. Assume T does not satisfy the 
onditions of Lemma 4.

Sin
e the 
enter of any tree is always of size at most 2, the de-

gree re�nement of T 
ontains two adja
ent blo
ks B

i

(T ) and

B

j

(T ), with jB

i

(T )j < jB

j

(T )j, and neither B

i

(T ) nor B

j

(T )


ontain leaves. Hen
e, B

j

(T ) is adja
ent to another blo
k B

k

(T ),

jB

j

(T )j � jB

k

(T )j. A 
onne
ted 
omponent T

0

of the subtree of

T indu
ed by B

i

(T ) [ B

j

(T ) [ B

k

(T ) satis�es the properties of

Lemma 12, possibly with the appli
ation of Lemma 13. We apply

Lemma 6 to T

0

to show NP-
ompleteness for T .

A3. q � 3. Assume T does not satisfy the 
onditions of Lemma 2. The

degree re�nement of T must then 
ontain two adja
ent blo
ks

B

i

(T ) and B

j

(T ), with jB

i

(T )j 6= jB

j

(T )j. Any 
onne
ted 
om-

ponent T

0

of the subtree indu
ed byB

i

[B

j

is either isomorphi
 to

S

k

; k � 2, or to two su
h stars linked as des
ribed in Lemma 13.

NP-
ompleteness for T follows from Lemmata 10 and 6.

B. p = 1.

B1. q = 1. Assume T does not satisfy the 
onditions of Lemma 5.

Sin
e m

ij

� 3, any 
onne
ted 
omponent T

0

of T , restri
ted to

B

i

(T ) [ B

j

(T ), is either isomorphi
 to a star S

k

; k � 3, or two

su
h stars linked as des
ribed in Lemma 13. NP-
ompleteness

for T follows from Lemmata 11 and 6.

18



B2. q = 2. By Lemma 14, T either 
ontains (in the sense of Lemma 6)

a blo
k-indu
ed subtree isomorphi
 to

� P

2

, in whi
h 
aseNP-
ompleteness for T follows from Lemma 8,

� S

k

; k � 3, in whi
h 
ase NP-
ompleteness for T follows from

Lemma 11, or

� P

3

= S

2

, in whi
h 
ase NP-
ompleteness for T follows from

Lemma 9.

B3. q � 3. As for B2 above. For a P

2


ontained in T NP-
ompleteness

follows from Lemma 8, for P

3

from Lemmata 9 and 7, and for

S

k

; k � 3 from Lemmata 10 and 7.

C. p � 2.

C1. q = 1. Assume T does not satisfy the 
onditions of Lemma 5. The

degree re�nement of T must then either 
ontain a blo
k B

i

(T )

indu
ing a P

2

, or a pair of blo
ks B

i

(T ) and B

j

(T ) indu
ing an

S

k

, k � 3. In the former 
ase NP-
ompleteness for T follows

from Lemma 8, in the latter from Lemmata 10 and 7.

C2. q = 2. As for B2 above. For a P

2


ontained in T NP-
ompleteness

follows from Lemma 8, for P

3

from Lemmata 9 and Lemma 7,

and for S

k

; k � 3 from Lemmata 11 and 7.

C3. q � 3. As for C2 above, with Lemma 10 instead of Lemma 11.
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