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Abstra
t

In a graph 
oloring, ea
h 
olor 
lass indu
es a disjoint union of

isolated verti
es. A graph sub
oloring generalizes this 
on
ept, sin
e

here ea
h 
olor 
lass indu
es a disjoint union of 
omplete graphs.

Erd}os and independently Albertson et al. proved that every graph

of maximum degree at most 3 has a 2-sub
oloring. We point out

in this paper that this fa
t is best possible with respe
t to degree-


onstraints by showing that the problem of re
ognizing 2-sub
olorable

graphs with maximum degree 4 is NP-
omplete, even when restri
ted

to triangle-free planar graphs. Moreover, in general, for �xed k, re
-

ognizing k-sub
olorable graphs is NP-
omplete on graphs with maxi-

mum degree at most k

2

. In 
ontrast, we show that, for arbitrary k, k-

Sub
olorability 
an be 
omputed eÆ
iently on graphs of bounded

treewidth, on 
ographs and on graphs with bounded 
liquewidth.

�

Resear
h supported in part by EU ARACNE proje
t HPRN-CT-1999-00112 and EU

APPOL proje
t IST-1999-14084. An extended abstra
t of this paper was presented at

the 27th Int. Workshop on Graph-Theoreti
 Con
epts in Computer S
ien
e (WG 2001)

y

Finan
ial support by Deuts
he Fors
hungsgemeins
haft is gratefully a
knowledged.

1

Supported by the Ministery of Edu
ation of the Cze
h Republi
 as proje
t LN00A056

1



1 Introdu
tion and results

A k-
oloring of a graphG is a partition of the verti
es into k pairwise disjoint

sets V

1

; : : : ; V

k

su
h that for every i = 1; 2; : : : ; k, ea
h 
olor 
lass V

i


onsists

of isolated verti
es, i.e. it forms a stable set. The smallest k for whi
h the

graph G has a k-
oloring is 
alled the 
hromati
 number of G, denoted by

�(G). Graph 
oloring is a well studied topi
, both for its theoreti
 and

algorithmi
 aspe
ts. It is well-known that testing 3-Colorability is NP-


omplete for triangle-free graphs with maximum degree 4 ([22℄) and for

planar graphs with maximum degree 4 ([18℄). Testing 3-Colorability

is easy for graphs with maximum degree 3 (by Brooks theorem) and for

triangle-free planar graphs (by Gr�otzs
h theorem). 2-
olorable graphs 
an

be re
ognized in linear time.

Graph 
oloring has been generalized in several ways and by a number of

authors; see [2℄ for a 
omprehensive survey. In this paper we address one of

these generalized 
olorings. A partition V

1

; : : : ; V

k

of vertex set of a graph

G is 
alled a k-sub
oloring of G if ea
h 
olor 
lass V

i

indu
es in G a disjoint

union of 
omplete subgraphs (of various sizes). The sub
hromati
 number

�

s

(G) of G is the smallest integer k for whi
h G has a k-sub
oloring. Sub-


olorings have been dis
ussed in [2, 7, 8, 23℄. It turns out that sub
olorings

have many interesting properties similar to 
olorings, and every k-
oloring

is also a k-sub
oloring, hen
e �(G) � �

s

(G). Among other results we would

like to mention the following properties of graph sub
olorings:

(1) For every k � 1, there is a triangle-free graph G

k

with �

s

(G

k

) = k

[2, 23℄.

(2) For every planar graph G, �

s

(G) � 4. In addition, if G is outerplanar,

�

s

(G) � 3. These bounds are tight ([7℄).

(3) For every graph G with maximum degree �, �

s

(G) � b

�

2


+ 1 ([2℄).

By (3), every graph with maximum degree at most 3 is 2-sub
olorable.

A
tually, this fa
t follows also from a theorem due to Erd}os [15℄ saying that

every graph G has a bipartite spanning subgraph H su
h that the degree

in H of every vertex is at least one half of its degree in G. Thus, if the

maximum degree in G is at most 3, every bipartition of H de�nes a sub-

bipartition of G. Moreover, su
h a bipartite spanning subgraph H of G 
an

be found in polynomial time, easily by a \lo
al improvement" te
hnique.
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Albertson et al. [2℄ then pointed out the diÆ
ulties involved in 
har-

a
terizing 2-sub
olorable graphs by giving a number of examples. In this

paper we prove the following theorems (Se
t. 2.1 and 2.2):

Theorem 1 Re
ognizing 2-sub
olorable graphs of maximum degree 4 is NP-


omplete, even on triangle-free planar graphs.

Albertson informed us that, independently, Gimbel also proved Theo-

rem 1 with a 
ompletely di�erent redu
tion.

Formally we de�ne k-Sub
olorability as a de
ision problem whose

input is a graph G and the question is: Is �

s

(G) � k? Noti
e that the

NP-
ompleteness of k-Sub
olorability for the 
lass of all graphs follows

from a theorem by A
hlioptas [1℄. We prove in Se
t. 2.4 that:

Theorem 2 For every �xed k � 2, k-Sub
olorability is NP-
omplete

for graphs of maximum degree at most k

2

.

For 
onstant k, k-Sub
olorability 
an be expressed as a monadi


se
ond order logi
 formula, and hen
e 
an be tested in linear time for graphs

with bounded treewidth. Due to the fa
t that for these graphs �

s

(G) � 


for a 
onstant 
, we get that there exists an algorithm that in linear time

determine �

s

(G) for graphs with bounded treewidth. On the other side,

the general algorithm is unne
essarily 
ompli
ated for our purpose and in

Se
t. 3.1 we present a simpler algorithm solving this problem.

On the other hand �

s

(G) 
an be arbitrary large for graphs with 
onstant


liquewidth (or 
ographs that have 
liquewidth � 2).

Theorem 3 For every k, k-Sub
olorability 
an be eÆ
iently de
ided

on graphs of bounded treewidth, on 
ographs and on graphs with bounded


liquewidth (given a 
onstru
tion tree).

Note that our result on graphs with bounded 
liquewidth is new be
ause,

for arbitrary k, k-Sub
olorability 
annot be expressed in the so-
alled

monadi
 se
ond order logi
.

2 The NP-
ompleteness of the sub
oloring prob-

lem

We prove Theorem 1 by redu
ing the Not-all-equal 3-satis�ability prob-

lem, whi
h was proven NP-
omplete by S
haefer [25℄ (see also [17, Problem

LO3℄).
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Problem: Let C be a Boolean formula 
onsisting of of m 
lauses su
h that

every 
lause has exa
tly three distin
t literals. The the de
ision problem

whether there exists a satisfying assignment for C su
h that ea
h 
lause in

C has at least one false (and at least one true) literal is NP-
omplete.

We denote the 
lass of all formulas that allow su
h not all equal assign-

ment by NAE3SAT .

2.1 Triangle-free graphs of maximum degree 4

We �rst prove in this se
tion the NP-
ompleteness of 2-Sub
olorability

for non-planar triangle-free graphs of maximum degree 4 (the problem is


learly in NP). Let C = fC

1

; C

2

; : : : ; C

m

g be a Boolean formula 
onsisting

of of m 
lauses over variables x

1

; x

2

; : : : ; x

n

su
h that every 
lause C

j

of

C 
ontains exa
tly three literals, C

j

= (l

0

j

_ l

00

j

_ l

000

j

). We will 
onstru
t

a triangle-free graph G = G(C) of maximum degree 4 su
h that G has a

2-sub
oloring if and only if C 2 NAE3SAT .

Before we des
ribe the 
onstru
tion of G, observe to 
onne
tor graphs

depi
ted in Fig. 1.

u

v

u u

0

v

0

v

F

Figure 1: Two 
onne
tor graphs

The �rst graph has the property, that under any 2-sub
oloring, verti
es

u and v have distin
t 
olors. Its symboli
 representation is shown below,

and we will use this simpli�ed drawing when a larger graph 
ontains this


onne
tor as a subgraph. Su
h example is depi
ted in the 
onne
tor graph

F (in the right part of Fig. 1). Observe that under any 2-sub
oloring of

F the pair u; v is always 
olored by the same 
olor, distin
t from the 
olor

used on the pair u

0

; v

0

.

The graph G 
onsists of three parts: 
lause gadgets, variable gadgets

and 
onne
tors. The 
lause gadget is very simple: For ea
h 
lause C

j

, we

insert into G a unique path of length two P

3

, with verti
es labeled l

0

j

, l

00

j

and l

000

j

. Observe that every 
lause gadget allows all possible 2-sub
olorings

4



su
h that both 
olors are used and (by the de�nition of 2-sub
oloring) it is

impossible to 
olor the P

3

by one 
olor.

For ea
h variable x

i

we insert in G a 
opy of graph H

i

depi
ted in

Figure 2.

x

i1

x

i1

x

i2

x

i2

x

im

x

im

Figure 2: The variable gadget H

i

Lemma 4 The graph H

i

is 2-sub
olorable. Any its 2-sub
oloring 
ontains

verti
es x

i1

; x

i2

; : : : ; x

im

in the same 
olor 
lass and verti
es x

i1

; x

i2

; : : : ; x

im

are 
olored by the other 
olor.

We 
omplete the 
onstru
tion of the graph G by 
onne
ting 
lause and

variable gadgets by inserting a 
opy of the 
onne
tor graph F for ea
h literal

l

�

j

of C, where the vertex u of F is merged with the 
orresponding vertex

l

�

j

in a 
lause gadget, and the vertex v with the vertex x

ij

if the literal l

�

j

equals to x

i

, or with the vertex x

ij

if l

�

j

= :x

i

. (We make the 
onstru
tion

for all possible � = 0; 00; 000.)

Observe that all graphs involved in the 
onstru
tion of the graph G are

triangle free and of maximum degree 4, and even the �nal 
omposition does

not violate this property.

We now are going to show that C 2 NAE3SAT if and only if G has a

2-sub
oloring.

Let � be a truth assignment for C in whi
h every 
lause has at least one

true and at least one false valued literal. We de�ne a 2-sub
oloring of G as

follows: For every variable x

i

, 
olor all x

ij

red if and only if �(x

i

) = true,

and use blue 
olor otherwise. Then extend this sub
oloring to a unique

2-sub
oloring of H

i

. This is possible as we have seen by Lemma 4. Next

extend this 2-sub
olorings for all 
onne
tors F . Sin
e � was a feasible

NAE3SAT assignment, every 
lause gadget (path of length 3) is also prop-

erly 2-sub
olored. Observe also, that no 
on
i
t happened due to vertex

merging in the 
onstru
tion of G, sin
e in every F verti
es u and u

0

and

also v and v

0

have di�erent 
olors.

In the opposite dire
tion, assume any 2-sub
oloring of G in red and

blue. We de�ne the assignment � for C as follows: �(x

i

) = true if x

ij

is

red for some j; otherwise �(x

i

) = false. By Lemma 4, this assignment is
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well-de�ned. Due to the properties of 
onne
tors F it holds that in every


lause gadget two of l

0

j

; l

00

j

; l

00

j

have di�erent 
olors. Therefore, ea
h 
lause

C

j

has at least one true and at least on false literal by the truth assignment

�.

2.2 Planar graphs of maximum degree 4

In this se
tion, we 
onstru
t a triangle-free planar graph G

0

from the graph

G obtained in the previous se
tion, su
h that G is 2-sub
olorable if and only

if G

0

is 2-sub
olorable.

Note, that G 
an be embedded in the plane, in polynomial time, su
h

that every edge is a straight line and all edge 
rossing o

urs only on (v; v

0

)

edges of the 
onne
tor graphs F , and at ea
h 
rossing point meets exa
tly

two edges.

This makes the use of the \
rossover" te
hnique in provingNP-
omplete-

ness of Planar Graph 3-Colorability, des
ribed among others in [17℄,

possible.

y

0

y

x x

0

u vv

0

Figure 3: The \
rossover" graph and the 
rossing repla
ement

The \
rossover" in our 
onstru
tion is the graph depi
ted in Figure 3 on

the left side and has the following properties:

� In any 2-sub
oloring, verti
es x and x

0

belong to the same 
olor 
lass,

and also verti
es y and y

0

have the same 
olor (not ne
essarily the

same as x; x

0

).

� There exists a 2-sub
oloring su
h that x and y belong to the same 
olor


lass, and also another 2-sub
oloring su
h that x and y are 
olored by

di�erent 
olors.
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The 
onstru
tion of the planar graph G

0

from G is very similar to the


onstru
tion for Planar Graph 3-Colorability. We repla
e ea
h 
ross-

ing point by the \
rossover" graph and join these 
rossovers by 
onne
tors

F (see Fig. 3, right).

Observe, that the graph G

0

has a 2-sub
oloring if and only if G does.

Assume G has a 2-sub
oloring. Su
h a sub
oloring of G 
an be extended

to a 2-sub
oloring for G

0

as follows: For every edge (v

0

; v) in G use the 
olor

of v on verti
es u and v of all 
onne
tors F added during removed 
rossovers.

Su
h 
oloring 
an be extended to the 
oloring of G

0

.

In the opposite dire
tion, assume that G

0

has a 2-sub
oloring. Then, due

to properties of 
onne
tor F (u and v are 
olored the same) and \
rossover"

graph (opposite verti
es maintain the same 
olor), we get that the 
olor

restri
tion on the original verti
es is a proper 2-sub
oloring of G.

2.3 3-Sub
olorability of planar graphs

The 3-Sub
olorability of planar graphs is also NP-
omplete. We show

a simple redu
tion from Planar Graph 3-Colorability. Assume that

G is a planar graph whose proper 3-
oloring is questioned. We repla
e ea
h

edge (u; v) by a graph depi
ted in Fig. 4 
omposed of four 
opies of path

P

11

and six additional verti
es. (see [7℄).

By a 
ase study, it is easy to 
he
k, that under any 3-sub
oloring of

this repla
ement graph, verti
es u; u

0

and u

00

have the same 
olor, distin
t

from the 
olor used on v

00

; v

0

and v. And the result for the redu
tion is

straightforward.

v

0

v

v

00

u

0

u

00

u

Figure 4: The edge repla
ement graph

Corollary 5 The planar 3-Sub
olorability is NP-
omplete on planar

graphs.

Re
all that every planar graph is 4-sub
olorable and that every outer-

planar graph is 3-sub
olorable.
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2.4 The hardness of k-sub
oloring for k � 3

In this se
tion we show that, for ea
h �xed k � 2 the k-Sub
olorability

is a NP-
omplete problem on graphs with maximum degree at most k

2

.

Lemma 6 If ' is a k-sub
oloring of a graph G and H is an indu
ed sub-

graph of G then the restri
tion of ' on H is a k-sub
oloring of H.

Note that Lemma 6 does not hold for subgraphs in general.

Lemma 7 For every k � 2, the 
omplete k-partite graph K

k;:::;k;k+1


on-

sisting of k � 1 (small) partitions with k verti
es and one (big) partition

of k + 1 verti
es has exa
tly one (up to permutation) k-sub
oloring; this

k-sub
oloring is also its unique k-
oloring. The graph K

k;:::;k;k+1


annot be

sub
olored with less than k 
olors.

The redu
tion from (k� 1)-Sub
olorability to k-Sub
olorability

goes as follows: LetG be the graph for whi
h the existen
e of a k-sub
oloring

is questioned and let V (G) = fv

1

; : : : ; v

n

g. Then the graph G

0

, whi
h is

assumed as an instan
e for k-Sub
olorability is 
onstru
ted by:

� Take n 
opies H

1

; : : : ; H

n

of the K

k;:::;k;k+1

;

� in ea
hH

i

, label four distin
t verti
es of the big 
lass with x

i

1

; x

i

2

; x

i

3

; x

i

4

,

and label one vertex in ea
h of the k � 1 small 
lasses with y

i

j

, 1 �

j � k � 1;

� add edges (x

i

1

; y

i�1

j

); (x

i

2

; y

i�1

j

) for all 1 � j � k � 1; 2 � i � n;

� add edges (x

i

3

; v

i

); (x

i

4

; v

i

) for all 1 � i � n.

We 
laim that G is k�1-sub
olorable if and only if G

0

is k-sub
olorable:

(1) Assume G 
an be sub
olored with k � 1 
olors. Then sub
olor, in

ea
h H

i

, the k� 1 small 
lasses with these k� 1 
olors (ea
h 
lass gets one


olor), and take one new 
olor for the big 
lass. This is a k-sub
oloring for

G

0

.

(2) Consider a k-sub
oloring of G

0

. Then, by Lemma 6, the restri
tion

of this sub
oloring on ea
h H

i

is a k-sub
oloring. By Lemma 7, ea
h H

i

gets all k 
olors and ea
h 
lass in H

i

is mono
hromati
. Moreover, the big


lasses of all H

i

s have the same 
olor.

We show that, for 1 � i < n, x

i

1

and x

i+1

1

have the same 
olor. Assume

not, then the 
olor of x

i+1

1

must o

ur in a small 
lass of H

i

, say y

i

1

has

8



this 
olor. But then x

i+1

1

; x

i+1

2

; y

i

1

indu
e a mono
hromati
 path P

3

in G

0

,


ontradi
ting the de�nition of k-sub
oloring.

No vertex in G 
an have the 
olor o

urring in the big 
lasses of the

H

i

s. Therefore, the restri
tion of the k-sub
oloring of G

0

on G is a k � 1-

sub
oloring of G.

Lemma 8 For k � 3, �(G

0

) = maxf�(G) + 2; k

2

g:

Proof: Observe that �(G

0

) = maxf�(G) + 2; d

G

0

(x

2

1

); d

G

0

(y

2

1

)g. By the


onstru
tion, d

G

0

(x

2

1

) = (k � 1)k + (k � 1) = k

2

� 1 and also d

G

0

(y

2

1

) =

(k� 2)k+(k+1)+ 2 = k

2

� k+3, hen
e, for k � 3, the Lemma follows. �

Proof of Theorem 2 The 
ase k = 2 is proven by Theorem 1. The

statement for k � 3, follows from the 
onstru
tion and Lemma 8 and by

noting that if G has maximum degree at most (k � 1)

2

then the graph G

0


onstru
ted from G as above has maximum degree at most k

2

.

3 Polynomially solvable 
ases | algorithms

In this se
tion we show, that the k-Sub
olorability problem allows an

polynomial time algorithm on restri
ted 
lasses of input graphs, in parti
u-

lar on graphs with bounded treewidth, 
ographs and graphs with bounded


liquewidth.

All these 
lasses uses an underlying tree stru
ture for a given graph and

with use of dynami
 programming perform the feasibility test for all verti
es

of the tree. Here we would like to introdu
e notions that will be 
ommon

for all three forth
oming subse
tions.

The tree is denoted by T and its nodes (to distinguish them from verti
es

of G) are denoted by X

1

; : : : ; X

m

. The tree is rooted, hen
e the parent-
hild

relation � is well de�ned. Moreover ea
h node has at most two des
endants

and the size of T is always polynomial in the size of G. Ea
h node X

i

is of


ertain type (this type is sometimes spe
i�ed by its label) and 
orresponds

to a subgraph of G, denoted by G

i

.

For ea
h node X

i

we build a table Tab

i

of 
onstant or polynomial size,

whose entries des
ribe ne
essary properties of a feasible k-sub
oloring �

i

of

the graph G

i

. The situation when the table Tab

m

is nonempty for the root

node X

m


orresponds to the fa
t that a proper k-sub
oloring of the entire

graph G exists.
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3.1 Graphs with bounded treewidth

The notion of treewidth was introdu
ed by Robertson and Seymour in [24℄

via tree de
ompositions.

Let G = (V;E) be a graph. The tree de
omposition of G is a tree T ,

whose nodes X

i

are subsets of V and the following is satis�ed

1. For ea
h edge (u; v) 2 E exists X

i

2 V (T ) su
h that u; v 2 X

i

.

2. For any v 2 V (G) the sets X

i


ontaining v indu
e a nonempty 
on-

ne
ted subtree of T .

The width of a tree de
omposition T is max

X

i

2V (T )

fjX

i

jg � 1 and the

treewidth of G is the minimum width among all possible tree de
omposi-

tions. We denote treewidth by tw(G). If the treewidth of G is bounded by a


onstant 
, a tree de
omposition of width at most 
 of G 
an be 
onstru
ted

in linear time ([6℄).

For �xed k, k-Sub
olorability 
an be expressed in monadi
 se
ond

order logi
, whi
h is a language to des
ribe graph properties, using the

following 
onstru
tions: quanti�
ations over verti
es, edges, sets of edges,

sets of verti
es, membership tests, adja
en
y tests and logi
 operations. By

the results of Cour
elle [12℄ it is known that ea
h problem that 
an be stated

in monadi
 se
ond order logi
 
an be solved in linear time on graphs with

bounded treewidth. Unfortunately, the multipli
ative 
onstant grows very

fast, essentially it is a tower of 2's whose height is the number of quanti�er-

alternations of the monadi
 se
ond order logi
 formula. In our 
ase the

height is at least linear in k.

We present a de
ision algorithm that for �xed k tests whether the sub-


hromati
 number �

s

(G) � k for graphs G with bounded treewidth. For

simpli
ity we restri
t ourself to ni
e tree de
omposition.

The ni
e tree de
omposition of G ([20℄) is a tree de
omposition su
h that:

T is a rooted binary tree and for ea
h i 2 V (T ) at least one of the following


ases applies:

� X

i

is a leaf and jX

i

j = 1, then X

i

is a leaf node.

� X

i

has one son j and X

i

= X

j

[fvg for some v 2 V (G) nX

j

, then we


all X

i

an introdu
e node.

� X

i

has one son j and X

i

= X

j

n fvg where v 2 X

j

, then X

i

is a forget

node.

10



� X

i

has two sons j; j

0

, and X

i

= X

j

= X

j

0

then we 
all X

i

a join node.

Any tree de
omposition 
an be transformed in linear time into a ni
e

tree de
omposition of the same width ([20℄).

Denote by G

i

the subgraph of G indu
ed by verti
es of X

i

and G

0

i

the

subgraph of G indu
ed by verti
es of

S

j�i

X

j

, where j � i means that j is

a des
endant of i i.e. i lies on the path from j to the root of T .

Let �

i

be a k-sub
oloring of G

i

, then the 
olor 
lique of �

i

is any

in
lusion-maximal set K � V (G

i

) = X

i

, su
h that all verti
es of K have

the same 
olor under �

i

and are mutually adja
ent in G

i

. In other words,

a 
olor 
lique is any 
lique that belongs to a 
olor 
lass of �

i

.

The entries of Tab

i


onsists of several pairs (�

i

; g

�

i

), where �

i

is a feasible

k-sub
oloring of G

i

, that might be extended to a sub
oloring of G

0

i

and g

�

i

is a fun
tion assigning to ea
h 
olor 
lique K of �

i

a boolean variable whi
h

helps us to properly de�ne a new k-sub
oloring in the indu
tive step. Note

that a single �

i

may o

ur in some entry of Tab

i

several times with di�erent

fun
tions g

�

i

. However, as G has bounded tree width, the number of all

pairs (�

i

; g

�

i

) is bounded by a 
onstant. The evaluation of Tab

i

goes as

follows:

1. If X

i

= fvg is a leaf node then Tab

i


ontains all k possible k-sub
o-

lorings �

i

of G

i

= (fvg; ;) and for the only 
olor 
lique K = fvg and

all �

i

set g

�

i

(K) = true.

2. Let X

i

be a forget node with the son X

j

, and Tab

j

has been already


omputed. Then let Tab

i


ontains all entries from Tab

j

, restri
ted

to set X

i

. Take (�

j

; g

�

j

) 2 Tab

j

, and let �

i

be the restri
ted k-

sub
oloring. For the 
olor 
lique K of �

j


ontaining the vertex v =

X

j

nX

i

set g

�

i

(K nfvg) = false (if K nfvg is nonempty). For all other


olor 
liques L of �

i

let g�

i

(L) = g�

j

(L). Remove dupli
ated entries

in Tab

i

, if some exists.

3. Let X

i

be an introdu
e node with the son X

j

, v 2 V (G) is the added

vertex and Tab

j

is already known. Then for every pair (�

j

; g

�

j

) 2 Tab

j

and every k-sub
oloring �

i

of G

i

, su
h that �

i

restri
ted onto X

j

is

equal to �

j

, �nd a 
olor 
lique K of �

i


ontaining v. If K = fvg or

g

�

j

(K nfvg) = true, then add into Tab

i

entry (�

i

; g

�

i

) where g

�

i

(K) =

true and set g

�

i

(L) = g

�

j

(L) for all other 
olor 
liques L 6= K of �

i

.

4. Let X

i

be a join node with sons X

j

and X

j

0

and �

i

a k-sub
oloring

of G

i

. Then for all possible 
ombinations of (�

j

; g

�

j

) 2 Tab

j

and
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(�

j

0

; g

�

j

0

) 2 Tab

j

0

add the entry (�

i

; g

�

j

^g

�

j

0

) into Tab

i

if and only if

�

i

= �

j

= �

j

0

and for ea
h 
olor 
lique K of �

i

the value of g

�

j

(K) _

g

�

j

0

(K) is true. Again, if some entries are present more times, store

only one.

5. Compute the values of Tab

i

for all nodes X

i

in the tree, as des
ribed

in steps 1{4. The graph G allows a k-sub
oloring if and only if the

table entry Tab

m

is nonempty for the root X

m

.

To see that the algorithm is 
orre
t we think that steps 2, 3 and 4 deserve

further explanation.

In step 2 we remember in the fun
tion g the fa
t, that a 
ertain 
olor


lique K has already lost a vertex v, and future extension of K by v

0

would


ause that the 
olor 
lass will 
ontain indu
ed P

3

, sin
e the edge (v; v

0

) does

not belong to G. Therefore in step 3 we try extend only those 
olor 
liques

whi
h might be extended. The same argument is used in step 4, sin
e it is

impossible to identify two 
olor 
liques when both of them already forget

a vertex. Note that various fun
tions g

�

i

for a single k-sub
oloring �

i

may

appear during exe
uting steps 2 and 4.

This dis
ussion 
on
ludes the proof of the �rst part of Theorem 3. For

a graph G with tree-de
omposition of width bounded by a 
onstant 
 the

de
ision of k-Sub
olorability 
an be performed as fast as the evaluation

of the table (Tab

i

)

i2V (T )

, that is in time O(n2




k


+1

). This expression is

linear in n.

Note that �nding the minimum k su
h that G allows a k-sub
oloring


an be done in time O(n


+2

) by running at most n tests for all k < n.

3.2 Cographs

Cographs belong to the 
lass of graphs with bounded 
liquewidth. Due to

the results of Cour
elle [13℄ problems that are expressible in monadi
 se
ond

order logi
 are linear time solvable in graph with bounded 
liquewidth, but

the 
onstants involved are equally bad as in the 
ase of graphs with bounded

treewidth, as dis
ussed in beginning of Se
tion 3.1. as in the 
ase for graphs

with bounded treewidth. Hen
e there is a linear time algorithm to de
ide

k-Sub
olorability, k �xed, for graphs of bounded 
liquewidth.

In this se
tion we present a O(n

4

) algorithm to 
ompute the sub
hro-

mati
 number of 
ographs (graphs of bounded 
liquewidth at most 2).

In parti
ular, k-Sub
olorability (k arbitrary) is eÆ
iently solvable for


ographs.
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Cographs ([9℄) are indu
tively de�ned as follows.

� Every single vertex graph is a 
ograph.

� If G

j

and G

j

0

are two 
ographs, then the disjoint union G

j

[ G

j

0

is


ograph.

� Similarly the join G

j

+ G

j

0

of two 
ographs is a 
ograph. The join

graph G

j

+G

j

0

is obtained from disjoint union G

j

[G

j

0

by adding all

edges between verti
es of G

j

and G

j

0

.

With ea
h 
ograph G = (V;E) we asso
iate 
otree T . Ea
h leaf node

X

i

of the 
otree T represents a vertex v 2 V , and in this 
ase G

i

= (v

i

; ;).

Note that ea
h vertex v 2 V is represented exa
tly on
e by a leaf node in

T .

Internal nodes of T have either label [ or +. If a parent X

i

of nodes X

j

and X

0

j


arries label [, then G

i

= G

j

[G

j

0

, and similarly, if it is labeled by

+, then G

i

= G

j

+G

j

0

.

There is a linear time algorithm for re
ognizing whether a given graph

G is a 
ograph and, if so, for 
onstru
ting a 
otree T of G (see [10℄).

Our algorithm for determining the sub
hromati
 number of a 
ograph

relies on the following notion. A sub
oloring �

i

of a graph G

i

is of type

(�; �) if �

i

has � 
olor 
lasses ea
h of whi
h indu
es a 
lique (
alled small


lasses) and � remaining 
lasses (
alled big 
lasses). If �

i

is of type (�; �),

we also 
all �

i

an (�; �)-sub
oloring.

We write (�; �) � (
; Æ) and say that (�; �) minorizes (
; Æ) if it simul-

taneously holds that � � Æ and � + � � 
 + Æ. It is 
lear that from a

sub
oloring of type (�; �) any sub
oloring of type (
; Æ) with (�; �) � (
; Æ)


an be derived by adding extra 
olors or 
laiming some small 
olor 
lasses

as big.

Consider an (�

i

; �

i

)-sub
oloring �

i

of a graph G

i

whi
h arose by disjoint

union [ or by join + of two graphs G

j

and G

j

0

. In the following, for ea
h

t = j; j

0

we denote by �

t

be the restri
tion of �

i

on G

t

and assume that �

t

is of type (�

t

; �

t

).

Lemma 9 If G

i

= G

j

+ G

j

0

then for any (�

i

; �

i

)-sub
oloring �

i

of G

i

it

holds: �

i

� maxf�

j

; �

j

0

g and �

i

= �

j

+ �

j

0

.

Proof: The �rst equality follows from the fa
t, that any small 
lass of �

i

may 
onsist of at most two small 
olor 
lasses, one in �

j

and one in �

j

0

. The
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se
ond equality express the fa
t that big 
olor 
lass of �

i

is big in exa
tly

one of �

j

or �

j

0

. �

Lemma 10 If �

j

and �

j

0

are sub
olorings of type (�

j

; �

j

) and (�

j

0

; �

j

0

),

then a (maxf�

j

; �

j

0

g; �

j

+�

j

0

)-sub
oloring of G

i

= G

j

+G

0

j


an be obtained

from �

j

and �

j

0

.

Proof: A (maxf�

j

; �

j

0

g; �

j

+ �

j

0

)-sub
oloring of G

i


an be obtained by a


ombination minf�

j

; �

j

0

g small 
lasses of G

j

and G

j

0

into the same 
olor


lass of G

i

and leaving the other 
olor 
lasses disjoint. �

Lemma 11 If G

i

= G

j

[ G

j

0

then �

i

� maxf�

j

; �

j

0

g, �

i

+ �

i

� �

t

+ �

t

(t = j; j

0

), and �

i

+ 2�

i

� �

j

+ �

j

+ �

j

0

+ �

j

0

.

Proof: Let

� r denote the number of the big 
olor 
lasses C of �

i

su
h that, for

ea
h t = j; j

0

, C \G

t

is a big 
lass in �

t

,

� r

t

denote the number of big 
lasses C of �

i

su
h that, for t 6= t

0

, C\G

t

is a small 
lass in �

t

but C \G

t

0

is a big 
lass in �

t

0

,

� q

t

denote the number of big 
lasses of �

i

belonging only to �

t

,

� s denote the remaining big 
lasses of �

i

, whi
h are small both in G

j

and G

j

0

.

� l

t

denote the number of the small 
lasses of �

i

belonging to �

t

.

The �rst statement of the Lemma follows dire
tly from:

�

i

= l

1

+ l

2

; �

i

= r + r

1

+ r

2

+ q

1

+ q

2

+ s;

�

j

= r

1

+ l

1

+ s; �

j

= r + r

2

+ q

1

;

�

j

0

= r

2

+ l

2

+ s; �

j

0

= r + r

1

+ q

2

:

Moreover, �

j

+ �

j

= �

i

+ �

i

� l

2

� q

2

and �

j

0

+ �

j

0

= �

i

+ �

i

� l

1

� q

1

,

hen
e the se
ond statement holds. The third statement then follows from

�

j

+ �

j

+ �

j

0

+ �

j

0

= 2(�

i

+ �

i

)� l

1

� l

2

� q

1

� q

2

= �

i

+ 2�

i

� q

1

� q

2

. �

In view of Lemmas 9 and 10, we are interested in (�

i

; �

i

)-sub
olorings

with small number �

i

of big 
lasses. A way to obtain su
h a sub
oloring of
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G

i

= G

j

[G

j

0

from �

j

and �

j

0

is as follows: We �rst merge the minf�

j

; �

j

0

g

pairs of big 
lasses of �

j

and �

j

0

, and then 
ombine as many as possible

of the j�

j

� �

j

0

j remaining big 
lasses together with some small 
lasses

into a new 
olor 
lass of �

i

. The number of remaining small 
lasses of

�

j

is then �

j

:= �

j

� minf�

j

;maxf0; �

j

0

� �

j

gg: Similarly �

2


ontains

�

j

0

:= �

j

0

�minf�

j

0

;maxf0; �

j

� �

j

0

gg remaining small 
lasses.

Note that �

j

= �

j

(if �

j

� �

j

0

) or �

j

0

= �

j

0

otherwise. Finally we


ombine �, 0 � � � minf�

j

; �

j

0

g, small 
lasses of �

j

with k small 
lasses of

�

j

0

and get a (�

j

+�

j

0

�2�;maxf�

j

; �

j

0

g+�)-sub
oloring �

i

ofG

i

= G

j

[G

j

0

.

This and Lemma 10 suggest the following algorithm for determining

�

s

(G), assuming that the 
otree T of a 
ograph G is given.

For ea
h node X

i

of T the algorithm stores in Tab

i

the type (�

i

; �

i

) of

all possible (�

i

; �

i

)-sub
olorings �

i

of the graph G

i

that are relevant for


omputing �

s

(G) as follows:

1. For ea
h leaf node X

i

of T , put (1; 0) into Tab

i

.

2. If X

i

has label + and sons X

j

; X

j

0

, then for all 
ombinations of entries

(�

j

; �

j

) 2 Tab

j

and (�

j

0

; �

j

0

) 2 Tab

j

0

put into Tab

i

the entry (�

i

; �

i

),

where �

i

= maxf�

j

; �

j

0

g and �

i

= �

j

+ �

j

0

: Remove all minorized

entries, if some exists.

3. If X

i

has label [ and sons X

j

; X

j

0

, then for all 
ombinations of entries

(�

j

; �

j

) 2 Tab

j

and (�

j

0

; �

j

0

) 2 Tab

j

0

perform the following 
omputa-

tion:

3.1. Set �

j

:= �

j

�minf�

j

;maxf0; �

j

0

� �

j

gg and

�

j

0

:= �

j

0

�minf�

j

0

;maxf0; �

j

� �

j

0

gg.

3.2. For ea
h � varying from 0 to minf�

j

; �

j

0

g put into Tab

i

the entry

(�

i

; �

i

), where �

i

= �

j

+ �

j

0

� 2� and �

i

= maxf�

j

; �

j

0

g+ �:

Remove all minorized entries, if some exists.

4. Return �

s

(G) = minf�

m

+ �

m

: (�

m

; �

m

) 2 Tab

m

g for the root X

m

of T .

Note that the number of all entries (�

i

; �

i

) stored in ea
h Tab

i

is bounded

by k. Moreover, as dis
ussed by Lemmas 9 and 10 and after Lemma 11, if

(�

i

; �

i

) 2 Tab

i

then there exists a sub
oloring of G

i

of type (�

i

; �

i

).

The following lemma shows the 
orre
tness of the algorithm:
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Lemma 12 For every node X

i

of T and every sub
oloring �

i

of G

i

of type

(


i

; Æ

i

), there exists a pair (�

i

; �

i

) 2 Tab

i

su
h that (�

i

; �

i

) � (


i

; Æ

i

).

Proof: By indu
tion on the level of X

i

. The statement of the lemma is


orre
t for leaves of the 
otree. So, let X

i

be an internal node of T , and let

X

j

; X

j

0

be the two sons of X

i

. For t = j; j

0

let �

t

denote the restri
tion of

�

i

on G

t

and suppose that �

t

is of type (


t

; Æ

t

). By indu
tion there exists

(�

t

; �

t

) 2 Tab

t

su
h that

(�

t

; �

t

) � (


t

; Æ

t

): (I)

We distinguish two 
ases.

Case 1: X

i

is + node.

Set �

i

:= maxf�

j

; �

j

0

g and �

i

:= �

j

+ �

j

0

. Then, a

ording to step 2

of the algorithm, some entry in Tab

i

minorizes (�

i

; �

i

). We 
laim that

(�

i

; �

i

) � (


i

; Æ

i

): By the indu
tion hypothesis (I) and Lemma 9, �

i

=

�

j

+ �

j

0

� Æ

j

+ Æ

j

0

= Æ

i

. To see the se
ond 
ondition in the de�nition of �

we may assume without loss of generality that �

j

� �

j

0

. Then

�

i

+ �

i

= �

j

0

+ �

j

+ �

j

0

� �

j

+ 


j

0

+ Æ

j

0

� Æ

j

+ 


j

0

+ Æ

j

0

= 


j

0

+ Æ

i

= maxf


j

; 


j

0

g+ Æ

i

� 


i

+ Æ

i

:

Case 2: X

i

has label [.

Let �

j

; �

j

0

be the integers 
omputed from (�

j

; �

j

) and (�

j

0

; �

j

0

) in step 3

of the algorithm. Note that by (I) and Lemma 11,

maxf�

j

; �

j

0

g � maxfÆ

j

; Æ

j

0

g � Æ

i

;

hen
e there exists some integer � � 0 su
h that

maxf�

j

; �

j

0

g+ � � Æ

i

and � � minf�

j

; �

j

0

g:

Let � be the maximum integer satisfying these properties. Note that by the

maximality of �,

either � = minf�

j

; �

j

0

g or � = Æ

i

�maxf�

j

; �

j

0

g: (II)

Set �

i

:= �

j

+ �

j

0

� 2� and �

i

:= maxf�

j

; �

j

0

g+ �. Then a

ording to step

3 of the algorithm, some entry in Tab

i

minorizes (�

i

; �

i

). We 
laim that

(�

i

; �

i

) � (


i

; Æ

i

).
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By the 
hoi
e of � and of �

i

, we have �

i

� Æ

i

. To see the se
ond


ondition in the de�nition of �, we may assume without loss of generality

that �

j

� �

j

0

. Then �

j

= �

j

�minf�

j

; �

j

0

� �

j

g and �

j

0

= �

j

0

.

If �

j

= 0 then, � � minf�

j

; �

j

0

g = 0 and

�

i

+ �

i

= �

j

0

� 2�+ �

j

0

+ � � �

j

0

+ �

j

0

� 


j

0

+ Æ

j

0

� 


i

+ Æ

i

:

If �

j

= �

j

� (�

j

0

� �

j

) then

�

i

+ �

i

= �

j

� (�

j

0

� �

j

) + �

j

0

� 2�+ �

j

0

+ � = �

j

+ �

j

+ �

j

0

� �:

In this 
ase in 
onsideration of (II) there are two possibilities for �. If

� = Æ

i

�maxf�

j

; �

j

0

g = Æ

i

� �

j

0

we get,

�

i

+ �

i

= �

j

+ �

j

+ �

j

0

� (Æ

i

� �

j

0

)

� 


j

+ Æ

j

+ 


j

0

+ Æ

j

0

� Æ

i

� (


i

+ 2Æ

i

)� Æ

i

= 


i

+ Æ

i

;

and if � = minf�

j

; �

j

0

g, then

�

i

+ �

i

= �

j

+ �

j

+ �

j

0

�minf�

j

; �

j

0

g

= �

j

+ �

j

+ �

j

0

�minf�

j

� �

j

0

+ �

j

; �

j

0

g

= maxf�

j

0

+ �

j

0

; �

j

+ �

j

g

� maxf


j

0

+ Æ

j

0

; 


j

+ Æ

j

g � 


i

+ Æ

i

:

Thus, in any 
ase, �

i

+ �

i

� 


i

+ Æ

i

. Hen
e (�

i

; �

i

) � (


i

; Æ

i

), and the

lemma is proved. �

The dire
t appli
ation of Lemma 12 
on
ludes the proof of the se
ond

part of Theorem 3 in time O(nk

3

).

This algorithm 
an be either used to test k-Sub
olorability when we


onsider only those types of sub
olorings su
h that � + � � k, but also in

time O(n

4

) 
omputes �

s

(G), sin
e �

s

(G) � n.

3.3 Graphs with bounded 
liquewidth

Graphs of bounded 
liquewidth generalize both the notion of 
ographs and

graphs with bounded treewidth (
f. [14, 11℄).
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All graph problems that are expressible in monadi
 se
ond order logi


(MSOL) 
an be solved in linear time on graphs with bounded 
liquewidth

([12, 13℄), given an expression de�ning the input graph. There are many

problems not expressible in MSOL (for example Hamiltoni
ity, k-Colo-

rability (k arbitrary), . . . ), but, nevertheless, are solvable in polynomial

time on graphs with bounded 
liquewidth (
f. [16, 21℄).

In this se
tion, we extend our problem k-Sub
olorability (k arbi-

trary) to this list. Our approa
h is di�erent from that of [16℄ and of [21℄.

Sub
olorability is, however, mu
h more 
ompli
ated than Colorabi-

lity (as one may see in 
ase of 
ographs already) and it is not 
lear whether

the s
hemes suggested in [16, 21℄ 
an be modi�ed for our problem.

Let us now re
all the notion of 
liquewidth. Consider the a 
onstru
tion

tree T over a �nite label set L, whi
h re
ursively de�nes a graph G as

follows:

� Every leaf node X

i

with to operation t(v) whi
h means 
reation of a

one-vertex graph G

i

= (fvg; ;) where v is labeled by t 2 L.

� The join node X

i

with operation �

s;t

and one 
hild X

j

, inserts to the

graph G

j

all edges between verti
es labeled by s and t. (s; t 2 L). We

require that labels s and t are distin
t, however, some edges between

verti
es labeled by s and t may already exist.

� The relabel node X

i

with operation �

s!t

(s; t 2 L) and one son X

j


hanges all labels s in the graph G

j

to t.

� Finally, the union node X

i

with two 
hildren X

j

and X

j

0


orresponds

to the graph G

i

= G

j

[ G

j

0

, where all verti
es maintain their labels

from subgraph G

j

and G

j

0

respe
tively.

The 
liquewidth of a graph G is the smallest 
ardinality of the label set

L, su
h that there exists a 
onstru
tion tree T using this label set L and

the G is isomorphi
 to the graph G

m

whi
h 
orresponds to the root X

m

of

the tree T .

Every 
onstru
tion tree 
an be in polynomial time rearranged (
f. [14℄),

su
h that

� For ea
h join operation �

s;t

we may assume that in this moment there

are no edges between verti
es labelled by s and t.

18



� For ea
h node X

i

it is possible to 
ompute in polynomial time a graph

G

0

i

, the subgraph of G

m

indu
ed by V (G

i

) (i.e. it 
ontains G

i

and all

edges that will be added later due to join operations on the path from

X

i

to the root X

m

).

� For ea
h X

i

it is possible to 
ompute also in polynomial time an

auxiliary graph F

i

, de�ned on the label set used on G

i

, where two

labels s and t are 
onne
ted in F

i

, if on the path from X

i

to the root

there is a sequen
e of operations � 
hanging labels s to s

0

and t to t

0

(possibly in several iterations) followed by �

s

0

;t

0

. In other words edge

(s; t) in F

i

has the meaning that later there should be added an edge

between verti
es that in G

i

have labels s and t.

Now assume that the size of the set L is �xed 
onstant 
. Consider

arbitrary set of labels K � L and de�ne a (possibly empty) subgraph G

K

i

of G

0

i

indu
ed by all verti
es of G

i

whose label belongs to K.

Assume that �

i

is a k-sub
oloring of a graph G

0

i

and V

a

its 
olor 
lass.

The type of the 
olor 
lass V

a

is a ve
tor � of length 2




, where entries

are indexed by sets K � L, and

�

K

(V

a

) =

8

<

:

0 if V

a

indu
es empty graph in G

K

i

;

1 if V

a

indu
es in G

K

i

single 
lique with at least one vertex

2 if V

a

indu
es in G

K

i

a disjoint union of nonempty 
liques:

Observe that �

K

(V

a

) � �

K

0

(V

a

) whenever K � K

0

. Moreover there

exist at most M = 3

2




di�erent types of 
olor 
lasses. Let � be the set of

all possible 
olor 
lass types.

The following de�nition will help us to 
ontrol 
olor 
lass types in the

time of relabeling operation �

s!t

.

We say that a 
olor 
lass of type & transmutes into a 
olor 
lass of type

� via relabeling s! t, if

� �

K

= &

K

if s; t 62 K,

� �

K

= &

K[fsg

if t 2 K; s 62 K,

� �

K

= �

Knfsg

if s 2 K.

Observe, that for every type & , the target type � via transmutation s! t

is unique. Note that su
h test 
an be performed in a 
onstant time, as long

as the length of the type is 
onstant.
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�(V

�

) = (1; 1; 1; 2; 2; 1; 2)

�(V

Æ

) = (2; 0; 1; 2; 2; 1; 2)

L = f1; 2; 3g1 2 3

Figure 5: Example of a 2-sub
oloring of a graph of 
liquewidth 3

To illustrate these notions, see a 2-sub
oloring of a graph depi
ted in

Fig. 5. If we order subsets of L as (1; 2; 3; 12; 13; 23; 123) then the types of

the white and bla
k 
lass are

�(V

Æ

) = (2; 0; 1; 2; 2; 1; 2) �(V

�

) = (1; 1; 1; 2; 2; 1; 2)

Observe also that in this example the relabeling �

1!3

transmutes the 
lass

V

�

into a 
lass of type (0; 1; 2; 1; 2; 2; 2).

For a k-sub
oloring �

i

we de�ne its 
hara
teristi
 ve
tor a indexed by


olor 
lass types � 2 � whose entry a

�

equals to the number of 
olor 
lasses

of �

i

that are of type � .

The following lemma gives us a tool to test whether the 
hara
teristi


ve
tor a of a k-sub
oloring �

i

of G

0

i


an be 
omposed from the 
hara
teristi


ve
tors b and 
 of a k-sub
oloring of G

0

j

and G

0

j

0

, respe
tively, during the

union operation G

i

= G

j

[ G

j

0

. In su
h 
ase we say that a is 
ompatible

with a 
omposition of b and 
 in the label graph F

i

.

Before stating the lemma we would like to dis
uss one parti
ular 
ase in

the 
omposition of types � and ! into & (with respe
t to F

i

) in more detail.

Consider K � L, su
h that �

K

= !

K

= 1. In this 
ase we have to de
ide

whether &

K

= 1 or 2. To get the right answer we �rst �nd sets I; J � K

su
h that �

I

= !

J

= 1 and �

KnI

= !

KnJ

= 0. Only two situations make


omposition of � and ! possible:

� Either there is no edge in F

i

between any u 2 I and v 2 J . In this


ase we set &

K

= 2.

� Or sets I and J are disjoint and F

i


ontains all edges between verti
es

from I and from J , and then we set &

K

= 1.
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Only if one of these two 
ases applies, we say that �

K

and !

K


ould be

merged into &

K

. Observe also that for a single K we may perform su
h test

in time O(jKj

2

).

In Fig. 6 we present two examples for K = f1; 2; 3g. In the �rst one

we 
onsider I = f1; 2g and J = f1g. Su
h two types 
ould be merged if

and only if F

i

does not 
ontain the edge (1; 2), and the resulting type is

&

K

= 2. In the next example assume I = f1; 2g and J = f3g. Then these

types 
ould be merged if and only if none or both of the two edges (1; 3)

and (2; 3) are in F

i

. The existen
e of dotted edges is not important here.

1 2 3 1 2 3

J = f1g

I = f1; 2g

J = f3g

I = f1; 2g

&

K

= 2

&

K

= 1

&

K

= 2F

i

:

Figure 6: Merging of two 
olor types �

K

= !

K

= 1.

In any other 
ase of 
omposition of two types �

K

and !

K

, where at

least one of them is not 1, we follow the majority prin
iple, i.e. &

K

=

maxf�

K

; !

K

g.

Lemma 13 The type a is 
ompatible with a 
omposition of b and 
 in the

label graph F

i

if and only if the following system of linear inequalities over

variables x

&;�;!

has an integral solution.

� x

&;�;!

� 0,

� a

&

=

P

�;!2�

x

&;�;!

,

� b

�

=

P

&;!2�

x

&;�;!

,

� 


!

=

P

&�;2�

x

&;�;!

,

� x

&;�;!

= 0, if there exists K � L su
h that

{ either (�

K

6= 1 _ !

K

6= 1) and &

K

6= maxf�

K

; !

K

g,
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{ or �

K

= !

K

= 1 and �

K

and !

K


ould not be merged into &

K

.

Sin
e the dimension of this instan
e is bounded by a 
onstant M

3

, the


orresponding integer linear program 
ould be solved in polynomial time.

Now we are ready to present the de
ision algorithm. We store at Tab

i

all


hara
teristi
 ve
tors of all proper k-sub
olorings of the graph G

0

i

. Observe

that the number of entries is bounded by n

M

where n = jV (G)j.

The re
ursive evaluation of Tab

i

goes as follows:

1. For a leaf node X

i

with t(v) store in Tab

i

the unique 
hara
teristi


ve
tor a of the k-sub
oloring for whi
h fvg = V

1

is its the only 
olor


lass and its type satis�es �

K

(V

1

) = 1 if t 2 K � L, and �

K

(V

1

) = 0

otherwise.

2. All entries of a join node X

i

with �

s;t

are taken from its only son X

j

.

Observe that in this 
ase G

0

j

= G

j

in
luding the vertex labeling, so

no new restri
tion should be applied.

3. For a re
olor node X

i

with label �

s!t

and 
hild X

j

take every 
hara
-

teristi
 ve
tor b 2 Tab

j

and 
ompute a

�

as the sum of all b

&

where the

sum is taken over all types & whi
h transmutes onto � via relabeling

s! t.

4. For the union node X

i

with 
hildren X

j

; X

j

0

test every possible type

a perform the test whether it is 
ompatible with some type b 2 Tab

j

and some type 
 2 Tab

j

0

. If the test su

eeds, put a into Tab

i

.

Remember that ea
h step is followed by removing dupli
ities in table entries,

if some appears.

Note that 
omputing �

s

(G) 
an be also determined in polynomial time.

As, for 
onstant 
liquewidth 
, the number of types of a 
olor 
lass is 3

2




,

the evaluation of the table Tab

i2V (T )


an be performed in O(n

3

2




) time.

Thus, after n tests, we 
an 
ompute �

s

(G) in O(n

3

2




+1

) time.

4 Con
lusion

In this paper we brought both positive and negative results on the 
ompu-

tational 
omplexity of k-Sub
oloring problem.

We showed full 
omplexity 
lassi�
ation on planar graphs, in the 
ase

of 2-sub
olorability we have even re�ned this 
lassi�
ation on the degree


ondition.
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Similarly we have shown that the general k-Sub
olorability problem

is NP-
omplete on graphs of degree at most k

2

. Here we would like to

point out that in the view of degree 
onstraints the Planar Graph 3-

Sub
olorability and k-Sub
olorability is not fully 
lassi�ed and we

are 
onvin
ed that it deserves further resear
h.

To motivate this study we would like to mention that we expe
t that

there is a possibility to 
onstru
t uniquely k-sub
olorable graphs of degree

2k. Here, we would like to propose a generalization of the 
omplete 
om-

putational 
omplexity 
hara
terization for the 
ase k = 2 as stated in the

following 
onje
ture:

Conje
ture: For every �xed k � 2, k-Sub
olorability is NP-
omplete

for graphs with maximum degree 2k.

If true, this 
onje
ture is best possible be
ause every graph with maxi-

mum degree at most 2k � 1 is k-sub
olorable 
f. Se
tion 1.

As a parti
ular result it would be interesting to see whether the positive

answer to 4-Sub
olorability for planar graphs is as hard as the famous

four 
olor theorem, or whether this problem allows a simpler dire
t proof.

Finally, we would like to remark that in all 
onsidered 
ases (bounded

tree width, 
ographs, bounded 
liquewidth), an optimal sub
oloring 
ould

be derived, in the same time bounds, from the table.

A
knowledgments

The third author (VBL) thanks Ho�ang-Oanh Le for her interesting 
om-

ments. He also thanks the se
ond author (KJ) for inviting him to visit his

resear
h group in Kiel.

Referen
es

[1℄ D. A
hlioptas, The 
omplexity of G-free graph 
olourability, Dis
rete

Math 165/166 (1997), 31-38

[2℄ M.O. Albertson, R.E. Jamison, S.T. Hedetniemi, S.C. Lo
ke, The sub-


hromati
 number of a graph, Dis
rete Math. 74 (1989) 33-49

[3℄ S. Arnborg, EÆ
ient algorithms for 
ombinatorial problems on graphs

with bounded de
omposability { A survey, BIT, 25 (1985) 2-23.

23



[4℄ H.L. Bodlaender, A tourist guide through treewidth. A
ta Cyberneti
a,

11 (1993) 1-23.

[5℄ H.L. Bodlaender, A partial k-arboretum of graphs with bounded

treewidth, Theoreti
al Computer S
ien
e, 209 (1998) 1-45

[6℄ H.L. Bodlaender, A linear time algorithm for �nding tree-de
omposi-

tions of small treewidth. SIAM J. Computing, 25 (1996) 1305-1317.

[7℄ I. Broere, C.M. Mynhardt, Generalized 
olorings of outerplanar and

planar graphs, Pro
. Graph Theory with Appli
ations to Algorithms

and Computer S
ien
e, Kalamazoo, Mi
h., (1984) 151-161

[8℄ J.L. Brown, D.G. Corneil, On generalized graph 
olorings, J. Graph

Theory 11 (1987) 87-99

[9℄ D.G. Corneil, H. Ler
hs, L. Stewart Burlingham, Complement re-

du
ible graphs. Dis
rete Appl. Math. 3 (1981) 163-174

[10℄ D.G. Corneil, Y. Perl, L.K. Stewart, A linear re
ognition algorithm for


ographs, SIAM J. Computing 14 (1985) 926-934

[11℄ D.G. Corneil, U. Roti
s, On the relationship between 
lique-width and

treewidth, In: Graph-Theoreti
 Con
epts in Computer S
ien
e, 27th

Int. Workshop (WG 20001), Le
ture Notes in Computer S
ien
e 2204

(2001), in print

[12℄ B. Cour
elle, Graph rewriting: an algebrai
 and logi
al approa
h,

Handbook of Theoreti
al Computer S
ien
e, volume B, (1990) 192-242

[13℄ B. Cour
elle, The monadi
 se
ond-order logi
 of graphs I: Re
ognizable

sets of �nite graphs, Information and Computation 85 (1991) 12-75

[14℄ B. Cour
elle, S. Olariu, Uper bounds to the 
lique-width of graphs,

Dis
rete Appl. Math. 101 (2000) 77-114

[15℄ P. Erd}os, Bipartite subgraphs of graphs,Math. Lapok 18 (1967) 283-288

[16℄ W. Espelage, F. Gurski, E. Wanke, How to solve NP-hard graph prob-

lems on 
lique-width bounded graphs in polynomial time. In: Graph-

Theoreti
 Con
epts in Computer S
ien
e, 27th Int. Workshop (WG

20001), Le
ture Notes in Computer S
ien
e 2204 (2001), in print

24



[17℄ M. Garey, D.S. Johnson, Computers and Intra
tability: A Guide to the

Theory of NP-
ompleteness, W.H. Freeman, San Fransis
o, 1979

[18℄ M.R. Garey, D.S. Johnson, L. Sto
kmayer, Some simpli�ed NP-


omplete graph problems, Theoreti
al Computer S
ien
e 1 (1976) 237-

267

[19℄ H.A. Jung, On a 
lass of posets and the 
orresponding 
omparability

graphs, J. Combin. Theory Ser. B 24 (1978) 125-13

[20℄ T. Kloks, Treewidth { Computations and Approximations, Springer-

Verlag, 1994. Le
ture Notes in Computer S
ien
e 842

[21℄ D. Kobler, U. Roti
s, Polynomial algorithms for partitioning problems

on graphs with �xed 
lique-width. In: Pro
eedings of the ACM-SIAM

Symposium on Dis
rete Algorithms (SODA 2001), pages 468-475

[22℄ F. Ma�ray, M. Preissman, On the NP-
ompleteness of k-
olorability

problem of triangle-free graphs, Dis
rete Math. 162 (1996) 313-317

[23℄ C.M. Mynhardt, I. Broere, Generalized 
olorings of graphs, Pro
.

Graph Theory with Appli
ations to Algorithms and Computer S
ien
e,

Kalamazoo, Mi
h., (1984), 583-594

[24℄ N. Robertson and P.D. Seymour, Graph minors. II. Algorithmi
 aspe
ts

of tree-width, Journal of Algorithms 7 (1986) 309-322.

[25℄ T.J. S
haefer, The 
omplexity of the satisfability problem, Pro
. 10th

Ann. ACM Symp. on theory of 
omputing (1978) 216-226

25


