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Abstra
t. It 
an be 
onje
tured that the 
olored Jones fun
tion of

a knot 
an be 
omputed in terms of 
ounting paths on the graph

of a planar proje
tion of a knot. On the 
ombinatorial level, the


olored Jones fun
tion 
an be repla
ed by its weight system. We

give two 
urious formulas for the weight system of a 
olored Jones

fun
tion: one in terms of the permanent of a matrix asso
iated to a


hord diagram, and another in terms of 
ounting paths of interse
ting


hords.
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1. Introdu
tion

1.1. History. The 
olored Jones fun
tion of a knot is a 2-parameter formal

power series

P

1

n;m=0

a

n;m

h

n

�

m

whi
h determines (and is determined by)

the Jones polynomial of a knot and its 
ables, [BG℄. The support of the


olored Jones fun
tion lies in the triangle 0 � m � n.

About 10 years ago, Melvin-Morton and Rozansky independently 
on-

je
tured a relation among the diagonal terms

P

n

a

n;n

(h�)

n

of the 
olored

Jones fun
tion of a knot and its Alexander polynomial, [MM, Ro1, Ro2℄. D.

Bar-Natan and the �rst author redu
ed the 
onje
ture about knot invariants

to a statement about their 
ombinatorial weight systems, and then proved

it for all semisimple Lie algebras using 
ombinatorial methods, [BG℄.

Over the years, the MMR Conje
ture has re
eived attention by many

resear
hers who gave alternative proofs, [Ch, KSA, KM, Ro3, V℄.

The subdiagonal terms h

k

P

n

a

n+k;n

(h�)

n

for a �xed k of the 
olored

Jones fun
tion, are (after a suitable parametrization) rational fun
tions

whose denominators are powers of the Alexander polynomial. This was

�rst shown by Rozansky in [Ro3℄, who further 
onje
tured that a similar

property should be hold for the full Kontsevi
h integral of a knot. Rozan-

sky's 
onje
ture was re
ently settled by the �rst author and Kri
ker in [GK℄.

This opens the possibility of understanding ea
h subdiagonal term of the


olored Jones fun
tion (or the full Kontsevi
h integral) in topologi
al terms.

That said, not mu
h is known about the subdiagonal terms of the 
olored

Jones fun
tion. One 
an 
onje
ture that ea
h subdiagonal term is given in

terms of a 
ertain 
ounting of random walks on a planar proje
tion of a

knot, see also Lin and Wang, [LW℄. On a 
ombinatorial level, the 
olored

Jones fun
tion may be repla
ed by its weight system. In [BG℄ formulas

for the weight system W

J

of the 
olored Jones fun
tion and of its leading

order term W

JJ

were given in terms of the interse
tion matrix of a 
hord

diagram. In parti
ular, W

JJ

equals to the permanent of the interse
tion

matrix of the 
hord diagram. In the last se
tion of [BG℄ it was asked for

a better understanding of the W

J

weight system, espe
ially one that o�ers


ontrol over the subdiagonal terms in W

J

.

The purpose of the paper is to give two 
urious 
ombinatorial formulas

for W

J

in Theorems 1 and 2 that answer these questions, and support the


onje
ture that the 
olored Jones polynomial is a 
ounting of random walks.
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1.2. Statement of the results. Consider the 0-framed 
olored Jones weight

system

W

J

: A ! Q[�℄

whereA is the ve
tor spa
e over Q spanned by 
hord diagrams on an oriented

line, modulo the 4-term and 1-term relations, see [BG℄ and also below.

We will normalize W

J

to equal 1 on the 
hord diagram with no 
hords

(in [BG℄ the value of the empty 
hord diagram was � + 1 instead). With

this normalization, it turns out that for a 
hord diagram D, W

J

(D) is a

polynomial of � of degree the number of 
hords of D. W

JJ

(D) is de�ned to

be the 
oeÆ
ient of �

deg

in W

J

.

Given a 
hord diagram D, its 
hords are ordered (from left to right) and

we 
an 
onsider its interse
tion matrix IM(D) as in [BG, De�nition 3.4℄ of

size the number of 
hords of D de�ned by

IM(D)

ij

=

(

sign(i� j) if the 
hords i and j of D interse
t

0 otherwise:

We will 
onsider a blown-up variant IM

J

of the interse
tion matrix, of size

3 times the number of 
hords of D 
omposed of blo
ks of 3 by 3 matri
es

as follows:

IM

J

(D)

ij

=

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

A

sign(i�j)

if the distin
t 
hords i and j of D interse
t

A

0

if i = j

A




if 
hords i; j do not interse
t and i is


ompletely 
ontained in j

0 otherwise;

where

A

0

=

2

4

�+ 2 0 0

0 �+ 2 1

� ��� 2 1

3

5

; A

�

=

2

4

0 0 0

�1 �1 0

0 0 0

3

5

; A

+

=

2

4

1 1 0

0 0 0

0 0 0

3

5

;

A




=

2

4

1 1 0

�1 �1 0

0 0 0

3

5

:

Example 1.1.

D = ;



4 STAVROS GAROUFALIDIS AND MARTIN LOEBL

IM(D) =

2

6

6

4

0 �1 �1 �1

1 0 0 �1

1 0 0 �1

1 1 1 0

3

7

7

5

; IM

J

(D) =

2

6

6

4

A

0

A

�

A

�

A

�

A

+

A

0

0 A

�

A

+

A




A

0

A

�

A

+

A

+

A

+

A

0

3

7

7

5

:

Theorem 1. We have

W

J

= Per(IM

J

)

where Per(A) denotes the permanent of a square matrix A.

There is an alternative (and equivalent) formula ofW

J

in terms of 
ount-

ing 
y
les. In order to state it, given a 
hord diagram D 
onsider its labeled

interse
tion graph LIG(D) as in [BG, De�nition 3.4℄. The verti
es of LIG(D)


orrespond to the 
hords of D (thus, are ordered) and the edges of LIG(D)


orrespond to the interse
tion of the 
hords of D.

We will use a variation LID(D), the labeled interse
tion digraph of D

de�ned as follows. Orient ea
h edge from the smaller vertex to the larger

and add an oriented loop on ea
h vertex. The oriented loops are leaving the

verti
es. Next add dire
ted edges (ij) for ea
h pair of 
hords i; j su
h that

i is 
ompletely 
ontained in j. In addition we 
olor these new ar
s red (and

we draw them as �!r ) to distinguish them from the original ar
s.

Example 1.2. For the 
hord diagram D of Example 1.1, we have

LIG(D) =

1

3

2

4
; LID(D) =

r
:

A bit more generally, 
onsider a digraph G = (V;A) (i.e., a dire
ted

graph) where V is the set of verti
es and A is the set of ar
s. If e is an ar


of A with initial vertex u and terminal vertex v then we write e = (u; v).

We assume that there is one loop at ea
h vertex and a loop at a vertex is


onsidered as an ar
 leaving that vertex, and in addition some ar
s whi
h

are not loops are red. We will 
onsider the ar
s with variables asso
iated

with them: the variable of an ar
 e is denoted by x

e

. We will need the

following notion of a

eptable obje
t, given G:

De�nition 1.3. A 
olle
tionK of ar
s together with a thi
kening of one end

of ea
h of the ar
s of K is 
alled a

eptable for G if the following properties

are satis�ed:

� If (ij) is a red ar
 of G then both ar
s (ij) and (ji) may appear in

K, but they must always be thi
kened at i. If (ij) is an un
olored
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ar
 of G then (ij) with any end thi
kened may appear in K, but

(ji) may not.

� Ea
h vertex of V is in
ident with 0, 2 or 4 thi
kened ar
s of K. If

a loop belongs to K then we assume it 
ontributes 2 to the degree

of the 
orresponding vertex. Moreover, a loop is always thi
kened

at its initial segment, i.e., in agreement with its orientation.

� Exa
tly half of the ar
s in
ident with a vertex are thi
kened at the

vertex.

� If there are two ar
s thi
kened at a vetex, then one of them enters

and the other one leaves.

We will study the following partition fun
tion

J(G) =

X

K a

eptable

2

deg

4

(K)

(�+ 2)

jV j�deg

4

(K)

x

K

(�1)

a(K)

of a digraph G, where x

K

=

Q

e2K

x

e

, deg

4

(K) denotes the number of

verti
es of K in
ident with 4 ar
s of K and a(K) is the number of ar
s

of K with initial segment thi
kened, i.e., dire
ted in agreement with the

thi
kening.

The motivation for J(G) 
omes from the 
ase of the interse
tion digraph

LID(D) of a 
hord diagram and the following:

Theorem 2. For a 
hord diagram D, we have

W

J

(D) = J(LID(D))j

x

e

=1

:

Corollary 1.4. After a 
hange of variables d = � + 2, let W

JJ

(n)

denote

the 
oeÆ
ient of d

deg�n

in W

J

. Then,

W

JJ

(n)

(D) = 2

n

X

K

(�1)

a(K)

where the sum is over all a

eptable K su
h that deg

4

(K) = n.

Corollary 1.5. [BG℄ We have:

W

JJ

= Per(IM):

How fast 
an one 
ompute permanents?

Corollary 1.6. For general matri
es of size n we need n! steps. However,

a theorem of A. Gallu

io [GL℄ and the se
ond author implies that W

J


an

be 
omputed in 4

g

steps, where g is the genus of LIG(D), that is the smallest

genus of a surfa
e that LIG(D) embeds.
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1.3. Plan of the proof. In Se
tion 2, we review the weight system of the


olored Jones fun
tion, and redu
e Theorem 2 to a Theorem 3 
on
erning

digraphs. Se
tion 3, is devoted to the proof of Theorem 3 using a trip to


ombinatori
s. In Se
tion 4, we translate our results using the language of

permanents, and dedu
e Theorem 1. In the �nal Se
tion 5 we prove the


orollaries that follow Theorem 2.

1.4. A
knowledgement. The authors wish to thank the Georgia Institute

of Te
hnology whi
h invited the se
ond author and provided the environ-

ment of this resear
h, and D. Bar-Natan for providing independent 
he
ks

to the output of the program.

2. A review of the W

J

weight system

The goal of this se
tion is to redu
e Theorem 2 to Theorem 3 stated

below; this will be a
hieved by a 
areful examination of the W

J

weight

system. Re
all from [BG, Se
tion 4.2℄ that W

J


an be 
omputed as follows:

Step 1. Color ea
h 
hord of a 
hord diagram D by the following operator:

^

B(v

k


 v

k

0

) = (k + 1)(�� k

0

+ 1)v

k+1


 v

k

0

�1

+ (�� k + 1)(k

0

+ 1)v

k�1


 v

k

0

+1

+ 1=2((�� 2k)(�� 2k

0

)� �(� + 2))v

k


 v

k

0

from [BG, p.121℄.

The key 
al
ulation is the following elementary rearrangement of

^

B, easily


he
ked:

Lemma 2.1.

^

B(v

k


 v

k

0

) = ((�+ 2)I +B

+

+B

�

)(v

k


 v

k

0

)

where

B

+

=

X

�=0;1

(�1)

�

B

+

�

; B

+

�

= �(1 + k)(� + 1� k

0

)v

k+�


 v

k

0

��

B

�

=

X

�=0;1

(�1)

�

B

�

�

; B

�

�

= �(1 + k

0

)(� + 1� k)v

k��


 v

k

0

+�

:

This done, the 
oloring of 
hords of D may be viewed as a fun
tion

� : 
hords(D)! fI; B

+

0

; B

+

1

; B

�

0

; B

�

1

g.

Step 2. The end-points of the n 
hords of D partition the base line into

2n + 1 segments s

0

; :::; s

2n

listed from left to right. We asso
iate number

m(s

i

) with ea
h of these segments as follows:
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1. Let m(s

0

) = 0.

2. If i � 0 and last point of s

i

is left end-vertex of 
hord v thenm(s

i+1

)

is 
omputed from m(s

i

) and �(v) using 2.1:

� If �(v) 2 fI; B

+

0

; B

�

0

g then m(s

i+1

) = m(s

i

),

� If �(v) = B

+

1

then m(s

i+1

) = m(s

i

) + 1,

� If �(v) = B

�

1

then m(s

i+1

) = m(s

i

)� 1.

3. If i � 0 and last point of s

i

is right end-vertex of 
hord v then

m(s

i+1

) is 
omputed from m(s

i

) and �(v) using 2.1:

� If �(v) 2 fI; B

+

0

; B

�

0

g then m(s

i+1

) = m(s

i

),

� If �(v) = B

+

1

then m(s

i+1

) = m(s

i

)� 1,

� If �(v) = B

�

1

then m(s

i+1

) = m(s

i

) + 1.

Step 3. We let

W

J

(D) =

X

�

Y


hords v

!

�

(v)

where � is a 
oloring of the 
hords of D and !

�

(v) is a spe
i�
 weight that

is 
omputed using Lemma 2.1 again:

� !

�

(v) = �+ 2 if �(v) = I ,

� !

�

(v) = �(�1)

�

(1 + k)(�+ 1� k

0

) if �(v) = B

+

�

,

� !

�

(v) = �(�1)

�

(1 + k

0

)(� + 1� k) if �(v) = B

�

�

,

where k = m(s

L

(v)), k

0

= m(s

R

(v)), s

L

(v) is the segment ending at the left

end-point of v and s

R

(v) is the segment ending at the right end-point of v.

The reader is urged to look at [BG, Chapter 4℄ for an explanation of the

above algorithm in terms of the representation theory of the sl

2

Lie algebra.

Example 2.2. For the following 
oloring of the 
hord diagram of Example

1.1

v

k

v

k+1

v

k+1

v

k

v

k

v

k�1

v

k

v

k

v

k

B

+

1

I

B

�

0

B

�

1

we have (assuming m(s

0

) = k) that

!

�

(1) = (1 + k)(�+ 1� k); !

�

(2) = �+ 2

!

�

(3) = (1 + (k � 1))(�+ 1� (k + 1)); !

�

(4) = �(1 + k)(�+ 1� k):

Ea
h 
oloring � of the 
hords is determined by a subset V

0

of 
hords su
h

that �(v) = I for v =2 V

0

and by a 
oloring 
 where 
(v) is an assignement of
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an element (�

v

; Æ

v

) 2 f0; 1g� f+;�g for ea
h v 2 V

0

. Hen
e we 
an write

W

J

(D) = J

0

(LID(D))j

x

e

=1

where

J

0

(G) =

X

V

0

�V

(�+ 2)

jV�V

0

j

X


 
ol of V

0

Y

v2V

0

!

0




(v):

An important observation is that !

0




(v) 
an be 
omputed in terms of the

lo
al stru
ture of the labeled interse
tion digraph LID(D). The next lemma

des
ribes this.

Lemma 2.3. Let LID(D) = (V;A). Then

!

0




(v) = �(�1)

�

v

0

�

1 +

X

e2A; v2e

z

v

(e)

1

A

0

�

�+ 1�

X

e2A; v2e

�z

v

(e)

1

A

where z

v

; �z

v

are de�ned as follows:

� If e un
olored then

� If 
(v) = (+; �) and e = (w; v) then z

v

(e) = Æ

w

�

w

x

e

,

� If 
(v) = (+; �) and e = (v; w) then �z

v

(e) = Æ

w

�

w

x

e

,

� If 
(v) = (�; �) and e = (w; v) then �z

v

(e) = Æ

w

�

w

x

e

,

� If 
(v) = (�; �) and e = (v; w) then z

v

(e) = Æ

w

�

w

x

e

,

� If e is red and e = (v; w) then z

v

(e) = �z

v

(e) = Æ

w

�

w

x

e

,

� and z

v

(e) = �z

v

(e) = 0 otherwise.

Proof. If 
(v) = (+; �) then 
(v) 
orresponds to the operator B

+

�

and hen
e

!

0




(v)j

x

e

=1

= �(�1)

�

v

(1 + k)(�+1� k

0

). A moment's thought reveals that

k = k

1

� k

2

+ k

3

� k

4

and k

0

= k

0

1

� k

0

2

+ k

3

� k

4

where

k

1

= jfe = (w; v) un
olored; 
(w) = (+; 1)gj;

k

2

= jfe = (w; v) un
olored; 
(w) = (�; 1)gj

k

0

1

= jfe = (v; w) un
olored; 
(w) = (+; 1)gj;

k

0

2

= jfe = (v; w) un
olored; 
(w) = (�; 1)gj

k

3

= jfe = (v; w) red; 
(w) = (+; 1)gj;

k

4

= jfe = (v; w) red; 
(w) = (�; 1)gj:

The reasoning is analogous for 
(v) = (�; �). �

Thus, Theorem 2 follows from the following

Theorem 3. For all digraphs G with one loop at ea
h vertex, we have

J

0

(G) = J(G):
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3. Understanding the state sums J(G) and J

0

(G)

In this se
tion we prove Theorem 3, via a trip to 
ombinatori
s with


urious 
an
ellations 
aused by appli
ations of the binomial theorem.

Let us begin by rewriting J

0

(G). Let �

V

0

=

P

v2V

0

�

v

. Then,

J

0

(G) =

X

V

0

�V

(�1)

jV

0

j

(�+ 2)

jV�V

0

j

X


 
ol of V

0

(�1)

�

V

0

X

V

1

�V

0

; V

2

�V

0

(�1)

jV

2

j

(�+ 1)

jV

0

�V

2

j

Y

v2V

1

 

X

v2e

z

v

(e)

!

Y

v2V

2

 

X

v2e

�z

v

(e)

!

where V

1

and V

2

are possibly overlapping subsets of V .

Note that

Y

v2V

1

 

X

v2e

z

v

(e)

!

=

X

f

Y

v2V

1

z

v

(e(f; v))

where f : V

1

! A maps v to the ar
 denoted by e(f; v) su
h that v 2 e(f; v)

and moreover if e(f; v) red then e = (v; :), i.e. e starts in v. In other words,

f asso
iates with ea
h vertex v of V

1

an ar
 in
ident with it. Similarly, we


an rewrite

Q

v2V

2

�

P

v2e

�z

v

(e)

�

. Hen
e,

J

0

(G) =

X

V

0

�V;V

1

�V

0

;V

2

�V

0

(�1)

jV

0

j

(�+ 2)

jV�V

0

j

(�+ 1)

jV

0

�V

2

j

(�1)

jV

2

j

X

f :V

1

!A;g:V

2

!A

X


 
ol of V

0

(�1)

�

V

0

Y

v2V

1

(z

v

(e(f; v)))

Y

v2V

2

(�z

v

(e(g; v))) :

Let us rewrite the formula more: we �x W

1

= V

1

\ V

2

, W

2

= V

1

[ V

2

and

we let h to be disjoint union of f and g.

Remark 3.1. What exa
tly is h? Answer: h is a fun
tion that assigns to

ea
h vertex of V

0

zero, one or two ar
s in
ident with it (if the ar
 is red

then it must start in that vertex). Hen
e jh(v)j � 2 for all v 2 V

0

and

if e 2 h(v) then v 2 e. Here we slowly move towards the formalism of

a

eptable obje
ts. If e 2 h(v) then thi
ken the end of e 
ontaining v.

Hen
e h be
omes a system of thi
kened ar
s of G so that there are at most

two ar
s in the system that are thi
kened at ea
h vertex of V

0

, and red ar
s

are thi
kened always at the start. �

If we have su
h an h, then W

1

= fv : jh(v)j = 2g and W

2

= fv : jh(v)j �

1g. Hen
e, h determines the setsW

1

andW

2

. Fix an h as above, 
onsider its
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orresponding sets W

1

;W

2

, and let h(W

2

) denote the system of thi
kened

ar
s determined by h. We have

J

0

(G) =

X

V

0

�V

(�1)

jV

0

j

(� + 2)

jV�V

0

j

X

h

A(V

0

; h)

where

A(V

0

; h) =

X


 
ol of V

0

X

V

0

2

�W

2

�W

1

X

g:W

1

[V

0

2

!h(W

2

):g(v)2h(v)

B

and

B = (�1)

�

V

0

(�1)

jV

0

2

[W

1

j

(�+ 1)

jV

0

�(W

1

[V

0

2

)j

Y

v2W

1

[V

0

2

�z

v

(e(g; v))

Y

v2W

1

[V

0

1

z

v

(e(f; v))

where V

0

1

= W

2

� (W

1

[ V

0

2

) and f : W

1

[ V

0

1

! h(W

2

) is su
h that the

disjoint union of f and g is h.

The next two lemmas restri
t the possible 
on�gurations of h that 
on-

tribute non-zero A(V

0

; h).

Lemma 3.2. Let v 2W

2

. If the only ar
s of h(W

2

) in
ident with v are the

ar
s of h(v), then A(V

0

; h) = 0.

Proof.

v 2 W

1

v 2W

2

�W

1

Fix V

0

2

, g and 
(V

0

�fvg). If B 6= 0, then the 
olor Æ

v

2 f�;+g of v may be

determined by g and the orientation of the ar
s of h(v). However, there is

still the 
hoi
e �

v

= 0 or 1. This in
uen
es only (�1)

�

V

0

, hen
e the lemma

follows. �

Lemma 3.3. Let v 2 W

1

. If both ar
s of h(v) are un
olored and oriented

in the same way w.r.t. v then A(V

0

; h) = 0. If there are exa
tly three ar
s

of h(W

2

) in
ident with v then A(V

0

; h) = 0.

Proof.

a

v

Sin
e v 2 W

1

we have jh(v)j = 2. For the �rst part, if both ar
s of h(v) are

un
olored and oriented in the same way, then there is no way to 
hoose 
olor

Æ

v

2 f�;+g so that B 6= 0. For the se
ond part, if there are exa
tly three

ar
s of h(W

2

) in
ident with v then there is exa
tly one ar
, say a, whi
h
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is in
ident with v and belongs to h(W

2

)� h(v). Fix V

0

2

and 
onsider pairs

g

1

; g

2

of fun
tions g whi
h di�er only on v. If B 6= 0 and at least one of the

ar
s of h(v) is un
olored, then the 
olor Æ

v

2 f�;+g of v is determined by

the orientation of the ar
s of h(v) and the 
hoi
e between g

1

and g

2

. This


olor is opposite for g

1

and g

2

, and so the edge a is 
ounted with di�erent

signs for g

1

and g

2

while all the rest remains the same, hen
e the total


ontribution is 0. If both ar
s of h(v) are red then both 
olors Æ

v

2 f�;+g

of v are possible for B 6= 0 and both g

1

and g

2

. Hen
e again the edge a


ontributes twi
e +1 and twi
e �1 and the total 
ontribution is 0. �

Note that the se
ond property of the above lemma assures that the system

h(W

2

) of thi
kened un
olored edges is a set for ea
h h whi
h 
ontributes a

non-zero term to J

0

(G).

Corollary 3.4. (a) If e 2 h(W

2

), then both verti
es of e belong to W

2

.

(b) Ea
h vertex of W

2

has degree (i.e., valen
y) 2 or 4 in h(W

2

) and if N(v)

is the set of edges of h(W

2

) in
ident with v then jN(v)j = 2jh(v)j. In other

words, the allowed 
on�gurations are

Proof. It follows from Lemmas 3.2 and 3.3 that jN(v)j � 2jh(v)j at ea
h

vertex v. On the other hand, ea
h edge of h(W

2

) has one thi
k end and one

thin end, and so there 
annot be more thin ends than thi
k ends. Hen
e

jN(v)j = 2jh(v)j and the 
orollary follows. �

Corollary 3.5. If W

2

6= V

0

, then A(V

0

; h) = 0.

Proof. We write

A(V

0

; h) =

X


 
ol of V

0

�W

2

(�1)

�

V

0

�W

2

(rest)

where the 'rest' is not in
uen
ed by the 
olorings in V

0

�W

2

. Hen
e,

A(V

0

; h) = (rest)

X

C�V

0

�W

2

(�1)

jCj

2

jV

0

�W

2

j

whi
h vanishes unless V

0

=W

2

. �

Summarizing, a fun
tion h su
h that A(V

0

; h) 6= 0 determines a 
olle
tion

of thi
kened ar
s that is almost an a

eptable obje
t:

� ea
h vertex has degree 2 or 4 in V

0

and 0 in V � V

0

,
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� exa
tly half of the ar
s in
ident with a vertex are thi
kened at that

vertex,

� if there are two un
olored ar
s thi
kened at a vertex then they have

opposite orientation with respe
t to the vertex,

� the red ar
s are always thi
kened at the start.

Let us 
all su
h obje
t good on V

0

. Note also that for ea
h 
oloring of a

good obje
t on V

0

whi
h 
ontributes non-zero to B we must have �

v

= 1 for

ea
h v 2 V

0

and hen
e (�1)

�

V

0

= (�1)

jV

0

j

. Colle
ting our e�orts so far, we

have

(1) J

0

(G) =

X

V

0

�V

(�+ 2)

jV�V

0

j

X

K good on V

0

A

0

(V

0

;K)

where

A

0

(V

0

;K) =

X

V

0

2

�V

0

�W

1

(�+ 1)

jV

0

�(W

1

[V

0

2

)j

C(V

0

2

; V

0

;K);

W

1

is the set of verti
es of V

0

of degree 4 in K and

C(V

0

2

; V

0

;K) =

X

g

0

:W

1

!K

(�1)

jW

1

j

(�1)

jV

0

2

j

X


 
ol

Y

v2W

1

[V

0

2

�z

v

(e(g; v))

Y

v2V

0

�V

0

2

z

v

(e(f; v));

and g

0

; g; f have the following properties:

� if p 2 fg

0

; g; fg then p(v) is an ar
 ofK in
ident with v and thi
kened

at v,

� g :W

1

[ V

0

2

! K is unique su
h fun
tion extending g

0

,

� f : V

0

� V

0

2

! K is unique su
h fun
tion with f [ g = K.

Lemma 3.6. C(X;V

0

;K) = C(Y; V

0

;K) for arbitrary X;Y subsets of V

0

�

W

1

.

Proof. Exa
tly half of the edges ofK in
ident with ea
h vertex are thi
kened

at that vertex and hen
e K may be regarded as a union of 
y
les Z

1

; : : : ; Z

m

su
h that ea
h Z

i

has the form
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and su
h that ea
h vertex of K lies in at most two of the 
y
les Z

i

. In other

words, we may think that K is pi
tured s
hemati
ally as follows

(where for simpli
ity, we have drawn the 
y
lesZ

i

as 
ir
les). As we observed

above,

C(X;V

0

;K) =

X

g

0

:W

1

!K

(�1)

jW

1

j

(�1)

jXj

X


 
ol

Y

v2W

1

[X

�z

v

(e(g; v))

Y

v2V

0

�X

z

v

(e(f; v))

It suÆ
es to show the following

Claim.

C(X;V

0

;K) =

X

K

0

(�1)

a(K

0

)

x

K

where K

0

is any 
olle
tion of thi
kened ar
s obtained from K by 
hanging

orientation of some (possibly none) red ar
s of K so thatK

0

is an a

eptable

obje
t (i.e. if two ar
s are thi
kened at a vertex then they are oppositely

oriented w.r.t. that vertex), and a(K

0

) is the number of ar
s of K

0

dire
ted

in agreement with the thi
kening.

Proof of the Claim. We 
an write

C(X;V

0

;K) =

X

g

0

:W

1

!K

D

and

D = (�1)

jW

1

j

(�1)

jXj

X


 
ol

Y

v2W

1

[X

�z

v

(e(g; v))

Y

v2V

0

�X

z

v

(e(f; v)):

First we observe that the Claim is true when K has a vertex of degree

2 where the thi
kened edge is red. Indeed, in this 
ase both sides of the

formula in the Claim equal 0. Hen
e let K donot have su
h a vertex. Let

S be the set of verti
es of K where two red ar
s are thi
kened. Observe

that exa
tly 2

jSj


olorings 
 
ontribute a non-zero term to D: we observed

before that ne
essarily �(v) = 1 for ea
h v 2 V

0

. Moreover, ea
h 
olor Æ(v)


ontributing non-zero to D is uniquely determined for ea
h v where at least

one un
olored ar
 is thi
kened: expli
itly, let v be a vertex of Z

i

and let e

be the unique ar
 of Z

i

thi
kened at v, and let e be un
olored. Then Æ(v)

depends on the orientation of e and whether e belongs to g or not. Hen
e

there is at most one 
oloring Æ(v) whi
h 
ontributes a non-zero term to D.

Also observe that the unique 'non-zero 
oloring' of these verti
es of ea
h
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Z

i


ompose well together: this follows from the fa
t that if v is a vertex

of degree 4 in K then exa
tly 2 ar
s are thi
kened at v, and if both are

un
olored then they have di�erent orientation with respe
t to v and one

belongs to g and the other belongs to f . Finally observe that for vertex v

where two red ar
s are thi
kened, any Æ(v) 
ontributes a non-zero.

Next we will observe that the 
ontribution of ea
h of these 2

jSj


olorings

to D is the same and equals (�1)

a(K

0

)

x

K

where K

0

is any 
olle
tion of

thi
kened ar
s obtained from K by 
hanging orientation of some (possibly

none) red ar
s of K so that K

0

is an a

eptable obje
t (i.e., if two ar
s are

thi
kened at a vertex then they are opositely oriented with respe
t to that

vertex). This proves the Claim sin
e the number of obje
ts K

0

equals 2

jSj

.

Hen
e it remains to 
on�rm the 
ontribution of ea
h of the allowed 
olorings

to D.

First observe that it is true when X = ;. Next, let us put a vertex v of

Z

i

�W

1

intoX and let e be the ar
 of Z

i

thi
kened at v. Then e is un
olored

by our assumption and we need to 
hange Æ(v) in order to have a nonzero


ontribution, hen
e the produ
t of signs along Z

i


hanges but (�1)

jXj

also


hanges and so the �nal total sign is the same.

�

We let

C(V

0

;K) =

X

g

0

:W

1

!K

X

K

0

(�1)

a(K

0

)

x

K

= 2

deg

4

(K)

X

K

0

(�1)

a(K

0

)

x

K

:

Equation (1) together with Lemma 3.6 implies that

J

0

(G) =

X

V

0

�V

(�+ 2)

jV�V

0

j

X

K good on V

0

C(V

0

;K)

X

A�V

0

�W

1

(�+ 1)

jAj

=

X

V

0

�V

(�+ 2)

jV�V

0

j

X

K good on V

0

C(V

0

;K)(�+ 2)

jV

0

�W

1

j

=

X

K good onV

0

(�+ 2)

jV�W

1

j

C(V

0

;K)

=

X

K a

eptable

(�+ 2)

jV j�deg

4

(K)

2

deg

4

(K)

(�1)

a(K)

x

K

= J(G)

whi
h 
on
ludes the proof of Theorem 3. �
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4. Converting to Permanents

The goal of this se
tion is to 
onvert the state sum J(D) into a permanent,

in the following way:

Theorem 4.

J(LID(D))j

x

e

=1

= Per(IM

J

(D))

Note that Theorem 1 follows from Theorems 2 and 4.

We will a
hieve the 
onversion of J(LID(D)) in a permanent by a lo
al

modi�
ation (we 
an say, a blow-up) of ea
h of the verti
es of the original

digraph LID(D). It turns out that the modi�
ation triples ea
h of the

verti
es of G. Why triple? Be
ause in a sense J(LID(D)) has to do with

the sl

2

-Lie algebra. Thus, we are ba
k to Lie algebras, this time through a


ommon blow-up tri
k of 
ombinatori
s.

Proof (of Theorem 4). We have that

J(LID(D))j

x

e

=1

=

X

K a

eptable

(�+ 2)

jV j�deg

4

(K)

2

deg

4

(K)

(�1)

a(K)

;

where a(K) equals the number of ar
s of K thi
kened in agreement with

their orientation. A single loop of K is always leaving its vertex, and it is

dire
ted in agreement with its thi
kening. Hen
e ea
h single loop 
ontributes

'(-1)' to a(K). Let us now get rid of these single loops: an a

eptable obje
t

without single loops will be 
alled 
onne
ted and a 
onne
ted obje
t where

ea
h vertex of V has degree at least 2 will be super. We have

J(LID(D))j

x

e

=1

=

X

K a

eptable

(�+ 2)

jV j�deg

4

(K)

2

deg

4

(K)

(�1)

a(K)

=

X

K 
onne
ted

(� + 2)

jV j�deg

4

(K)

2

deg

4

(K)

(�1)

a(K)

X

U�V�K

(�1)

jUj

=

X

K super

(�+ 2)

jV j�deg

4

(K)

2

deg

4

(K)

(�1)

a(K)

:

We will use a variation TID(D)), the thi
kened interse
tion digraph of D

de�ned as follows. Double ea
h of the ar
s of LID(D) and:

(1) if the ar
 is un
olored then thi
ken su
h pair at opposite ends,

(2) if the ar
 is red then thi
ken ea
h ar
 of the pair at the start, and

then 
hange the orientation of one of them,

(3) thi
ken ea
h loop at its initial segment, i.e., in agreement with its

orientation.
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In pi
tures, the thi
kening of LID is the substitution

r

Now we 
an write

J(LID(D))j

x

e

=1

=

X

K super subobje
t of TID(D)

(�+2)

jV j�deg

4

(K)

2

deg

4

(K)

(�1)

a(K)

:

Let us des
ribe now how a thi
kened digraphD(IM

J

) may be 
onstru
ted

from TID(D). The 
onstru
tion easily follows from the de�nition of matrix

IM

J

: it 
onsists in repla
ing ea
h vertex of TID(D) by a 'gadget' on three

verti
es, as follows:

v
1

v
3

v
2

λ+2−λ

−1

−1

−(λ+2) −(λ+2)

The 
onstru
tion goes as follows:

1. For ea
h vertex v of TID(D) introdu
e three verti
es v

1

; v

2

; v

3

for

D(IM

J

).

2. De�ne the thi
kened ar
s and their weights among ea
h triple v

1

; v

2

; v

3

as follows:

� add loop l

i

at ea
h v

i

and let w(l

1

) = w(l

2

) = �(� + 2) and

w(l

3

) = �1,

� add ar
 (v

3

; v

1

) thi
kened at v

3

with weight ��,

� add ar
 (v

3

; v

2

) thi
kened at v

3

with weight �+ 2,

� add ar
 (v

2

; v

3

) thi
kened at v

2

with weight �1.

3. For ea
h thi
kened ar
 (u;w) of TID(D) do the following:

� If (u;w) is thi
kened at u then add (u

2

; w

1

); (u

2

; w

2

) thi
kened

at u

2

with weights equal to 1,

� If (u;w) is thi
kened at w then add (u

1

; w

1

); (u

2

; w

1

) thi
kened

at w

1

with weights equal to 1.

It follows dire
tly from the de�nition of the permanent that

Per(IM

J

) =

X

L2L

(�1)

a(L)

w

L

;
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where L is the set of all a

eptable subobje
ts of D(IM

J

) where ea
h degree

equals 2.

We need to show that

X

Lwith ea
h degree 2

a

eptable subobje
t ofD(IM

J

)

(�1)

a(L)

w

L

=

X

K super subobje
t of TID(D)

(�+ 2)

jV j�deg

4

(K)

2

deg

4

(K)

(�1)

a(K)

:

We will prove it by 
onstru
ting a partition of a

eptable subobje
ts of

D(IM

J

) where ea
h vertex has degree 2, and asso
iating ea
h partition


lass whi
h 
ontributes non-zero to Per(D(IM

J

)) with uniquelly determined

super subobje
t of TID(D).

Let L be an a

eptable subobje
t ofD(IM

J

) where ea
h vertex has degree

2. Denote by OL the set of all thi
kened ar
s of type (u

i

w

j

), u 6= w, and

let IL = L � OL. Note that if we forget the lower indi
es at verti
es, OL

naturally 
orresponds to a set OK of thi
kened ar
s of TID(D). Note that

no ar
 in OK is a loop and a(OL) = a(OK). It remains to be seen what to

do with the thi
kened ar
s of IL. We may 
onsider ea
h triple of verti
es

v

1

; v

2

; v

3

separately. Let ILv denote the set of thi
kened ar
s of L among

v

1

; v

2

; v

3

. We distinguish four 
ases.

� ILv 
onsists of all three loops or the loop at v

1

and the ar
s (v

2

; v

3

); (v

3

; v

2

).

Let C

0

be the 
lass of all L whi
h in at least one triple v

1

; v

2

; v

3

behave in this way. Note that the total 
ontribution of C

0

to

Per(D(IM

J

)) is 0, and so we may assume that this 
ase never hap-

pens (it 
orresponds to single loop at v in TID(D) whi
h is not

allowed for supersubobje
ts).

� ILv 
onsists of loop at v

1

or loop at v

2

(but not both), and loop

at v

3

. Then let IKv = ;. Hen
e v will have degree 2 in K and


ontribute (� + 2) to J(LID(D)), whi
h exa
tly equals to the 
on-

tribution of ILv to Per(D(IM

J

)).

� ILv 
onsists of f(v

2

; v

3

); (v

3

; v

2

)g or f(v

3

; v

1

); (v

2

; v

3

)g. Then v has

degree 2 in OK and the edge of OK in
ident and thi
kened at v is

entering v. In this 
ase let IKv 
onsist of the loop at v. Note that

the total 
ontribution of ILv to Per(D(IM

J

)) is �(�+2)+� = �2

and 2(�1) is also the 
ontribution of IKv to J(LID(D)).

� ILv = ;. Then v has degree 4 in OK and we let IKv = ;. In this


ase ea
h v

i

, i = 1; 2 is in
ident with one ar
 of L not thi
kened

at v

i

. Let L

0

be obtained from L by ex
hanging the in
iden
e of
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non-thi
kened ar
s between v

1

and v

2

. The total 
ontribution of

ILv and IL

0

v to Per(D(IM

J

)) is 2 and 2 is also the 
ontribution of

IKv to J(LID(D)).

It is easy to 
he
k that we indeed partitioned the set of all a

eptable

subobje
ts ofD(IM

J

) where ea
h vertex has degree 2 and that we exhausted

all super subobje
ts of TID(D). This �nishes the proof of Theorem 4.

5. Proof of the 
orollaries

Corollary 1.4 is immediate. For Corollary 1.5, observe that W

JJ

=

W

JJ

(0)

is given by Corollary 1.4 for n = 0. We 
laim that this formula

equals to Per(IM). This may be observed as follows: assume i < j. Asso-


iate IM(D)

ij

with the ar
 (i; j) of LID(D) thi
kened at i and IM(D)

ji

with

ar
 (i; j) thi
kened at j. This asso
iates, with ea
h term of the expansion

of Per(IM), an a

eptable obje
t of un
olored ar
s only, with ea
h degree

equal to 2 and no loops. Denote the set of su
h a

eptable obje
ts by K

1

.

It is straightforward to 
he
k that

Per(IM) =

X

K2K

1

(�1)

a(K)

:

On the other hand, W

JJ

(0)

=

P

K2K

2

(�1)

a(K)

, where K

2

is the set of all

a

eptable obje
ts where ea
h degree is 0 or 2 (loops are allowed and they


ontribute 2 to the degree). First observe that the 
ontribution of the

a

eptable obje
ts of K

2

that 
ontain a red ar
 
an
els out sin
e we 
an


hange the orientation of a red ar
 in su
h an obje
t, and get again an

obje
t of K

2

, with oposite 
ontribution. Hen
e assume K

2

has no obje
ts

with red ar
s. If K 2 K

2

then let L(K) denote the a

eptable subobje
t of

K obtained from K by deleting all loops. If L = L(K) let V (L) denote the

set of verti
es of L of non-zero degree and let E(L) = fK 2 K

2

;L(K) = Lg.

By the binomial theorem,

X

K2E(L)

(�1)

a(K)

= (�1)

a(L)

X

W�(V�V (L))

(�1)

jW j

= 0

whenever V (L) 6= V . This proves the 
orollary.

6. Numeri
al examples

6.1. Running the program. The formula of Theorem 1 for the weight

system of the 
olored Jones fun
tion is easy to program, as is demonstrated

by the sour
e 
ode given in the next se
tion. To run the program, �rst
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start Mathemati
a [Wo℄ and load the JonesPermanent pa
kage of the next

se
tion (available from our web-site, too):

Mathemati
a 4.1 for Linux

Copyright 1988-2000 Wolfram Resear
h, In
.

-- Motif graphi
s initialized --

In[1℄:=<< JonesPermanent.m

For the 
hord diagram CDP[5,7,6,8,1,3,2,4℄ of Example 1.1, W

J

is

given by

In[2℄:=formula[CDP[5,7,6,8,1,3,2,4℄℄

Out[2℄:=4 x^4 + 16 x^3 -4 x^2 -40 x

where � = x, and the notation CDP[a_1,...,a_{2n}℄ for a permutation

� = (a

1

; : : : ; a

2n

) of (1; : : : ; 2n) of order two means the 
hord diagram of

the 2-
y
les of �.

6.2. The sour
e 
ode.

CD2CDP[
d_CD℄ :=

Module[{m = Length[
d℄/2, i, beg, end},

beg = Table[Position[
d, i℄, {i, 1, m}℄; end = Reverse /� beg;

Apply[CDP, Range[2*m℄ /. Thread[Flatten[beg℄ -> Flatten[end℄℄℄℄

An:={{0,0,0},{-1,-1,0},{0,0,0}}; Ap:={{1,1,0},{0,0,0},{0,0,0}};

Ar:={{1,1,0},{-1,-1,0},{0,0,0}}; Az:={{x+2,0,0},{0,x+2,1},{x,-x-2,1}}

TheSymbol[a_,b_℄:=

Module[{a1,a2,b1,b2}, (* a,b are 
hords *)

a1=a[[1℄℄; a2=a[[2℄℄; b1=b[[1℄℄; b2=b[[2℄℄;

If[a==b, Zero,

If[a1 < b1 < a2 < b2, Minus,

If[b1 < a1 < b2 < a2, Plus,

If[b1 < a1 < a2 < b2, Red, Nought℄℄℄℄℄

rule[a_,b_,P_℄ :=

Module[{a1,a2,b1,b2,ena,duo}, (* a,b are numbers *)

a1=Ceiling[a/3℄; a2=If[a==3*Floor[a/3℄, 3, a-3*Floor[a/3℄℄;

b1=Ceiling[b/3℄; b2=If[b==3*Floor[b/3℄, 3, b-3*Floor[b/3℄℄;

ena=P[[a1℄℄; duo=P[[b1℄℄;

If[TheSymbol[ena,duo℄===Zero, Az[[a2,b2℄℄,

If[TheSymbol[ena,duo℄===Minus, An[[a2,b2℄℄,

If[TheSymbol[ena,duo℄===Plus, Ap[[a2,b2℄℄,

If[TheSymbol[ena,duo℄===Red, Ar[[a2,b2℄℄, 0℄℄℄℄℄
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Permanent[m_List℄ := With[{v = Array[x, Length[m℄℄},

Coeffi
ient[Times �� (m.v), Times �� v℄ ℄

formula[
dp_CDP℄ :=

Module[{m, 
hords, k, kp, km, e, g, i, n2, j1, j2},

m = Length[
dp℄/2; 
hords =

Apply[CL, Union[Sort /� Transpose[{Range[2*m℄, Apply[List, 
dp℄}℄℄℄;

Expand[Permanent[Table[rule[j1,j2,
hords℄,{j1,3*m},{j2,3*m}℄℄℄℄
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