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Abstra
t

In [NR℄ Ne�set�ril and Raspaud de�ned antisymmetri
 
ow, whi
h is

a variant of nowhere zero 
ow, and the dual notion to strong oriented


oloring. We give an upper bound on the number of 
olors needed

to a strong oriented 
oloring of a planar graph, and hereby we �nd a

small antisymmetri
 
ow for any planar graph. In the proof we use

a result from 
ombinatorial number theory|existen
e of large Sidon

sets.

1 Introdu
tion

Vertex set of a graph (or oriented graph) G is denoted by V (G), its edge set

by E(G). We 
onsider only graphs without 1-
y
les (i.e. loops) and 2-
y
les.

An important part of graph theory 
on
erns in study of nowhere zero


ows, whi
h form dual notion to 
olorings of unoriented graphs. Ne�set�ril

and Raspaud [NR℄ de�ned a similar notion, antisymmetri
 
ow, whi
h is

dual to a variant of oriented 
oloring of oriented graphs. First we present

the de�nitions of the two variants of oriented 
oloring (the �rst one is more


ommon).

An oriented 
oloring of an oriented graph G is a mapping 
 : V (G) !

f1; : : : ; ng su
h that

1. for no edge (u; v) of G there is 
(u) = 
(v); and

�
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2. for no edges (u; v), (x; y) of G there is 
(u) = 
(y) and 
(v) = 
(x).

The oriented 
hromati
 number of G (denoted by ~�(G)) is the minimal n in

this de�nition, for whi
h the oriented 
oloring exists. Note that this is a nat-

ural extension of the usual 
oloring for oriented graphs; using the language

of homomorphisms, one 
an say that oriented 
oloring is a homomorphism

into some tournament, whilst usual 
oloring is a homomorphism into some


omplete graph. (Tournament is any orientation of a 
omplete graph. Ho-

momorphism of graphs (or oriented graphs) is a mapping f : V (G)! V (H)

su
h that two verti
es 
onne
ted by an edge are mapped to two verti
es


onne
ted by an edge, and in 
ase of the oriented graphs, the orientation is

preserved as well.

The following is the prin
iple notion of this paper. Let � be an abelian

group. A mapping 
 : V (G)! � is a strong oriented 
oloring of an oriented

graph G su
h that

1. for no edge (u; v) of G there is 
(u) = 
(v); and

2. for no edges (u; v), (x; y) of G there is 
(v)� 
(u) = 
(x) � 
(y).

The strong oriented 
hromati
 number of G (denoted by ~�

s

(G)) is the min-

imal size of a group �, for whi
h there is a strong oriented 
oloring with

values in �. This notion was �rst de�ned in [NR℄ (it is 
alled just strong


oloring there). Again, there is an alternative de�nition, strong oriented


oloring is a homomorphism into some oriented Cayley graph. (If � is any

abelian group and A a subset of � su
h that A is disjoint from �A, the

oriented Cayley graph Cay(�; A) has the vertex set � and (x; y) is its edge,

i� y�x 2 A. It is important to have A disjoint from �A, for otherwise the

de�ned graph would have loops or 2-
y
les.)

It is easy to see that ea
h strong oriented 
oloring is also an oriented


oloring and ea
h oriented 
oloring is also a 
oloring. Hen
e

�(G) � ~�(G) � ~�

s

(G) :

Let again � be an abelian group and G an oriented graph. We say that

a mapping ' : E(G) ! � is an antisymmetri
 
ow (or anti
ow for short),

i�

1. for every vertex v 2 V (G)

X

(u;v)2E(G)

'

�

(u; v)

�

=

X

(v;u)2E(G)

'

�

(v; u)

�

;
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2. for no edge e 2 E(G) we have '(e) = 0; and �nally

3. for no edges e; f 2 E(G) we have '(e) = �'(f).

(The �rst 
ondition alone says that ' is a 
ow, the �rst two 
ondition say

that ' is a nowhere zero 
ow.) The anti
ow number of G (denoted by

AF(G)) is the minimal size of an abelian group � su
h that G admits some

anti
ow with values in �. Some graphs G admit no anti
ow, in whi
h 
ase

we de�ne AF(G) = 1. Obviously every bridge re
eives value 0 in every


ow, so graph with bridge has no anti
ow. Similarly if G has an oriented

2-
ut (partition of V (G) in two sets A and B, su
h that exa
tly two edges


onne
t A and B and both of them are oriented from A to B) than the edges

of the 2-
ut re
eive opposite values, hen
e neither graphs with an oriented

2-
ut have anti
ow. In [NR℄ it is shown that these are the only obsta
les,

hen
e every graph without bridge and oriented 2-
ut has anti
ow in some

group.

Now we 
an say, in whi
h sense are antisymmetri
 
ow and strong ori-

ented 
oloring dual notions. If we have an oriented plane graph G, we


an �nd its (oriented) dual G

�

= (V

�

; E

�

): V

�

is the set of fa
es of G,

and E

�

= fe

�

j e 2 E(G)g, where e

�


onne
ts the fa
e to the left of e to

the fa
e to the right of e. Let again � be an abelian group. For a map-

ping 
 : V (G) ! � it is natural to de�ne the mapping �
 : E(G) ! �

by �
((u; v)) = 
(v) � 
(u) and the mapping (�
)

�

: E(G

�

) ! � by

(�
)

�

(e

�

) = �
(e). Then it holds (and is easy to prove) that 
 is a strong

oriented 
oloring i� (�
)

�

is an antisymmetri
 
ow. From this it follows

that

~�

s

(G) = AF(G

�

) :

(In parti
ular G has a strong oriented 
oloring i� G

�

has an anti
ow. This

follows more dire
tly from the following observation: there are no loops or

2-
y
les in G i� there are no bridges or 2-
y
les in G

�

.)

It is natural to ask how large ~�

s

(G) and AF(G) 
an get, when G is a

member of some 
lass of graphs. In view of the previous paragraph, for

planar graph G the answer is the same for ~�

s

(G) and AF(G). The best

known bound so far was

� for a planar graph G it holds ~�

s

(G) � 7776

� for a planar graphG without bridge and oriented 2-
ut it holds AF(G) �

7776
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from [NR℄. The main 
ontribution of this arti
le is the use of Sidon

sets to improve this bound|see Theorem 4 and Corollary 1. For a gen-

eral graph G, one obviously 
annot bound ~�

s

(G). As a (rather surprising)

side remark let us mention that for any G, we have either AF(G) = 1

or AF(G) � 
 for a (large) universal 
onstant 
 (see [DJS℄ or [DNR℄ for a

better 
onstant).

The following de�nition from a 
ombinatorial number theory has a 
ru-


ial role in our proof. Let � be a group and M be its subset. We say that

M is a Sidon subset of �, i� the di�eren
esm�n (for m;n 2M and m 6= n)

are pairwise di�erent. (Note that equivalent de�nition is to ask all of the

sums m+ n to be di�erent.) For example the set f0; 1; 4; 14; 16g is a Sidon

subset of Z

21

(by Z

n

we denote the additive group of integers modulo n).

The following theorem 
laims the existen
e of large Sidon subsets of 
ertain

groups. It was �rst proved by Singer [S℄, the reader may �nd the proof

in [HR℄.

Theorem 1 (Singer, 1938) If m is a power of a prime, then there is a

Sidon subset of Z

m

2

+m+1

with m+ 1 elements.

A
y
li
 
oloring of an unoriented graph is su
h assignment of 
olors to

the verti
es, for whi
h ea
h 
y
le of the graph 
ontains verti
es of at least

three 
olors. A
y
li
 
oloring of an oriented graph is an a
y
li
 
oloring of

its underlying unoriented graph. Minimal number of 
olors needed for an

a
y
li
 
oloring of a graph G is 
alled the a
y
li
 
hromati
 number of G

and denoted by a(G). We will use the 
elebrated result of Borodin [B℄.

Theorem 2 A
y
li
 
hromati
 number of any planar graph is at most 5.

2 The upper bound

Denote by s

k

the size of the smallest group, whi
h 
ontains a Sidon sub-

set with k elements. In the proof of Theorem 3 and 4 below we need an

upper estimate on s

k

, whi
h is the subje
t of the following 
onsequen
e of

Theorem 1.

Lemma 1 For every k � 1,

k(k � 1) + 1 � s

k

� 4k

2

:

If k � 1 is a power of a prime, then the lower bound is tight.
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Proof: The lower bound is rather obvious: if M is a k-element Sidon set

in a group �, there are k(k � 1) ordered pairs (m;n), with m 6= n 2 M .

Ea
h of this pairs 
orresponds to a di�erent nonzero element of � (namely

m�n), hen
e j�j � k(k�1)+1. The tightness of the lower bound for k�1

being a power of a prime follows from Theorem 1,

For k = 1 the upper bound holds (sin
e s

1

= 1, as f0g is a Sidon set in

a trivial group). For a larger k, Bertrand postulate 
laims that there is a

prime p for whi
h k < p < 2k. Now, a

ording to Theorem 1,

s

k

� s

p+1

� p

2

+ p+ 1 � (p+ 1)

2

� 4k

2

:

2

Theorem 3 Let G be an oriented graph with ~�(G) � k. Then G has a

strong oriented 
oloring in a group with s

k

elements (this 
oloring uses just

k elements of the group), hen
e

~�

s

(G) � s

k

� 4k

2

:

Proof: Let M be a k-element Sidon subset of a group � of size s

k

. Let 
 be

an oriented 
oloring of G, using k 
olors; we may suppose that it uses the

elements of M . We need to prove that 
 is strong oriented 
oloring. For no

edge (u; v) of G there is 
(u) = 
(v) (sin
e 
 is a 
oloring). So suppose for


ontradi
tion that there are edges (u; v), (x; y) of G, for whi
h


(v) � 
(u) = 
(x) � 
(y)

holds. As M is a Sidon set and 
(v) 6= 
(u), this implies 
(u) = 
(y) and


(v) = 
(x). As 
 is an oriented 
oloring, this is a 
ontradi
tion. 2

The previous theorem itself improves the bound on strong oriented 
hro-

mati
 number of planar graphs. If G is an oriented planar graph, it is known

([RS℄) that ~�(G) � 80, hen
e

~�

s

(G) � s

80

= s

79+1

= 80 � 79 + 1 = 6321;

whi
h improves the previous known bound ~�

s

(G) � 7776. To improve

this bound even further, we use the following theorem, whi
h provides an

estimate of strong oriented 
hromati
 number of a graph in terms of its

a
y
li
 number. For an oriented planar graph G this gives the 
urrently

best known upper bound ~�

s

(G) � 672 (however note that no graphs are

known to have ~�

s

larger then 17).
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Theorem 4 Let G be an oriented graph with a(G) � k. Then G has a

strong 
oloring in a group with s

k

� 2

k

elements, hen
e

~�

s

(G) � s

k

� 2

k

� 4k

2

� 2

k

:

The mentioned 
oloring uses just k � 2

k�1

elements of the group.

The bound given by this theorem is almost asymptoti
ally tight|Kosto
hka,

Sopena, and Zhu [KSZ℄ proved that there are graphs G for whi
h

~�(G) = 
(2

a(G)

) ;

so the main part of the upper bound (i.e. 2

k

) 
annot be removed. Let

us also mention that in the proof we use the te
hnique that Raspaud and

Sopena [RS℄ used to prove that ~�(G) � 80 for planar G.

Corollary 1 If G is an oriented planar graph, then ~�

s

(G) � 672. If G has

no bridge nor oriented 2-
ut, then AF(G) � 672.

Proof: The 
orollary follows easily from Theorem 4, Theorem 2, Lemma 1,

and the duality of antisymmetri
 
ow and strong oriented 
oloring. To prove

Theorem 4, let 
 : V (G) ! f0; 1; : : : ; k � 1g be some a
y
li
 
oloring of G.

Let further � be a group with s

k

elements and M = fm

0

;m

1

; : : : ;m

k�1

g

its Sidon subset.

Now we 
onstru
t a mapping 


fi;jg

: V (G) ! f0; 1g for every 0 � i <

j < k. To this end, denote by T

i;j

the subgraph of G indu
ed by verti
es

with 
-
olor equal to either i or j. Sin
e 
 is a
y
li
, T

i;j

is a forest, and we


an de�ne 


fi;jg

so that (
; 


fi;jg

) is a homomorphism of T

i;j

into an oriented

4-
y
le C

i;j

: (i; 0)! (j; 1)! (i; 1)! (j; 0)! (i; 0).

For every vertex v of G and for 0 � i < k we de�ne




i

(v) =

(




fi;
(v)g

(v); i� 
(v) 6= i,

0; i� 
(v) = i.

Finally we de�ne mapping f : V (G)! ��Z

k

2

f(v) =

�

m


(v)

; 


0

(v); 


1

(v); : : : ; 


k�1

(v)

�

:

Be
ause of the �rst 
oordinate, f is a 
oloring of G. We prove that it is even

a strong oriented 
oloring. Suppose for the 
ontrary that there are edges

(u; v); (x; y) 2 E(G), for whi
h

f(v)� f(u) = f(x)� f(y) : (�)

6



From the �rst 
oordinate we know that

m


(v)

�m


(u)

= m


(x)

�m


(y)

:

Sin
e 
 is a 
oloring and (u; v) an edge, there is 
(v) 6= 
(u), hen
e m


(v)

6=

m


(u)

. Sin
eM is a Sidon set, this implies that 
(v) = 
(x) and 
(u) = 
(y).

Denote i = 
(v) = 
(x) and j = 
(u) = 
(y). By 
onsidering the i-th and

the j-th 
oordinate of (�) and using the de�nition of 


i

and 


j

we have

�


i

(u) = 


i

(v)� 


i

(u) = 


i

(x) � 


i

(y) = �


i

(y);




j

(v) = 


j

(v)� 


j

(u) = 


j

(x)� 


j

(y) = 


j

(x):

The �rst equality gives us 


fi;jg

(u) = 


fi;jg

(y), the se
ond one 


fi;jg

(v) =




fi;jg

(x). Thus the homomorphism (
; 


fi;jg

) identi�es the vertex u with y

and also v with x, hen
e it maps the edges (u; v) and (x; y) to an oriented

2-
y
le. However, there is no oriented 2-
y
le in the 4-
y
le C

i;j

, whi
h is

the desired 
ontradi
tion. 2

3 A
knowledgements

This arti
le is part of my diploma thesis. I thank my advisor, professor

Jaroslav Ne�set�ril, for his valuable guidan
e. Also I thank to Martin Klazar

for pointing me to Singer's theorem.

Referen
es

[B℄ O. V. Borodin: On a
y
li
 
olorings of planar graphs, Dis
rete

Math. 25 (1979), 211{236

[DJS℄ M. DeVos, T. Johnson, P. D. Seymour: Cut 
oloring and 
ir
uit


overing, to appear in J. Combin. Theory Ser. B

[DNR℄ M. DeVos, J. Ne�set�ril, A. Raspaud: Antisymmetri
 Flows and

Edge-
onne
tivity, to appear in Dis
rete Math.

[HR℄ H. Halberstam, K. F. Roth: Sequen
es, Oxford University Press,

Oxford 1966 (reprint in 1983 by Springer-Verlag)

[KSZ℄ A. V. Kosto
hka, E. Sopena, X. Zhu: A
y
li
 and oriented 
hro-

mati
 numbers of graphs, J. Graph Theory 24 (1997), 331{340

7



[NR℄ J. Ne�set�ril, A. Raspaud: Antisymmetri
 Flows and Strong Colour-

ings of Oriented graphs, Ann. Inst. Fourier (Grenoble) 49, 3

(1999), 1037{1056

[RS℄ A. Raspaud, E. Sopena: Good and semi-strong 
olorings of ori-

ented planar graphs, Inform. Pro
ess. Lett. 51 (1994), 171{174

[S℄ J. Singer: A theorem in �nite proje
tive geometry and some ap-

pli
ations to number theory, Trans. Am. Math. So
. 43 (1938)

377{385

8


