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Abstra
t

A mixed hypergraph is a triple (V; C;D) where V is its vertex set

and C and D are families of subsets of V , C{edges and D{edges. We

demand in a proper 
oloring that ea
h C{edge 
ontains two verti
es

with the same 
olor and ea
h D{edge 
ontains two verti
es with dif-

ferent 
olors. The feasible set of a mixed hypergraph is the set of all

k's for whi
h there exists a proper 
oloring using exa
tly k 
olors. A

hypergraph is a hypertree if there exists a tree su
h that the edges of

the hypergraph indu
e 
onne
ted subgraphs of that tree.

We prove that feasible sets of mixed hypertrees are gap{free, i.e.,

intervals of integers, and we show that this is not true for pre
olored

mixed hypertrees. The problem to de
ide whether a mixed hypertree


an be 
olored by k 
olors is NP{
omplete in general; we investigate


omplexity of various restri
tions of this problem and we 
hara
terize

their 
omplexity in most of the 
ases.
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1 Introdu
tion

Di�erent types of 
oloring have been studied in the past be
ause they are

important from both the theoreti
al and pra
ti
al points of view. A 
ommon

generalization of several previously studied 
oloring 
on
epts is the 
on
ept

of mixed hypergraphs introdu
ed in [22℄. Besides the ordinary 
olorings,

this 
on
ept generalizes spe
ial types of 
olorings of di�erent 
ombinatorial

stru
tures [2, 3, 6, 17, 18, 19, 20℄, and also the 
on
ept of list 
oloring as

des
ribed in [15℄.

A mixed hypergraph H is a triple (V; C;D) where V is the set of verti
es

of H , C is a set of subsets of V (
alled C{edges) and D is a set of subsets of

V (
alled D{edges). A mixed hypergraph is 
alled a bihypergraph if C = D.

A mixed hypergraph is 
alled a 
o{hypergraph if D = ; (see [4℄). A 
oloring


 of the verti
es of H is proper if ea
h C{edge of H 
ontains at least two

verti
es of a Common 
olor and ea
h D{edge of H 
ontains at least two

verti
es of Di�erent 
olors. A proper 
oloring 
 using exa
tly k 
olors is a

stri
t k{
oloring. The feasible set F(H) of a mixed hypergraph H is the

set of all k's for whi
h there exists a stri
t k{
oloring of H . The minimum

number �(H) of F(H) is 
alled the (lower) 
hromati
 number of H and the

maximum number �(H) of F(H) is 
alled the upper 
hromati
 number of

H . It was proved in [9℄ that for any set of integers A su
h that 1 62 A, there

exists a mixed hypergraph whose feasible set is equal to A. This result was

further extended in [12℄: Besides the feasible set, one may also pres
ribe

the numbers r

k

of all di�erent stri
t k{
olorings of a mixed hypergraph for

k 2 A. Sin
e mixed hypergraphs are quite a general model, it is natural

to restri
t attention to spe
ial 
lasses of them in order to hope for some

interesting algorithmi
 results.

Several 
lasses of mixed hypergraphs have been previously studied: The


lass of mixed hypergraphs with bounded maximum vertex degree was in-

vestigated in [14℄, the 
lass of interval mixed hypergraphs in [1, 9℄ and the


lass of planar mixed hypergraphs in [5, 10, 16℄. We study the 
lass of mixed

hypertrees in this paper. A hypergraph H is a hypertree if there is a tree

with the same vertex set su
h that the edges of H indu
e 
onne
ted subtrees

of it. A mixed hypergraph (V; C;D) is a mixed hypertree if (V; C [ D) is a

hypertree. Mixed hypertrees have been suggested in [21℄ as a model whi
h


an �nd its appli
ation in 
omputer biology. It is possible to �nd a tree

representation of a given (mixed) hypertree in polynomial time by an easy

modi�
ation of algorithms for �nding a representation of 
hordal graphs as

interse
tion graphs of subtrees in a tree. A mixed hypergraph/hypertree is

2



redu
ed if all its C{edges have size at least three and all its D{edges have

size at least two (see [9, 13, 14℄). There exists (and 
an be 
onstru
ted in

polynomial time) for ea
h mixed hypertree a redu
ed one su
h that their

proper 
olorings one{to{one 
orrespond [13℄. We often work with rooted un-

derlying trees of (mixed) hypertrees; su
h a tree has a spe
ial vertex 
alled

root and verti
es have been assigned levels a

ording to their distan
e from

the root. The parent of a vertex v (whi
h is not the root) is a neighbor of v


loser to the root. If u is a parent of v, then v is a 
hild u. If two verti
es

have the same parent, they are siblings.

We de�ne two following algorithmi
 problems for mixed hypertrees:

STRICT COLORING

Input: A mixed hypertree H and an integer k.

Question: Is H stri
t k-
olorable?

And for every �xed k:

STRICT k-COLORING

Input: A mixed hypertree H .

Question: Is H stri
t k-
olorable?

The problem STRICT COLORING of mixed hypertrees is NP{
omplete.

Therefore we study these two problems with di�erent 
onstraints on input

mixed hypertrees: A vertex/edge load of a mixed hypertree H is the maxi-

mum number of edges of H in whi
h a single vertex of H/a single edge of

a tree representation is 
ontained in. Note that the edge load of H is equal

to the maximum number of edges of H whi
h 
ontain a pair of the verti
es

of H . Thus both these parameters do not depend on a 
hosen tree repre-

sentation and the algorithms designed for mixed hypertrees with bounded

vertex/edge load are robust. Another parameter is the maximum degree of

a tree representation; this parameter depends on a 
hosen representation

and thus we always assume (when we design an algorithm for mixed hy-

pertrees whose tree representation has small maximum degree) that we are

given a representation together with the input mixed hypertree.

In this paper, we address both 
ombinatorial properties of mixed hyper-

trees and algorithms for their 
oloring. Unlike the 
ase of general mixed

hypergraphs, feasible sets of mixed hypertrees are always intervals as stated

in Corollary 1 and in Corollary 2. Moreover the lower 
hromati
 number

of a 
olorable mixed hypertree is at most two due to Observation 1. In

Se
tion 2 a more general problem is investigated, namely the extensions of

a given pre
oloring of some verti
es to proper 
olorings of the whole mixed

hypertree. We prove in Theorem 1 that if a mixed hypertree with verti
es

pre
olored by k di�erent 
olors admits an extension to a stri
t k

0

{
oloring
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for k

0

� k + 2 then it admits an extension to a stri
t �{
oloring for every

�, k + 2 � � � k

0

. This 
annot be improved as shown in Theorem 2.

We introdu
e and state several basi
 properties of the 
on
ept of witness

sequen
es in Se
tion 3; Se
tion 3 is based on the 
onferen
e paper [11℄.

We use this 
on
ept to design one of our polynomial{time algorithms of

Se
tion 4. But this 
on
ept is also interesting from the theoreti
al point of

view: It allows us to state in Observation 2 that ea
h proper 
oloring of a

mixed hypertree 
an be modi�ed to one whi
h does not have verti
es of the

same 
olor separated by verti
es of two di�erent 
olors, i.e., the same 
olor


an be for
ed to two verti
es only if they are 
lose enough.

We deal with algorithmi
 issues in the rest of the paper. Sin
e the lower


hromati
 number of a 
olorable mixed hypertree is always either 1 or 2 (and

it 
an be easily re
ognized whi
h is the 
ase), the only problem interesting

from the algorithmi
 point of view is the problem to de
ide whether a given

mixed hypertree 
an be properly 
olored by at least k 
olors. This problem

is NP{
omplete in general. We present three polynomial time algorithms

in Se
tion 4: An algorithm for STRICT k--COLORING for mixed hypertrees

with underlying trees of bounded maximum degrees in Proposition 1, an

algorithm for STRICT COLORING for mixed hypertrees with bounded vertex

load in Proposition 2 and an algorithm for STRICT k--COLORING for mixed

hypertrees 
ontaining only C{edges in Proposition 3. On the other hand,

we prove NP{
ompleteness of the problem in the following three 
ases: If

the edge{load is bounded in Proposition 4 and in Proposition 5 and if the

degree of an underlying tree is bounded by three in Proposition 6 and in

Proposition 7. If the degree of an underlying tree is bounded by two then

the input mixed hypertree is an interval mixed hypergraph and its upper


hromati
 number 
an be determined in polynomial time due to the results

of [1℄. Our NP{
ompleteness redu
tions work for both mixed hypertrees


ontaining only C{edges and mixed bihypertrees. We refer the reader to

Table 1 for summary of our results. The above mentioned 
ases 
over all

possible 
ombinations of the parameters ex
ept for the following two 
ases:

The 
ase of STRICT k--COLORING for general mixed hypertrees and the

same problem for mixed hypertrees with bounded edge load. Even the latter

(less general) 
ase in
ludes the problem of determining whether an upper


hromati
 number of a given 
o{hypergraph (mixed hypergraph 
ontaining

only C{edges, see [4℄) is at least a �xed number k as stated in Proposition 8

in Se
tion 5. We 
onje
ture that this problem 
an be solved in polynomial

time and a polynomial{time algorithm for any of the former two problems

for mixed hypertrees would immediately yield an algorithm for this one.
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2 Pre
olored Mixed Hypertrees

Observation 1 Every redu
ed hypertree H is 2{
olorable. If H 
ontains

at least one D{edge its lower 
hromati
 number is two. If it 
ontains no

D{edges its lower 
hromati
 number is one.

Proof: Choose any vertex of T to be its root. We 
olor the root of T

arbitrarily and then we 
olor the verti
es from the root to the leaves | we


olor a vertex with the 
olor di�erent from the 
olor of its parent. It is easy

to 
he
k that this 
oloring is proper sin
e any D{edge 
ontains an edge of

the underlying tree and any C{edge has size at least three.

2

Theorem 1 LetH be a hypertree with an underlying tree T . let S

1

; S

2

; : : : ; S

k

(k � 1) be disjoint sets of verti
es of H and let the verti
es of S

i

be pre
ol-

ored by the 
olor b

i

for 1 � i � k. If H has a pre
oloring extension using

K � k+2 
olors then it has a pre
oloring extension whi
h uses exa
tly k+2


olors.

Proof: Let 
 be the pre
oloring extension of H and S

1

; : : : ; S

k

su
h that 


uses K 
olors. If 
 
olors two end{verti
es of an edge of T with the same


olor, then we may 
ontra
t this edge (remove all the C{edges 
ontaining

it) | then if we �nd a pre
oloring extension of this new mixed hypertree

using k+2 
olors, then we also have a pre
oloring extension of the original

one. Hen
e we may assume that 
 assigns end{verti
es of ea
h edge of T

di�erent 
olors (thus H is redu
ed) and we may also assume D = E(T ).

We assume further that ea
h S

i

is non{empty (we may add to it a single

vertex 
olored by 
 with the 
olor b

i

if ne
essary). For every C{edge e,

�x two di�erent verti
es x

e

; y

e

2 e su
h that 
(x

e

) = 
(y

e

) (every C{edge


ontains at least one pair of su
h verti
es). Repla
e every C{edge e by the

C{edge e

0


onsisting of all verti
es of the x

e

; y

e

-path in T . Note that 
 is

a pre
oloring extension with respe
t to S

1

; : : : ; S

k

of the resulting mixed

hypertree H

0

. Moreover every pre
oloring extension of H

0

with respe
t to

S

1

; : : : ; S

k

is a pre
oloring extension of H . Every C{edge of H

0

indu
es a

path in the underlying tree T , and therefore we may 
onsider end-verti
es

of C{edges.

Let us enlarge the sets S

i

(if ne
essary) a

ording to the following pro-


edure: If there is a C{edge e

0

whi
h starts in a vertex x

e

2 S

i

for some i,
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and ends in a vertex y

e

62 S

i

, then add y

e

into S

i

. Repeat this step until

no su
h C{edge exists. Note that the new S

i

's are still disjoint after this

pro
edure is �nished, be
ause we have only added verti
es of 
olor b

i

into

the set S

i

.

For the sake of brevity, let us write S =

S

k

i=1

S

i

. Next, we de�ne the

set A of auxiliary two-element edges, whi
h 
onsists of the pairs x

e

y

e

, e 2 C

su
h that e n fx

e

; y

e

g � S.

De�ne the auxiliary graph T

0

as the graph obtained from T by remov-

ing the verti
es of S and then 
ontra
ting all the auxiliary edges of A by


ollapsing their end-verti
es. We 
laim that T

0

has at least two verti
es

and is a
y
li
. Indeed, sin
e the 
oloring 
 uses at least two 
olors not used

on the verti
es of S, these two additional 
olors must remain in T

0

(note

that the verti
es of di�erent 
olors 
annot be 
ontra
ted). Next, suppose

T

0

has a 
y
le. This 
y
le 
orresponds to a 
y
le in A [ E(T n S) whi
h


ontains at least one edge, say t, of T

0

. Repla
ing ea
h edge e in A by the


orresponding (x

e

y

e

)-path in T , we get a 
losed walk in T whi
h traverses

the edge t pre
isely on
e, a 
ontradi
tion with the a
y
li
ity of T .

Sin
e T

0

is a
y
li
, it 
an be 
olored by two 
olors, say by the 
olors b

k+1

and b

k+2

. And sin
e H has at least two verti
es, we 
an take su
h 
oloring

whi
h a
tually uses both 
olors. We 
laim that this 
oloring yields a proper

pre
oloring extension of H

0

with respe
t to S

1

; : : : ; S

k

. It obviously uses

exa
tly k + 2 
olors.

This 
oloring is proper on all D{edges whi
h are a
tually edges of the

underlying tree T . We show that every C{edge e

0


ontains two verti
es of

the same 
olor:

� The edge e

0

has at least one end-vertex in S: Then e

0

has both end-

verti
es in S by the enlargement pro
edure, and these end{verti
es

are in the same S

i

, i.e., they are 
olored by the same 
olor.

� The edge e

0

has both end{verti
es in T nS and all other verti
es in S:

Then x

e

y

e

2 A, x

e

and y

e

are 
ontra
ted into one vertex of G, and so

x

e

and y

e

get the same 
olor.

� The edge e

0

has both the end{verti
es and at least one inner vertex in

T n S: Then these 3 verti
es are 
olored by 
olors b

k+1

and b

k+2

and

two of them must get the same 
olor.

2

The immediate 
orollary of the pre
eding lemma is the following:
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Corollary 1 The feasible set of any mixed hypertree is gap{free.

Proof: If there exists a mixed hypertree whose feasible set 
ontains a gap,

then there is su
h a redu
ed mixed hypertree H . Sin
e its feasible set


ontains a gap, �(H) � 4 due to Observation 1. Let t be a �xed inte-

ger, 2 < t < �(H), let 
 be any 
oloring of H using �(H) 
olors and let

S

1

; : : : ; S

t�2

be any t�2 
olor 
lasses of this 
oloring. If we apply Theorem 1

to H pre
olored with respe
t to S

1

; : : : ; S

t�2

, we get a proper 
oloring (a

pre
oloring extension with respe
t to S

1

; : : : ; S

t�2

) using exa
tly t 
olors.

Thus the feasible set of H does not 
ontain a gap whi
h 
ontradi
ts the


hoi
e of H .

2

We have seen that for a mixed hypertree H pre
olored with k 
olors,

the feasible set equals either fkg [ [k + 2; �(H)℄ or [k; �(H)℄. One may

ask if the latter is always the 
ase, i.e., if the feasible sets of pre
olored

mixed hypertrees are always gap-free. This is not true as proven in the next

theorem:

Theorem 2 For ea
h k � 2, there exists a mixed hypertree pre
olored with

k 
olors su
h that this pre
oloring 
an be extended to a stri
t k{
oloring and

a stri
t (k+2){
oloring, but it 
annot be extended to a stri
t (k+1){
oloring.

Proof: We �rst present a 
ounterexample for k = 2. Consider the following

pre
olored mixed hypertree H :

V (H) = fa; b; 
; d; �; �; 
; Æg

C(H) = fa��; b��; 

Æ; dÆ
; ��
; �
Æg

D(H) = fa�; b�; 

; dÆ; �
g

S

1

= fa; 
g

S

2

= fb; dg

The tree with the edge{set fa�; b�; 

; dÆ; ��; �
; 
Æg shows that H is a

hypertree. The pre
oloring of H 
an be extended to a stri
t 2{
oloring by

assigning the 
ommon 
olor of a and 
 to � and Æ and the 
olor of b and

d to � and 
. On the other hand, the pre
oloring of H 
an be extended

to a stri
t 4{
oloring by assigning the same new 
olor both to � and �

7



and another new 
olor both to 
 and Æ. We prove that these are the only

possible pre
oloring extensions of H with respe
t to S

1

and S

2

.

Claim: In any proper pre
oloring extension of H with respe
t to S

1

and

S

2

, the verti
es � and � get either the same 
olor di�erent from the 
olor

of a or b, or � gets the 
olor of b and � gets the 
olor of a.

The proof of this 
laim 
an be easily done by 
he
king all possible 
ases.

The same 
laim is true also for the verti
es 
 and Æ due to the symmetry of

H and the pre
oloring. For a proper pre
oloring extension using 3 
olors,

there are only the following three possibilities:

� The verti
es � and � are 
olored with a new 
olor, 
 with the 
olor

of a and Æ with the 
olor b.

� The verti
es 
 and Æ are 
olored with a new 
olor, � with the 
olor of

b and � with the 
olor a.

� The verti
es �, �, 
 and Æ are all 
olored with the same new 
olor.

None of these extension is proper: In the �rst two 
ases one of the C{edges

��
 and �
Æ is multi
olored, while in the last 
ase the verti
es � and 
 of

a D{edge get the same 
olor.

The proof 
an be easily extended to the 
ase that k > 2. It is enough to

add 4(k�2) verti
es a

i

, b

i

, 


i

and d

i

for 3 � i � k together with the D{edges

�a

i

, �b

i

, 



i

and Æd

i

for 3 � i � k. We pre
olor the verti
es a

i

, b

i

, 


i

and

d

i

with the same new 
olor, i.e., S

i

= fa

i

; b

i

; 


i

; d

i

g, for 3 � i � k. The

arguments used above 
an be used also in this 
ase and thus the pre
olored

mixed hypertree has only two pre
oloring extensions, namely one using k


olors and one using k + 2 
olors.

2

3 Con
ept of Witness Sequen
es

We introdu
e the 
on
ept of witness sequen
es in this se
tion.

Let H = (V; C;D) be a mixed hypertree with an underlying tree T =

(V;E) whi
h we 
onsider to be rooted at a �xed vertex; let level(v) be

the distan
e of v from the root. We 
all any sequen
e of distin
t verti
es

w

1

; : : : ; w

k

, 0 = level(w

1

) < level(w

2

) � level(w

3

) � : : : � level(w

k

) of

verti
es V a witness sequen
e (note that w

1

has to the root).

On
e we have a witness sequen
e of length k, we want to �nd a stri
t

k{
oloring 
 of H (if it exists) su
h that the 
olors of the verti
es w

1

; : : : ; w

k

8



are mutually di�erent. In order to do this, we divide the verti
es of H into

three sets: L is the set of the verti
es introdu
ing new 
olors (i.e., verti
es

in the witness sequen
e) and their siblings:

L = fvj9i; parent(v) = parent(w

i

) _ v = w

i

g (1)

R is the set of the neighbors of the verti
es of L:

R = fvjv 62 L ^ 9u 2 L; uv 2 Eg (2)

And O is the set of other verti
es of H :

O = V n (L [R) (3)

Later, we 
olor the verti
es of O as des
ribed in the two{
olorability proof

above.

Next, we 
onstru
t a mapping � : V ! fF;G; 1; : : : ; kg. We de�ne a

spe
ial set �(v) for ea
h vertex v as follows:

�(v) = fF;Gg [ fijparent(v) = parent(w

i

) _ v = w

i

g if v 2 L (4)

�(v) = fF;Gg if v 2 R (5)

�(v) = fFg if v 2 O and fv; parent(v)g 2 C (6)

�(v) = fGg if v 2 O and fv; parent(v)g 62 C (7)

We require that �(v) 2 �(v) for ea
h vertex v. The meaning of the fun
tion

� is the following: The fun
tion � assigns the number i to the vertex/i
es

introdu
ing the 
olor i, to a vertex whi
h should be 
olored with the same


olor as its parent the value F and to a vertex whi
h should be 
olored with

the 
olor di�erent from the 
olor of its parent the value G. We des
ribe a


onstru
tion of a 
oloring ~
 whi
h is proper for some 
hoi
e of � if there is a

proper 
oloring of H assigning to w

1

; : : : ; w

k

mutually di�erent 
olors and

for whi
h this sequen
e is minimal in the sense de�ned later. The 
oloring

~
 of H is based on a witness sequen
e w

1

; : : : ; w

k

and a mapping �:

~
(v) = 1 if w

2

is an su

essor of v (8)

~
(v) = �(v) if �(v) 2 f1; : : : ; kg (9)

~
(v) = ~
(parent(v)) if �(v) = F (10)

~
(v) = ~


?

(parent(v)) if �(v) = G (11)

where ~


?

(u) is following:

9



� ~


?

(u) = 2 if u is the root (note that ~
(u) = 1 in this 
ase)

� ~


?

(u) = ~
(parent(u)) if ~
(u) 6= ~
(parent(u))

� ~


?

(u) = ~


?

(parent(u)) if ~
(u) = ~
(parent(u))

Note that all inner verti
es v on the path from w

2

to w

1

get 
olor ~
(v) = 1.

The last rule of the de�nition ~
 says that ~
(v) := ~
(w) for the �rst vertex

w met when walking from parent(v) to w

1

su
h that ~
(w) 6= ~
(parent(v)),

and ~
(v) = 2 if su
h w does not exist (i.e., if all verti
es on the path from

parent(v) to w

1

are 
olored with 
olor 1).

The sequen
e w

1

; : : : ; w

k

of verti
es V is a witness sequen
e with respe
t

to a stri
t k

0

{
oloring 
 : V ! f1; : : : ; k

0

g if 
(w

i

) 6= 
(w

j

) for i 6= j (it 
ould

be k � k

0

). A witness sequen
e is minimal with respe
t to 
 if

P

i

level(w

i

) is

minimal. We say that the mapping � is 
onsistent with a stri
t k

0

{
oloring


 and a minimal witness sequen
e w

1

; : : : ; w

k

(k � k

0

) with respe
t to 
 if

it satis�es:

� �(v) = 
(v) if 
(v) 2 �(v)

� �(v) = F if 
(v) = 
(parent(v)) and F 2 �(v)

(This holds in parti
ular when fv; parent(v)g is a C{edge.)

� �(v) = G otherwise

If parent(v) does not exist, the se
ond 
ondition does not apply. Note that if

w

1

; : : : ; w

k

is a minimal witness sequen
e with respe
t to 
 then a 
onsistent

mapping � exists and is uniquely determined.

The following theorem a
tually gives the sense to all the previous de�-

nitions whi
h introdu
ed witness sequen
es:

Theorem 3 If w

1

; : : : ; w

k

is a minimal witness sequen
e with respe
t to a

stri
t k

0

{
oloring 
, 2 � k � k

0

, of a mixed hypertree H and if � is 
onsistent

with 
 then ~
 based on w

1

; : : : ; w

k

and � is a stri
t k{
oloring.

Proof: The 
oloring ~
 
learly uses exa
tly k 
olors. It remains to prove

that ~
 is proper. Thus it is enough to prove that ea
h edge of D 
ontains

two verti
es 
olored by ~
 with di�erent 
olors and ea
h edge of C 
ontains

two verti
es 
olored by ~
 with the same 
olors.

Let e be any edge of D and let u and v be two verti
es of e 
olored by


 with di�erent 
olors. We 
an assume w.l.o.g. that u and v are neighbors

10



and that e.g. u = parent(v). Note that w

2

is not an su

essor of v, sin
e

otherwise it would hold that 
(u) = 
(v) = 1 due to the minimality of the

witness sequen
e and our assumption that 0 = level(w

1

) < level(w

2

) �

: : : � level(w

k

). We 
laim that ~
(u) 6= ~
(v). We distinguish several 
ases:

� �(v) = F

This 
ase is impossible due to 
onsisten
y of � with 
.

� �(v) = G

It holds that ~
(v) = ~


?

(parent(v)) 6= ~
(parent(v)) | note that w

2

is not an su

essor of v sin
e otherwise 
(u) = 
(v) = 1 due to the

minimality of the witness sequen
e.

� �(v) 2 f1; : : : ; kg

There is no prede
essor of v 
olored by ~
 with the 
olor �(v) = 
(v)

due to the minimality of the witness sequen
e; it espe
ially holds that

~
(u) 6= ~
(v), in this 
ase.

We have just proved that all the D{edges 
ontain two verti
es 
olored by

di�erent 
olors. So, we fo
us our attention on the C{edges.

Let e be any edge of C. If e 
ontains two verti
es whose su

essor is w

2

,

then these two verti
es of e are 
olored by ~
 with 
olor 1. Next, we assume

that there is at most one vertex whose su

essor is w

2

; 
learly this vertex,

if it exists, is the vertex of e whi
h is the nearest one in e to the root. Let

u and v be two nearest verti
es of e 
olored by 
 with the same 
olor. It is

not ne
essary that ~
(u) = ~
(v). We �rst state a useful observation whi
h is

going to be used several times in the proof:

Claim 1 If e 2 C 
ontains a vertex u su
h that the following two 
onditions

are satis�ed:

� �(u) 2 fF;Gg

� fu; parent(u); parent(parent(u))g � e or fu; parent(u)g = e

Then e 
ontains two verti
es 
olored by ~
 with the same 
olor.

The 
ase that �(u) = F is trivial. If �(u) = G then e 
annot be

fu; parent(u)g due to the de�nition of �(u) and it is fu; parent(u); parent(parent(u))g �

e. Let u

0

= parent(u) and u

00

= parent(u

0

) = parent(parent(u)). If

~
(u

0

) = ~
(u

00

) the 
laim is 
lear. If ~
(u

0

) 6= ~
(u

00

) then ~
(u) = ~


?

(u

0

) = ~
(u

00

)

and the 
laim also holds.

11



We 
ontinue the proof of the theorem. We distinguish several 
ases to

prove that e 
ontains two verti
es 
olored by ~
 with the same 
olor:

� The vertex v is a prede
essor of u. (The 
ase that u is a prede-


essor of v is symmetri
.)

In this 
ase e 
ontains all the verti
es between u and v, i.e. it 
ontains

parent(u) in parti
ular. We distinguish several 
ases:

{ �(u) = F

Then u and parent(u) are 
olored with the same 
olor.

{ �(u) = G

If v is not a parent of u, then e 
ontains two verti
es 
olored by ~


with the same 
olor due to Claim 1. Let us 
onsider the remaining


ase that v is the parent of u (and thus ~
(u) 6= ~
(v)). Due to the


onsisten
y of � with 
, F 62 �(u) and thus u 2 O. Then, e must


ontain at least three verti
es, in parti
ular it 
ontains either a


hild of u, a sibling of u or a grand{parent of u:

� e 
ontains a 
hild of u. Call it w.

Sin
e u 2 O, we 
learly have w 2 R [ O and e 
ontains

two verti
es 
olored by ~
 with the same 
olor due to Claim

1 applied to w.

� e 
ontains a sibling of u. Call it w.

Sin
e u 2 O, we 
learly have w 2 R [ O and thus �(w) is

either F or G. If �(w) = F then ~
(w) = ~
(v) and the verti
es

v and w are two verti
es of e 
olored by ~
 with the same


olor. If �(w) = �(u) = G then ~
(u) = ~
(w) = ~


?

(v) and

thus u and w are two verti
es of e 
olored by ~
 with the same


olor.

� e 
ontains a grand{parent of u.

In this 
ase e 
ontains two verti
es 
olored by ~
 with the

same 
olor due to Claim 1.

{ �(u) 2 f1; : : : ; kg

If �(u) = i then we 
ould get by substituting w

i

(a member of

the witness sequen
e with level(w

i

) = level(u) > level(v)) with

v a witness sequen
e with a smaller level sum, 
ontradi
ting the

minimality of the witness sequen
e.

� Neither u is a prede
essor of v nor v is a prede
essor of u.

Let w be the nearest 
ommon prede
essor of u and v. We distinguish

12



several 
ases to prove that e 
ontains two verti
es 
olored by ~
 with

the same 
olor:

{ �(u) = F or �(v) = F

Then u (resp. v) and its parent belong to e and they are both


olored with the same 
olor by the 
oloring ~
.

{ �(u) = G and �(v) = G

If parent(u) 6= w or parent(v) 6= w then e 
ontains two verti
es

of the same 
olor due to Claim 1; otherwise it holds that w =

parent(u) = parent(v). Then, it holds that ~
(u) = ~
(v) = ~


?

(w)

and thus u and v are two verti
es of e 
olored by ~
 with the same


olor.

{ �(u) 2 f1; : : : ; kg and �(v) = G (the 
ase that �(u) = G and

�(v) 2 f1; : : : ; kg is symmetri
)

If u and v are siblings, then due to the 
onsisten
y of � with 
,

it has to hold that �(u) = �(v). Thus u and v are not siblings.

If parent(v) 6= w then e 
ontains two verti
es of the same 
olor

due to Claim 1. We may therefore assume that w = parent(v).

Sin
e w is the nearest 
ommon prede
essor of u and v, the level

of u is greater than the level of v. It follows from the 
onsisten
y

of � with 
 and the witness sequen
e that u has a sibling w

i

,

where i = 
(u) = 
(v) = 
(w

i

), 
ontradi
ting the minimality of

the witness sequen
e (level(v) > level(w

i

)).

{ �(u) 2 f1; : : : ; kg and �(v) 2 f1; : : : ; kg

If u and v are not siblings, then �(u)\�(v)\f1; 2; : : : ; kg = ;. It

follows from the 
onsisten
y of � with 
 and the witness sequen
e

that 
(u) 2 �(u)\f1; 2; : : : ; kg and 
(v) 2 �(v)\f1; 2; : : : ; kg and

hen
e 
(u) 6= 
(v), a 
ontradi
tion. Hen
e u and v are siblings.

The 
onsisten
y of � implies that �(u) = �(v), and hen
e ~
(u) =

~
(v) and u and v are two verti
es of e 
olored by ~
 with the same


olor.

2

Corollary 2 If a hypertree H has a stri
t k

0

{
oloring, then it also has a

stri
t k{
oloring for all 2 � k � k

0

. In parti
ular, the feasible set of any

mixed hypertree is gap{free.

13



Proof: Let 
 be a stri
t k

0

{
oloring of H and let w

1

; : : : ; w

k

be a minimal

witness sequen
e with respe
t to 
. Let � be 
onsistent with 
. Then the


oloring ~
 based on the witness sequen
e w

1

; : : : ; w

k

and mapping � is a

stri
t k{
oloring. Set k

0

= �(H) to derive that F(H) is gap-free.

2

Observation 2 Let H a mixed hypertree with an underlying tree T . Then

for ea
h k 2 F(H), there exists a stri
t k{
oloring 
 satisfying the following:

If u and v are two verti
es of H su
h that 
(u) = 
(v), then there either

exists a vertex w on the path between u and v su
h that 
(u) = 
(v) = 
(w)

or this path is mono
hromati
, i.e., all its inner verti
es have the same 
olor

assigned by 
.

Proof: If k = 1, the statement is trivial. Let 2 � k 2 F(H) be �xed

throughout the proof. Let 
 be a stri
t k{
oloring of H and let w

1

; : : : ; w

k

be a minimal witness sequen
e with respe
t to 
. Let � be 
onsistent with


. Then ~
 
orresponding to w

1

; : : : ; w

k

and � satis�es the 
onditions of the

statement of the observation.

2

4 Algorithms

In this se
tion, we present three polynomial time algorithms for de
iding

stri
t k-
olorability of mixed hypertrees for restri
ted inputs. In parti
ular,

we study the 
ases that maximum vertex load l

v

, maximum edge load l

e

,

the number k of 
olors or the maximum degree � of the underlying tree

(whi
h is given as a part of the input in this 
ase) are bounded. Note that

l

e

� l

v

� l

e

� and hen
e bounded vertex load implies bounded edge load,

and bounded the maximum degree together with edge load imply bounded

vertex load.

In the �rst algorithm, we use the 
on
ept of witness sequen
es from the

previous se
tion:

Proposition 1 Let k and � be �xed integers. STRICT k--COLORING 
an

be solved in polynomial time for mixed hypertrees with underlying trees of

maximum degree at most �.
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Proof: The algorithm 
onsists in 
he
king all possible witness sequen
es.

We des
ribe it formally:

for all sequen
es w

1

; : : : ; w

k

of distin
t verti
es of H su
h

that 0 = level(w

1

) < level(w

2

) � : : : � level(w

k

)

do


onstru
t sets L, R and O for w

1

; : : : ; w

k

by rules (1)-(3)

for every vertex v 
onstru
t the sets �(v) by rules (4)-(7)

for all mappings � : V ! fF;G; 1; : : : ; kg su
h that �(v) 2 �(v)

do


onstru
t ~
 based on w

1

; : : : ; w

k

and � by rules (8)-(11)

if ~
 is a proper 
oloring then

output YES

halt

done

done

output NO

halt

We 
laim that the algorithm outputs YES if and only if H has a stri
t

k-
oloring; YES is output only if the last 
he
ked 
oloring ~
 is a stri
t k-


oloring. Suppose that H has a stri
t k-
oloring, say 
. Let w

1

; : : : ; w

k

be a

minimal witness sequen
e with respe
t to 
 and let � be the mapping 
on-

sistent with 
 and w

1

; : : : ; w

k

. It follows from Theorem 5 that the algorithm

�nds the stri
t k-
oloring ~
 that is based on these w

1

; : : : ; w

k

and �.

Next we estimate the running time of this algorithm. Let n (resp. m) be

the number of verti
es (resp. edges) of H and let d be the maximum degree

of T . There are O(n

k�1

) 
hoi
es of the witness sequen
e in the �rst step.

Given w

1

; : : : ; w

k

, the sets L;R;O and �(v); v 2 V , 
an be 
onstru
ted in

timeO(n+kd

2

). It is 
lear that jLj � k(d�1) � kd and jRj � k(d�1)

2

+k �

kd

2

. There are exa
tly j�(v)j � k+2 
hoi
es of �(v) for v 2 L, two 
hoi
es

of �(v) for v 2 R and one 
hoi
e of �(v) for v 2 O. Hen
e the total number

of 
hoi
es of � is

Q

v2V

j�(v)j � (k + 2)

kd

2

kd

2

. For ea
h w

1

; : : : ; w

k

and �,

the 
oloring ~
 
an be 
onstru
ted in time O(n

2

) and then 
he
ked in time

O(nm) if it is proper. The running time of the whole algorithm is thus

majorized by O(n

k�1

(n+ kd

2

+ (k+2)

kd

2

kd

2

(n

2

+ nm))) = O(n

k+1

m) if k

and d are bounded.

2
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The next algorithm is based on a more or less straightforward dynami


programming approa
h:

Proposition 2 Let l

v

be a �xed integer. The problem STRICT COLORING


an be solved in polynomial time for mixed hypertrees with vertex load bounded

by l

v

. Moreover, this problem is �xed parameter tra
table.

Proof: Fix an underlying tree T ofH rooted in a vertex of degree one. Note

that the edge load of H is bounded by l

v

as well. In the des
ription of the

algorithm, we use 
olors 1; 2; : : : ; k and, to avoid 
onfusion, we distinguish

edges of the underlying tree and hyperedges (edges of H). For an edge

e = uv, with u being 
loser to the root of T than v, T

e

denotes the subtree

of T rooted in v whi
h is indu
ed by the verti
es whi
h belong to the same


omponent of T n v as u. H

e

denotes the hypertree with the underlying tree

T

e


onsisting of the hyperedges of H fully 
ontained in T

e

. For ea
h vertex

v of H , we �x an ordering e

v

1

; : : : ; e

v

l

of the hyperedges 
ontaining v (note

that l � l

v

).

Let e be an edge of T and let v be its vertex 
loser to the root. Re
all

that e

v

1

; : : : ; e

v

l

are the hyperedges 
ontaining v. We de�ne �

e

(x

1

; : : : ; x

l

)

for x

i

2 f;; C;D; 1; : : : ; l

v

g to be the maximum number of 
olors used by

a proper 
oloring 
 of H

e

whi
h assigns 
olor 1 to the vertex v and whi
h

satis�es the following:

� If x

i

= C then 
 
olors two verti
es of e

v

i

\V (T

e

) with the same 
olor.

� If x

i

= D then 
 
olors two verti
es of e

v

i

\V (T

e

) with di�erent 
olors.

� If x

i

= � 2 f1; : : : ; l

v

g then 
 
olors a vertex of e

v

i

\ V (T

e

) with the


olor �.

� If x

i

= ; then no requirements are imposed on e

v

i

\ V (T

e

).

The algorithm will 
ompute the fun
tions �

e

by brute for
e in bottom up

fashion. Note that for ea
h edge e, the fun
tion �

e


an be des
ribed by a

table of its values of size (3 + l

v

)

l

v

.

Let v be a vertex of T and let e

0

; e

1

; : : : ; e

m

be the edges adja
ent to

v su
h that e

0

is the edge joining v to its parent. Let us assume that we

have 
omputed �

e

1

; : : : ;�

e

m

. When 
omputing �

e

0

, we �rst 
ompute fun
-

tions �

e

0

1

; : : : ;�

e

0

m

whi
h are de�ned similarly to the fun
tions �

e

1

; : : : ;�

e

m

as follows: �

e

0

i

(x

1

; : : : ; x

l

) is the maximum possible number of 
olors of a

proper 
oloring (under the 
onstraints posed by the variables x

1

; : : : ; x

l

)
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of the mixed hypergraph whose verti
es are verti
es of T

e

1

[ : : : [ T

e

i

and

whose edges are the edges of H fully 
ontained in its vertex set. Ea
h �

e

0

i


an be by a straightforward approa
h 
omputed from �

e

0

i�1

and �

e

i

in time

O((3 + l

v

)

2l

v

) for 2 � i � m (�

e

0

1

is just �

e

1

). At this step, only verti
es

whose 
olors are expli
itly mentioned among variables x

i

have to preserve

their 
olors; the remaining verti
es 
an 
hange their original 
olors to other


olors (under the 
ondition that all the verti
es 
olored with the same 
olor


hange to the same new one). Thus we a
tually 
onsider also the 
olorings

using 
olors whi
h are not among the 
olors 1; : : : ; l

v

. On the other hand, l

v


olors are suÆ
ient to model all possible intera
tions between 
olors of ver-

ti
es in edges 
ontained in di�erent subtrees (it is enough to model C{edges,

sin
e for ea
h D{edge there are in a proper 
oloring two adja
ent verti
es

with di�erent 
olors).

The fun
tion �

e

0


an be then 
omputed from the fun
tion �

e

0

m

by 
on-

sidering two possibilities | the end{verti
es of the edge e

0

have either the

same 
olor or di�erent 
olors. The upper 
hromati
 number of a given

mixed hypertree 
an be easily determined from the values of fun
tion �

f

where f is the only edge adja
ent to the root of the tree. We may 
on-


lude that the problem STRICT COLORING for a mixed hypertree with n

verti
es, m hyperedges and maximum vertex load l

v


an be solved in time

O((n+m)(3 + l

v

)

2l

v

).

2

Our last algorithm is a version of the algorithm of Proposition 1 and it

is based on a 
on
ept of witness sequen
es simpli�ed for the 
ase of mixed

hypertrees 
ontaining only C{edges:

Proposition 3 Let k be a �xed integer. The problem STRICT k-COLORING


an be solved in polynomial time for mixed hypertrees 
ontaining only C{

edges.

Proof: Let H be a given mixed hypertree whi
h 
ontains only C{edges. Let

v

1

; : : : ; v

k

be a minimal witness sequen
e with respe
t to a stri
t k-
oloring


. We de�ne a 
oloring 


0

as follows: 


0

(v) = i if v

i

is the nearest prede
essor

of v whi
h belongs to the witness sequen
e. We 
laim that 
 is a proper


oloring of H . Note that ea
h vertex whi
h is not 
ontained in the witness

sequen
e has the same 
olor as its parent. If a C{edge e is not properly


olored by 


0

, then all its verti
es, ex
ept possibly its vertex 
losest to the

root, are members of the witness sequen
e. This 
ontradi
ts the minimality
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of the witness sequen
e with respe
t to 
, be
ause the vertex 
losest to the

root would have to be 
olored with the same 
olor as some other vertex of e

by 
. Hen
e it suÆ
es to try all O(n

k

) possible witness sequen
es, 
onstru
t

the 
oloring 


0

for ea
h of them and 
he
k if at least one of them is proper.

2

5 NP{
ompleteness

The following proposition without a bound on the edge{load was proved

in [7℄; the proof with a bound on the edge{load 
an be found in [13℄:

Proposition 4 The problem STRICT COLORING is NP-
omplete for mixed

hypertrees 
ontaining only C-edges, and even for those with the maximum

edge load bounded by four.

We prove a modi�
ation of Proposition 4 for mixed bihypertrees:

Proposition 5 The problem STRICT COLORING is NP-
omplete for mixed

bihypertrees of maximum edge load bounded by twelve.

Proof: We show a redu
tion from the de
ision problem on the independen
e

number of a 
ubi
 graph (see [8℄) is presented: Let G be a 
ubi
 graph with

the vertex set V (G) = fw

1

; : : : ; w

n

g and the edge set E(G). Let T be a tree

with the vertex set equal to V = f?; u

1

; : : : ; u

n

; v

1

; : : : ; v

n

g and the edge set

equal to f?u

i

; u

i

v

i

j1 � i � ng. We de�ne a mixed bihypertree H on the

vertex set V as follows: The edges of H are pre
isely the sets f?; u

i

; v

i

; u

j

g

for all i and j su
h that w

i

w

j

is an edge of G (sin
eH is a mixed bihypertree,

all its edges are both C and D{edges). We 
laim that �(H) = n + � + 1

where � is the size of the independent set of G. Note that ea
h edge of the

tree T is 
ontained either in 6 or 12 edges of H (the edges in
ident to the

root are 
ontained in 12, the other edges in 6 edges of H).

We prove the 
laim: Let w

i

1

; : : : ; w

i

�

be an independent set of G. Let 


be the following 
oloring of the verti
es of H :


(?) = 0


(v

j

) = k for all k = 1; : : : ; n


(u

i

j

) = n+ j for all j = 1; 2; : : : ; �
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(u

k

) = 0 for all k 6= i

1

; : : : ; i

�

Let f?; u

i

; v

i

; u

j

g be an edge of H . Either 
(u

i

) = 0 or 
(u

j

) = 0, sin
e both

w

i

and w

j


annot be in the 
onsidered independent set and 
(?) = 0 6= 
(v

i

).

Hen
e 
 is a stri
t (n + � + 1){
oloring of H . On the other hand, let 
 be

a 
oloring using � 
olors, � � n. We 
onstru
t an independent set of G of

size � = � � n� 1. Let R

0

= ?; : : : ; R

��1

(we assume that 
(?) = 0) be the

minimal witness sequen
e with respe
t to T rooted at ?. We �rst de�ne a

new �-stri
t 
oloring ~
:

� We set ~
(?) = 0.

� If both u

i

and v

i

are among R

1

; : : : ; R

��1

(a ray of Type 1), we set

~
(u

i

) = 
(u

i

) and ~
(v

i

) = 
(v

i

).

� If only u

i

is among R

1

; : : : ; R

��1

(a ray of Type 2), we set ~
(u

i

) = 0

and ~
(v

i

) = 
(u

i

).

� If only v

i

is among R

1

; : : : ; R

��1

(a ray of Type 3), we set ~
(u

i

) = 0

and ~
(v

i

) = 
(v

i

).

� If neither u

i

nor v

i

is among R

1

; : : : ; R

��1

(a ray of Type 4), we set

~
(u

i

) = 0 and ~
(v

i

) to a 
ompletely new 
olor.

Note that if 
 uses �(H) 
olors, the last 
ase 
annot o

ur. Let f?; u

i

; v

i

; u

j

g

be an edge of H ; ~
(?) 6= ~
(v

i

) due to the de�nition of ~
. If u

i

and u

j

belong

both to rays of Type 1, then the original 
oloring 
 
annot be proper. Thus

at least one of them belongs to a ray of Type 2, 3 or 4 and is 
olored by

0, the same 
olor as the vertex ?. We have just proven that ~
 is a proper


oloring. Let A = fw

i

j~
(u

i

) 6= 
(?)g. The set A is an independent set

of G, sin
e ~
 is a proper 
oloring, and its size is exa
tly �, sin
e verti
es

?; v

1

; : : : ; v

n

are 
olored by mutually di�erent n+1 
olors. This �nishes the

proof of the 
laim.

2

Proposition 6 The problem STRICT COLORING is NP-
omplete for mixed

hypertrees 
ontaining C{edges only, even if the input hypertree is given to-

gether with an underlying tree of maximum degree at most 3.

Proof: We present a redu
tion from 3{SAT (
f. [8℄). Let � be a given

formula with n variables x

1

; : : : ; x

n

. Let T be a tree whose all internal
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verti
es have degree 3 and whi
h has exa
tly n leaves; let v

1

; : : : ; v

n

be the

leaves. Let V be the set of the verti
es of T . We add to T other 2n verti
es

v

T

i

and v

F

i

for 1 � i � n together with the edges v

i

v

T

i

and v

i

v

F

i

for 1 � i � n.

The C{edges of the 
onstru
ted mixed hypertree are the following:

� fv

i

; v

T

i

; v

F

i

g for 1 � i � n

� V [ fv

X

i

; v

Y

j

; v

Z

k

g for ea
h 
lause 
ontaining the variables x

i

, x

j

and

x

k

; X is T if the o

urren
e of x

i

in the 
lause is positive, F otherwise;

Y and Z are 
hosen in a similar manner.

We 
laim that the upper 
hromati
 number of the 
onstru
ted mixed hy-

pertree is jV j + n i� � has a satisfying assignment. Note that the upper


hromati
 number of the 
onstru
ted mixed hypertree 
annot be more than

jV j + n sin
e it 
ontains n disjoint C{edges (those 
orresponding to the

variables) and it has jV j+ 2n verti
es.

Assume that � has a satisfying assignment. We 
olor the verti
es of the

mixed hypertree as follows: The verti
es of V are 
olored with jV j mutually

di�erent 
olors. If x

i

is true, we assign the vertex v

T

i

the 
olor of v

i

and the

vertex v

F

i

a 
ompletely new 
olor. If x

i

is false, we assign the 
olor of v

i

to

the vertex v

F

i

and a 
ompletely new 
olor to the vertex v

T

i

. This yields a

proper 
oloring of the mixed hypertree with jV j+ n 
olors.

Assume that the upper 
hromati
 number of the mixed hypertree is

jV j+n and let 
 be a proper 
oloring of it using this number of 
olors. The

mixed hypertree has jV j+ 2n verti
es and it 
ontains n disjoint C{edges of

size three whi
h 
orrespond to the variables of � ea
h having exa
tly one

vertex in 
ommon with V ; thus 
 assigns mutually di�erent 
olors to the

verti
es of V . Moreover, the verti
es v

i

, v

T

i

and v

F

i

for ea
h 1 � i � n 
an

be 
olored as des
ribed in one of the following three possibilities:

� 
(v

i

) = 
(v

T

i

) and v

F

i

is the only vertex 
olored with the 
olor 
(v

F

i

).

� 
(v

i

) = 
(v

F

i

) and v

T

i

is the only vertex 
olored with the 
olor 
(v

T

i

).

� The verti
es v

T

i

and v

F

i

are the only two verti
es 
olored with the 
olor


(v

T

i

) = 
(v

F

i

) 6= 
(v

i

).

In the �rst 
ase, let x

i

be true; in the se
ond 
ase, let x

i

be false; in the

third 
ase, let the value of x

i

be arbitrary. The just obtained assignment

satis�es �, sin
e ea
h C{edge whi
h 
orresponds to a 
lause, has to 
ontain

at least two verti
es of the same 
olor and these verti
es has to be v

i

and

v

X

i

for some 1 � i � n and X 2 fT;Fg.
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2

Proposition 7 The problem STRICT COLORING is NP-
omplete for mixed

bihypertrees, even if the input bihypertree is given together with an underly-

ing tree of maximum degree at most 3.

Proof: If in the mixed hypertree H of the proof of Proposition 6 ea
h

C{edge is also a D{edge, then the proof of Proposition 7 is obtained.

2

The last proposition of this se
tion does not provide an NP{
ompleteness

result, but it shows that polynomial{time algorithms for the last two re-

maining open problems for general mixed hypertrees (
f. Table 1) would

provide a polynomial{time algorithm for 
oloring 
o{hypergraphs with a

�xed number of 
olors:

Proposition 8 The problem of determining whether the upper 
hromati


number of a given 
o{hypergraph is at least k 
an be polynomially redu
ed

to STRICT (k + 1)-COLORING of mixed hypertrees with maximum edge load

4.

Proof: LetH be a given 
o{hypergraph. We may assume that its maximum

vertex degree is at most three (see [14℄ for details). Let v

1

; : : : ; v

n

be the

verti
es of H . We 
reate a mixed hypertree on a star whose 
entral vertex is

a new vertex ? and whose leaves are the verti
es v

1

; : : : ; v

n

. The D{edges of

this mixed hypertree are all the pairs f?; v

i

g for 1 � i � n and its C{edges

are the sets f?g [ C for ea
h C whi
h is a C{edge of H .

Any proper 
oloring of the 
onstru
ted mixed hypertree assigns the ver-

tex ? a 
olor whi
h is not used to 
olor any other vertex and thus the 
oloring

of the verti
es v

1

; : : : ; v

n

of the mixed hypertree is a proper 
oloring of H .

We immediately 
on
lude that �(H) is the upper 
hromati
 number of the


onstru
ted mixed hypertree de
reased by one.

2

6 Con
lusion

We investigated the properties of pre
oloring extensions of mixed hyper-

trees. Further we introdu
ed 
on
ept of witness sequen
es and we used this
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Bounded parameters: | l

e

l

v

�, l

e

�

l

v

, l

e

�, l

v

, (l

e

)

General mixed hypertrees

k is �xed ? ? P P P

k is part of input NPC NPC P P NPC

Mixed bihypertrees

k is �xed ? ? P P P

k is part of input NPC NPC P P NPC

Mixed hypertrees with only D{edges P P P P P

Mixed hypertrees with only C{edges

k is �xed P P P P P

k is part of input NPC NPC P P NPC

Table 1: Complexity of determining whether the upper 
hromati
 number of

a given mixed hypertree is at least k for various 
lasses of mixed hypertrees;

� is the maximum degree of the underlying tree, l

v

/l

e

is the maximum

vertex/edge load.
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on
ept to prove several results on mixed hypertrees (Corollary 2, Observa-

tion 2) and to design an algorithm for 
oloring mixed hypertrees. Besides

this algorithm, we designed two other algorithms, and we provided several

NP{
ompleteness redu
tions. The summary of our algorithmi
 results 
an

be found in Table 1 (note that for mixed hypertrees H 
ontaining only

D{edges �(H) = n where n is the number of verti
es of H).
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