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Abstra
t

A k{
y
le system is a system of 
y
li
ally ordered k{tuples of a

�nite set. A pattern is a sequen
e of letters. A 
oloring of a k{


y
le system with respe
t to a set of patterns of length k is proper

i� ea
h 
y
le is 
olored 
onsistently with one of the patterns, i.e. the

same/distin
t letters 
orrespond to (the) same/distin
t 
olor(s). The

feasible set of a 
y
le system is the set of all l's su
h that there exists

a proper 
oloring of it using exa
tly l 
olors.

For all 
ombinations of a pattern set P and a number l, we either

�nd a polynomial algorithm or prove NP{
ompleteness of the problem

whether a given 
y
le system with a set of patterns P 
an be 
olored

by at most l 
olors. We further 
onstru
t a 
y
le system with a

pres
ribed feasible set for almost every set of patterns 
ontaining

only two di�erent letters.

1 Introdu
tion

Coloring problems for di�erent 
ombinatorial obje
ts are ones of intensively

studied mathemati
al problems. Original problems dealing with 
olorings

of graphs have been generalized to hypergraphs where one allows edges of

�
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arbitrary sizes (see [1℄) and one demands that the verti
es in one edge are


olored 
onsistently with 
ertain pres
ribed rules. The original notion of

proper 
olorings of hypergraphs, demanding that no edge of a hypergraph

is mono
hromati
, has been generalized to lots of other stru
tures: Steiner

triple and quadruple systems ([2, 4, 11, 12, 13℄), mixed hypergraphs ([14,

15℄), mixed hypertrees ([7, 8℄), mixed multigraphs ([9, 15℄), blo
k{pattern


y
le systems and designs ([10℄).

A k{
y
le system is a pair C = (V

C

; C

C

) where V

C

is a �nite set and C

C

is set of 
y
li
ally ordered k{tuples of V

C

. The members of V

C

are 
alled

verti
es and the members of C

C

are 
alled 
y
les. A k{
y
le system is a

k{
y
le design if for ea
h pair of verti
es u and v there is exa
tly one 
y
le


ontaining uv or vu. Some of the properties of k{
y
le systems, espe
ially

of k{
y
le designs, 
an be found in [6℄, e.g. the 4{
y
le designs on n verti
es

exist pre
isely for n mod 8 = 1.

A pattern of length k is a sequen
e of letters of length k. The 
oloring


 of verti
es of a k{
y
le system C with the set of patterns P of length k is

proper i� for ea
h 
y
le C of C there is a pattern p 2 P whi
h satis�es the

following: There is a rotation of C su
h that the verti
es on the positions

with the same letters of p are 
olored by the same 
olor and the verti
es

on the positions with mutually di�erent letters of p are 
olored by mutually

di�erent 
olors. This notion of pattern 
oloring was introdu
ed in [10℄ and

is a
tually generalization of several previously introdu
ed notions. Coloring

of 2{
y
le systems with the pattern AB is just graph 
oloring: The pattern

for
es the verti
es in the same 
y
le to be 
olored by di�erent 
olors and

thus the 
y
les 
orrespond to the edges of a graph and vi
e versa. Coloring

of 3{
y
le systems with the pattern AAB is just bi
oloring of triple systems


onsidered in [2, 12, 13℄. The pattern for
es that ea
h triple is 
olored by

exa
tly two 
olors. Coloring of k{
y
le systems with suitable set of patterns

also 
orrespond to 
oloring of uniform mixed bihypergraphs as 
onsidered

in [7, 8, 14, 15℄.

The feasible setF(C) of a 
y
le system C is the set of all l's for whi
h there

exists a proper 
oloring of C using exa
tly l 
olors. It turned out that feasible

sets of 
ertain types of 
ombinatorial obje
ts need not to be intervals, e.g.

any �nite set omitting 1 is a feasible set of a mixed hypergraph (and even

a mixed bihypergraph), see [5℄. Although uniform mixed bihypergraphs are


y
le systems with a 
ertain spe
ial pattern set, the result of [5℄ does not

extend to 
y
le systems with arbitrary pattern sets.

We address two problems related to 
oloring of 
y
le systems with pre-

s
ribed pattern sets in this paper. The �rst one is: \For whi
h sets I of
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integers and for whi
h sets P of patterns does there exist a 
y
le system

with the pattern set P and the feasible set I?" The analogous problem for

mixed hypergraphs was 
onsidered in [15℄ and solved in [5℄ as des
ribed in

the previous paragraph. We prove that there exists a 
y
le system with the

pattern set P and the feasible set I for any set P of patterns 
onsisting

of two letters whi
h omits the mono
hromati
 pattern and whi
h does not


ontain only the alternating pattern and for any set of integers I . If the

pattern set P 
ontains only the alternating pattern, then the feasible set of

any 
y
le system with the pattern set P is an interval. We refer the reader

for the de�nition of the mono
hromati
 and alternating pattern to Se
tion

2.

The se
ond problem whi
h we address is the following: \What is the


omplexity of de
ision whether a given 
y
le system C with the pattern set

P 
an be 
olored by at most l 
olors (P and l are �xed)?" We des
ribe all

the pattern sets P and the numbers l for whi
h this problem 
an be solved

in polynomial time (unless P = NP ) and we prove that the problem is

NP{
omplete for all the remaining 
ombinations of the pattern set P and

the number l.

We introdu
e several de�nitions and prove some basi
 properties related

to 
oloring of 
y
le systems in Se
tion 2. We a
tually prove that 
ertain

patterns 
an be \simulated" by almost any set of patterns in Lemma 1. We

later prove a similar lemma for larger sets of patterns with an additional

restri
tion on the number of used 
olors in Se
tion 4, Lemma 3.

The existen
e of 
y
le systems with pres
ribed feasible sets and pattern

sets is addressed in Se
tion 3. We restri
t our attention only to pattern sets


ontaining patterns with at most two letters whi
h omits the mono
hromati


pattern. If the pattern set 
ontains only the alternating pattern, then the

feasible set of any 
y
le system with this pattern set is an interval due to

Observation 2. But we 
onstru
t a 
y
le system for any other pattern set

omitting the mono
hromati
 pattern and for any �nite set I of integers

omitting one su
h that its feasible set is equal to I in Theorem 1.

The 
omplexity of 
oloring of 
y
le system is studied in Se
tion 4, Se
tion

5 and Se
tion 6. We study the de
ision problem whether a given 
y
le

system with a �xed pattern set P 
an be 
olored by at most �xed number

l of 
olors for l � 3 in Se
tion 4. The problem is trivial if l = 1 (sin
e the

answer is yes i� the given 
y
le system is empty or the pattern set 
ontains

the mono
hromati
 pattern). The problem for l = 2 is studied in Se
tion 5.

The problem is, not very surprisingly, NP{
omplete for any l � 3 and any

set P of patterns omitting the mono
hromati
 pattern | see Theorem 2.
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We deal with the problem for l = 2 in Se
tion 5. It is obvious, sin
e

the 
oloring may use at most two 
olors, that the pattern set P 
ontains

w.l.o.g. only the patterns 
onsisting of at most two letters. It is not hard to

see that if we get an aÆne subspa
e over G F (2) through repla
ing the letters

in the patterns of P by ones and zeroes and 
onsidering all the rotations of

the patterns of P , then the problem of �nding a 
oloring of the given 
y
le

system 
an be redu
ed to the problem of �nding a solution of a system of

linear equations. Consult the beginning of the Se
tion 5 and Lemma 5 for

de�nitions and more details. Thus the problem 
an be solved in polynomial

time in all su
h 
ases. Lemma 8 states that all the remaining 
ases (ex
ept

for the trivial 
ases that P 
ontains the mono
hromati
 pattern) are NP{


omplete. The results of the whole se
tion are summarized in Theorem

3.

The 
hara
terization in Theorem 3 is general and thus it does not provide

any examples of patterns for whi
h the problem 
an be solved in polynomial

time. Thus we address and answer the following question in Se
tion 6:

\For whi
h patterns p 
onsisting of l distin
t letters, the de
ision problem

whether a given 
y
le system with the pattern set fpg 
an be 
olored by

at most l 
olors is solvable in polynomial time?" The results of Se
tion 4

and 5 imply that this is possible only for the pattern 
onsisting of one or

two letters. In the former 
ase, the problem is a
tually trivial. In the latter


ase, these are exa
tly the patterns whose rotations indu
e aÆne subspa
es

over G F (2). We list all su
h patterns in Theorem 4; these patterns are

exa
tly the following ones: A

k

, (AB)

k

, (AABB)

k

and (AAAB)

k

for all k's

(we write X

k

for the 
on
atenation of k 
opies of X). We would like to

point the attention of the reader to quite interesting linear algebra Lemma

9 in Se
tion 6; note that the 
ondition that � is a power of two is essential,

sin
e for any other � the statement of the lemma is false.

2 De�nitions and Basi
 Properties

The notion of 
y
le systems and their 
olorings with pres
ribed patterns

was introdu
ed in Se
tion 1. A pattern is 
alled an l{pattern if it 
onsists of

at most l di�erent letters. We assume throughout the paper to simplify the

statements that the letters 
ontained in a l{pattern are the �rst l letters of

the Roman alphabet. Themono
hromati
 pattern of length k isA

k

(we write

throughout the paper for shortness A

k

instead of the sequen
e 
onsisting

of k A's), the alternating pattern of length k is (AB)

k=2

(for k even) and
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the multi
hromati
 pattern of length k is a pattern 
onsisting of k mutually

di�erent letters, e.g. the multi
hromati
 pattern of length 3 is ABC. We

say that the pattern p is periodi
 if it is a 
on
atenation of two or more


opies of another pattern. We say that the pattern is aperiodi
 if it is not

periodi
.

We say that the pattern p of length k

0


an be simulated by a set of

patterns P of length k if there exists a k{
y
le system C with k

0

spe
ial

verti
es v

1

; : : : ; v

k

0

with the following properties:

� Let l be the number of di�erent letters in p. Then any proper 
oloring

of C uses exa
tly l 
olors.

� The 
y
le 
onsisting of v

1

; : : : ; v

k

0

is in any proper 
oloring of C 
olored


onsistenly with the pattern p.

� Any pre
oloring of the verti
es v

1

; : : : ; v

k

0


onsistent with the pattern

p 
an be extended to a proper 
oloring of C.

If the 
onditions above are satis�ed, we say that C simulates the pattern p.

The just established notion of simulating allows us to state the following

observation whi
h demonstrates several just de�ned terms and whi
h will

be usefull in Se
tion 3:

Observation 1 Let C

p

be a k

0

{
y
le system with a pattern p of length k

0

and assume that p 
an be simulated by a set of patterns P of length k.

Then there exists a k{
y
le system C

P

with the pattern set P su
h that

F(C

p

) = F(C

P

).

Proof: Let C be the k{
y
le system with the pattern set P whi
h simulates p

and let v

1

; : : : ; v

k

0

be its spe
ial verti
es whi
h are des
ribed in the de�nition

of simulating above. We 
reate the k{
y
le system C

P

as follows: We repla
e

ea
h 
y
le w

1

; : : : ; w

k

0

of C

p

with a 
opy of the k{
y
le system C identifying

verti
es v

i

and w

i

for 1 � i � k

0

. Sin
e no 
opy of C 
ontains in any proper


oloring a vertex 
olored by a 
olor di�erent to all its spe
ial verti
es, it is


lear that F(C

p

) = F(C

P

). �

In the paper, we will need to assure that 
ertain verti
es get the same


olor or that 
ertain verti
es get mutually di�erent 
olors. The following

te
hni
al lemma allows us this for most sets of patterns:

Lemma 1 Let P be any set of l{patterns of length k whi
h 
ontains neither

the mono
hromati
 pattern nor the multi
hromati
 pattern of length k. Let
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p be the multi
hromati
 pattern of length l. Then p

�


an be simulated by P

for any � � 1.

Proof: Sin
e p

�

1


an be trivially simulated by p

�

2

for �

1

� �

2

, we may as-

sume w.l.o.g. that � > kl. We 
reate the k{
y
le system C

p

�

on �l verti
es

v

j

i

, 1 � i � l, and 1 � j � � as follows: We add to C

p

�

all the k{
y
les su
h

that the 
oloring 


0

(v

j

i

) = i 
olors them properly with respe
t to the set of

patterns P . We 
laim that the 
oloring 


0

is the only proper 
oloring (upto

renaming the 
olors) of C

p

�

. Then setting v

1

1

; : : : ; v

1

l

; v

2

1

; : : : ; v

2

l

; : : : ; v

�

1

; : : : ; v

�

l

to be spe
ial verti
es of C

p

�

would �nish the proof of the lemma.

We prove the 
laim in rest of the proof of this lemma. Let 
 be any

proper 
oloring of C and let V

i

= fv

j

i

j1 � j � �g. We �rst prove that

ea
h V

i


ontains at least k verti
es 
olored by 
 with the same 
olor. Let us

assume the opposite for the 
ontradi
tion. We may w.l.o.g. due to symmetry

assume that ea
h of the sets V

1

; : : : ; V

i

0


ontains at least k verti
es 
olored

by 
 with the same 
olor and none of the remaining sets does. Let U

i

be a

set of k verti
es of V

i


olored by 
 with the same 
olor, for 1 � i � i

0

and

let 


i

be the 
ommon 
olor of the verti
es of U

i

. The 
olors 


1

; : : : ; 


i

0

are

mutually distin
t: If 


i

= 


i

0

, let p

1

be one of the possibly more patterns

of P whi
h 
ontain the most number of o

uren
ies of the same letter and

let �

1

be this number. Let C be a 
y
le 
ontaining �

1

verti
es of U

i

and a

vertex of U

i

0

| there is 
ertainly a 
y
le 
olored properly by the 
oloring 


0

from the �rst paragraph with respe
t to the pattern p

1

(whi
h is surely not

mono
hromati
) whi
h 
ontains a �

1

{tuple of verti
es of V

i

and a vertex of

V

i

0

for ea
h pres
ribed �

1

{tuple of verti
es of V

i

and ea
h pres
ribed vertex

of V

i

0

. But the 
y
le C 
ontains at least �

1

+ 1 verti
es 
olored by 
 with

the same 
olor and this 
ontradi
ts the 
hoi
e of p

1

and �

1

.

If none of V

i

0

+1

; : : : ; V

l


ontains k verti
es 
olored by 
 with the same


olor, then ea
h of them has to 
ontain at least l + 1 verti
es 
olored by

mutually distin
t 
olors due to pigeonhole prin
iple. Let p

2

be a pattern of P


ontaining maximum number of di�erent letters and let �

2

be this number.

Sin
e p

2

is not multi
hromati
, it 
ontains at least one letter at least twi
e.

Let w

i

be any vertex of U

i

for 1 � i � i

0

, let w

i

2 V

i

for i

0

< i � l be a

vertex of V

i


olored by 
 with the 
olor distin
t to the 
olor of any vertex

w

i

0

for i

0

< i and let w

l+1

2 V

l

be a vertex of V

l


olored by 
 with the 
olor

distin
t to the 
olor of any vertex w

i

for 1 � i � l. These verti
es exist

sin
e ea
h of V

i

for i > i

0


ontains at least l + 1 verti
es 
olored by 
 with

mutually di�erent 
olors. The 
olors of w

1

; : : : ; w

l+1

are mutually di�erent

due to the 
hoi
e of the verti
es. Let C be a 
y
le 
ontaining the verti
es

6



w

l��

2

+1

; : : : ; w

l+1

| there is 
ertainly su
h a 
y
le, sin
e for any 
hoi
e of

�

2

�1 verti
es from di�erent V

i

's and additional 
hoi
e of two other verti
es

from another V

i

, there is a 
y
le 
ontaining these 
hosen verti
es 
olored

properly by the 
oloring 


0

of the �rst paragraph with respe
t to p

2

. But C


ontains �

2

+1 verti
es 
olored by 
 with mutually distin
t 
olors and thus

C 
annot be 
olored properly due to 
hoi
e of p

2

and �

2

. This implies that

i

0

= l. Moreover, the 
ommon 
olors 


i

's are di�erent for di�erent V

i

's.

We prove that the 
ommon 
olor 


i

of the verti
es of U

i

share a
tually

all the verti
es of V

i

. Let us assume the opposite. We may assume that V

1


ontains two verti
es 
olored by di�erent 
olors. If the 
olor of one of them

is di�erent from all 


i

's, we pro
eed as in the previous paragraph: We 
hoose

p

2

to be a pattern of P 
ontaining the maximum number of di�erent letters

and we set �

2

to be this number. We 
onstru
t a 
y
le 
ontaining verti
es


olored by at least �

2

+ 1 distin
t 
olors and we obtain a 
ontradi
tion.

Thus w.l.o.g. the 
olor of one of the two verti
es of V

1

is 


1

and the 
olor of

the other one is 


2

. Let p

1

be a pattern of P 
ontaining the most number of

o

uren
ies of the same letter and let �

1

be this number, 
onsult the end of

the se
ond paragraph of this proof. Let C be a 
y
le 
ontaining the vertex

of V

1


olored by 


2

and �

1

verti
es of V

2


olored by 


2

; its existen
e follows

from the arguments used in the se
ond paragraph. But the 
y
le C 
annot

be properly 
olored by 
. This implies that all the verti
es of ea
h V

i

have

to share the same 
olor 


i

and thus the proper 
oloring 


0

of C is its only

proper 
oloring upto renaming the 
olors. �

3 Feasible Sets of Cy
le Systems with 2{Patterns

We �rst prove that the feasible sets of 
y
le systems with the single alter-

nating pattern are only intervals. Next we prove, that the feasible sets of


y
le systems with any set of 2{patterns omitting the mono
hromati
 pat-

tern 
an be any �nite set of integers omitting one ex
ept for the 
ase that

the set 
onsists only of the alternating pattern.

Observation 2 Let P be the set of 2{patterns 
ontaining only the alter-

nating pattern. Then the feasible set of any 
y
le system with the pattern

set P is an interval.

Proof: Let C be a 
y
le system with the pattern set P whi
h 
onsists only

of the alternating pattern. The pattern for
es that any two verti
es whi
h

7



are in an even distan
e in some of the 
y
les of C have to get the same 
olor

and any two verti
es in an odd distan
e have to get di�erent 
olors. Thus

if we �rst identify all the verti
es in even distan
es and then we join the

verti
es in odd distan
es by edges, we get a graph whose proper 
olorings

one{to{one 
orrespond to the proper 
oloring of the original 
y
le system. If

the obtained graph 
ontains a loop, the original 
y
le system 
annot 
learly

be 
olored properly. �

We prove that for any other set of 2{patterns omitting the mono
hromati


pattern, there exists a 
y
le system whi
h simulates the pattern AABB.

Note that the pattern AABB is one of the patterns for whi
h 2{
olorability

of 4{
y
le system with this pattern 
an be de
ided in polynomial time (The-

orem 4) and thus the following lemma has no 
orollaries regarding 
omplex-

ity of 
oloring 
y
le systems with at most 2 
olors.

Lemma 2 Let P be any set of 2{patterns of length k � 3 whi
h does not


ontain the mono
hromati
 pattern of length k and whi
h 
ontains a pattern

di�erent from the alternating pattern of length k. Then the pattern AABB


an be simulated by P.

Proof: Let C

1

AB

and C

2

AB

be two vertex{disjoint 
opies of a k{
y
le system

with the pattern set P whi
h simulates the pattern (AB)

k

; its existen
e

follows from Lemma 1. Let V

1

and V

3

be the sets of spe
ial verti
es of C

1

AB

su
h that the verti
es of V

1

have to share the same 
olor, the verti
es of

V

3

have to share the same 
olor and the 
olors of verti
es of V

1

and V

3

are

di�erent; let V

2

and V

4

be the 
orresponding sets of spe
ial verti
es of C

2

AB

.

Let p be any pattern of P di�erent from the mono
hromati
 and the

alternating pattern of length k. The pattern p 
onsists w.l.o.g. of the

letters A and B and it has to either 
ontain a subsequen
e BA

�

B or be

equal to A

�

B for some � � 2. Let p

0

be the pattern p rotated by one letter

to the right and let p

i

(p

0

i

) be the i{th letter of the pattern p (p

0

). There

are 
ertainly indi
es i

AA

, i

AB

and i

BA

su
h that the following holds (sin
e

p 
ontains a subsequen
e BA

�

B or is equal to A

�

B for some � � 2):

� p

i

AA

= A and p

0

i

AA

= A

� p

i

AB

= A and p

0

i

AB

= B

� p

i

BA

= B and p

0

i

BA

= A

We 
reate a k{
y
le v

1

; : : : ; v

k

su
h that:

8



� v

i

2 V

1

i� p

i

= p

0

i

= A

� v

i

2 V

2

i� p

i

= A and p

0

i

= B

� v

i

2 V

3

i� p

i

= p

0

i

= B

� v

i

2 V

4

i� p

i

= B and p

0

i

= A

The 
hoi
e of verti
es v

1

; : : : ; v

k

ex
ept for the above 
onditions 
an be

arbitrary. This 
y
le for
es that either the 
olor of the verti
es of V

2

or

the 
olor of the verti
es of V

4

is equal to the 
olor of the verti
es of V

1

. It

does not ne
essarilly for
e the same for the verti
es of V

3

, sin
e the 
y
le

may 
ontain no vertex of V

3

. On the other hand, if the above 
ondition is

satis�ed, then the 
y
le is 
olored properly (it is 
onsistent with the pattern

p). Next, we 
reate similary a k{
y
le v

1

; : : : ; v

k

su
h that:

� v

i

2 V

1

i� p

i

= p

0

i

= B

� v

i

2 V

2

i� p

i

= A and p

0

i

= B

� v

i

2 V

3

i� p

i

= p

0

i

= A

� v

i

2 V

4

i� p

i

= B and p

0

i

= A

The 
hoi
e of verti
es v

1

; : : : ; v

k


an be again arbitrary (when obeying the

above 
onditions). This 
y
le for
es that the 
olor of the verti
es of V

3

is

equal to either the 
olor of the verti
es of V

2

or the 
olor of the verti
es of

V

4

. On the other hand, if this 
ondition is satis�ed, then the 
y
le is 
olored

properly (it is 
onsistent with the pattern p). The just added two 
y
les

for
e that any proper 
oloring of the verti
es of C

1

AB

and C

2

AB

uses at most

two 
olors and thus 
hoosing any four verti
es v

i

2 V

i

for i = 1; 2; 3; 4 to be

the spe
ial ones �nish 
reating the k{
y
le system with the pattern set P

simulating AABB: The only allowed pattern for 
oloring these verti
es is

due to the above mentioned reasons AABB. On the other hand, if we have

pre
olored the spe
ial verti
es v

1

; v

2

; v

3

; v

4


onsistently with the pattern

AABB, then assigning all the verti
es of V

i

the 
olor of v

i

yields a proper


oloring. �

We are now ready to prove the main theorem of this se
tion:

Theorem 1 Let I be any �nite set of integers omitting 1. Let P be any

set of 2{patterns of length k � 3 whi
h does not 
ontain the mono
hromati
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pattern of length k and whi
h 
ontains a pattern di�erent from the alter-

nating pattern of length k. Then there exists a k{
y
le system C with the

pattern set P su
h that F(C) = I.

Proof: The theorem is suÆ
ient to prove for P = fAABBg due to Obser-

vation 1 and Lemma 2.

The proof pro
eeds by indu
tion on max(I) (setting max(;) = 0). If I

is empty then the 4{
y
le system with the pattern AABB on four verti
es


ontaining all the 6 possible 4{
y
les is 
learly un
olorable. Otherwise, I

is non{empty. If max(I) = 2 then we set C to the 4{
y
le system on four

verti
es 
ontaining a single 4{
y
le; it is 
lear that F(C) = I = f2g.

We deal with the remaining 
ases in the rest of the proof. Let I

0

=

fiji � 2 ^ i + 1 2 Ig. Sin
e max(I) > 2, I

0

6= ;. Let C

0

be the 4{
y
le

system su
h that F(C

0

) = I

0

(it exists due to the indu
tion). Let v

1

; : : : ; v

n

be the verti
es of C

0

. We distinguish two 
ases:

� If 2 62 I (i.e. I = fi+ 1ji 2 I

0

g), then we add to the 4{
y
le system

C

0

n + 2 new verti
es x, y and v

0

i

for 1 � i � n and n new 4{
y
les

x; y; v

i

; v

0

i

for 1 � i � n. We 
laim that the feasible set F(C) of the

just obtained 4{
y
le system C with the pattern AABB is equal to I.

Let 


0

be any proper 
oloring of C

0

. Then setting 
(v

i

) = 
(v

0

i

) = 


0

(v

i

)

and 
(x) = 
(y) to a 
ompletely new 
olor yields a proper 
oloring 


of C using exa
tly one more 
olor than 


0

does. Thus I � F(C).

On the other hand, let 
 be a proper 
oloring of C. It is 
lear that


(x) 6= 
(v

i

) for any 1 � i � n due to the presen
e of the 
y
les

x; y; v

i

; v

0

i

. Thus setting 


0

(v

i

) = 
(v

i

) yields a proper 
oloring 


0

of C

0

whi
h uses exa
tly one less 
olor than 
 does (note that 
(y) or 
(v

0

i

)


annot be di�erent both from 
(x) and 
(v

i

)). Thus I = F(C).

� If 2 2 I (i.e. I = f2g [ fi+ 1ji 2 I

0

g), we 
reate a 4{
y
le system C

on 2n + 2 verti
es x, y, w

i

and w

0

i

for 1 � i � n. We add a 4{
y
le

w

i

1

; w

i

2

; w

0

i

3

; w

0

i

4

to C for ea
h 4{
y
le v

i

1

; v

i

2

; v

i

3

; v

i

4

of C

0

. Moreover,

we add a 4{
y
le x; y; w

i

; w

0

i

to C for ea
h 1 � i � n. Coloring all the

verti
es x and w

0

i

with a 
ommon 
olor and 
oloring all the verti
es

y and w

i

with another 
ommon 
olor yields a proper 2{
oloring of C.

On the other hand, this is the only proper 
oloring of C whi
h 
olors

the verti
es x and y with di�erent 
olors.

We fo
us our attention to the 
olorings of C whi
h assign x and y

the same 
olor in this paragraph. Any su
h 
oloring assigns the pair
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of verti
es w

i

and w

0

i

the same 
olor. Thus the proper 
olorings 


of C and 


0

of C

0

one{to{one 
orrespond ea
h other through setting


(w

i

) = 
(w

0

i

) = 


0

(v

i

). This immediately implies that F(C) = I.

�

4 NP{
ompleteness of Coloring of Cy
le{Systems

We prove that for any pattern set omitting the mono
hromati
 pattern

the problem whether a given 
y
le system 
an be 
olored by at most �xed

number of 
olors (for three or more) is NP{
omplete. In order to do this,

we �rst prove a modi�
ation of Lemma 1:

Lemma 3 Let P be any �xed set of l{patterns of length k � 2 omitting the

mono
hromati
 pattern of length k and let m � maxf3; lg be a �xed integer.

Then there exists a k{
y
le system C with m spe
ial verti
es v

1

; : : : ; v

m

su
h

that any proper 
oloring of it with at most m 
olors with respe
t to the

pattern set P assigns the verti
es v

1

; : : : ; v

m

distin
t 
olors.

Proof: We adopt the proof of Lemma 1. We 
reate the k{
y
le system C

on km

2

verti
es v

j

i

for 1 � i � m and 1 � j � km. We add to C all the

k{
y
les su
h that the 
oloring 


0

(v

j

i

) = i 
olors them properly with respe
t

to the set of patterns P . Let V

i

= fv

j

i

j1 � j � kmg.

Let 
 be any proper 
oloring of C using at most m 
olors. Ea
h V

i


ontains at least k verti
es 
olored by 
 with the same 
olor due to pigeonhole

prin
iple; let U

i

� V

i

be a set of su
h verti
es and let 


i

be their 
ommon


olor. We 
laim that there are no verti
es other than those of V

i


olored by

the 
olor 


i

. Assume that a vertex v 2 V

i

0

is 
olored by the 
olor 


i

(i 6= i

0

).

Let p

1

be a pattern of P whi
h 
ontains the most number of o

uren
ies of

the same letter and let �

1

be this number. Let C be a 
y
le 
ontaining �

1

verti
es of U

i

and the vertex v of V

i

0

| there is 
ertainly a 
y
le 
olored

properly by the 
oloring 


0

from the �rst paragraph with respe
t to the

pattern p

1

(whi
h is surely not mono
hromati
) whi
h 
ontains a �

1

{tuple

of verti
es of V

i

and a vertex of V

i

0

for ea
h pres
ribed �

1

{tuple of verti
es

of V

i

and ea
h pres
ribed vertex of V

i

0

(
onsult the proof of Lemma 1). But

the 
y
le C 
ontains at least �

1

+1 verti
es 
olored by 
 with the same 
olor




i

and this 
ontradi
ts that 
 is proper due to the 
hoi
e of p

1

and �

1

. Thus

the verti
es 
olored by 
 with the 
olor 


i

are only in V

i

. This implies that
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the 
olors 


1

; : : : ; 


m

are mutually distin
t. Sin
e 
 uses at most m 
olors,

all the verti
es of V

i

have to be 
olored by 
 with the 
olor 


i

and thus 


0

is

upto renaming the 
olors the only proper 
oloring of C. Choosing verti
es

v

1

1

; : : : ; v

1

m

to be the spe
ial verti
es of C 
ompletes the proof. �

It is quite easy to prove the NP{
ompleteness result of this se
tion using

Lemma 3. Note that the 
ondition that l

0

� l in the statement of the next

theorem is ne
essary, sin
e if the pattern set does not 
ontain a pattern

with less than l di�erent letters, then the 
y
le system 
annot be properly


olored by at most l

0


olors for l

0

< l.

Theorem 2 Let P be any �xed set of l{patterns of length k � 2 omitting

the mono
hromati
 pattern of length k and let l

0

� maxf3; lg be a �xed

integer. Then the de
ision problem whether a given k{
y
le system with the

pattern set P 
an be 
olored by at most l

0


olors is NP{
omplete.

On the other hand, if P 
ontains the mono
hromati
 pattern, any 
y
le

system with P 
an be 
olored by one 
olor and the problem is trivial.

Proof: We may w.l.o.g. assume that k = l = l

0

� 3 and P 
ontains only

the multi
hromati
 pattern of length k due to Observation 1 and due to

Lemma 3. We present the redu
tion from the well{known NP{
omplete

problem (see [3℄) whi
h is to de
ide whether a given graph 
an be 
olored

by at most k 
olors (for any �xed k � 3). Let G be any instan
e of this

problem; let v

1

; : : : ; v

n

be the verti
es of G and e

1

; : : : ; e

m

the edges of G.

We 
reate a k{
y
le system C with m(k� 2)+n verti
es and m 
y
les: The

verti
es of C are v

1

; : : : ; v

n

and w

j

i

for 1 � i � m and 1 � j � k � 2. We

add a 
y
le u; v; w

1

i

; : : : ; w

k�2

i

for ea
h edge e

i

= uv, 1 � i � m. The proper


oloring of G using at most k 
olors 
an be extended to a proper 
oloring of

C whi
h uses at most k 
olors by setting w

1

i

; : : : ; w

k�2

i

to mutually distin
t


olors distin
t to the 
olor of u and v for all e

i

= uv, 1 � i � m. On

the other hand, any proper 
oloring of C, restri
ted only to the verti
es

v

1

; : : : ; v

n

yield a proper 
oloring of G. Thus G 
an be properly 
olored by

at most k = l = l

0


olors i� C 
an. This 
ompletes the proof of the theorem.

�
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5 Complexity of Two{Coloring of Cy
le Sys-

tems

We restri
t our attention to the algorithmi
 issues of two{
olorings of 
y
le

systems. We �rst state an easy lemma whi
h allows us to for
e two verti
es

to have di�erent 
olors or the same 
olor:

Lemma 4 Let P be any set of 2{patterns of length k � 2 whi
h does not


ontain the mono
hromati
 pattern of length k. Then the pattern AB 
an

be simulated by P.

Proof: If k = 2, then P = fABg and the statement is trivial. If k > 2, P


annot 
ontain a multi
hromati
 pattern (sin
e it 
ontains only 2{patterns)

and thus the lemma follows from Lemma 1. �

We develop in this se
tion 
onne
tion between 
olorings of 
y
le systems

using at most two 
olors and linear algebra. The 
al
ulation will be done

over the �eld G F (2) and the elements of G F (2) will represent the 
olors. Let

P be the set of 2{patterns of length k. Let A(P) be the set of all the ve
tors

over G F (2) of length k su
h that they are 
onsistent with the set of patterns

P , i.e. there exists a 
y
li
ally rotation p of a pattern of P su
h that the

ve
tor 
ontains zeroes exa
tly in those positions where p 
ontains A's and

ones in those with B's (or vi
e versa). We say that P 
an be des
ribed by a

system of linear equations i� A(P) forms an aÆne subspa
e of G F (2)

k

, i.e.

there exists a matrix A of size k

0

� k and a ve
tor b of size k

0

for some k

0

su
h that A(P) = fxjAx = bg. We say in this 
ase that the matrix A and

the ve
tor b des
ribe the set of patterns P . Re
all that the 
al
ulations are

done over G F (2).

We �rst state and prove a lemma whi
h guarantees that under 
ertain


onditions the problem whether a given 
y
le system 
an be 
olored by at

most two 
olors is solvable in polynomial time for a 
ertain set of patterns.

We later prove that unless P = NP these are the only polynomial{time

solvable 
ases.

Lemma 5 If the set P of 2{patterns of length k � 2 
an be des
ribed by

a system of linear equations, then the de
ision problem whether a given k{


y
le system with the pattern set P 
an be 
olored by at most 2 
olors, 
an

be solved in polynomial time.

Proof: Let A be the matrix of size k

0

�k and let b the ve
tor of size k

0

whi
h

des
ribe P . A(P) forms an aÆne subspa
e of G F (2)

k

in this 
ase. Let C be
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a given k{
y
le system with the pattern set P , let v

1

; : : : ; v

n

be the verti
es

of C and let m be the number of 
y
les of C. We form a system of mk

0

equations with n variables x

1

; : : : ; x

n

. We add for ea
h 
y
le v

i

1

; : : : ; v

i

k

of

C the following k

0

equations:

A

0

B

�

x

i

1

.

.

.

x

i

k

1

C

A

= b

The solutions x

1

; : : : ; x

n

of this system of equations 
learly one{to{one 
or-

respond to proper 2{
olorings 
 of C through a simple equalities 
(v

i

) = x

i

for all 1 � i � n. Sin
e the size of the system of equations is polynomial

in the size of the 
y
le system C, the de
ision problem whether C 
an be

properly 
olored by at most 2 
olors 
an be solved in polynomial time. �

We prove that the de
ision problem whether a given 3{
y
le system with

the pattern AAB 
an be 
olored by at most 2 
olors is NP{
omplete. Later,

we redu
e all the remaining 
ases to this one with the aim of Lemma 7 whi
h

immediately follows the next lemma.

Lemma 6 The de
ision problem whether a given 3{
y
le system with the

pattern AAB 
an be 
olored by at most 2 
olors, is NP{
omplete.

Proof: We present an almost trivial redu
tion from the well{known NP{


omplete problem of not{all{equal satis�ability (NAE-SAT), see [3℄ for de-

tails. The problem is to de
ide whether for a given formula there exists a

truth assignment su
h that ea
h 
lause 
ontains both a positive and a neg-

ative literal. This problem remains NP{
omplete even if restri
ted to the

formulas su
h that the sizes of all the 
lauses are exa
tly three, i.e. ea
h


lause 
ontains exa
tly three literals.

Let � be a given formula whose all the 
lauses have size exa
tly three.

Let x

1

; : : : ; x

n

be the varibles of �. Let C be a 3{
y
le system with the

pattern AAB whi
h simulates the pattern AB; its existen
e follows from

Lemma 4. We take n 
opies of C and we write for their spe
ial verti
es

v

1

; : : : ; v

n

and v

0

1

; : : : ; v

0

n

(the verti
es v

i

and v

0

i

belong to the same 
opy

of C). We add for ea
h 
lause of the formula � a 3{
y
le whi
h 
ontains

v

i

i� the 
lause 
ontains x

i

and whi
h 
ontains v

0

i

i� the 
lause 
ontains

the negation of x

i

. We 
laim that the 
onstru
ted 3{
y
le system 
an be 2{


olored i� the formula � 
an be NAE{satis�ed. Let 
 be a proper 
oloring of

the 
onstru
ted 3{
y
le system and let us assume w.l.o.g. that 
 
olors the
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verti
es with the 
olor 0 and 1. We set x

i

to the false value i� 
(v

i

) = 0 and

we set x

i

to the truth otherwise (
(v

i

) = 1). The obtained truth assignment


learly NAE{satis�es the formula �: The 
oloring of a vertex v

i

(v

0

i

) by the


olor 0=1 represents that the value of (the negation of) x

i

is false/truth. The

same 
orresponden
e works for obtaining a proper 
oloring of the 3{
y
le

system from a NAE{satisfying truth assignment. �

Lemma 7 Let P be the set of 2{patterns of length k � 2 whi
h omits the

mono
hromati
 pattern. If there exists a k{
y
le system C with three spe
ial

verti
es u, v and w su
h that there are only three (up to renaming the 
olors)

ways of 
oloring u, v and w by proper 
olorings of C using at most 2 
olors,

then the de
ision problem whether a given k{
y
le system with the pattern

set P 
an be 
olored by at most 2 
olors is NP{
omplete.

Proof: The possible ways of 
oloring u, v and w by proper 
olorings are

w.l.o.g. (after permutation of the three spe
ial verti
es if ne
essary) either

fAAB;ABA;BAA;ABB;BAB;BBAg or fAAA;BBB;AAB;BBA;ABA;BABg.

In the �rst 
ase, C simulates the pattern AAB with the additional 
ondition

that the whole 
oloring 
an use at most two 
olors and thus the problem is

NP{
omplete due to Lemma 6.

There exists a k{
y
le system C

AB

with the pattern set P with two spe-


ial verti
es u

0

and u

00

whi
h simulates the pattern AB due to Lemma 4.

We 
reate a 
y
le system C

0

from a 
opy of C and a 
opy of C

AB

by iden-

tifying the verti
es u

00

and u. The possible ways of 
oloring its verti
es u

0

,

v and w are fBAA;ABB;BAB;ABA;BBA;AABg and thus C

0

simulates

the pattern AAB with the additional 
ondition that the whole 
oloring 
an

use at most two 
olors and the problem is NP{
omplete due to Lemma 6.

�

We prove that Lemma 5 a
tually des
ribed all the polynomial 
ases:

Lemma 8 If the set P of 2{patterns of length k � 2 whi
h omits the

mono
hromati
 pattern 
annot be des
ribed by a system of linear equations,

then the de
ision problem whether a given k{
y
le system with the pattern

set P 
an be 
olored by at most 2 
olors, is NP{
omplete.

On the other hand, if P 
an be des
ribed by a system of linear equations,

and the dimension of A(P) is k

0

, then there exists �

1

; : : : ; �

k

0

+1

2 G F (2)

su
h that the following system of k equations des
ribes P:

k

0

+1

X

i=1

�

i

x

1+(j+i�2) mod k

= 1 for 1 � j � k
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Proof: We �nd a system of equations des
ribing P or we prove that the

de
ision problem from the statement of the lemma is NP{
omplete for the

given set P .

Let A(P) be the set of zero{one ve
tors de�ned in the beginning of this

se
tion. We understand the ve
tors ofA(P) as sequen
es of length k. We say

that �

1

; : : : ; �

�

uniquely determines the (�+ 1)-th 
oordinate i� the (�+1)-

th 
oordinate of ea
h ve
tor of A(P), whose �rst � 
oordinates are equal to

�

1

; : : : ; �

�

, is uniquely determined. If both �

1

; : : : ; �

�

and �

1

; : : : ; �

i�1

; �

i

+

1; �

i+1

; : : : ; �

�

uniquely determines the (�+1)-th 
oordinate, we say that �

i

is essential (1 � i � �) i� the (�+1)-th 
oordinate di�ers for �

1

; : : : ; �

�

and

�

1

; : : : ; �

i�1

; �

i

+1; �

i+1

; : : : ; �

�

. We say that �

i

is non{essential otherwise.

Let � be the smallest number su
h that there exists a sequen
e �

1

; : : : ; �

�

su
h that it uniquely determines the (�+1)-th 
oordinate. For ea
h sequen
e

�

0

1

; : : : ; �

0

�

there exists a ve
tor of A(P) whose �rst � 
oordinates are equal

to �

0

1

; : : : ; �

0

�

: Otherwise, let �

0

1

; : : : ; �

0

�

be the sequen
e su
h that there

is not a ve
tor of A(P) whose �rst � 
oordinates are equal to �

0

1

; : : : ; �

0

�

and among all su
h sequen
es let this be the sequen
e with the longest

initial subsequen
e 
ommon with �

1

; : : : ; �

�

. Let �

0

be the smallest number

su
h that �

�

0

+1

6= �

0

�

0

+1

. Then due to 
hoi
e of �

0

1

; : : : ; �

0

�

and �

0

, the

sequen
e �

0

1

; : : : ; �

0

�

0

determines the (�

0

+1)-th 
oordinate (it for
es it to be

�

�

0

+1

= �

0

�

0

+1

+ 1) and it 
ontradi
ts the 
hoi
e of �

1

; : : : ; �

�

and �.

We prove that a
tually ea
h sequen
e �

0

1

; : : : ; �

0

�

uniquely determines the

(�+1)-th 
oordinate. Let us assume the opposite and let �

0

1

; : : : ; �

0

�

be the

sequen
e whi
h does not uniquely determine the (�+ 1)-th 
oordinate and

whi
h among all su
h sequen
es has the longest initial subsequen
e 
ommon

with �

1

; : : : ; �

�

. Let �

0

be the smallest number su
h that �

�

0

6= �

0

�

0

; note

that �

0

� 2 sin
e A(P) 
ontains together with ea
h ve
tor also its negation.

Due to Lemma 4 there exists a k{
y
le system C

AB

with the pattern set P

whi
h simulates the pattern AB. Thus we 
an for
e two verti
es to have

di�erent 
olors and with additional 
ondition that the 
oloring does not use

more than two 
olors we 
an for
e also two verti
es to have the same 
olor

by using the k{
y
le system C

AB

twi
e. We 
reate a k{
y
le system C with

verti
es v

1

; : : : ; v

k

as follows: We add for ea
h 1 < i � �; i 6= �

0

either one


opy of C

AB

or two 
opies of C

AB

obeying the following rules:

� If �

i

= �

0

i

= �

1

= �

0

1

, then we for
e the vertex v

i

to have the same


olor as v

1

.

� If �

i

= �

0

i

6= �

1

= �

0

1

, then we for
e the vertex v

i

to have a di�erent


olor from v

1

.
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� If �

i

6= �

0

i

and �

i

= �

�

0

, �

0

i

= �

0

�

0

, then we for
e the vertex v

i

to have

the same 
olor as v

�

0

.

� If �

i

6= �

0

i

and �

i

= �

0

�

0

, �

0

i

= �

�

0

, then we for
e the vertex v

i

to have

a di�erent 
olor from v

�

0

.

Next, we add a 
y
le v

1

; : : : ; v

k

. Note that the verti
es v

1

; : : : ; v

�

are 
olored


onsistently with either �

1

; : : : ; �

�

or �

0

1

; : : : ; �

0

�

by any proper 
oloring of C

using at most two 
olors. In the �rst 
ase the 
olors of v

1

and v

�

0

uniquely

determine the 
olor of v

�+1

, in the se
ond 
ase the 
olor of v

�+1


an be

arbitrary. C is a k{
y
le system with the pattern set P su
h that the verti
es

v

1

, v

�

0

and v

�+1


an be 
olored by 
olorings using at most two 
olors only

in three di�erent ways upto renaming the 
olors. Thus the de
ision problem

of 2{
olorability of k{
y
le systems with the pattern P is NP{
omplete due

to Lemma 7 in this 
ase.

The results of the previous two paragraphs 
an be summarized as follows:

Unless the problem is NP{
omplete, there exists � su
h that ea
h

sequen
e �

1

; : : : ; �

�

uniquely determines the (�+ 1)-th 
oordinate.

The pre
eding immediately implies, sin
eA(P) is 
losed under rotations,

that A(P) 
ontains exa
tly 2

�

ve
tors | the �rst � 
oordinates uniquely

determines the rest of the ve
tor. We prove that �

i

is either essential for the

(�+1)-th 
oordinate for all the 
hoi
es of �

1

; : : : ; �

�

or it is non{essential for

all the 
hoi
es. Let us assume the opposite: Let �

1

; : : : ; �

�

be the sequen
e

where �

i

is essential for �

0

�+1

and �

0

1

; : : : ; �

0

�

be the sequen
e where �

0

i

is non{essential for �

�+1

. We may assume w.l.o.g. that �

1

= �

0

1

, sin
e

A(P) 
ontains together with ea
h ve
tor also its negation. We further may

assume w.l.o.g. that the (� + 1)-th 
oordinate determined by �

1

; : : : ; �

�

and by �

0

1

; : : : ; �

0

�

are the same (sin
e otherwise we 
ould 
hange �

i

in the

�rst sequen
e to �

i

+ 1) and let �

�+1

be this value. Let further �

0

be the

smallest number di�erent from i su
h that �

�

0

6= �

0

�

0

. We 
reate a k{
y
le

system C with verti
es v

1

; : : : ; v

k

similarly to the previous paragraph. We

add for ea
h 1 < j � �+ 1; j 62 f�

0

; ig either one 
opy of C

AB

or two 
opies

of C

AB

obeying the following rules:

� If �

j

= �

0

j

= �

1

= �

0

1

, then we for
e the vertex v

j

to have the same


olor as v

1

.

� If �

j

= �

0

j

6= �

1

= �

0

1

, then we for
e the vertex v

j

to have a di�erent


olor from v

1

.
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� If �

j

6= �

0

j

and �

j

= �

�

0

, �

0

j

= �

0

�

0

, then we for
e the vertex v

j

to

have the same 
olor as v

�

0

.

� If �

j

6= �

0

j

and �

j

= �

0

�

0

, �

0

j

= �

�

0

, then we for
e the vertex v

j

to

have a di�erent 
olor from v

�

0

.

Next, we add a 
y
le v

1

; : : : ; v

k

. Ea
h proper 
oloring of C with at most two


olors 
olors the verti
es v

1

; : : : ; v

�

; v

�+1


onsistently with either �

1

; : : : ; �

�

; �

�+1

or with �

0

1

; : : : ; �

0

i�1

; 0; �

0

i+1

; : : : ; �

0

�

; �

0

�+1

or with �

0

1

; : : : ; �

0

i�1

; 1; �

0

i+1

; : : : ; �

0

�

; �

0

�+1

.

Thus C is a k{
y
le system with the pattern set P su
h that the verti
es

v

1

, v

i

and v

�

0


an be 
olored by 
olorings using at most two 
olors only in

three di�erent ways upto renaming the 
olors. Thus the de
ision problem

of 2{
olorability of k{
y
le systems with the pattern P is NP{
omplete due

to Lemma 7.

The previous paragraphs 
an be summarized as follows: Unless the

problem is NP{
omplete, there exists � su
h that ea
h sequen
e

�

1

; : : : ; �

�

uniquely determines the (� + 1)-th 
oordinates and �

i

is either essential or non{essential for the (� + 1)-th 
oordinate

regardless the 
hoi
e of �

1

; : : : ; �

�

.

Let I be the set of all i's for whi
h �

i

is essential for the (� + 1)-th


oordinate and let 
 be the value of the (� + 1)-th 
oordinate determined

by the sequen
e of � zeroes. Let �

1

; : : : ; �

�

be any sequen
e of length �,

then this sequen
e for
es the (�+1)-th 
oordinate to be 
+

P

i2I

�

i

, sin
e

ea
h 
hange of �

i

for i 2 I from 0 to 1 
hanges the value of the (� + 1)-th


oordinate and the 
hange of �

i

for i 62 I from 0 to 1 does not a�e
t the

(� + 1)-th 
oordinate. Let I

0

= I [ f�+ 1g. The previous 
an be restated

(due to the fa
t that A(P) is 
losed under rotation) as follows:

X

i2I

0

�

1+(i+j�2) mod k

= 
 for all 1 � j � k

The �rst k� � equations above, for 1 � j � k��, are linearly independent

and sin
e A(P) 
ontains 2

�

ve
tors these equations des
ribe A(P). Sin
e

the all{zero ve
tor does not belong to A(P), the 
onstant 
 has to be one

(otherwise the all{zero ve
tor would belong to A(P)). The above system

of equations 
an be 
learly rewritten to the form from the statement of the

lemma by setting k

0

= �, �

i

= 1 for i 2 I

0

and �

i

= 0 for i 62 I

0

. �

We summarize the results of this se
tion and we state its main theorem:

Theorem 3 Let P be a set of 2{patterns of length k � 2. The de
ision

problem whether a given k{
y
le system with the pattern set P 
an be 
olored
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by at most 2 
olors is solvable in polynomial time i� at least one of the

following two 
onditions holds (unless P=NP):

� P 
ontains the mono
hromati
 pattern of length k.

� P 
an be des
ribed by a system of linear equations.

Otherwise, the problem is NP{
omplete.

Proof: If P 
ontains the mono
hromati
 pattern, then assigning all the

verti
es the same 
olor yields a proper 
oloring and thus the system 
an

always be properly 
olored by at most 2 
olors. If P 
an be des
ribed by a

system of linear equations, the 2{
oloring problem is solvable in polynomial

time due to Lemma 5. If neither of the pre
eding two 
onditions is satis�ed,

then the 2{
oloring problem is NP{
omplete due to Lemma 8. �

6 Single Polynomial Patterns

We answer the question for whi
h 2{patterns there is a polynomial{time al-

gorithm for de
iding whether a given 
y
le system 
an be 
olored by at most

2 
olors 
onsistently with this pattern. We �rst state and prove quite sur-

prising linear algebra lemma about existen
e of a solution of a system of

equations of a 
ertain spe
ial type.

Lemma 9 Let � be a power of two and let �

1

; : : : ; �

�

be any sequen
e of

0's and 1's whi
h 
ontains at least one 1. Then the following system of

equations has a solution over G F (2):

0

B

B

B

B

B

B

B

B

B

�

�

1

�

2

.

.

.

�

��1

�

�

�

�

�

1

.

.

.

�

��2

�

��1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

�

3

�

4

.

.

.

�

1

�

2

�

2

�

3

.

.

.

�

�

�

1

1

C

C

C

C

C

C

C

C

C

A

0

B

B

B

B

B

�

x

1

x

2

.

.

.

x

��1

x

�

1

C

C

C

C

C

A

=

0

B

B

B

B

B

�

1

1

.

.

.

1

1

1

C

C

C

C

C

A

Proof: The proof pro
eeds by indu
tion on �. The statement is trivial for

� = 1, sin
e it has to be �

1

= 1 in this 
ase and x

1

= 1 is the solution.
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Otherwise, let A be the matrix 
onsisting of �

i

's from the statement of the

lemma. Let A

1

and A

2

be the �=2� �=2 matri
es forming the matrix A:

A =

�

A

1

A

2

A

2

A

1

�

We distinguish two 
ases:

� A

1

+A

2

is a non{zero matrix (A

1

6= A

2

).

Then the matrixA

1

+A

2

is the matrix for the sequen
e �

1

+�

�=2+1

; : : : ; �

�=2

+

�

�

. Let x

1

; : : : ; x

�=2

be the solution for the sequen
e �

1

+�

�=2+1

; : : : ; �

�=2

+

�

�

. Then setting x

�=2+1

= x

1

; : : : ; x

�

= x

�=2

yields a solution of the

original system of linear equations.

� A

1

+A

2

is a zero matrix (A

1

= A

2

).

Then �

i

= �

i+�=2

for all 1 � i � �=2. The matrix A

1

= A

2

is the

matrix obtained for the sequen
e �

1

; : : : ; �

�=2

. Let x

1

; : : : ; x

�=2

be the

solution for the sequen
e �

1

; : : : ; �

�=2

. Then setting x

�=2+1

= : : : =

x

�

= 0 yields a solution of the original system of linear equations.

�

We prove that aperiodi
 patterns for whi
h the above stated problem 
an

be solved in polynomial time have only lengths equal to powers of two:

Lemma 10 If P is the set 
ontaining a single aperiodi
 2{pattern of length

k and if P 
an be des
ribed by a system of linear equations, then k is either

2

k

0

�1

or 2

k

0

where k

0

is the dimension of the aÆne subspa
e A(P) 
onsidered

over G F (2).

Proof: The aÆne subspa
e A(P) 
ontains all the rotations and negations of

the only pattern 
ontained in P . If it 
an be des
ribed by a system of linear

equations, then the size of A(P) is 2

k

0

where where k

0

is the dimension of

the aÆne subspa
e A(P). If all the ve
tors of A(P) 
an be obtained just

by the rotations of the pattern, then k = 2

k

0

. Otherwise, ea
h rotation of

the pattern adds to A(P) itself and its negation and thus the size of A(P)

is 2k and k = 2

k

0

�1

. �

We 
hara
terize all the patterns for whi
h the above stated problem 
an be

solved in polynomial time in the next theorem:
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Theorem 4 The only patterns p for whi
h the de
ision problem whether a

given k{
y
le system with the pattern set fpg 
an be 
olored by at most l 
ol-

ors where l is the number of distin
t letters of p 
an be solved in polynomial

time (unless P=NP) are the following:

� p = A

k

� p = (AB)

k=2

for k even

� p = (AABB)

k=4

for k divisible by four

� p = (AAAB)

k=4

for k divisible by four

The problem is NP{
omplete for all the remaining ones.

Proof: If the pattern p 
ontains three or more di�erent letters the problem

is NP{
omplete due to Theorem 2. On the other hand, if p is the mono
hro-

mati
 pattern, then the problem is trivial and 
an be solved in polynomial

time. Thus we assume in the rest of the proof that p 
ontains exa
tly two

letters and l is equal to 2. We set P = fpg.

Let us assume that there is a polynomial algorithm for 2{
oloring of

k{
y
le systems with the set of patterns P = fpg. In this 
ase, P 
an be

des
ribed by a system of linear equations due to Theorem 3. If the only

pattern p of P is periodi
, i.e. of the form p

0�

where p

0

is an aperiodi


2{pattern and � � 2 is an integer, then also fp

0

g 
an be des
ribed by a

system of linear equations: Let �

1

; : : : ; �

k

0

+1

be the 
oeÆ
ients of the linear

equations from Lemma 8 for P . The following system of linear equations


learly des
ribes fp

0

g:

k

0

+1

X

i=1

�

i

x

1+(i+j�2) mod (k=�)

= 1 for 1 � j � k=�

On the other hand, if fp

0

g 
an be des
ribed by a system of linear equations,

then 
learly also ea
h pattern p

0�

for � � 2 
an be des
ribed by a system

of linear equations. Thus it is enough to prove in order to establish the

statement of the theorem that the only aperiodi
 patterns whi
h 
an be

des
ribed by a system of linear equations are AB, AABB and AAAB.

These patterns 
an be indeed des
ribed by a system of linear equations (and

thus also the patterns obtained by 
on
atenation of their several 
opies too)
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through the following 
hoi
e of �

i

's:

AB : �

1

= 1; �

2

= 1

AABB : �

1

= 1; �

2

= 0; �

3

= 1

AAAB : �

1

= 1; �

2

= 1; �

3

= 1; �

4

= 1

We prove that the three above mentioned aperiodi
 patterns are the only

ones whi
h 
an be des
ribed by a system of linear equations. We further

assume w.l.o.g. that p = p

0

. Let k

0

be the dimension of A(P). The length

of p is either 2

k

0

�1

or 2

k

0

due to Lemma 10. We prove that there exists a

pattern q of length K = 2

dlog

2

(k

0

+1)e

su
h that the ve
tor 
orresponding to

q

k=K

is a solution of the system of linear equations for A(P). Thus su
h an

aperiodi
 pattern of length k 
annot exist for K < k. Sin
e 2

k

0

�1

� k and

K = 2

dlog

2

(k

0

+1)e

, there are no aperiodi
 patterns for k

0

� 5. It's routine to


he
k that the only single aperiodi
 patterns whi
h 
an be des
ribed by a

system of linear equations for k

0

= 1; 2; 3; 4 are AB, AABB and AAAB.

Note that K � k

0

+ 1 due to 
hoi
e of K. Let us set �

i

= �

i

for

1 � i � k

0

+1 and �

i

= 0 for k

0

+2 � i � K. Let x

1

; : : : ; x

K

be the solution

of the following system of equalities (its existen
e follows from Lemma 9):

0

B

B

B

B

B

B

B

B

B

�

�

1

�

2

.

.

.

�

K�1

�

K

�

K

�

1

.

.

.

�

K�2

�

K�1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

�

3

�

4

.

.

.

�

1

�

2

�

2

�

3

.

.

.

�

K

�

1

1

C

C

C

C

C

C

C

C

C

A

0

B

B

B

B

B

�

x

1

x

2

.

.

.

x

K�1

x

K

1

C

C

C

C

C

A

=

0

B

B

B

B

B

�

1

1

.

.

.

1

1

1

C

C

C

C

C

A

Let q be the pattern 
orresponding to x through 
hanging zeroes to A's and

ones to B's. Then the periodi
 pattern q

k=K

has to belong to P 
ontradi
t-

ing the fa
t that P 
ontains only a single aperiodi
 pattern. This 
ompletes

the proof of the theorem. �

7 Con
lusion

We deal only with sets of two{patterns in Se
tion 3. Thus the problem

whi
h remains open is the following:
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� For whi
h sets of l{patterns P does there exist a 
y
le system with

the pattern set P and the feasible set F for any 
hoi
e of F as a set

of integers omitting the integers 1; : : : ; l� 1 for l � 3?

This is true for l = 2 for all P omitting the mono
hromati
 pattern and


ontaining a pattern di�erent from the alternating one due to Theorem 1

and this is not true for l = 2 for P 
onsisting only of the alternating pattern.

The answers to 
omplexity questions provided in Se
tion 4, Se
tion 5

and Se
tion 6 are exhausting in the sense that they fully des
ribe (unless

P = NP ) the 
hoi
es of the pattern set P and the integer l su
h that the

de
ision problem whether a given 
y
le system with the pattern set P 
an

be 
olored by at most l 
olors is solvable in polynomial time. On the other

hand, it would be interesting to des
ribe su
h sets of patterns 
ontaining

more than just one pattern in a manner similar to Theorem 4.
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