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Abstract

A k—cycle system is a system of cyclically ordered k-tuples of a
finite set. A pattern is a sequence of letters. A coloring of a k—
cycle system with respect to a set of patterns of length k is proper
iff each cycle is colored consistently with one of the patterns, i.e. the
same/distinct letters correspond to (the) same/distinct color(s). The
feasible set of a cycle system is the set of all I’s such that there exists
a proper coloring of it using exactly [ colors.

For all combinations of a pattern set P and a number [, we either
find a polynomial algorithm or prove NP—completeness of the problem
whether a given cycle system with a set of patterns P can be colored
by at most [ colors. We further construct a cycle system with a
prescribed feasible set for almost every set of patterns containing
only two different letters.

1 Introduction

Coloring problems for different combinatorial objects are ones of intensively
studied mathematical problems. Original problems dealing with colorings
of graphs have been generalized to hypergraphs where one allows edges of
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arbitrary sizes (see [1]) and one demands that the vertices in one edge are
colored consistently with certain prescribed rules. The original notion of
proper colorings of hypergraphs, demanding that no edge of a hypergraph
is monochromatic, has been generalized to lots of other structures: Steiner
triple and quadruple systems ([2, 4, 11, 12, 13]), mixed hypergraphs ([14,
15]), mixed hypertrees ([7, 8]), mixed multigraphs ([9, 15]), block—pattern
cycle systems and designs ([10]).

A k-cycle system is a pair C = (V¢, C¢) where V¢ is a finite set and C¢
is set of cyclically ordered k—tuples of V. The members of V are called
vertices and the members of C¢ are called cycles. A k—cycle system is a
k—cycle design if for each pair of vertices u and v there is exactly one cycle
containing uv or vu. Some of the properties of k—cycle systems, especially
of k—cycle designs, can be found in [6], e.g. the 4—cycle designs on n vertices
exist precisely for » mod 8 = 1.

A pattern of length k is a sequence of letters of length k. The coloring
c of vertices of a k—cycle system C with the set of patterns P of length & is
proper iff for each cycle C' of C there is a pattern p € P which satisfies the
following: There is a rotation of C' such that the vertices on the positions
with the same letters of p are colored by the same color and the vertices
on the positions with mutually different letters of p are colored by mutually
different colors. This notion of pattern coloring was introduced in [10] and
is actually generalization of several previously introduced notions. Coloring
of 2—cycle systems with the pattern AB is just graph coloring: The pattern
forces the vertices in the same cycle to be colored by different colors and
thus the cycles correspond to the edges of a graph and vice versa. Coloring
of 3—cycle systems with the pattern AAB is just bicoloring of triple systems
considered in [2, 12, 13]. The pattern forces that each triple is colored by
exactly two colors. Coloring of k—cycle systems with suitable set of patterns
also correspond to coloring of uniform mixed bihypergraphs as considered
in [7, 8, 14, 15].

The feasible set F(C) of a cycle system C is the set of all I’s for which there
exists a proper coloring of C using exactly [ colors. It turned out that feasible
sets of certain types of combinatorial objects need not to be intervals, e.g.
any finite set omitting 1 is a feasible set of a mixed hypergraph (and even
a mixed bihypergraph), see [5]. Although uniform mixed bihypergraphs are
cycle systems with a certain special pattern set, the result of [5] does not
extend to cycle systems with arbitrary pattern sets.

We address two problems related to coloring of cycle systems with pre-
scribed pattern sets in this paper. The first one is: “For which sets I of



integers and for which sets P of patterns does there exist a cycle system
with the pattern set P and the feasible set I?” The analogous problem for
mixed hypergraphs was considered in [15] and solved in [5] as described in
the previous paragraph. We prove that there exists a cycle system with the
pattern set P and the feasible set I for any set P of patterns consisting
of two letters which omits the monochromatic pattern and which does not
contain only the alternating pattern and for any set of integers I. If the
pattern set P contains only the alternating pattern, then the feasible set of
any cycle system with the pattern set P is an interval. We refer the reader
for the definition of the monochromatic and alternating pattern to Section
2.

The second problem which we address is the following: “What is the
complexity of decision whether a given cycle system C with the pattern set
P can be colored by at most [ colors (P and ! are fixed)?” We describe all
the pattern sets P and the numbers [ for which this problem can be solved
in polynomial time (unless P = NP) and we prove that the problem is
NP-complete for all the remaining combinations of the pattern set P and
the number [.

We introduce several definitions and prove some basic properties related
to coloring of cycle systems in Section 2. We actually prove that certain
patterns can be “simulated” by almost any set of patterns in Lemma 1. We
later prove a similar lemma for larger sets of patterns with an additional
restriction on the number of used colors in Section 4, Lemma 3.

The existence of cycle systems with prescribed feasible sets and pattern
sets is addressed in Section 3. We restrict our attention only to pattern sets
containing patterns with at most two letters which omits the monochromatic
pattern. If the pattern set contains only the alternating pattern, then the
feasible set of any cycle system with this pattern set is an interval due to
Observation 2. But we construct a cycle system for any other pattern set
omitting the monochromatic pattern and for any finite set I of integers
omitting one such that its feasible set is equal to I in Theorem 1.

The complexity of coloring of cycle system is studied in Section 4, Section
5 and Section 6. We study the decision problem whether a given cycle
system with a fixed pattern set P can be colored by at most fixed number
[ of colors for I > 3 in Section 4. The problem is trivial if { = 1 (since the
answer is yes iff the given cycle system is empty or the pattern set contains
the monochromatic pattern). The problem for [ = 2 is studied in Section 5.
The problem is, not very surprisingly, NP—complete for any [ > 3 and any
set P of patterns omitting the monochromatic pattern — see Theorem 2.



We deal with the problem for [ = 2 in Section 5. It is obvious, since
the coloring may use at most two colors, that the pattern set P contains
w.l.o.g. only the patterns consisting of at most two letters. It is not hard to
see that if we get an affine subspace over GIF (2) through replacing the letters
in the patterns of P by ones and zeroes and considering all the rotations of
the patterns of P, then the problem of finding a coloring of the given cycle
system can be reduced to the problem of finding a solution of a system of
linear equations. Consult the beginning of the Section 5 and Lemma 5 for
definitions and more details. Thus the problem can be solved in polynomial
time in all such cases. Lemma 8 states that all the remaining cases (except
for the trivial cases that P contains the monochromatic pattern) are NP-
complete. The results of the whole section are summarized in Theorem
3.

The characterization in Theorem 3 is general and thus it does not provide
any examples of patterns for which the problem can be solved in polynomial
time. Thus we address and answer the following question in Section 6:
“For which patterns p consisting of ! distinct letters, the decision problem
whether a given cycle system with the pattern set {p} can be colored by
at most [ colors is solvable in polynomial time?” The results of Section 4
and 5 imply that this is possible only for the pattern consisting of one or
two letters. In the former case, the problem is actually trivial. In the latter
case, these are exactly the patterns whose rotations induce affine subspaces
over GF(2). We list all such patterns in Theorem 4; these patterns are
exactly the following ones: A*, (AB)*, (AABB)* and (AAAB)* for all k’s
(we write X* for the concatenation of k copies of X). We would like to
point the attention of the reader to quite interesting linear algebra Lemma
9 in Section 6; note that the condition that A is a power of two is essential,
since for any other A the statement of the lemma is false.

2 Definitions and Basic Properties

The notion of cycle systems and their colorings with prescribed patterns
was introduced in Section 1. A pattern is called an [—pattern if it consists of
at most [ different letters. We assume throughout the paper to simplify the
statements that the letters contained in a [—pattern are the first [ letters of
the Roman alphabet. The monochromatic pattern of length k is A* (we write
throughout the paper for shortness A* instead of the sequence consisting
of k A’s), the alternating pattern of length k is (AB)*/? (for k even) and



the multichromatic pattern of length k is a pattern consisting of £ mutually
different letters, e.g. the multichromatic pattern of length 3 is ABC. We
say that the pattern p is periodic if it is a concatenation of two or more
copies of another pattern. We say that the pattern is aperiodic if it is not
periodic.

We say that the pattern p of length k' can be simulated by a set of
patterns P of length k if there exists a k—cycle system C with k' special
vertices vy, ..., v with the following properties:

e Let [ be the number of different letters in p. Then any proper coloring
of C uses exactly [ colors.

e The cycle consisting of vy, ..., vy isin any proper coloring of C colored
consistenly with the pattern p.

e Any precoloring of the vertices vy, ..., vy consistent with the pattern
p can be extended to a proper coloring of C.

If the conditions above are satisfied, we say that C simulates the pattern p.

The just established notion of simulating allows us to state the following
observation which demonstrates several just defined terms and which will
be usefull in Section 3:

Observation 1 Let Cp, be a k'-cycle system with a pattern p of length k'
and assume that p can be simulated by a set of patterns P of length k.
Then there exists a k—cycle system Cp with the pattern set P such that
F(Cp) = F(Cp).

Proof: Let C be the k—cycle system with the pattern set P which simulates p
and let vy, ..., v, beits special vertices which are described in the definition
of simulating above. We create the k—cycle system Cp as follows: We replace
each cycle wy, ..., wy of C, with a copy of the k—cycle system C identifying
vertices v; and w; for 1 < ¢ < k’. Since no copy of C contains in any proper
coloring a vertex colored by a color different to all its special vertices, it is
clear that F(C,) = F(Cp). O

In the paper, we will need to assure that certain vertices get the same
color or that certain vertices get mutually different colors. The following
technical lemma allows us this for most sets of patterns:

Lemma 1 Let P be any set of [—patterns of length k which contains neither
the monochromatic pattern mor the multichromatic pattern of length k. Let



p be the multichromatic pattern of length [. Then p"* can be simulated by P
for any k > 1.

Proof: Since p"* can be trivially simulated by p*2 for k1 < k2, we may as-
sume w.l.o.g. that k > kl. We create the k—cycle system C,~ on k!l vertices
vl],1<i<l,and 1 <j <k as follows: We add to Cp~ all the k—cycles such

that the coloring cy(v]) = @ colors them properly with respect to the set of

patterns P. We claim that the coloring cq is the only proper coloring (upto
renaming the colors) of Cp«. Then setting vi,...,v},v7, ..., v, ..., 0f, ... 0F
to be special vertices of Cp~ would finish the proof of the lemma.

We prove the claim in rest of the proof of this lemma. Let ¢ be any
proper coloring of C and let V; = {v/|1 < j < k}. We first prove that
each V; contains at least k& vertices colored by ¢ with the same color. Let us
assume the opposite for the contradiction. We may w.l.o.g. due to symmetry
assume that each of the sets Vi,...,V;, contains at least £ vertices colored
by ¢ with the same color and none of the remaining sets does. Let U; be a
set of k vertices of V; colored by ¢ with the same color, for 1 < i < iy and
let v; be the common color of the vertices of U;. The colors v1,...,v;, are
mutually distinct: If y; = ;, let p; be one of the possibly more patterns
of P which contain the most number of occurencies of the same letter and
let A; be this number. Let C' be a cycle containing \; vertices of U; and a
vertex of Uy — there is certainly a cycle colored properly by the coloring cq
from the first paragraph with respect to the pattern p; (which is surely not
monochromatic) which contains a A;—tuple of vertices of V; and a vertex of
V; for each prescribed A;—tuple of vertices of V; and each prescribed vertex
of V. But the cycle C' contains at least A; + 1 vertices colored by ¢ with
the same color and this contradicts the choice of p; and ;.

If none of V;,4+1,...,V; contains k vertices colored by ¢ with the same
color, then each of them has to contain at least [ + 1 vertices colored by
mutually distinct colors due to pigeonhole principle. Let ps be a pattern of P
containing maximum number of different letters and let A2 be this number.
Since p2 is not multichromatic, it contains at least one letter at least twice.
Let w; be any vertex of U; for 1 < i < 4g, let w; € V; for ig < i <[ be a
vertex of V; colored by ¢ with the color distinct to the color of any vertex
wy for i’ < i and let wy; € V) be a vertex of V; colored by ¢ with the color
distinct to the color of any vertex w; for 1 < ¢ < [. These vertices exist
since each of V; for ¢ > iy contains at least [ + 1 vertices colored by ¢ with
mutually different colors. The colors of wy,...,w;+; are mutually different
due to the choice of the vertices. Let C' be a cycle containing the vertices



Wi—Ap+1,---,Wi+1 — there is certainly such a cycle, since for any choice of
A2 — 1 vertices from different V;’s and additional choice of two other vertices
from another V;, there is a cycle containing these chosen vertices colored
properly by the coloring ¢y of the first paragraph with respect to p». But C
contains A2 + 1 vertices colored by ¢ with mutually distinct colors and thus
C cannot be colored properly due to choice of p, and A;. This implies that
igp = [. Moreover, the common colors «,;’s are different for different V;’s.

We prove that the common color «; of the vertices of U; share actually
all the vertices of V;. Let us assume the opposite. We may assume that V3
contains two vertices colored by different colors. If the color of one of them
is different from all 7;’s, we proceed as in the previous paragraph: We choose
p2 to be a pattern of P containing the maximum number of different letters
and we set A2 to be this number. We construct a cycle containing vertices
colored by at least Ay + 1 distinct colors and we obtain a contradiction.
Thus w.l.o.g. the color of one of the two vertices of V; is ; and the color of
the other one is v5. Let p; be a pattern of P containing the most number of
occurencies of the same letter and let A\; be this number, consult the end of
the second paragraph of this proof. Let C be a cycle containing the vertex
of V1 colored by v, and \; vertices of V5 colored by 72; its existence follows
from the arguments used in the second paragraph. But the cycle C' cannot
be properly colored by c. This implies that all the vertices of each V; have
to share the same color 7; and thus the proper coloring ¢y of C is its only
proper coloring upto renaming the colors. [

3 Feasible Sets of Cycle Systems with 2—Patterns

We first prove that the feasible sets of cycle systems with the single alter-
nating pattern are only intervals. Next we prove, that the feasible sets of
cycle systems with any set of 2—patterns omitting the monochromatic pat-
tern can be any finite set of integers omitting one except for the case that
the set consists only of the alternating pattern.

Observation 2 Let P be the set of 2—patterns containing only the alter-
nating pattern. Then the feasible set of any cycle system with the pattern
set P is an interval.

Proof: Let C be a cycle system with the pattern set P which consists only
of the alternating pattern. The pattern forces that any two vertices which



are in an even distance in some of the cycles of C have to get the same color
and any two vertices in an odd distance have to get different colors. Thus
if we first identify all the vertices in even distances and then we join the
vertices in odd distances by edges, we get a graph whose proper colorings
one-to—one correspond to the proper coloring of the original cycle system. If
the obtained graph contains a loop, the original cycle system cannot clearly
be colored properly. [

We prove that for any other set of 2—patterns omitting the monochromatic
pattern, there exists a cycle system which simulates the pattern AABB.
Note that the pattern AABB is one of the patterns for which 2—colorability
of 4—cycle system with this pattern can be decided in polynomial time (The-
orem 4) and thus the following lemma has no corollaries regarding complex-
ity of coloring cycle systems with at most 2 colors.

Lemma 2 Let P be any set of 2—patterns of length k > 3 which does not
contain the monochromatic pattern of length k and which contains a pattern
different from the alternating pattern of length k. Then the pattern AABB
can be simulated by P.

Proof: Let C} 5 and C 5 be two vertex—disjoint copies of a k—cycle system
with the pattern set P which simulates the pattern (AB)*; its existence
follows from Lemma 1. Let V; and V3 be the sets of special vertices of C} 5
such that the vertices of Vi have to share the same color, the vertices of
V3 have to share the same color and the colors of vertices of Vi and V3 are
different; let V2 and V; be the corresponding sets of special vertices of C% 5.

Let p be any pattern of P different from the monochromatic and the
alternating pattern of length k. The pattern p consists w.l.o.g. of the
letters A and B and it has to either contain a subsequence BA*B or be
equal to A*B for some X\ > 2. Let p' be the pattern p rotated by one letter
to the right and let p; (p}) be the i—th letter of the pattern p (p'). There
are certainly indices 144, i4ap and ip4 such that the following holds (since
p contains a subsequence BA*B or is equal to A*B for some \ > 2):

® pi,, =Aandp;, K =A
® pi,; =Aandp;, =B
® piy, =Bandp, A =A

We create a k—cycle vy, ..., v, such that:



ev;eViffp,=p;=A
e v, Vriff p,=Aand pj; =B
e v;eVsiff p, =p; =B
ev,eVyiff p=Bandp,=A4A

The choice of vertices vq,...,v; except for the above conditions can be
arbitrary. This cycle forces that either the color of the vertices of V5 or
the color of the vertices of V4 is equal to the color of the vertices of V;. It
does not necessarilly force the same for the vertices of V3, since the cycle
may contain no vertex of V3. On the other hand, if the above condition is
satisfied, then the cycle is colored properly (it is consistent with the pattern
p). Next, we create similary a k—cycle vy, ..., v such that:

e v;eVyiffp, =p, =B
e v;eVriff p,=Aand p;=B
e v, eVsiffp,=p;=A
ev,eVyiff p=Bandp,=A4

The choice of vertices v1,...,v; can be again arbitrary (when obeying the
above conditions). This cycle forces that the color of the vertices of V3 is
equal to either the color of the vertices of V5 or the color of the vertices of
V4. On the other hand, if this condition is satisfied, then the cycle is colored
properly (it is consistent with the pattern p). The just added two cycles
force that any proper coloring of the vertices of C} 5 and C% 5 uses at most
two colors and thus choosing any four vertices v; € V; for i = 1,2, 3,4 to be
the special ones finish creating the k—cycle system with the pattern set P
simulating AABB: The only allowed pattern for coloring these vertices is
due to the above mentioned reasons AABB. On the other hand, if we have
precolored the special vertices v;,vs,vs,vs consistently with the pattern
AABB, then assigning all the vertices of V; the color of v; yields a proper
coloring. O

We are now ready to prove the main theorem of this section:

Theorem 1 Let 7 be any finite set of integers omitting 1. Let P be any
set of 2—patterns of length k > 3 which does not contain the monochromatic



pattern of length k and which contains a pattern different from the alter-
nating pattern of length k. Then there exists a k—cycle system C with the
pattern set P such that F(C) =T.

Proof: The theorem is sufficient to prove for P = {AABB} due to Obser-
vation 1 and Lemma 2.

The proof proceeds by induction on max(Z) (setting max(f) = 0). If Z
is empty then the 4—cycle system with the pattern AABB on four vertices
containing all the 6 possible 4—cycles is clearly uncolorable. Otherwise, 7
is non—empty. If max(Z) = 2 then we set C to the 4—cycle system on four
vertices containing a single 4-cycle; it is clear that F(C) =7 = {2}.

We deal with the remaining cases in the rest of the proof. Let Z' =
{ilt > 2 AN i+ 1€ Z}. Since max(Z) > 2, Z' # 0. Let C' be the 4—cycle
system such that F(C') = 7' (it exists due to the induction). Let vy,..., v,
be the vertices of C'. We distinguish two cases:

e If2¢ 7 (ie. Z={i+ 1|i € I'}), then we add to the 4—cycle system
C' n + 2 new vertices z, y and v} for 1 < ¢ < n and n new 4-cycles
z,y,v;, v, for 1 <1 < n. We claim that the feasible set F(C) of the
just obtained 4—cycle system C with the pattern AABB is equal to Z.

Let ¢’ be any proper coloring of C’. Then setting c(v;) = c(v}) = ¢’ (v;)
and c(z) = c(y) to a completely new color yields a proper coloring c
of C using exactly one more color than ¢’ does. Thus Z C F(C).

On the other hand, let ¢ be a proper coloring of C. It is clear that
c(z) # c(v;) for any 1 < ¢ < n due to the presence of the cycles
z,y,v;,v;. Thus setting ¢’(v;) = c(v;) yields a proper coloring ¢’ of C’
which uses exactly one less color than ¢ does (note that c(y) or c(v})
cannot be different both from c(z) and c¢(v;)). Thus Z = F(C).

e If2¢cZ (ie. Z={2}U{i+ 1|i € I'}), we create a 4—cycle system C

on 2n + 2 vertices z, y, w; and w} for 1 < i < n. We add a 4-cycle
Wiy, Wiy, Wi, w;, to C for each 4—cycle v;,, vi,, viy, v, of C'. Moreover,
we add a 4-cycle z, y, w;, w} to C for each 1 <4 < n. Coloring all the
vertices  and w; with a common color and coloring all the vertices
y and w; with another common color yields a proper 2—coloring of C.
On the other hand, this is the only proper coloring of C which colors

the vertices z and y with different colors.

We focus our attention to the colorings of C which assign z and y
the same color in this paragraph. Any such coloring assigns the pair

10



of vertices w; and w] the same color. Thus the proper colorings c
of C and ¢ of C' one-to—one correspond each other through setting
c(w;) = c(w}) = ¢'(v;). This immediately implies that F(C) = Z.

4 NP-completeness of Coloring of Cycle—Systems

We prove that for any pattern set omitting the monochromatic pattern
the problem whether a given cycle system can be colored by at most fixed
number of colors (for three or more) is NP—complete. In order to do this,
we first prove a modification of Lemma 1:

Lemma 3 Let P be any fized set of [-patterns of length k > 2 omitting the
monochromatic pattern of length k and let m > max{3,1} be a fized integer.

Then there exists a k—cycle system C with m special vertices vy, ..., U, such
that any proper coloring of it with at most m colors with respect to the
pattern set P assigns the vertices vy, ..., v, distinct colors.

Proof: We adopt the proof of Lemma 1. We create the k—cycle system C
on km? vertices v} for 1 <i <m and 1 < j < km. We add to C all the

k—cycles such that the coloring co(v?) = ¢ colors them properly with respect
to the set of patterns P. Let V; = {U{|1 <j <km}.

Let ¢ be any proper coloring of C using at most m colors. Each V;
contains at least k vertices colored by ¢ with the same color due to pigeonhole
principle; let U; C V; be a set of such vertices and let y; be their common
color. We claim that there are no vertices other than those of V; colored by
the color ;. Assume that a vertex v € Vjs is colored by the color v; (i # i').
Let p; be a pattern of P which contains the most number of occurencies of
the same letter and let A\; be this number. Let C be a cycle containing \;
vertices of U; and the vertex v of V;; — there is certainly a cycle colored
properly by the coloring ¢y from the first paragraph with respect to the
pattern p; (which is surely not monochromatic) which contains a A;—tuple
of vertices of V; and a vertex of V; for each prescribed A\;—tuple of vertices
of V; and each prescribed vertex of V; (consult the proof of Lemma 1). But
the cycle C' contains at least \; + 1 vertices colored by ¢ with the same color
v; and this contradicts that c is proper due to the choice of p; and A;. Thus
the vertices colored by ¢ with the color v; are only in V;. This implies that

11



the colors 71, ...,7m are mutually distinct. Since ¢ uses at most m colors,
all the vertices of V; have to be colored by ¢ with the color ; and thus ¢y is
upto renaming the colors the only proper coloring of C. Choosing vertices

vl,...,vl to be the special vertices of C completes the proof. O]

It is quite easy to prove the NP—completeness result of this section using
Lemma 3. Note that the condition that I’ > [ in the statement of the next
theorem is necessary, since if the pattern set does not contain a pattern
with less than [ different letters, then the cycle system cannot be properly
colored by at most [’ colors for I’ < [.

Theorem 2 Let P be any fized set of l-patterns of length k > 2 omitting
the monochromatic pattern of length k and let I' > max{3,l} be a fized
integer. Then the decision problem whether a given k—cycle system with the
pattern set P can be colored by at most I’ colors is NP-complete.

On the other hand, if P contains the monochromatic pattern, any cycle
system with P can be colored by one color and the problem is trivial.

Proof: We may w.l.o.g. assume that kK = =1[" > 3 and P contains only
the multichromatic pattern of length & due to Observation 1 and due to
Lemma 3. We present the reduction from the well-known NP—complete
problem (see [3]) which is to decide whether a given graph can be colored
by at most k colors (for any fixed £ > 3). Let G be any instance of this
problem; let vy,...,v, be the vertices of G and ey,...,e,, the edges of G.
We create a k—cycle system C with m(k —2) 4 n vertices and m cycles: The
vertices of C are vy,...,v, and w) for 1 <i<mand 1 <j<k-—2 We

add a cycle u,v,w}, ... ,wll“Z for each edge e; = uv, 1 < i < m. The proper
coloring of G using at most k colors can be extended to a proper coloring of
C which uses at most k colors by setting w},.. ., wf_2 to mutually distinct

colors distinct to the color of w and v for all e; = wv, 1 < i < m. On
the other hand, any proper coloring of C, restricted only to the vertices
v1,...,V, yield a proper coloring of G. Thus G can be properly colored by
at most kK = [ =1’ colors iff C can. This completes the proof of the theorem.
O
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5 Complexity of Two—Coloring of Cycle Sys-
tems

We restrict our attention to the algorithmic issues of two—colorings of cycle
systems. We first state an easy lemma which allows us to force two vertices
to have different colors or the same color:

Lemma 4 Let P be any set of 2—patterns of length k > 2 which does not
contain the monochromatic pattern of length k. Then the pattern AB can
be simulated by P.

Proof: If k = 2, then P = {AB} and the statement is trivial. If & > 2, P
cannot contain a multichromatic pattern (since it contains only 2—patterns)
and thus the lemma follows from Lemma 1. O

We develop in this section connection between colorings of cycle systems
using at most two colors and linear algebra. The calculation will be done
over the field GF(2) and the elements of GF (2) will represent the colors. Let
P be the set of 2—patterns of length k. Let A(P) be the set of all the vectors
over GF (2) of length k such that they are consistent with the set of patterns
P, i.e. there exists a cyclically rotation p of a pattern of P such that the
vector contains zeroes exactly in those positions where p contains A’s and
ones in those with B’s (or vice versa). We say that P can be described by a
system of linear equations iff A(P) forms an affine subspace of GIF(2)*, i.e.
there exists a matrix A of size k' X k and a vector b of size k' for some &'
such that A(P) = {z|Az = b}. We say in this case that the matrix A and
the vector b describe the set of patterns P. Recall that the calculations are
done over GIF(2).

We first state and prove a lemma which guarantees that under certain
conditions the problem whether a given cycle system can be colored by at
most two colors is solvable in polynomial time for a certain set of patterns.
We later prove that unless P = NP these are the only polynomial-time
solvable cases.

Lemma 5 If the set P of 2—patterns of length k > 2 can be described by
a system of linear equations, then the decision problem whether a given k—
cycle system with the pattern set P can be colored by at most 2 colors, can
be solved in polynomial time.

Proof: Let A be the matrix of size k&' x k and let b the vector of size k' which
describe P. A(P) forms an affine subspace of GF (2)* in this case. Let C be

13



a given k—cycle system with the pattern set P, let vq,..., v, be the vertices
of C and let m be the number of cycles of C. We form a system of mk’
equations with n variables z1,...,z,. We add for each cycle v;,,...,v;, of
C the following k' equations:

513,'1
A =b
x,-k
The solutions z1,...,x, of this system of equations clearly one—to—one cor-

respond to proper 2—colorings ¢ of C through a simple equalities c(v;) = z;
for all 1 < 7 < m. Since the size of the system of equations is polynomial
in the size of the cycle system C, the decision problem whether C can be
properly colored by at most 2 colors can be solved in polynomial time. O

We prove that the decision problem whether a given 3—cycle system with
the pattern AAB can be colored by at most 2 colors is NP—complete. Later,
we reduce all the remaining cases to this one with the aim of Lemma 7 which
immediately follows the next lemma.

Lemma 6 The decision problem whether a given 3—cycle system with the
pattern AAB can be colored by at most 2 colors, is NP-complete.

Proof: We present an almost trivial reduction from the well-known NP—
complete problem of not—all-equal satisfiability (NAE-SAT), see [3] for de-
tails. The problem is to decide whether for a given formula there exists a
truth assignment such that each clause contains both a positive and a neg-
ative literal. This problem remains NP—complete even if restricted to the
formulas such that the sizes of all the clauses are exactly three, i.e. each
clause contains exactly three literals.

Let @ be a given formula whose all the clauses have size exactly three.
Let z1,...,z, be the varibles of ®. Let C be a 3—cycle system with the
pattern AAB which simulates the pattern AB; its existence follows from
Lemma 4. We take n copies of C and we write for their special vertices

V1,...,Un and vf,...,v] (the vertices v; and v} belong to the same copy

rn
of C). We add for each clause of the formula ® a 3—cycle which contains
v; iff the clause contains z; and which contains v} iff the clause contains
the negation of z;. We claim that the constructed 3—cycle system can be 2—
colored iff the formula ® can be NAE—satisfied. Let ¢ be a proper coloring of

the constructed 3—cycle system and let us assume w.l.o.g. that c colors the

14



vertices with the color 0 and 1. We set z; to the false value iff c(v;) = 0 and
we set z; to the truth otherwise (c(v;) = 1). The obtained truth assignment
clearly NAE—satisfies the formula ®: The coloring of a vertex v; (v}) by the
color 0/1 represents that the value of (the negation of) z; is false/truth. The
same correspondence works for obtaining a proper coloring of the 3—cycle
system from a NAE-satisfying truth assignment. O

Lemma 7 Let P be the set of 2-patterns of length k > 2 which omits the
monochromatic pattern. If there exists a k—cycle system C with three special
vertices u, v and w such that there are only three (up to renaming the colors)
ways of coloring u, v and w by proper colorings of C using at most 2 colors,
then the decision problem whether a given k—cycle system with the pattern
set P can be colored by at most 2 colors is NP-complete.

Proof: The possible ways of coloring u, v and w by proper colorings are
w.l.o.g. (after permutation of the three special vertices if necessary) either
{AAB,ABA,BAA, ABB,BAB,BBA}or{AAA,BBB,AAB,BBA,ABA, BAB}.
In the first case, C simulates the pattern AAB with the additional condition
that the whole coloring can use at most two colors and thus the problem is
NP-complete due to Lemma 6.

There exists a k—cycle system C4p with the pattern set P with two spe-
cial vertices v’ and " which simulates the pattern AB due to Lemma 4.
We create a cycle system C’ from a copy of C and a copy of Cap by iden-
tifying the vertices u” and u. The possible ways of coloring its vertices u/,
v and w are {BAA,ABB, BAB,ABA, BBA, AAB} and thus C' simulates
the pattern AAB with the additional condition that the whole coloring can
use at most two colors and the problem is NP—complete due to Lemma 6.
d

We prove that Lemma 5 actually described all the polynomial cases:

Lemma 8 If the set P of 2—patterns of length k > 2 which omits the
monochromatic pattern cannot be described by a system of linear equations,
then the decision problem whether a given k—cycle system with the pattern
set P can be colored by at most 2 colors, is NP-complete.

On the other hand, if P can be described by a system of linear equations,
and the dimension of A(P) is k', then there exists B1,...,0k+1 € GF(2)
such that the following system of k equations describes P:

k' +1
Z BiTiy(j+i-2)moar =1 for1<j<k

i=1
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Proof: We find a system of equations describing P or we prove that the
decision problem from the statement of the lemma is NP—complete for the
given set P.

Let A(P) be the set of zero—one vectors defined in the beginning of this
section. We understand the vectors of A(P) as sequences of length k. We say
that oy, ..., ax uniquely determines the (k + 1)-th coordinate iff the (k+1)-
th coordinate of each vector of A(P), whose first x coordinates are equal to
Q1,-..,0Q, is uniquely determined. If both ay,...,a and ay,..., a1, 0+
1,41, - .-, a, uniquely determines the (k+1)-th coordinate, we say that o
is essential (1 < i < k) iff the (k+1)-th coordinate differs for oy, ..., a, and
Q1y-eey0-1,0;+1, 41, ..,0,. Wesay that o; is non—essential otherwise.

Let k be the smallest number such that there exists a sequence a1, ..., o,
such that it uniquely determines the (k+1)-th coordinate. For each sequence
af,..., o) there exists a vector of A(P) whose first x coordinates are equal
to of,...,al: Otherwise, let of,...,al, be the sequence such that there
is not a vector of A(P) whose first x coordinates are equal to af, ...,
and among all such sequences let this be the sequence with the longest
initial subsequence common with oy, ..., a,. Let &’ be the smallest number
such that o, 41 # aj, ;. Then due to choice of a),...,qa; and &', the
sequence aj, ..., o/, determines the (k' +1)-th coordinate (it forces it to be
Q41 =y, + 1) and it contradicts the choice of ay,...,a, and &.

We prove that actually each sequence o, .. ., a!, uniquely determines the
(k+ 1)-th coordinate. Let us assume the opposite and let o}, ..., a/. be the
sequence which does not uniquely determine the (x + 1)-th coordinate and
which among all such sequences has the longest initial subsequence common
with ai,...,a,. Let £’ be the smallest number such that a,s # al,; note
that «' > 2 since A(P) contains together with each vector also its negation.
Due to Lemma 4 there exists a k—cycle system C4p with the pattern set P
which simulates the pattern AB. Thus we can force two vertices to have
different colors and with additional condition that the coloring does not use
more than two colors we can force also two vertices to have the same color
by using the k—cycle system C4p twice. We create a k—cycle system C with
vertices v1,...,v; as follows: We add for each 1 < i < k,7 # k' either one
copy of Cap or two copies of C4p obeying the following rules:

o If a; = a) = a1 = af, then we force the vertex v; to have the same
color as v;.

o If a; = a # oy = af, then we force the vertex v; to have a different
color from v;.
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o If a; # o) and o; = o, @ = o, then we force the vertex v; to have
the same color as vr.

o If a; # o} and a; = o, ) = v, then we force the vertex v; to have

a different color from v,;.

Next, we add a cycle vy, ...,v;. Note that the vertices vy, ..., v, are colored
consistently with either o, ..., a, or af, ..., a}, by any proper coloring of C
using at most two colors. In the first case the colors of v; and v, uniquely
determine the color of v,11, in the second case the color of v, 1 can be
arbitrary. C is a k—cycle system with the pattern set P such that the vertices
v1, Uy and v,41 can be colored by colorings using at most two colors only
in three different ways upto renaming the colors. Thus the decision problem
of 2—colorability of k—cycle systems with the pattern P is NP—complete due
to Lemma 7 in this case.

The results of the previous two paragraphs can be summarized as follows:
Unless the problem is NP—complete, there exists k such that each
sequence qj,...,qa, uniquely determines the (x + 1)-th coordinate.

The preceding immediately implies, since A(P) is closed under rotations,
that A(P) contains exactly 2% vectors — the first x coordinates uniquely
determines the rest of the vector. We prove that «; is either essential for the
(k+1)-th coordinate for all the choices of a1, ..., a, or it is non—essential for
all the choices. Let us assume the opposite: Let ag,...,a, be the sequence
where «; is essential for aj,; and of,...,a) be the sequence where o]
is non—essential for a,+;. We may assume w.l.o.g. that a; = «f, since
A(P) contains together with each vector also its negation. We further may
assume w.l.o.g. that the (k + 1)-th coordinate determined by aq,...,as,
and by of,...,al are the same (since otherwise we could change a; in the
first sequence to «; + 1) and let a1 be this value. Let further ' be the
smallest number different from ¢ such that o, # al,. We create a k—cycle
system C with vertices vy, ...,v; similarly to the previous paragraph. We
add for each 1 < j < k+1,j & {k',i} either one copy of C4p or two copies
of C4p obeying the following rules:

o If aj = aj = a1 = o, then we force the vertex v; to have the same

color as v;.

e If a; = aj # a1 = aj, then we force the vertex v; to have a different
color from vy.
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o If aj # o} and a; = ay, o) = aj,, then we force the vertex v; to
have the same color as v,;.

o If aj # o and a; = aj,, @ = a,, then we force the vertex v; to

have a different color from v,;.

Next, we add a cycle vy, ..., v;. Each proper coloring of C with at most two
colors colors the vertices vy, ..., v, Us41 consistently with either oy, ..., a,, axi1
orwith aj,...,a_1,0,aj,1,...,a,a orwithay,...,of_, 1, Q) ,...,0), 0.
Thus C is a k—cycle system with the pattern set P such that the vertices
v1, v; and v, can be colored by colorings using at most two colors only in
three different ways upto renaming the colors. Thus the decision problem
of 2—colorability of k—cycle systems with the pattern P is NP—complete due
to Lemma 7.

The previous paragraphs can be summarized as follows: Unless the
problem is NP—complete, there exists k such that each sequence

aig,...,q, uniquely determines the (k + 1)-th coordinates and «;
is either essential or non—essential for the (x + 1)-th coordinate
regardless the choice of ay,...,ax.

Let I be the set of all i’s for which «; is essential for the (k + 1)-th
coordinate and let v be the value of the (k + 1)-th coordinate determined
by the sequence of k zeroes. Let ay,...,a, be any sequence of length k,
then this sequence forces the (x + 1)-th coordinate to be v+, ; a;, since
each change of a; for i € I from 0 to 1 changes the value of the (x + 1)-th
coordinate and the change of «; for i € I from 0 to 1 does not affect the
(k + 1)-th coordinate. Let I' = I U {x + 1}. The previous can be restated
(due to the fact that A(P) is closed under rotation) as follows:

Z Qry(irj-2) modk =7 foralll <j<k

iel!
The first £ — x equations above, for 1 < j < k — k, are linearly independent
and since A(P) contains 2* vectors these equations describe A(P). Since
the all-zero vector does not belong to .4(P), the constant v has to be one
(otherwise the all-zero vector would belong to A(P)). The above system
of equations can be clearly rewritten to the form from the statement of the
lemma by setting k' =k, 8; =1fori e I' and §; =0fori & I'. O
We summarize the results of this section and we state its main theorem:

Theorem 3 Let P be a set of 2—patterns of length k > 2. The decision
problem whether a given k—cycle system with the pattern set P can be colored
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by at most 2 colors is solvable in polynomial time iff at least one of the
following two conditions holds (unless P=NP):

e P contains the monochromatic pattern of length k.
e P can be described by a system of linear equations.

Otherwise, the problem is NP-complete.

Proof: If P contains the monochromatic pattern, then assigning all the
vertices the same color yields a proper coloring and thus the system can
always be properly colored by at most 2 colors. If P can be described by a
system of linear equations, the 2—coloring problem is solvable in polynomial
time due to Lemma 5. If neither of the preceding two conditions is satisfied,
then the 2—coloring problem is NP—complete due to Lemma 8. O

6 Single Polynomial Patterns

We answer the question for which 2—patterns there is a polynomial-time al-
gorithm for deciding whether a given cycle system can be colored by at most
2 colors consistently with this pattern. We first state and prove quite sur-
prising linear algebra lemma about existence of a solution of a system of
equations of a certain special type.

Lemma 9 Let A be a power of two and let a,...,ay be any sequence of
0’s and 1’s which contains at least one 1. Then the following system of
equations has a solution over GF(2):

ap a2 eooan-1 Q)

Ty 1
ax ar - ax—2 Ox-1 T2 1
. Trx—1 1
as « @ «
3 0y 1 2 - 1
a az - axn  ap

Proof: The proof proceeds by induction on A. The statement is trivial for
A = 1, since it has to be a; = 1 in this case and z; = 1 is the solution.
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Otherwise, let A be the matrix consisting of a;’s from the statement of the
lemma. Let A; and Az be the A\/2 x \/2 matrices forming the matrix A:

(A A
=5 )

We distinguish two cases:

O

e A; + A, is a non—zero matrix (A4; # As).

Then the matrix A; +A; is the matrix for the sequence a;+ay /o415 -+ -, ax/2+
ax. Let z1,..., )/, be the solution for the sequence a1 +ay /241, -, ax/2+
ay. Then setting zy/211 = Z1,...,Zx = T)/2 yields a solution of the

original system of linear equations.

A; + As is a zero matrix (4; = Az).

Then a; = a;;y/2 for all 1 < i < A/2. The matrix A; = Ay is the
matrix obtained for the sequence ay, ...,y 2. Let z1,...,z)/3 be the
solution for the sequence ai,...,ay ;. Then setting zy/541 = ... =
x) = 0 yields a solution of the original system of linear equations.

We prove that aperiodic patterns for which the above stated problem can
be solved in polynomial time have only lengths equal to powers of two:

Lemma 10 If P is the set containing a single aperiodic 2—pattern of length
k and if P can be described by a system of linear equations, then k is either
oK' =1 o1 2% where k' is the dimension of the affine subspace A(P) considered
over GIF(2).

Proof: The affine subspace A(P) contains all the rotations and negations of
the only pattern contained in P. If it can be described by a system of linear
equations, then the size of A(P) is 2¥ where where &' is the dimension of
the affine subspace A(P). If all the vectors of A(P) can be obtained just
by the rotations of the pattern, then k& = 28 . Otherwise, each rotation of
the pattern adds to A(P) itself and its negation and thus the size of A(P)
is 2k and k =2 1. O

We characterize all the patterns for which the above stated problem can be
solved in polynomial time in the next theorem:
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Theorem 4 The only patterns p for which the decision problem whether a
given k—cycle system with the pattern set {p} can be colored by at most ! col-
ors where [ is the number of distinct letters of p can be solved in polynomial
time (unless P=NP) are the following:

.« p= A

o p=(AB)*/? for k even

e p = (AABB)** for k divisible by four
e p=(AAAB)*/* for k divisible by four

The problem is NP-complete for all the remaining ones.

Proof: If the pattern p contains three or more different letters the problem
is NP—complete due to Theorem 2. On the other hand, if p is the monochro-
matic pattern, then the problem is trivial and can be solved in polynomial
time. Thus we assume in the rest of the proof that p contains exactly two
letters and [ is equal to 2. We set P = {p}.

Let us assume that there is a polynomial algorithm for 2—coloring of
k—cycle systems with the set of patterns P = {p}. In this case, P can be
described by a system of linear equations due to Theorem 3. If the only
pattern p of P is periodic, i.e. of the form p'® where p’ is an aperiodic
2-pattern and k > 2 is an integer, then also {p'} can be described by a
system of linear equations: Let 51,..., Bk +1 be the coefficients of the linear
equations from Lemma 8 for P. The following system of linear equations
clearly describes {p'}:

k' +1
Z BiT14(i+j—2) mod (k/x) = 1 for 1 <j <k/k

=1

On the other hand, if {p'} can be described by a system of linear equations,
then clearly also each pattern p'* for k > 2 can be described by a system
of linear equations. Thus it is enough to prove in order to establish the
statement of the theorem that the only aperiodic patterns which can be
described by a system of linear equations are AB, AABB and AAAB.
These patterns can be indeed described by a system of linear equations (and
thus also the patterns obtained by concatenation of their several copies too)
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through the following choice of §;’s:

AB: ,81:1,52:1
AABB: (1 =1,2=0,83=1
AAAB: fi=1,0=1,03=1,04=1

We prove that the three above mentioned aperiodic patterns are the only
ones which can be described by a system of linear equations. We further
assume w.l.o.g. that p = p’. Let k&’ be the dimension of A(P). The length
of p is either 2K =1 or 28" due to Lemma 10. We prove that there exists a
pattern g of length K = 2Moga (K +1)T guch that the vector corresponding to
¢"/¥ is a solution of the system of linear equations for A(P). Thus such an
aperiodic pattern of length k& cannot exist for K < k. Since 2k =1 <k and
K = 2“0g2(k’+1)], there are no aperiodic patterns for &' > 5. It’s routine to
check that the only single aperiodic patterns which can be described by a
system of linear equations for &' = 1,2,3,4 are AB, AABB and AAAB.

Note that K > k' + 1 due to choice of K. Let us set o; = [3; for
1<i<k+landoa; =0for k' +2<i< K. Let z1,...,zx be the solution
of the following system of equalities (its existence follows from Lemma 9):

ap Qg 0K -1 (0774

I1 1
o o1 - QKg_2 QK_1 T2 1
. TK-—1 1
8% 8% T, (0% 8%
3 4 1 2 TK 1
Q2 Qs T oK (o5}

Let ¢ be the pattern corresponding to = through changing zeroes to A’s and
ones to B’s. Then the periodic pattern ¢*/% has to belong to P contradict-
ing the fact that P contains only a single aperiodic pattern. This completes
the proof of the theorem. [J

7 Conclusion

We deal only with sets of two—patterns in Section 3. Thus the problem
which remains open is the following:
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e For which sets of [—patterns P does there exist a cycle system with
the pattern set P and the feasible set F for any choice of F as a set
of integers omitting the integers 1,...,/ — 1 for [ > 37

This is true for [ = 2 for all P omitting the monochromatic pattern and
containing a pattern different from the alternating one due to Theorem 1
and this is not true for [ = 2 for P consisting only of the alternating pattern.

The answers to complexity questions provided in Section 4, Section 5
and Section 6 are exhausting in the sense that they fully describe (unless
P = NP) the choices of the pattern set P and the integer [ such that the
decision problem whether a given cycle system with the pattern set P can
be colored by at most [ colors is solvable in polynomial time. On the other
hand, it would be interesting to describe such sets of patterns containing
more than just one pattern in a manner similar to Theorem 4.
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