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Abstract

The upper chromatic number X (H) of a hypergraph H is the max-
imum number of colors in a coloring avoiding a polychromatic edge.
The stability number a(H) of a hypergraph H is the cardinality
of the largest set of vertices of H which does not contain an edge. A
hypergraph is k—uniform if the sizes of all its edges are k. A hyper-
graph H is co—perfect if X(H') = a(H') for each induced subhyper-
graph H' of H.

Voloshin conjectured that an r—uniform hypergraph H (r > 3) is
co—perfect iff it contains neither of two special r—uniform hypergraphs
(a so—called monostar and a complete circular r—uniform hypergraph
on 2r — 1 vertices) as an induced subhypergraph. We disprove this
conjecture for all r’s.

1 Introduction

A hypergraph H is a pair (V, E) where V is its vertex set and E C 2V is its
edge set; we do not restrict the sizes of the edges to two as in case of graphs.
Throughout the paper we write V(H) for a vertex set of a hypergraph H
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and E(H) for its edge set. Recently, the topic of coloring of vertices of hy-
pergraphs avoiding a polychromatic edge (i.e., the edge whose vertices have
mutually different colors) has drawn an attention of different researchers,
cf. [4, 6, 10, 15, 16], and related extremal (anti-Ramsey) questions were
studied in [1, 3, 7, 17]. In this case, we want to color a hypergraph with
a maximum possible number of colors (coloring all the vertices with the same
color is clearly proper and thus minimizing the number of colors is not inter-
esting); the maximum possible number (H) of colors such that the vertices
of the hypergraph H can be colored avoiding a polychromatic edge is called
the upper chromatic number of H. Besides studying this type of coloring,
the researchers also study a so—called mized hypergraphs where the coloring
has to prevent some of the edges to be monochromatic and some of them
to be polychromatic, cf. [5, 9, 11, 12, 13].

We study in this paper coloring hypergraphs which avoids a polychro-
matic edge as described in the previous paragraph. The stability number
a(H) of a hypergraph H is the cardinality of the largest set A such that no
edge of H is fully contained in A; such set A is called stable. If c is a coloring
of the vertices of H, then a color class with respect to cis a set of the vertices
of H colored with the same color. It is clear that a(H) > ¥ (H), since we can
create a stable set by taking one vertex from each color class of a coloring
using Y (H) colors (and this is actually a stable set, since the coloring avoids
a polychromatic edge). The natural question is: “For which hypergraphs H
does it hold that a(H) = X (H)?” A conjecture on a possible answer to this
question was stated in [18].

A hypergraph H is r-uniform if the sizes of all its edges are r; a hy-
pergraph H is r—regular if each of its vertices is contained in precisely r
edges of H. A subhypergraph H' of a hypergraph H is a hypergraph whose
both vertex and edge sets are subsets of a vertex set and an edge set of H;
a subhypergraph H' is induced if E(H') = E(H)N2V#) ie., all the edges
of H whose all the vertices are in V (H') are also the edges of H'. A famous
strong perfect graph conjecture asserts that a(G') = x(G') for each induced
subgraph G’ of G (such graphs are called perfect). iff G nor its complement
contains an odd cycle or a complete graph as an induced subgraph. Voloshin
inspired by this famous conjecture made a similar conjecture in [18]:

Conjecture 1 For each r > 3, an r-uniform hypergraph H is co—perfect
if and only if it contains neither a monostar nor a C3,._; as an induced
subhypergraph.

We postpone the missing definitions to the next paragraph. The co—perfectness



of hypergraphs has been introduced in [18]; Conjecture 1 can be found as
Conjecture 1 in [18]; the other conjecture stated in [18], Conjecture 2 of [18],
has been recently answered in affirmative by the author in [9]. Other prob-
lems posed in [18] has been considered in [2, 8, 14] (Problem 8 of [18]),
in [9] (Problem 10 and Problem 11 of [18]), in [12] (Problem 13 of [18]) and
in [11, 13] (Problem 14 of [18]).

A hypergraph H is co—perfect if for each its induced subhypergraph
H' it holds that a(H') = X(H'). A monostar is a hypergraph H such
that the cardinality of the intersection of all the edges of H is exactly one,
i.e., there exists a vertex v which is contained in all the edges and v is
a unique vertex with this property; we call such a vertex the center vertex
of a monostar. It is clear that a(H) = n — 1 for a monostar H on n
vertices and X(H) < n — 1; hence monostars are certainly not co-perfect. A
hypergraph H is circular if there exists a cycle (in the usual graph theory
sense) on the vertices of H such that the edges of H form its paths; we write
C) for an r—uniform hypergraph whose edges are precisely all the paths
consisting of r vertices of the n—vertex cycle, i.e., C) is the complete r—
uniform circular hypergraph on n vertices. The hypergraph C] for n >
2r contains a monostar as an induced subhypergraph and thus it is not
certainly co—perfect; but also C%,_; is not co—perfect, since a(C%,_;) = 2r—
3 and X(C%,_;) < 2r — 3 (cf. [18]). These two examples of non—co—perfect
hypergraphs lead to Conjecture 1 which is similar to the strong perfect graph
conjecture, but besides this similarity there is no other connection between
these two conjectures. Conjecture 1 has attracted attention of researchers,
e.g., Tuza discussed Conjecture 1 during his invited talk at the Workshop
Cycles and Colorings 2001 in Stara Lesna, Slovakia. We provide a counter—
example to this conjecture for any r > 3.

Conjecture 1 is clearly equivalent to the following conjecture:

Conjecture 2 If an r-uniform hypergraph H (r > 3) contains neither
a monostar nor C4._; as an induced subhypergraph, then a(H) =X (H).

Due to Conjecture 2, it is enough to find an r—uniform hypergraph H
(for each r > 3) which contains neither a monostar nor C%,._; as an induced
subhypergraph and for which X(H) < a(H). We prove the existence of such
hypergraphs in Theorem 1 in Section 2. The paper is structured as follows:
We give additional definitions in Subsection 1.1. We define the counter—
example r—uniform hypergraph H" in Definition 1 of Section 2; we study
properties of the hypergraph H" in the following lemmas in Section 2 and
we finish Section 2 proving Theorem 1. We conclude in Section 3.



1.1 Definitions and Used Notation

Let H be a hypergraph. We write H \ V; where Vy C V(H) for the in-
duced subhypergraph of H on the vertex set V(H)\ V5. Let ¢ be a coloring
of the vertices of H. If H contains no polychromatic edge, we say that
the coloring c is proper. A color of a vertex v is unique if v is the only
vertex colored with this color. An isomorphism between two hypergraphs
H; and H, is a one—to—one mapping ¢ : V(H1) — V(H:) such that the im-
ages of the edges of H; are precisely the edges of H>. An isomorphism is
an automorphism if Hy = H,; an automorphism is non—trivial if it is not
an identity. A hypergraph H is vertez—transitive if for any two vertices v
and w of H there is an automorphism ¢ of H such that ¢(v) = w.

The incidence matriz of a hypergraph H with V(H) = {v1,...,v,}
and E(H) = {e1,...,en} is n x m matrix I(H) such that I(H);; = 1 if
v; € ej and I(H);; = 0 otherwise. Note that if H is r—uniform, then each
column sum is precisely r; if H is k-regular, then each row sum is precisely
k. We deal with different uniform hypergraphs in the paper: We try to use
the notation such that the superscript is equal to the common sizes of edges,
e.g., O (defined earlier) is an r—uniform hypergraph.

2 The Counter—Example

We first define the counter—-example (to Conjecture 2) r—uniform hypergraph
H":

Definition 1 Let r > 3 be a fized integer. Let H" be the r—uniform hyper-
graph with 2r vertices and 2r 4+ 2 edges whose incidence matriz 2r x (2r +2)
is the following (the incidence matrices for r = 3 and r = 4 can be found



below):

1 00 10 1]1 0

110 0 1 00 1

0 1 1 10 1]1 0

1 01 0 1 0|0 1

010 10 1]1 0

I(H") = 1 01 0 1 0|0 1

010 0 0 1|1 0

1 01 1 0 0|0 1

01 0 "r. T.. Te. e 0 - 11 01100

0 01 0 1 1|0 1
We write v1, ... ,vay for the vertices of H"; the vertex v; corresponds to the i—
th row of the incidence matriz. We write e1,...,es for the edges corre-

sponding to the first 2r columns of the incidence matriz; the edge e; corre-
sponds to the i—th column of the incidence matriz:

€ = {Ui» Vit1,Vig3y- -y Ui+2r—3}

where the subscripts of the vertices are taken modulo 2r. We write e, and e,
(odd and even in correspondence to the parity of the indices of the subscripts
of the vertices contained in e, and e.) for the edges corresponding to the last
but one and the last column of the incidence matriz.

In order to illustrate the definition, we include the incidence matrices
for H® and H*:



10010 1]1 0
1100 10|01
01 100 1|1 0

3y
IH) =19 9110 0l0 1
01011010
00101 1/01
1001010 1|1 0
1100101001
0110010110
s | 1011001001
IH) =109 101100 1|1 0
1010110001
01 010110[10
0010101 1|01

Lemma 1 The hypergraph H" is a vertez—transitive r—uniform (r + 1)-
regular hypergraph.

Proof: The proof of the uniformity and the regularity of H" follows imme-
diately from Definition 1. In order to prove the vertex—transitivity of H",
note that the function ¢ : V(H") — V(H") defined as follows is an auto-

morphism of H":
(v) = v if ¢ = 2r,
Pl = v;41 oOtherwise.

We next find the stability number of H":
Lemma 2 The stability number of H" is 2r — 3.

Proof: Let r > 3 be a fixed integer through the proof. The set of vertices
of H" {v1,...,v9._3} is stable; thus a(H") > 2r — 3. If a(H") > 2r — 3,
let A C V(H") be the stable set of size 2r —2. We can assume that v; ¢ A
since H" is vertex—transitive. Let v; be the only vertex different from wv;
not contained in A. If ¢ is odd, then e, C A. Hence i has to be even. If
1 = 2, then ez C A; but if ¢ > 4, then e; C A.

|



We next prove a lemma which allows us to use a proper coloring of H”
to get a proper coloring of H"~!:

Lemma 3 Let ¢ be a coloring of the hypergraph H",r > 4, using k colors
such that the colors of va, 1 and va,. are unique. Then X(H" ') > k — 2.

Proof: We write €/ for the i-th edge of H" ! and e; for the i—th edge of H"
in the proof; we consider the verticesv;,1 < ¢ < 2r—2of H"~! and H" to be
the same ones; we write Vp for these vertices, i.e., Vo = {v1,v2,...,02,-2}.
Let ¢’ be the coloring of H"~! obtained by restriction of c to the first 2r —2
vertices, i.e., ¢'(v;) = c(v;),1 <1 < 2r — 2. We claim that there is no
polychromatic edge in H"~!. The edge €, resp. €, is not polychromatic,
since e, = e. N Vp, resp. e/, = e, NV, (recall that the colors of the vertices
var—1 and vg, are different and not used to color any of the vertices of V;).
The edges e},2 < i < 2r — 2, are not polychromatic, since e} = e; N V;.
The remaining edge €/ is not polychromatic, since ] C ea.—1 N Vp.

|

We next prove that the upper chromatic number of H" is smaller than
its stability number:

Lemma 4 The upper chromatic number of H" is 2r — 4.

Proof: Let c be the following coloring of H":

(v;) = i for 1 <i<2r—4,

i 2r —4 for 2r — 5 < i <i.

The coloring ¢ is a proper coloring of H" and thus X(H") > 2r — 4.
In the rest, we prove that X(H") < 2r — 4; the proof proceeds by induction
on r (although it might not seem so in the beginning of it):

e r=3
Let ¢ be a coloring of H3 using 3 colors. The coloring ¢ colors some
consecutive vertices by different colors and hence we may assume that
c(v1) # c(vz) due to the vertex-transitivity of H®. We distinguish
three cases according to the possibilities which vertex is assigned
the third color (the one different from c(v;) and c(vz)):

— The third color is assigned to vs. (This case is symmetric to the case
that the third color is assigned to vg).



The color c(vs) is c(vs) due to the edges ex = {va,vs,vs} and
eo = {v1,u3,vs}. The color c(vg) is c(vs) due to the edges
es = {vs,vs,v2} and eg = {vs,v1,v3}. Then, c(vy) has to be
c(v2) due to the edges e; = {v1,vs,vs} and e, = {va,v4,vg}.
But then the edge es = {v4,vs,v1} is polychromatic — contra-
diction.

— The third color is assigned to vs.
This is impossible, since e; = {v1, v2,v4}.

— The third color is assigned to vs.
Then c(v3) € {c(v2), c(vs)} due to the edge e = {v2,v3,v5} and
c(vs) € {c(v1),c(vs)} due to the edge e, = {v1,v3,v5}. Hence
¢(vs) = ¢(vs), the third color is assigned to vs and this case has
been dealt in the first subcase.

o r = 4
Let c be a coloring of H* using 5 colors; we distinguish several cases
according to the sizes of color classes of c:

—4:1:1:1:1
If there were two consecutive (with respect to their subscripts)
vertices with unique colors, Lemma 3 would imply that x(H3) >
3. Since there are four vertices with unique colors, we can as-
sume w.l.o.g. that they are v;,vs3,v5,v7 (no two of them can be
consecutive and H* is vertex—transitive). But then edge e, is
polychromatic — contradiction.
-3:2:1:1:1

Let C; be the color class of size 3 and Cs be the color class
of size 2. Since it cannot hold both |C; Ne,| > 2 and |C; N
ee|] > 2, we may assume that C> C e.. Then |[C; Ne,| > 2.
We assume that v; € C; (recall that H* is vertex—transitive).
We prove that C; C {v1,vs,vs,vs,v7}. Consider the edge es =
{’02,’03,’05,’(]7}. Since |62 N 02| S 1, it has to be |62 N 01| =
2. Hence Cy; C {v1,v2,vs,v5,07}. Let v; be one of the two
vertices of Cy; note that i € {2,4,6,8}. We assume that i #
8 (otherwise take the other vertex of C2). Consider the edge
eir1: |eir1 N Cq] < 1 and thus it has to be |ej1; N C1| > 2
and C; = {v1,v2,v;y1}. Then the edge e;;o is polychromatic
(6i+2 N 01 g {’Ul} and €it+2 n Cz g {’UH_Q}) — contradiction.



—2:2:2:1:1

Let Ci, Cy and C3 be the three color classes of sizes 2. We
assume w.l.o.g. that C> C e, and C3 C e, (otherwise, the edge
e, or the edge e, is polychromatic). Let v; be a vertex of either Cs
or C3. Hence |e;41 N C2| < 1 and |e;+1 N C5| < 1; this gives that
Cy C e;11 (the subscript is considered modulo 8). But then Cy
has to be in the intersection of four different edges ey, , ex,, €1,, €1,
where k; and ko are odd and [/; and [, are even; but any such
intersection is empty, since ey, N ey, C {v2,vs,v6,vs} and e, N
er, C {v1,vs,vs,vr} — contradiction.

o r = 5
Let ¢ be a coloring of H® using 7 colors; we distinguish several cases
according to the sizes of color classes of c:

—4:1:1:1:1:1:1
In this case, there are certainly two consecutive (with respect
to their subscripts) vertices with unique colors, w.l.o.g. vg and
v10- But then Lemma 3 would imply that }(H*) > 5 — contra-
diction.

—3:2:1:1:1:1:1
There cannot be two consecutive vertices with unique colors as
dealt in the previous subcase. But then w.l.o.g. the colors of vy,
v3, Us, Ur, Ug have to be unique (there are five vertices with
unique colors and H® is vertex—transitive) and the edge e, is
polychromatic — contradiction.

—-2:2:2:1:1:1:1
Let Cy, Cy and C3 be the three color classes of sizes 2. We
assume w.l.o.g. that C> C e, and C3 C e, (otherwise, these
edges would be polychromatic). Let v; be a vertex of either Cs
or C3. Hence |e;+1NC2| <1 and |e;+1NC3| < 1; this implies that
C C e;41 (the subscript is considered modulo 10). But then C;
has to be in the intersection of four different edges ey, , ex,, €1, , €1,
where k; and ko are odd and [/; and [, are even; but any such
intersection is empty, since ey, Neg, C {v2,v4,vs,vs,v10} and
e, Ney, C {v1,vs,vs,v7,v9} — contradiction.

e = 6
Let ¢ be a coloring of H® using 9 colors; HS contains at least 6 vertices



with unique colors. If there were two consecutive (with respect to their
subscripts) vertices with unique colors, we may assume that these are
v11 and v since H is vertex—transitive, Lemma 3 would imply that
X(H®) > 7. If there were more than 6 vertices with unique colors, then
(due to pigeonhole principle) there would be two consecutive ones.
Thus there are exactly 6 vertices colored with unique colors and these
are w.l.o.g. v1,vs,s,07,V9,v11 (nO two of them can be consecutive
and HS is vertex—transitive). But then edge e, is polychromatic —
contradiction.

r>"7

Let ¢ be a coloring of H" using 2r — 3 colors. H" contains at least
2r — 6 > r vertices with unique colors. Due to pigeonhole principle,
there are two consecutive (with respect to their subscripts) vertices
colored with unique colors. We may assume that these vertices are
vor_1 and va,, since H' is vertex—transitive, but then Lemma 3 implies
that 2r — 5 < X(H" ') — contradiction.

It remains to check that H" contains neither a monostar nor C3, ; as

an induced subhypergraph:

Lemma 5 The hypergraph H" does not contain a monostar as an induced
subhypergraph.

Proof: Let r > 3 be a fixed integer through the proof. We assume that H"
contains a monostar with the center vertex equal to v;. Let Vo C V(H")
be the vertices which induce the monostar and let Ey = E(H") N2". Note
that the following hold due to the definition of a monostar and an induced
subhypergraph:

VOZU6

ecEy
Ve' e E(H):e' CVy =€ € E

{vl}:ﬂe: ﬂ e

e€ By eCVy,ecE(H')

We distinguish several cases in the proof:

10



e e, € Eyand e, € Ey
It has to be that Vo D e, Ue; = V(H") \ {var}. But then e; € Ey —
contradiction.

e ¢ € Eyande, € Fy

The edge e; cannot be the only edge of Ey. Because the intersection
of the edges of Fy is {v1}, Eo can contain besides e; only the edges e;
foreveni,4 <i < 2r. Ifey,. € Ey, then eyUes, = V(H")\{var—_1} D Vo
and e, € Ep which is impossible. Let e;, be an edge of E; different
from e;; ¢; has to be an even integer between 4 and 2r — 2. Since
e1Ne;, = {v1,v;, }, the edge set Ey has to contain an edge e;, different
from e; and e;,. But then e; Ue;, Uey, = V(H) \ {v2,} D Vi. Hence
es € Ey — contradiction.

e e & Eyande, € Ey
The only two edges of Fy which contain v; and do not contain v;
for odd 3 <1i < 2r—1are e; and e;41. Since e; € Ey, the intersection
of the edges of E consists of the single vertex v; and v; € e, for all odd
i’s,3 <i<2r—1,ithastobee;;; € Ey. But then, Vo D V(H")\{v2}
and e3 has to be contained in Fy — contradiction.

e e & Eyande, € Fy
In this case it has to be Ey C {es,eq,...,e2.}. The only edge of e4,
€g, - - -, €2 which does not contain v; for odd 7,3 <7 <2r —1ise;;;.
Hence, it has to be Ey = {e4,...,e2,}. But then, Vo D V(H") \ {v2}
and thus e3 has to be contained in Fy — contradiction.

Lemma 6 The hypergraph H" does not contain the complete circular hy-
pergraph C5._; on 2r — 1 vertices as an induced subhypergraph.

Proof: Let r > 3 be a fixed integer through the proof. If H" contains C'J,_;
as an induced subhypergraph, then H" \ vy is isomorphic to C7,_; (recall
that H" is vertex—transitive). But H"\ v; consists of only 2r+2 —(r+1) =
r 4+ 1 edges and C5,_; consists of 2r — 1 edges.

|

We can conclude the section:
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Theorem 1 The r—uniform hypergraph H" contains neither a monostar
nor the complete circular hypergraph C§. | on 2r — 1 vertices, but X(H") <
a(H™) for any r > 3.

Proof: The proof immediately follows from Lemma 2, Lemma 4, Lemma 5
and Lemma 6.
|

3 Conclusion

The co—perfectness conjecture of Voloshin is wrong, but the following inter-
esting problem remains open:

Problem 1 For which (r—uniform) hypergraphs H does the equality a(H) =
X(H) hold?

The answer suggested by Conjecture 2 for r—uniform hypergraphs is
false. We do not think there is some hope to find a finite number of cases
of minimal non-perfect hypergraphs different from monostars, but even
though the answer to Problem 1 could be nice and provide new insights
to the structure of colorings avoiding polychromatic edges.

A cknowledgement

The author would like to thank Jan Kara for reading an early version of
this manuscript and pointing out an error which it contained. The author
would also like to thank Jan Kratochvil for introducing the concept of mixed
hypergraphs and discussions on the topic.

References

[1] N. Alon: On a conjecture of Erdds, Simonovits, and Sés concerning
anti-Ramsey theorems, J. Graph Theory 1, 1983, 91-94.

[2] Z. Dvoiédk, D. Kral’: On Planar Mixed Hypergraphs, Electronic J. Com-
bin. 8 (1), 2001, #R35.

12



[3] P. Erdss, M. Simonovits, V. T. Sés: Anti-Ramsey theorems, Coll. Math.
Soc. J. Bolyai 10, Infinite and finite sets, Keszthely, Hungary, 1973,
657-665.

[4] T. Jiang: Edge—colorings with no large polychromatic stars, to appear
in Graphs and Combinatorics.

[5] T. Jiang, D. Mubayi, Zs. Tuza, V. Voloshin and D. B. West: Chromatic
spectrum is broken, to appear in Graphs and Combinatorics.

[6] T. Jiang, D. B. West: Edge—Colorings of Complete Graphs that Avoid
Polychromatic Trees, to appear in Discrete Mathematics.

[7] T. Jiang, D. B. West: On the Erdos—Simonovits—Sos Conjecture on
the anti-Ramsey number of a cycle, submitted.

[8] D. Kobler, A. Kiindgen: Gaps in the chromatic spectrum of face-
constrained plane graphs, Electronic J. Combin. 3, 2001, #N3.

[9] D. Kréal’: On Feasible Sets of Mixed Hypergraphs, submitted.

[10] D. Krdl” On Maximum Face-Constrained Coloring of Plane Graphs
of Girth at least 5, submitted.

[11] D. Krél’, J. Kratochvil, H.-J. Voss: Mixed Hypercacti, submitted.

[12] D. Kral’, J. Kratochvil, H.-J. Voss: Mixed Hypergraphs with Bounded
Degree: Edge-Colouring of Mixed Multigraphs, to appear in Theoretical
Computer Science.

[13] D. Krél’, J. Kratochvil, H.-J. Voss: Mixed Hypertrees, submitted.

[14] A. Kiindgen, E. Mendelsohn, V. Voloshin: Colouring planar mixed
hypergraphs, Electronic J. Combin. 7, 2000, #R60.

[15] A.Kiindgen, R. Ramamurthi: Coloring face-hypergraphs of graphs on
surfaces, to appear in Journal of Combinatorial Theory (B).

[16] R. Ramamurthi, D. B. West: Maximum Face—Constrained Coloring
of Plane Graphs, to appear in Discrete Mathematics.

[17] M. Simonovits, V. T. Sés: On restricting colorings of K,,, Combinator-
ica 4, 1984, 101-110.

[18] V. Voloshin, On the upper chromatic number of a hypergraph, Aus-
tralasian Journal of Combinatorics 11, 1995, 25-45.

13



