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Abstra
t

The upper 
hromati
 number �(H) of a hypergraphH is the max-

imum number of 
olors in a 
oloring avoiding a poly
hromati
 edge.

The stability number �(H) of a hypergraph H is the 
ardinality

of the largest set of verti
es of H whi
h does not 
ontain an edge. A

hypergraph is k{uniform if the sizes of all its edges are k. A hyper-

graph H is 
o{perfe
t if �(H

0

) = �(H

0

) for ea
h indu
ed subhyper-

graph H

0

of H.

Voloshin 
onje
tured that an r{uniform hypergraph H (r � 3) is


o{perfe
t i� it 
ontains neither of two spe
ial r{uniform hypergraphs

(a so{
alled monostar and a 
omplete 
ir
ular r{uniform hypergraph

on 2r � 1 verti
es) as an indu
ed subhypergraph. We disprove this


onje
ture for all r's.

1 Introdu
tion

A hypergraph H is a pair (V;E) where V is its vertex set and E � 2

V

is its

edge set; we do not restri
t the sizes of the edges to two as in 
ase of graphs.

Throughout the paper we write V (H) for a vertex set of a hypergraph H

�
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and E(H) for its edge set. Re
ently, the topi
 of 
oloring of verti
es of hy-

pergraphs avoiding a poly
hromati
 edge (i.e., the edge whose verti
es have

mutually di�erent 
olors) has drawn an attention of di�erent resear
hers,


f. [4, 6, 10, 15, 16℄, and related extremal (anti{Ramsey) questions were

studied in [1, 3, 7, 17℄. In this 
ase, we want to 
olor a hypergraph with

a maximumpossible number of 
olors (
oloring all the verti
es with the same


olor is 
learly proper and thus minimizing the number of 
olors is not inter-

esting); the maximum possible number �(H) of 
olors su
h that the verti
es

of the hypergraph H 
an be 
olored avoiding a poly
hromati
 edge is 
alled

the upper 
hromati
 number of H . Besides studying this type of 
oloring,

the resear
hers also study a so{
alled mixed hypergraphs where the 
oloring

has to prevent some of the edges to be mono
hromati
 and some of them

to be poly
hromati
, 
f. [5, 9, 11, 12, 13℄.

We study in this paper 
oloring hypergraphs whi
h avoids a poly
hro-

mati
 edge as des
ribed in the previous paragraph. The stability number

�(H) of a hypergraph H is the 
ardinality of the largest set A su
h that no

edge of H is fully 
ontained in A; su
h set A is 
alled stable. If 
 is a 
oloring

of the verti
es ofH , then a 
olor 
lass with respe
t to 
 is a set of the verti
es

ofH 
olored with the same 
olor. It is 
lear that �(H) � �(H), sin
e we 
an


reate a stable set by taking one vertex from ea
h 
olor 
lass of a 
oloring

using �(H) 
olors (and this is a
tually a stable set, sin
e the 
oloring avoids

a poly
hromati
 edge). The natural question is: \For whi
h hypergraphs H

does it hold that �(H) = �(H)?" A 
onje
ture on a possible answer to this

question was stated in [18℄.

A hypergraph H is r{uniform if the sizes of all its edges are r; a hy-

pergraph H is r{regular if ea
h of its verti
es is 
ontained in pre
isely r

edges of H . A subhypergraph H

0

of a hypergraph H is a hypergraph whose

both vertex and edge sets are subsets of a vertex set and an edge set of H ;

a subhypergraph H

0

is indu
ed if E(H

0

) = E(H)\ 2

V (H

0

)

, i.e., all the edges

of H whose all the verti
es are in V (H

0

) are also the edges of H

0

. A famous

strong perfe
t graph 
onje
ture asserts that �(G

0

) = �(G

0

) for ea
h indu
ed

subgraph G

0

of G (su
h graphs are 
alled perfe
t). i� G nor its 
omplement


ontains an odd 
y
le or a 
omplete graph as an indu
ed subgraph. Voloshin

inspired by this famous 
onje
ture made a similar 
onje
ture in [18℄:

Conje
ture 1 For ea
h r � 3, an r{uniform hypergraph H is 
o{perfe
t

if and only if it 
ontains neither a monostar nor a C

r

2r�1

as an indu
ed

subhypergraph.

We postpone the missing de�nitions to the next paragraph. The 
o{perfe
tness
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of hypergraphs has been introdu
ed in [18℄; Conje
ture 1 
an be found as

Conje
ture 1 in [18℄; the other 
onje
ture stated in [18℄, Conje
ture 2 of [18℄,

has been re
ently answered in aÆrmative by the author in [9℄. Other prob-

lems posed in [18℄ has been 
onsidered in [2, 8, 14℄ (Problem 8 of [18℄),

in [9℄ (Problem 10 and Problem 11 of [18℄), in [12℄ (Problem 13 of [18℄) and

in [11, 13℄ (Problem 14 of [18℄).

A hypergraph H is 
o{perfe
t if for ea
h its indu
ed subhypergraph

H

0

it holds that �(H

0

) = �(H

0

). A monostar is a hypergraph H su
h

that the 
ardinality of the interse
tion of all the edges of H is exa
tly one,

i.e., there exists a vertex v whi
h is 
ontained in all the edges and v is

a unique vertex with this property; we 
all su
h a vertex the 
enter vertex

of a monostar. It is 
lear that �(H) = n � 1 for a monostar H on n

verti
es and �(H) < n�1; hen
e monostars are 
ertainly not 
o{perfe
t. A

hypergraph H is 
ir
ular if there exists a 
y
le (in the usual graph theory

sense) on the verti
es of H su
h that the edges of H form its paths; we write

C

r

n

for an r{uniform hypergraph whose edges are pre
isely all the paths


onsisting of r verti
es of the n{vertex 
y
le, i.e., C

r

n

is the 
omplete r{

uniform 
ir
ular hypergraph on n verti
es. The hypergraph C

r

n

for n �

2r 
ontains a monostar as an indu
ed subhypergraph and thus it is not


ertainly 
o{perfe
t; but also C

r

2r�1

is not 
o{perfe
t, sin
e �(C

r

2r�1

) = 2r�

3 and �(C

r

2r�1

) < 2r � 3 (
f. [18℄). These two examples of non{
o{perfe
t

hypergraphs lead to Conje
ture 1 whi
h is similar to the strong perfe
t graph


onje
ture, but besides this similarity there is no other 
onne
tion between

these two 
onje
tures. Conje
ture 1 has attra
ted attention of resear
hers,

e.g., Tuza dis
ussed Conje
ture 1 during his invited talk at the Workshop

Cy
les and Colorings 2001 in Stara Lesna, Slovakia. We provide a 
ounter{

example to this 
onje
ture for any r � 3.

Conje
ture 1 is 
learly equivalent to the following 
onje
ture:

Conje
ture 2 If an r{uniform hypergraph H (r � 3) 
ontains neither

a monostar nor C

r

2r�1

as an indu
ed subhypergraph, then �(H) = �(H).

Due to Conje
ture 2, it is enough to �nd an r{uniform hypergraph H

(for ea
h r � 3) whi
h 
ontains neither a monostar nor C

r

2r�1

as an indu
ed

subhypergraph and for whi
h �(H) < �(H). We prove the existen
e of su
h

hypergraphs in Theorem 1 in Se
tion 2. The paper is stru
tured as follows:

We give additional de�nitions in Subse
tion 1.1. We de�ne the 
ounter{

example r{uniform hypergraph H

r

in De�nition 1 of Se
tion 2; we study

properties of the hypergraph H

r

in the following lemmas in Se
tion 2 and

we �nish Se
tion 2 proving Theorem 1. We 
on
lude in Se
tion 3.
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1.1 De�nitions and Used Notation

Let H be a hypergraph. We write H n V

0

where V

0

� V (H) for the in-

du
ed subhypergraph of H on the vertex set V (H) nV

0

. Let 
 be a 
oloring

of the verti
es of H . If H 
ontains no poly
hromati
 edge, we say that

the 
oloring 
 is proper. A 
olor of a vertex v is unique if v is the only

vertex 
olored with this 
olor. An isomorphism between two hypergraphs

H

1

and H

2

is a one{to{one mapping ' : V (H

1

)! V (H

2

) su
h that the im-

ages of the edges of H

1

are pre
isely the edges of H

2

. An isomorphism is

an automorphism if H

1

= H

2

; an automorphism is non{trivial if it is not

an identity. A hypergraph H is vertex{transitive if for any two verti
es v

and w of H there is an automorphism ' of H su
h that '(v) = w.

The in
iden
e matrix of a hypergraph H with V (H) = fv

1

; : : : ; v

n

g

and E(H) = fe

1

; : : : ; e

m

g is n � m matrix I(H) su
h that I(H)

ij

= 1 if

v

i

2 e

j

and I(H)

ij

= 0 otherwise. Note that if H is r{uniform, then ea
h


olumn sum is pre
isely r; if H is k{regular, then ea
h row sum is pre
isely

k. We deal with di�erent uniform hypergraphs in the paper: We try to use

the notation su
h that the supers
ript is equal to the 
ommon sizes of edges,

e.g., C

r

n

(de�ned earlier) is an r{uniform hypergraph.

2 The Counter{Example

We �rst de�ne the 
ounter{example (to Conje
ture 2) r{uniform hypergraph

H

r

:

De�nition 1 Let r � 3 be a �xed integer. Let H

r

be the r{uniform hyper-

graph with 2r verti
es and 2r+2 edges whose in
iden
e matrix 2r� (2r+2)

is the following (the in
iden
e matri
es for r = 3 and r = 4 
an be found
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A

We write v

1

; : : : ; v

2r

for the verti
es of H

r

; the vertex v

i


orresponds to the i{

th row of the in
iden
e matrix. We write e

1

; : : : ; e

2r

for the edges 
orre-

sponding to the �rst 2r 
olumns of the in
iden
e matrix; the edge e

i


orre-

sponds to the i{th 
olumn of the in
iden
e matrix:

e

i

= fv

i

; v

i+1

; v

i+3

; : : : ; v

i+2r�3

g

where the subs
ripts of the verti
es are taken modulo 2r. We write e

o

and e

e

(odd and even in 
orresponden
e to the parity of the indi
es of the subs
ripts

of the verti
es 
ontained in e

o

and e

e

) for the edges 
orresponding to the last

but one and the last 
olumn of the in
iden
e matrix.

In order to illustrate the de�nition, we in
lude the in
iden
e matri
es

for H

3

and H

4

:
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I(H

3

) =

0

B

B

B

B

B

B

�

1 0 0 1 0 1 1 0

1 1 0 0 1 0 0 1

0 1 1 0 0 1 1 0

1 0 1 1 0 0 0 1

0 1 0 1 1 0 1 0

0 0 1 0 1 1 0 1

1

C

C

C

C

C

C

A

I(H

4

) =

0

B

B

B

B

B

B

B

B

B

B

�

1 0 0 1 0 1 0 1 1 0

1 1 0 0 1 0 1 0 0 1

0 1 1 0 0 1 0 1 1 0

1 0 1 1 0 0 1 0 0 1

0 1 0 1 1 0 0 1 1 0

1 0 1 0 1 1 0 0 0 1

0 1 0 1 0 1 1 0 1 0

0 0 1 0 1 0 1 1 0 1

1

C

C

C

C

C

C

C

C

C

C

A

Lemma 1 The hypergraph H

r

is a vertex{transitive r{uniform (r + 1){

regular hypergraph.

Proof: The proof of the uniformity and the regularity of H

r

follows imme-

diately from De�nition 1. In order to prove the vertex{transitivity of H

r

,

note that the fun
tion ' : V (H

r

) ! V (H

r

) de�ned as follows is an auto-

morphism of H

r

:

'(v

i

) =

�

v

1

if i = 2r;

v

i+1

otherwise.

We next �nd the stability number of H

r

:

Lemma 2 The stability number of H

r

is 2r � 3.

Proof: Let r � 3 be a �xed integer through the proof. The set of verti
es

of H

r

fv

1

; : : : ; v

2r�3

g is stable; thus �(H

r

) � 2r � 3. If �(H

r

) > 2r � 3,

let A � V (H

r

) be the stable set of size 2r� 2. We 
an assume that v

1

62 A

sin
e H

r

is vertex{transitive. Let v

i

be the only vertex di�erent from v

1

not 
ontained in A. If i is odd, then e

e

� A. Hen
e i has to be even. If

i = 2, then e

3

� A; but if i � 4, then e

2

� A.
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We next prove a lemma whi
h allows us to use a proper 
oloring of H

r

to get a proper 
oloring of H

r�1

:

Lemma 3 Let 
 be a 
oloring of the hypergraph H

r

; r � 4; using k 
olors

su
h that the 
olors of v

2r�1

and v

2r

are unique. Then �(H

r�1

) � k � 2.

Proof: We write e

0

i

for the i{th edge of H

r�1

and e

i

for the i{th edge of H

r

in the proof; we 
onsider the verti
es v

i

; 1 � i � 2r�2 of H

r�1

and H

r

to be

the same ones; we write V

0

for these verti
es, i.e., V

0

= fv

1

; v

2

; : : : ; v

2r�2

g.

Let 


0

be the 
oloring of H

r�1

obtained by restri
tion of 
 to the �rst 2r�2

verti
es, i.e., 


0

(v

i

) = 
(v

i

); 1 � i � 2r � 2. We 
laim that there is no

poly
hromati
 edge in H

r�1

. The edge e

0

e

, resp. e

0

o

, is not poly
hromati
,

sin
e e

0

e

= e

e

\ V

0

, resp. e

0

o

= e

o

\ V

0

(re
all that the 
olors of the verti
es

v

2r�1

and v

2r

are di�erent and not used to 
olor any of the verti
es of V

0

).

The edges e

0

i

; 2 � i � 2r � 2, are not poly
hromati
, sin
e e

0

i

= e

i

\ V

0

.

The remaining edge e

0

1

is not poly
hromati
, sin
e e

0

1

� e

2r�1

\ V

0

.

We next prove that the upper 
hromati
 number of H

r

is smaller than

its stability number:

Lemma 4 The upper 
hromati
 number of H

r

is 2r � 4.

Proof: Let 
 be the following 
oloring of H

r

:


(v

i

) =

�

i for 1 � i � 2r � 4;

2r � 4 for 2r � 5 � i � i:

The 
oloring 
 is a proper 
oloring of H

r

and thus �(H

r

) � 2r � 4.

In the rest, we prove that �(H

r

) � 2r� 4; the proof pro
eeds by indu
tion

on r (although it might not seem so in the beginning of it):

� r = 3

Let 
 be a 
oloring of H

3

using 3 
olors. The 
oloring 
 
olors some


onse
utive verti
es by di�erent 
olors and hen
e we may assume that


(v

1

) 6= 
(v

2

) due to the vertex{transitivity of H

3

. We distinguish

three 
ases a

ording to the possibilities whi
h vertex is assigned

the third 
olor (the one di�erent from 
(v

1

) and 
(v

2

)):

{ The third 
olor is assigned to v

3

. (This 
ase is symmetri
 to the 
ase

that the third 
olor is assigned to v

6

).
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The 
olor 
(v

5

) is 
(v

3

) due to the edges e

2

= fv

2

; v

3

; v

5

g and

e

o

= fv

1

; v

3

; v

5

g. The 
olor 
(v

6

) is 
(v

3

) due to the edges

e

5

= fv

5

; v

6

; v

2

g and e

6

= fv

6

; v

1

; v

3

g. Then, 
(v

4

) has to be


(v

2

) due to the edges e

1

= fv

1

; v

2

; v

4

g and e

e

= fv

2

; v

4

; v

6

g.

But then the edge e

4

= fv

4

; v

5

; v

1

g is poly
hromati
 | 
ontra-

di
tion.

{ The third 
olor is assigned to v

4

.

This is impossible, sin
e e

1

= fv

1

; v

2

; v

4

g.

{ The third 
olor is assigned to v

5

.

Then 
(v

3

) 2 f
(v

2

); 
(v

5

)g due to the edge e

2

= fv

2

; v

3

; v

5

g and


(v

3

) 2 f
(v

1

); 
(v

5

)g due to the edge e

o

= fv

1

; v

3

; v

5

g. Hen
e


(v

3

) = 
(v

5

), the third 
olor is assigned to v

3

and this 
ase has

been dealt in the �rst sub
ase.

� r = 4

Let 
 be a 
oloring of H

4

using 5 
olors; we distinguish several 
ases

a

ording to the sizes of 
olor 
lasses of 
:

{ 4 : 1 : 1 : 1 : 1

If there were two 
onse
utive (with respe
t to their subs
ripts)

verti
es with unique 
olors, Lemma 3 would imply that �(H

3

) �

3. Sin
e there are four verti
es with unique 
olors, we 
an as-

sume w.l.o.g. that they are v

1

; v

3

; v

5

; v

7

(no two of them 
an be


onse
utive and H

4

is vertex{transitive). But then edge e

o

is

poly
hromati
 | 
ontradi
tion.

{ 3 : 2 : 1 : 1 : 1

Let C

1

be the 
olor 
lass of size 3 and C

2

be the 
olor 
lass

of size 2. Sin
e it 
annot hold both jC

1

\ e

o

j � 2 and jC

1

\

e

e

j � 2, we may assume that C

2

� e

e

. Then jC

1

\ e

o

j � 2.

We assume that v

1

2 C

1

(re
all that H

4

is vertex{transitive).

We prove that C

1

� fv

1

; v

2

; v

3

; v

5

; v

7

g. Consider the edge e

2

=

fv

2

; v

3

; v

5

; v

7

g. Sin
e je

2

\ C

2

j � 1, it has to be je

2

\ C

1

j =

2. Hen
e C

1

� fv

1

; v

2

; v

3

; v

5

; v

7

g. Let v

i

be one of the two

verti
es of C

2

; note that i 2 f2; 4; 6; 8g. We assume that i 6=

8 (otherwise take the other vertex of C

2

). Consider the edge

e

i+1

: je

i+1

\ C

2

j � 1 and thus it has to be je

i+1

\ C

1

j � 2

and C

1

= fv

1

; v

2

; v

i+1

g. Then the edge e

i+2

is poly
hromati


(e

i+2

\ C

1

� fv

1

g and e

i+2

\ C

2

� fv

i+2

g) | 
ontradi
tion.
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{ 2 : 2 : 2 : 1 : 1

Let C

1

, C

2

and C

3

be the three 
olor 
lasses of sizes 2. We

assume w.l.o.g. that C

2

� e

o

and C

3

� e

e

(otherwise, the edge

e

o

or the edge e

e

is poly
hromati
). Let v

i

be a vertex of either C

2

or C

3

. Hen
e je

i+1

\C

2

j � 1 and je

i+1

\C

3

j � 1; this gives that

C

1

� e

i+1

(the subs
ript is 
onsidered modulo 8). But then C

1

has to be in the interse
tion of four di�erent edges e

k

1

; e

k

2

; e

l

1

; e

l

2

where k

1

and k

2

are odd and l

1

and l

2

are even; but any su
h

interse
tion is empty, sin
e e

k

1

\ e

k

2

� fv

2

; v

4

; v

6

; v

8

g and e

l

1

\

e

l

2

� fv

1

; v

3

; v

5

; v

7

g | 
ontradi
tion.

� r = 5

Let 
 be a 
oloring of H

5

using 7 
olors; we distinguish several 
ases

a

ording to the sizes of 
olor 
lasses of 
:

{ 4 : 1 : 1 : 1 : 1 : 1 : 1

In this 
ase, there are 
ertainly two 
onse
utive (with respe
t

to their subs
ripts) verti
es with unique 
olors, w.l.o.g. v

9

and

v

10

. But then Lemma 3 would imply that �(H

4

) � 5 | 
ontra-

di
tion.

{ 3 : 2 : 1 : 1 : 1 : 1 : 1

There 
annot be two 
onse
utive verti
es with unique 
olors as

dealt in the previous sub
ase. But then w.l.o.g. the 
olors of v

1

,

v

3

, v

5

, v

7

, v

9

have to be unique (there are �ve verti
es with

unique 
olors and H

5

is vertex{transitive) and the edge e

o

is

poly
hromati
 | 
ontradi
tion.

{ 2 : 2 : 2 : 1 : 1 : 1 : 1

Let C

1

, C

2

and C

3

be the three 
olor 
lasses of sizes 2. We

assume w.l.o.g. that C

2

� e

o

and C

3

� e

e

(otherwise, these

edges would be poly
hromati
). Let v

i

be a vertex of either C

2

or C

3

. Hen
e je

i+1

\C

2

j � 1 and je

i+1

\C

3

j � 1; this implies that

C

1

� e

i+1

(the subs
ript is 
onsidered modulo 10). But then C

1

has to be in the interse
tion of four di�erent edges e

k

1

; e

k

2

; e

l

1

; e

l

2

where k

1

and k

2

are odd and l

1

and l

2

are even; but any su
h

interse
tion is empty, sin
e e

k

1

\ e

k

2

� fv

2

; v

4

; v

6

; v

8

; v

10

g and

e

l

1

\ e

l

2

� fv

1

; v

3

; v

5

; v

7

; v

9

g | 
ontradi
tion.

� r = 6

Let 
 be a 
oloring of H

6

using 9 
olors; H

6


ontains at least 6 verti
es

9



with unique 
olors. If there were two 
onse
utive (with respe
t to their

subs
ripts) verti
es with unique 
olors, we may assume that these are

v

11

and v

12

sin
e H

6

is vertex{transitive, Lemma 3 would imply that

�(H

5

) � 7. If there were more than 6 verti
es with unique 
olors, then

(due to pigeonhole prin
iple) there would be two 
onse
utive ones.

Thus there are exa
tly 6 verti
es 
olored with unique 
olors and these

are w.l.o.g. v

1

; v

3

; v

5

; v

7

; v

9

; v

11

(no two of them 
an be 
onse
utive

and H

6

is vertex{transitive). But then edge e

o

is poly
hromati
 |


ontradi
tion.

� r � 7

Let 
 be a 
oloring of H

r

using 2r � 3 
olors. H

r


ontains at least

2r � 6 > r verti
es with unique 
olors. Due to pigeonhole prin
iple,

there are two 
onse
utive (with respe
t to their subs
ripts) verti
es


olored with unique 
olors. We may assume that these verti
es are

v

2r�1

and v

2r

, sin
eH

r

is vertex{transitive, but then Lemma 3 implies

that 2r � 5 � �(H

r�1

) | 
ontradi
tion.

It remains to 
he
k that H

r


ontains neither a monostar nor C

r

2r�1

as

an indu
ed subhypergraph:

Lemma 5 The hypergraph H

r

does not 
ontain a monostar as an indu
ed

subhypergraph.

Proof: Let r � 3 be a �xed integer through the proof. We assume that H

r


ontains a monostar with the 
enter vertex equal to v

1

. Let V

0

� V (H

r

)

be the verti
es whi
h indu
e the monostar and let E

0

= E(H

r

)\ 2

V

0

. Note

that the following hold due to the de�nition of a monostar and an indu
ed

subhypergraph:

V

0

=

[

e2E

0

e

8e

0

2 E(H) : e

0

� V

0

) e

0

2 E

0

fv

1

g =

\

e2E

0

e =

\

e�V

0

;e2E(H

0

)

e

We distinguish several 
ases in the proof:

10



� e

1

2 E

0

and e

o

2 E

0

It has to be that V

0

� e

o

[ e

1

= V (H

r

) n fv

2r

g. But then e

2

2 E

0

|


ontradi
tion.

� e

1

2 E

0

and e

o

62 E

0

The edge e

1


annot be the only edge of E

0

. Be
ause the interse
tion

of the edges of E

0

is fv

1

g, E

0


an 
ontain besides e

1

only the edges e

i

for even i; 4 � i � 2r. If e

2r

2 E

0

, then e

1

[e

2r

= V (H

r

)nfv

2r�1

g � V

0

and e

e

2 E

0

whi
h is impossible. Let e

i

1

be an edge of E

0

di�erent

from e

1

; i

1

has to be an even integer between 4 and 2r � 2. Sin
e

e

1

\e

i

1

= fv

1

; v

i

1

g, the edge set E

0

has to 
ontain an edge e

i

2

di�erent

from e

1

and e

i

1

. But then e

1

[ e

i

1

[ e

i

2

= V (H

r

) n fv

2r

g � V

0

. Hen
e

e

2

2 E

0

| 
ontradi
tion.

� e

1

62 E

0

and e

o

2 E

0

The only two edges of E

0

whi
h 
ontain v

1

and do not 
ontain v

i

for odd 3 � i � 2r�1 are e

1

and e

i+1

. Sin
e e

1

62 E

0

, the interse
tion

of the edges of E

0


onsists of the single vertex v

1

and v

i

2 e

o

for all odd

i's, 3 � i � 2r�1, it has to be e

i+1

2 E

0

. But then, V

0

� V (H

r

)nfv

2

g

and e

3

has to be 
ontained in E

0

| 
ontradi
tion.

� e

1

62 E

0

and e

o

62 E

0

In this 
ase it has to be E

0

� fe

4

; e

6

; : : : ; e

2r

g. The only edge of e

4

,

e

6

, : : :, e

2r

whi
h does not 
ontain v

i

for odd i; 3 � i � 2r� 1 is e

i+1

.

Hen
e, it has to be E

0

= fe

4

; : : : ; e

2r

g. But then, V

0

� V (H

r

) n fv

2

g

and thus e

3

has to be 
ontained in E

0

| 
ontradi
tion.

Lemma 6 The hypergraph H

r

does not 
ontain the 
omplete 
ir
ular hy-

pergraph C

r

2r�1

on 2r � 1 verti
es as an indu
ed subhypergraph.

Proof: Let r � 3 be a �xed integer through the proof. IfH

r


ontainsC

r

2r�1

as an indu
ed subhypergraph, then H

r

n v

1

is isomorphi
 to C

r

2r�1

(re
all

that H

r

is vertex{transitive). But H

r

nv

1


onsists of only 2r+2� (r+1) =

r + 1 edges and C

r

2r�1


onsists of 2r � 1 edges.

We 
an 
on
lude the se
tion:

11



Theorem 1 The r{uniform hypergraph H

r


ontains neither a monostar

nor the 
omplete 
ir
ular hypergraph C

r

2r�1

on 2r� 1 verti
es, but �(H

r

) <

�(H

r

) for any r � 3.

Proof: The proof immediately follows from Lemma 2, Lemma 4, Lemma 5

and Lemma 6.

3 Con
lusion

The 
o{perfe
tness 
onje
ture of Voloshin is wrong, but the following inter-

esting problem remains open:

Problem 1 For whi
h (r{uniform) hypergraphs H does the equality �(H) =

�(H) hold?

The answer suggested by Conje
ture 2 for r{uniform hypergraphs is

false. We do not think there is some hope to �nd a �nite number of 
ases

of minimal non{perfe
t hypergraphs di�erent from monostars, but even

though the answer to Problem 1 
ould be ni
e and provide new insights

to the stru
ture of 
olorings avoiding poly
hromati
 edges.
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