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Abstra
t

We prove that ea
h plane graph of girth at least �ve on n � 4

verti
es 
an be 
olored by at least dn=2e + 1 
olors in su
h a way

that it does not 
ontain a multi
olored fa
e, i.e. the fa
e whose all

the verti
es have mutually distin
t 
olors.

1 Introdu
tion

Coloring verti
es of plane graphs under restri
tions on the 
oloring with

respe
t to its fa
es has be
ome re
ently a very intensively studied topi
.

The most natural problems in this area in
lude: Coloring the verti
es with

the minimum possible number of 
olors in su
h a manner that a plane

graph does not 
ontain a mono
hromati
 fa
e and 
oloring the verti
es with

the maximum possible number of 
olors in su
h a manner that a plane

graph does not 
ontain a multi
olored fa
e. A fa
e is mono
hromati
 if all

its verti
es are 
olored with the same 
olor; a fa
e is multi
olored if all its

verti
es are 
olored with mutually distin
t 
olors.

Hypergraphs H for whi
h there is a plane graph G su
h that for ea
h

edge of H there is a fa
e of G whose verti
es are exa
tly the verti
es of
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the edge are 
alled planar hypergraphs; this de�nition was introdu
ed by

Zykov in [16℄ and it is equivalent to the statement that the bipartite in-


iden
e graph of H formed by the verti
es and the edges of H is planar

as dis
ussed in [2, 12℄. Coloring verti
es of a plane graph under the re-

stri
tion that there is no mono
hromati
 fa
e was studied in [12℄; under

this 
ondition, 
oloring fa
es of a plane graph whi
h 
orrespond to a planar

hypergraph is just usual hypergraph 
oloring. Coloring verti
es of a plane

graph under the restri
tion that there is no multi
olored fa
e was studied

in [13℄; we remark that 
oloring verti
es of graphs avoiding a 
ertain multi-


olored pattern has been intensively studied in extremal 
ombinatori
s (
f.

[1, 3, 6, 7, 8, 14℄). Coloring verti
es of a plane graph under both restri
tions

(some of them possibly imposed only to some of its fa
es) was studied in

[2, 9, 11℄ | this model is also 
alled planar mixed hypergraphs.

We study in this paper 
olorings of verti
es of plane graphs under the 
on-

straint that there is no multi
olored fa
e. In su
h 
ase, we say that a 
oloring

of verti
es of a plane graphG is valid. We write �

f

(G) for the maximumpos-

sible number of 
olors for whi
h there is a valid 
oloring (using all the �

f

(G)


olors). The following inequality relating �

f

(G) of a plane graph G to its

independen
e number �(G) and its 
hromati
 number �(G) was proved in

[13℄:

�

f

(G) � �(G) + 1 �

�

n

�(G)

�

+ 1

This implies that �

f

(G) � d

n

4

e + 1 for all plane graphs G from the Four

Color Theorem and �

f

(G) � d

n

3

e + 1 for plane graphs with girth at least

four from Gr�otzs
h's theorem (
f. [4, 13, 15℄); the girth of a graph G is

the length of the shortest 
y
le in G. This lower bound on �

f

(G) is tight

for plane graphs G on n verti
es with 
hromati
 number equal to 2 or 3 for

all n's and is within one from the optimal one for other plane graphs. The

following 
onje
ture has been stated in [13℄:

Conje
ture 1 If G is a plane graph on n verti
es of girth at least four,

then �

f

(G) � dn=2e+ 1.

One 
an �nd a proof of this 
onje
ture for plane graphs of girth at least six

in [13℄. We prove this 
onje
ture for plane graphs of girth at least �ve in

this paper.

We introdu
e notations and re
all some de�nitions in Subse
tion 1.1. We

prove that a graph with minimum degree 
an be 
overed by stars of small

degree in Se
tion 2. We relate the number of edges in 
ertain subgraphs
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in the dual graph of a plane graph G to �

f

(G) in Theorem 2 in Se
tion 3.

Then, we use the results of Se
tion 2 to prove Theorem 3 whi
h 
ontains

the main result of this paper. We 
on
lude in Se
tion 4.

1.1 De�nitions and Notation

We mean by a plane graph a graph together with a �xed embedding of it to

the plane; if we 
onsider just a graph whi
h 
an be embedded to the plane,

we refer to it as to a planar graph. If G is a plane graph, we write V (G),

resp. E(G), F (G), for the set of its verti
es, resp. its edges, its fa
es. A loop

is an edge whose both end{verti
es are the same; two edges are parallel if

they join the same pair of verti
es. If a graph 
an 
ontain parallel edges, we

refer to it as to a multigraph. We do not 
onsider graphs 
ontaining loops

in this paper. If a graph 
annot 
ontain parallel edges, we refer to it as to

a simple graph; unless stated otherwise, we mean by a graph, for shortness,

a simple graph. The girth of a graph G is the length of the shortest 
y
le

in G; if G 
ontains parallel edges, then its girth is equal to two.

We write deg

G

(v) for the degree of a vertex v in G, i.e. the number of

edges in
ident to v in G; if G is a dire
ted graph, then the indegree, resp.

outdegree, of a vertex v is the number of edges leading to, resp. from, v. We


all a dire
ted edge also an ar
. A graph G is 
onne
ted if it 
ontains a path

between any two of its verti
es. A graph G is k{edge 
onne
ted if it remains


onne
ted after removal of any k � 1 edges of it. An edge whose removal

in
reases the number of 
onne
ted 
omponents of a graph is 
alled a bridge;

if a graph does not 
ontain a bridge, we say that it is bridgeless. The dual

(multi)graph G

?

of a plane graph G is a graph whose verti
es 
orrespond to

the fa
es of G and the edges 
orrespond to the edges of G in su
h a manner

that the edge e joins the verti
es 
orresponding to the two fa
es sharing

the edge e in G. If G is bridgeless, G

?

does not 
ontain loops.

We use a notion of a 
overing of a graph to prove our results. A 
overing

of a graph G is a subgraph G

0

of G whi
h 
ontains all the verti
es of G su
h

that the degree of any vertex in G

0

is at least one. A partial 
overing is

a subgraph of G whi
h 
ontains all the verti
es of G but it may 
ontain

verti
es of degree zero. A vertex is 
overed by a partial 
overing if its degree

in it is at least one. If G is a set of graphs, we say that G 
an be 
overed by G

if there is a 
overing su
h that ea
h its 
onne
ted 
omponent is isomorphi


to a graph in G. A star is a 
omplete bipartite graph su
h that one of its

parts is a single vertex; we refer to this vertex as to a 
enter vertex and

the order of a star is the degree of its 
enter vertex.
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2 Covering graphs by stars of small orders

The following lemma is a \folklore" appli
ation of Hall's theorem [5℄, but

we in
lude its proof for 
ompleteness:

Lemma 1 Let G be a 
onne
ted multigraph. Then the edges of G 
an be

oriented in su
h a way that the in{degree of a vertex v of G is at most

ddeg

G

(v)=2e.

Proof: Consider the following bipartite graph G

0

= (V

1

; V

2

; E):

� The vertex set V

1


ontains ddeg

G

(v)=2e di�erent verti
es whi
h 
or-

respond to a vertex v of G for ea
h vertex v of G.

� The vertex set V

2


onsists of the edges of E.

� A vertex u of V

1

whi
h 
orresponds to a vertex v of G is joined by

an edge to a vertex e of V

2

(whi
h is an edge of G) if and only if v is

an end{vertex of e.

The bipartite graph G

0


ontains a mat
hing of size jV

2

j due to Hall's the-

orem. If an edge e is mat
hed to a vertex whi
h 
orresponds to a vertex

v of G, then we orient the edge e to lead to v. There are 
learly at most

ddeg

G

(v)=2e edges leading to a vertex v of G.

Theorem 1 Let G be a 
onne
ted multigraph of minimum degree 3. Then

G 
an be 
overed by stars su
h that the order of a star with a 
enter vertex

v is at most ddeg

G

(v)=2e.

Proof: Fix an orientation of G su
h that the in{degree of a vertex v of G

is at most ddeg

G

(v)=2e (it exists due to Lemma 1). We 
onstru
t a 
overing

of G from an empty partial 
overing through the following pro
edure: Take

a vertex v whi
h is not 
overed. Let w be any vertex su
h that there is

an ar
 leading from v to w. Add an edge vw to the partial 
overing. If

there is an ar
 leading from w in
luded in the partial 
overing perform

additionally the following steps: Let ww

0

be this ar
 (there 
an be only one

su
h ar
). If the degree of w

0

in the 
overing is at least two or the degree

of w in the 
overing is more than ddeg

G

(w)=2e, then remove the edge ww

0

from the partial 
overing.
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First, note that a vertex w always exists: There are always at least

deg

G

(v) � ddeg

G

(v)=2e � 1 ar
s leading from the vertex v (the inequality

is due to the assumption on the minimum degree). Further, note that

for ea
h vertex v, there is at most one edge leading from v in
luded to

the partial 
overing at any time. We prove that the algorithm des
ribed

in the �rst paragraph ends and thus it �nds the desired partial 
overing

(the obtained 
overing 
learly 
ontains only stars of the 
laimed degree).

Let d

u

be the number of ar
s leading to u in
luded to the partial 
overing.

We 
laim that at ea
h step either the number of 
overed verti
es is in
reased

or the number of 
overed verti
es is preserved and the sum

P

u2V (G)

d

2

u

is

in
reased. This 
laim implies that the above algorithm ends. Let us look at

the algorithmwhen 
overing the vertex v: If we do not remove the edge ww

0

,

then the number of 
overed verti
es is in
reased. If we remove the edge ww

0

and the degree of w

0

in the partial 
overing is at least two, then the number

of 
overed verti
es is in
reased also in this 
ase. If we remove the edge ww

0

and the degree of w

0

in the 
overing is one, then after performing the whole

step of the algorithm d

w

0

is de
reased from 1 to 0, but d

w

is in
reased by

one from a non{zero value, otherwise the degree of w in the 
overing 
annot

ex
eed ddeg

G

(w)=2e � 2; note that we use that there is at most one edge

leading from w in
luded in the 
overing and the minimum degree of G is at

least three.

We remark that the pre
eding theorem is a modi�
ation of the following

similar (but mu
h easier) statement whi
h 
an be found in [10℄:

Lemma 2 Let G be a 
onne
ted graph of maximum degree �. Then G 
an

be 
overed by stars of order at most �.

If we have no additional assumptions on a graph G, Lemma 2 is sharp,

i.e. the bound on the orders of stars 
annot be improved. Note also that

the 
ondition that the minimum degree of a graph is at least three 
annot

be weakened in Theorem 1 (as witnessed by an odd 
y
le).

3 The main result

Theorem 2 Let G be a plane graph. If the dual multigraph of G 
ontains

a 
overing subgraph with m edges, then �

f

(G) � n�m where n is the number

of verti
es of G.
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Proof: Let E be the edges of G 
orresponding to them edges of a subgraph


overing the dual graph of G; sin
e the subgraph 
overs the dual graph,

ea
h fa
e of G is in
ident to at least one edge of E. Let G

0

be a graph

with a vertex set equal to V (G) and the edge set equal to E; G

0


onsists

of at least n �m 
onne
ted 
omponents. Color the verti
es of ea
h of its


omponents with the same 
olor and the verti
es of di�erent 
omponents

with di�erent 
olors. This 
oloring is a valid 
oloring of G.

Lemma 3 If there exists a plane graph G on n � 4 verti
es with girth at

least �ve, su
h that �

f

(G) < dn=2e+ 1, then there exists a plane graph G

0

on n

0

� 4 verti
es with girth at least �ve whi
h is 2{edge{
onne
ted and

�

f

(G

0

) < dn=2e+ 1.

Proof: Let n � 4 be the smallest integer for whi
h there exists a plane

graph G on n verti
es with girth at least �ve, su
h that �

f

(G) < dn=2e+1.

We 
laim that G is 2{edge{
onne
ted. We assume that G is 
onne
ted,

otherwise we may add some edges to make it 
onne
ted in su
h a manner

that we do not 
hange stru
ture of its fa
es. Let us assume that G 
ontains

a bridge. Let G

1

and G

2

be the parts of G separated by the bridge and

let n

1

and n

2

be the numbers of verti
es of G

1

and G

2

. If both n

1

� 4

and n

2

� 4, then we 
an 
olor G

1

by at least dn

1

=2e+ 1 
olors and G

2

by

at least dn

2

=2e+ 1 
olors due to the 
hoi
e of G. These 
olorings together

give a valid 
oloring using at least dn

1

=2e+ dn

2

=2e+ 2 � dn=2e+ 1 
olors

| 
ontradi
tion. If n

1

� 4 and n

2

� 4 (or vi
e versa), then G

1

has to be

a tree due to the assumption on the girth of G; G

2


an be 
olored by at

least dn

2

=2e+ 1 
olors due to 
hoi
e of G and extending this 
oloring from

G

2

to G by 
oloring the verti
es of G

1

with n

1


ompletely new 
olors gives

a valid 
oloring of G using at least n

1

+ dn

2

=2e + 1 � dn=2e+ 1 
olors |


ontradi
tion. In the last 
ase, n

1

� 4 and n

2

� 4; but both G

1

and G

2

are trees due to the assumption on the girth of G and thus G has a valid


oloring using n � 1 � dn=2e+ 1 
olors sin
e the whole G is a tree in this


ase | 
ontradi
tion.

Theorem 3 Let G be a plane graph on n verti
es of girth at least �ve.

Then �

f

(G) � dn=2e+ 1.
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Proof: We may assume that G is 
onne
ted and bridgeless due to Lemma

3. Let f be the number of fa
es of G and let G

?

be the dual multigraph

of G. Sin
e G is bridgeless, G

?


ontains no loops. The minimum degree

of G

?

is at least three, otherwise G 
ontains a bigon and its girth is two.

Let C be a 
overing of G

?

from Theorem 1, i.e. the degree of a vertex v in

C is at most ddeg

G

?

(v)=2e. We prove that C 
ontains at most bn=2
 � 1

edges. This implies together with Theorem 2 and Lemma 3 the statement

of the theorem.

We use dis
harging te
hnique to prove the bound on the number of

edges in the 
overing C. Let l

f

be the number of edges on the boundary of

a fa
e f of G. We give to a fa
e f in the beginning

l

f

�2

4

units. Note that

the boundary of any fa
e 
onsists of at least 5 edges due to the assumption

on the girth of G and thus ea
h fa
e gets at least 3=4 units. Ea
h fa
e gives

all its units to a unique star of the 
overing C in whi
h it is 
ontained. We

prove that ea
h star of the 
overing C gets at least as many units as it has

edges and the number of units given to the fa
es of G in the beginning is

at most n=2� 1. This implies the desired bound on the number of edges of

C; realize that C 
ontains an integer number of edges.

The number of edges of G is equal to

P

f2F (G)

l

f

=2 (ea
h edge is 
on-

tained in two fa
es). We get using the Euler formula, n+ jF (G)j = jE(G)j+

2, the following:

X

f2F (G)

l

f

� 2

4

=

1

2

X

f2F (G)

�

l

f

2

� 1

�

=

1

2

(jE(G)j � jF (G)j) =

n

2

� 1

Thus we give at most

n

2

� 1 units to all the fa
es together in the beginning.

Let S be a star of order o of a 
overing C of G

?

. If o � 3, then S gets at

least

3

4

(o+ 1) � o units. If o � 4, we pro
eed as follows: Let f be the fa
e


orresponding to the 
enter vertex of S; the star S gets at least

3

4

o +

l

f

�2

4

units. On the other hand, the degree of the 
enter vertex whi
h is equal to

the order o of the star is at most dl

f

=2e; thus l

f

� 2o� 1. This altogether

gives the following:

3

4

o+

l

f

� 2

4

�

3

4

o+

2o� 3

4

= o+

o

4

�

3

4

� o

Thus ea
h star of the 
overing gets at least as many units as it has edges.

Note that in the proof of Theorem 3, we just need that the boundary of

ea
h fa
e 
onsists of at least �ve edges (under the assumption of 2{edge{
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onne
tivity):

Corollary 1 Let G be a 
onne
ted bridgeless plane graph whose ea
h fa
e

is in
ident to at least �ve edges. Than �

f

(G) � dn=2e+ 1.

4 Con
lusion

We have proven in Theorem 3 in Se
tion 3 that a plane graph G of girth

at least �ve has a valid 
oloring su
h that at least half of the verti
es have

mutually distin
t 
olors. The original 
onje
ture from [13℄ (Conje
ture 1)

remains open. Is it true that ea
h plane graph with girth at least four has

a valid 
oloring using at least as many 
olors as it is a half of its verti
es?

The proof of the original 
onje
ture of Ramamurthi and West might require

an approa
h di�erent from that used in this paper: The same te
hnique as

used when proving Theorem 3 gives in 
ase of plane graphs of girth at least

four only the bound dn=3e+ 1 whi
h meets the bound derived in [13℄ from

Gr�otzs
h's theorem.
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