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Abstra
t

A list 
hannel assignment problem is a triple (G;L;w) where G

is a graph, L is a fun
tion assigning verti
es of G lists of integers

(
olours) and w is a fun
tion assigning edges of G positive integers

(weights). A 
olouring 
 of the verti
es of G is proper if 
(v) 2 L(v) for

ea
h vertex v and j
(u)� 
(v)j � w(uv) for ea
h edge uv. A weighted

degree deg

w

(v) of a vertex v is the sum of the weights of the edges

in
ident with v. If G is 
onne
ted, jL(v)j > deg

w

(v) for at least one v

and jL(v)j � deg

w

(v) for all v, then a proper 
olouring always exists.

A list 
hannel assignment problem is balan
ed if jL(v)j = deg

w

(v) for

all v. We 
hara
terize all balan
ed list 
hannel assignment problems

(G; L;w) whi
h admits a proper 
olouring.
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1 Introdu
tion

We study a 
ommon generalization of 
olouring, list{
olouring, and 
hannel

assignment problem whi
h is 
alled a list 
hannel assignment problem in

this paper. A list 
hannel assignment problem is a triple (G;L;w): G is

a graph, L is a fun
tion assigning verti
es of G sets of positive integers, i.e.

L : V (G) ! 2

N

, and w is a fun
tion assigning edges of G positive integers,

i.e. w : E(G) ! N. An assignment 
 : V (G) ! N of 
olours to the verti
es

of G is proper if 
(v) 2 L(v) for ea
h v 2 V (G) and j
(u)�
(v)j � w(uv) for

ea
h uv 2 E(G). A weighted degree deg

w

(v) of a vertex v of G is the sum

of the weights of the edges in
ident with v; the maximum weighted degree

�

w

(G) is the largest deg

w

(v) where v 2 V (G). If w(e) = 1 for all e 2 E(G),

then the problem be
omes a list{
olouring problem [7, 14℄. If L(v) = N,

then the problem be
omes a 
hannel assignment problem [10℄. In the latter


ase, we de�ne �

w

(G) to be the smallest number for whi
h there is a proper

assignment 
 su
h that 1 � 
(v) � �

w

(G) for all v 2 V (G). If both w(e) = 1

for all e 2 E(G) and L(v) = N, then the problem be
omes just an ordinary


olouring problem for a graph G; note that �(G) = �

w

(G) in this 
ase. A

list 
hannel assignment problem 
an be interpreted as follows: The verti
es

of G are transmitters, L(v) is a set of frequen
ies whi
h 
an be assigned

to a vertex v and w(uv) 
orrespond to interferen
e between transmitters u

and v (the minimal distan
e between frequen
ies assigned to u and v).

Some theorems for ordinary 
olourings, list{
olourings or 
hannel as-

signment problems may be (naturally) extended to list 
hannel assignment

problems and others 
annot: A (weighted) graph is 
alled k{degenerated

if ea
h its indu
ed subgraph 
ontains a vertex of (weighted) degree at

most k. If jL(v)j � k + 1 for ea
h v 2 V (G) and w(e) = 1 for ea
h

e 2 E(G), then there exists a proper 
olouring. This 
an be reformulated

using terminology of [7, 14℄: Ea
h k{degenerated graph is (k+1){
hoosable,

i.e. it admits a proper assignment for any lists su
h that jL(v)j � k + 1

for all v 2 V (G). If we remove the 
ondition w(e) = 1, the 
on
lu-

sion be
omes false | 
onsider the following 
hannel assignment problem:

V (G) = fv

i

j1 � i � 5g [ fv

ij

j1 � i < j � 5g, E(G) = fv

i

v

j

j1 � i < j �

5g [ fv

i

v

ij

; v

j

v

ij

j1 � i < j � 5g, L(v) = f1; 2; 3; 4; 5g for all v, w(v

i

v

j

) = 1

for 1 � i < j � 5 and w(v

i

v

ij

) = w(v

j

v

ij

) = 2 for 1 � i < j � 5. Note

that G is weighted 4{degenerated, but (G;L;w) does not admit a proper

assignment.

In the shade of the previous paragraph, it might be surprising that if

jL(v)j = deg

w

(v) for ea
h v 2 V (G) and jL(v)j > deg

w

(v) for at least one

2



v 2 V (G), then (G;L;w) admits a proper assignment (Theorem 1). This

is a 
ounterpart of a well{known inequality �(G) � �(G) + 1 where �(G)

is the 
hromati
 number of G and �(G) is the maximum degree of G; the

inequality �

w

(G) � �

w

(G)+1 for the 
hannel assignment problem has been

re
ently proved by M
Diarmid in [9, 11, 12℄. We state and prove an analogue

of Brooks theorem for list 
hannel assignment problem in this paper. Brooks

theorem for ordinary 
olourings is proved in [3, 8℄, for 
hoosability in [4, 15℄,

for list{
olourings in [1, 2, 4℄ and for list{
olourings with separation in [6℄.

Brooks theorem for 
hannel assignment problem was stated as an open

problem in [10℄.

A list 
hannel assignment problem is balan
ed if L(v) = deg

w

(v). We


hara
terize all balan
ed list 
hannel assignment problems whi
h admits

a proper assignment (Theorem 5). In parti
ular, we prove that a balan
ed

list 
hannel assignment problem (G;L;w) admits a proper assignment if G

is 2{
onne
ted graph and it is neither a 
omplete graph nor an odd 
y
le

(for missing de�nitions see Subse
tion 1.1).

We �rst des
ribe in Se
tion 1 a greedy algorithm whi
h was previously

used for 
hannel assignment problems by M
Diarmid [9, 11, 12℄. Then we

prove Brooks theorem for list 
hannel assignment problems (G;L;w) where

G is a 2{
onne
ted graph in Se
tion 3: distin
t theorems for odd 
y
les (The-

orem 3), 
omplete graphs (Theorem 4) and remaining 2{
onne
ted graphs

(Theorem 2) are stated. We prove the main theorem, Brooks theorem for

list 
hannel assignment problem, in Se
tion 4 (Theorem 5). Brooks theorem

for 
hannel assignment problem and previously known Brooks theorems for

other problems mentioned earlier 
an be easily derived from Theorem 5.

Our results suggest a polynomial algorithm (Corollary 1) whi
h given a bal-

an
ed list 
hannel assignment either outputs a proper assignment or states

its non{existen
e. We devote Subse
tion 4.1 for 
orollaries of Theorem 5 to

the 
hannel assignment problem. We state that if �

w

(G) = �

w

(G) + 1 and

G is 
onne
ted, then G is a Gallai tree in Theorem 6; there are really su
h

Gallai trees as stated in Proposition 5.

1.1 Notation

We often deal with sets of integers in the paper; we write [a; b℄ for an interval

of integers between a and b (in
lusively). We write G � v for the graph

obtained from G by deleting the vertex v together with the edges in
ident

with v. We use standard graph notation throughout the paper and we refer

a reader to any book about graph theory if ne
essary; we brie
y re
all some
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less known de�nitions: A graph with at least k+1 verti
es is k{
onne
ted if

it remains 
onne
ted after removal of any k � 1 or less verti
es. A blo
k of

graph is a maximal (in edge{in
lusion) subgraph whi
h is 2{
onne
ted. A

graph whose blo
ks are 
omplete graphs and odd 
y
les is a Gallai forest;

Gallai forests form an important 
lass of graphs related to 
olourings of

graphs as showed in [5℄.

2 Greedy Algorithm

The following greedy algorithm has been previously used by M
Diarmid

[9, 11, 12℄ to prove an upper bound for the span of 
hannel assignment

problems:

Algorithm 1

Input: ordering of the verti
es v_1,...,v_n

edge-weight fun
tion w

lists of 
olours L[1℄,...,L[n℄

Output: assignment 
 of the 
olours to the verti
es


olour := minimum 
olour in L[i℄'s

max
ol := maximum 
olour in L[i℄'s

while 
olour <= max
ol do

for i := 1 to n do

if v_i is not 
oloured and 
olour is in L[i℄ then

if for all neighbours v_j of v_i whi
h are 
oloured holds

| 
[v_j℄ - 
olour | >= w ( v_i, v_j ) then


[v_i℄ := 
olour

fi

fi


olour := 
olour + 1

done

We �rst state two propositions about Algorithm 1 whi
h are straight-

forward to prove:

Proposition 1 If Algorithm 1 assigns 
olours to all the verti
es, then the ob-

tained assignment is proper.

Proposition 2 The vertex v of G does not get a 
olour k 2 L(v) when

applied Algorithm 1 if and only if the 
olour k is assigned to a neighbour of
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v pre
eding v in the ordering or a 
olour k

0

< k is assigned to a neighbour

v

0

of v su
h that k � k

0

< w(vv

0

).

We prove the list 
hannel assignment 
ounterpart of the well{known

inequality �(G) � �(G) + 1:

Theorem 1 Let (G;L;w) be a list 
hannel assignment problem. If jL(v)j �

deg

w

(v) for ea
h v 2 V (G), the inequality is stri
t for at least one vertex

and G is 
onne
ted, then (G;L;w) admits a proper assignment.

Proof: Let v

1

; : : : ; v

n

be an ordering of the verti
es ofG su
h that jL(v

n

)j >

deg

w

(v

n

) and for ea
h vertex v

i

; i < n there is j > i su
h that v

i

and

v

j

are adja
ent; su
h an ordering 
an be obtained as a post{ordering of

the verti
es produ
ed by a depth{�rst sear
h algorithm started in v

n

. We

prove that ea
h vertex gets a 
olour when we apply Algorithm 1 to this

ordering (this is suÆ
ient due to Proposition 1). Let v

i

be a �xed vertex of

G. Ea
h neighbour u pre
eding v

i


an prevent assigning a 
olour to v

i

at

most w(v

i

u) times and ea
h neighbour u following v

i


an prevent v

i

from

assigning a 
olour at most w(v

i

u)� 1 times by Proposition 2; this together

with a 
hoi
e of the ordering implies that ea
h vertex gets a 
olour.

One 
an immediately generalize the usage of Proposition 2 in the previ-

ous proof and state the following:

Proposition 3 Let us apply Algorithm 1 to a list 
hannel assignment prob-

lem (G;L;w) with the ordering v

1

; : : : ; v

n

of its verti
es. If v

i

has not

been assigned a 
olour, then L(v

i

) is a subset of the union of intervals

[
(v

j

); 
(v

j

) + w(v

j

v

i

) � 1℄ where v

j

is a 
oloured neighbour of v

i

pre
ed-

ing v

i

(i.e., j < i) and intervals [
(v

j

) + 1; 
(v

j

) + w(v

j

v

i

)� 1℄ where v

j

is

a 
oloured neighbour of v

i

following v

i

(i.e., j > i).

We formulate Proposition 3 also for spe
ial 
ase when (G;L;w) is bal-

an
ed:

Proposition 4 Let us apply Algorithm 1 to a balan
ed list 
hannel assign-

ment problem (G;L;w) with the ordering v

1

; : : : ; v

n

of its verti
es su
h that

for ea
h vertex v

i

, 1 � i � n � 1, there is j > i su
h that v

i

and v

j

are
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adja
ent. Then the verti
es v

1

; : : : ; v

n�1

has been assigned 
olours. If v

n

has not been 
oloured, then:

L(v

n

) =

[

v

i

v

n

2E(G)

[
(v

i

); 
(v

i

) + w(v

i

v

n

)� 1℄;

where the intervals in the above union are disjoint.

3 2{
onne
ted Graphs

Lemma 1 Let (G;L;w) be a balan
ed list 
hannel assignment problem. If G

is 2{
onne
ted and min

S

v2V (G)

L(v) or max

S

v2V (G)

L(v) is not 
ontained

in all the lists, then (G;L;w) admits a proper assignment.

Proof: We �rst deal with the 
ase that the minimum 
olour is not 
on-

tained in all the lists. Let 


m

= min

S

v2V (G)

L(v). Sin
e G is 
onne
ted

there exist adja
ent verti
es v

1

and v

n

su
h that 


m

2 L(v

1

) and 


m

62 L(v

n

).

Let v

1

; : : : ; v

n

be any ordering of the verti
es of G su
h for ea
h vertex

v

i

; i < n there is j > i su
h that v

i

and v

j

are adja
ent; su
h an ordering


an be a post{ordering of the verti
es produ
ed by a depth{�rst sear
h al-

gorithm applied to G � v

1

started in v

n

. Let us apply Algorithm 1. Ea
h

vertex (with a possible ex
eption for v

n

) has been assigned a 
olour due to

Proposition 4. If v

n

has not been assigned a 
olour, then the fa
t that the


olour of v

1

is 


m

and 


m

62 L(v

n

) yield 
ontradi
tion due to Proposition 4.

The 
ase that the maximum 
olour is not 
ontained in all the lists 
an

be dealt as follows: Let L

0

(v) = fM � kjk 2 L(v)g for suÆ
iently large

M ; then (G;L

0

; w) has a proper assignment 


0

sin
e the minimum 
olour is

not 
ontained in all the lists. The mapping 
(v) = M � 


0

(v) is a proper

assignment of (G;L;w).

The following lemma 
an be found in [13℄ (Lemma 1.15):

Lemma 2 Every 2-
onne
ted graph G whi
h is neither a 
y
le nor a 
om-

plete graph 
ontains verti
es x, y and z su
h that x and y are neighbours of

z, the verti
es x and y are non-adja
ent, and G� x� y is 
onne
ted.

Theorem 2 Let (G;L;w) be a balan
ed list 
hannel assignment problem.

If G is 2{
onne
ted and it is neither an odd 
y
le nor a 
omplete graph,

then (G;L;w) admits a proper assignment.
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Proof: Let 


1

= min

S

v2V (G)

L(v) and 


2

= max

S

v2V (G)

L(v). If 


1

or




2

is not 
ontained in all the lists, we apply Lemma 1.

Suppose here that G is an even 
y
le. Let v

1

; : : : ; v

2n

be the verti
es

of the 
y
le and let 
(v

i

) = 


1

for odd i and 
(v

i

) = 


2

for even i. The

assignment 
 is proper due to the following:

j
(v

i

)�
(v

i+1

)j = 


2

�


1

� jL(v

i

)j�1 = w(v

i�1

v

i

)+w(v

i

v

i+1

)�1 � w(v

i

v

i+1

):

We deal with the 
ase that G is not a 
y
le in this paragraph. Let x, y

and z be three verti
es with the properties of the statement of Lemma 2. Let

x; y; v

3

; : : : ; v

n�1

; v

n

= z be any ordering of the verti
es of G su
h for ea
h

vertex v

i

; 3 � i < n there is j > i su
h that v

i

and v

j

are adja
ent; su
h

an ordering 
an be obtained as a post{ordering of the verti
es produ
ed

by a depth{�rst sear
h algorithm applied to G � x � y started in v

n

=

z. Let us apply Algorithm 1; this yields a partial assignment 
. Ea
h

vertex (with a possible ex
eption for v

n

) has been assigned a 
olour due

to Proposition 4. If v

n

= z has not been assigned a 
olour, then L(v

n

) =

S

v

i

v

n

2E(G)

[
(v

i

); 
(v

i

) +w(v

i

v

n

)� 1℄ and the intervals in the union have to

be disjoint by Proposition 4. But this is impossible, sin
e 
(x) = 
(y) = 


1

.

3.1 Colouring Odd Cy
les

We assume throughout this subse
tion that (G;L;w) is a balan
ed list 
han-

nel assignment problem su
h that G is an odd 
y
le and f


1

; 


2

g � L(v) for

all v 2 V (G) where 


1

= min

S

v2V (G)

L(v) and 


2

= max

S

v2V (G)

L(v);

note that 


2

� 


1

� w(e) for ea
h edge e 2 E(G).

Lemma 3 Suppose that (G;L;w) does not admit a proper list assignment.

Then, for ea
h its vertex v in
ident with edges e

1

and e

2

holds one of the fol-

lowing:

L(v) =

�

[


1

; 


1

+ w(e

1

)� 1℄ [ [


2

� w(e

1

) + 1; 


2

℄; if w(e

1

) = w(e

2

)

[


1

; 


2

℄; otherwise:

Proof: Suppose that the 
laim is false. Let v be a vertex adja
ent to

the edges e

1

and e

2

whi
h does not satisfy none of the above 
ases, in

parti
ular L(v) is not an interval. Let us assume w(e

1

) � w(e

2

). If 


2

�

w(e

2

) < 


1

+w(e

1

), then we get that w(e

1

) +w(e

2

) = 


2

� 


1

� 1 and L(v)

7



is an interval. We prove that there is k 2 L(v) su
h that 


1

+ w(e

1

) � k �




2

� w(e

2

) or 


1

+ w(e

2

) � k � 


2

� w(e

1

). If there is no su
h k, then

L(v) � [


1

; 


1

+w(e

1

)� 1℄[ [


2

�w(e

2

)+ 1; 


2

℄ and L(v) � [


1

; 


1

+w(e

2

)�

1℄ [ [


2

� w(e

1

) + 1; 


2

℄. This implies the following in
lusion:

L(v) � [


1

; 


1

+w(e

1

)�1℄[[


2

�w(e

2

)+1; 


1

+w(e

2

)�1℄[[


2

�w(e

1

)+1; 


2

℄:

The middle interval in the union above might be empty. From the above

in
lusion one gets easily that jL(v)j � w(e

1

) + w(e

2

)� 1 whi
h 
ontradi
ts

that (G;L;w) is balan
ed.

Let k be su
h that 


1

+ w(e

1

) � k � 


2

� w(e

2

) or 


1

+ w(e

2

) � k �




2

�w(e

1

). Then we 
an assign to the verti
es of G ex
ept for v alternatively


olours 


1

and 


2

and to the vertex v the 
olour k. The above inequalities

assure that one of the two possible alternating assignments is proper.

Theorem 3 A list 
hannel assignment problem (G;L;w) does not have

a proper assignment if and only if there exist integers 1 � a � b and 1 � k

su
h that one of the following holds for ea
h vertex v:

(a) The vertex v is adja
ent to two edges with weights a and L(v) =

[k; k + a� 1℄ [ [k + b; k + a+ b� 1℄.

(b) The vertex v is adja
ent to two edges of di�erent weights a and b (thus

a < b in this 
ase) and L(v) = [k; k + a+ b� 1℄.

Proof: If (G;L;w) does not admit a proper assignment, then it is of

the form des
ribed in the statement due to Lemma 3: Let a be the weight

of the lightest edge, k minimum 
olour 
ontained in all the lists (
f. Lemma

1) and k

0

the maximum one; let b = k

0

�k�a+1. If a vertex is in
ident with

two edges of weights a, its list is a disjoint union of two intervals of length a

by Lemma 3 and due to 
hoi
e of a and b of the form des
ribed in (a). On

the other hand, if a vertex is in
ident with an edge of weight a and an edge

of another weight, its list have to be an interval [k; k

0

℄ = [k; k+a+b�1℄ and

thus the weight of its other edge is b by Lemma 3. The other end{vertex

of the edge of weight b 
annot be in
ident with another edge of weight b,

thus its list has to be an interval [k; k

0

℄ and the weight of the other edge

(distin
t from that with weight b) is a. In this fashion, one 
an prove that

ea
h vertex of the 
y
le is in
ident with an edge of weight a and the lists of

the verti
es are of the form des
ribed in the statement of the theorem.

8



Next, we prove the list 
hannel assignment problems of the form de-

s
ribed in the statement of the theorem do not admit proper assignments.

We say a vertex has been assigned a low 
olour if its 
olour is in [k; k+a�1℄

and it has been assigned a high 
olour if its 
olour is in [k+ b; k+a+ b� 1℄.

Ea
h vertex must be assigned either a low or a high 
olour (a vertex in
ident

with an edge with weight b 
annot be assigned 
olour in [k + a; k + b � 1℄

sin
e this would disable 
olouring the other end of su
h edge be
ause of

a � b) and no two adja
ent verti
es 
an be assigned both either low or high


olours (the weight of ea
h edge is at least a). This together with the fa
t

that G is an odd 
y
le proves the theorem.

3.2 Colouring Complete Graphs

We assume throughout this subse
tion that (G;L;w) is a balan
ed list 
han-

nel assignment problem su
h that G is a 
omplete graph.

Lemma 4 Suppose that (G;L;w) does not admit a proper assignment. Let

v

1

; : : : ; v

n

be an ordering of the verti
es of G and 
 the assignment obtained

by Algorithm 1 run to the sequen
e v

1

; : : : ; v

n

(this assigns all verti
es ex
ept

for v

n


olours due to Proposition 3). The following holds:

(a) 
(v

1

) < � � � < 
(v

n�1

);

(b)

S

i�1

j=1

[
(v

j

); 
(v

j

) + w(v

j

v

i

) � 1℄ = fkjk 2 L(v

i

) ^ k < 
(v

i

)g for all

2 � i � n� 1;

(
) L(v

n

) =

S

1�i�n�1

[
(v

i

); 
(v

i

) + w(v

i

v

n

)� 1℄.

Proof: Let k

1

be the least 
olour 
ontained in any of the lists; by Lemma 1,

k

1

is 
ontained in all the lists. If there is i > 1 su
h that [k

1

; k

1

+w(v

1

v

i

)�

1℄ 6� L(v

i

), then Algorithm 1 applied to the sequen
e v

1

; : : : ; v

i�1

; v

i+1

; : : : ; v

n

; v

i

yields a proper assignment due to Proposition 4 (partitioning des
ribed in

it 
annot exists sin
e [k

1

; k

1

+ w(v

1

v

i

)� 1℄ 6� L(v

i

) and 
(v

1

) = k

1

).

Let k

2

be the least 
olour 
ontained in the following set:

n

[

i=2

(L(v

i

) n [k

1

; k

1

+ w(v

1

v

i

)� 1℄)

9



The 
olour k

2

is the se
ond (a

ording to the time) 
olour assigned to a ver-

tex of G by Algorithm 1 run to the sequen
e v

1

; : : : ; v

n

. We prove that

k

2

2 L(v

2

) n [k

1

; k

1

+ w(v

1

v

2

) � 1℄ and [k

2

; k

2

+ w(v

2

v

i

) � 1℄ � L(v

i

) n

[k

1

; k

1

+w(v

1

v

i

)� 1℄ for i � 3: If k

2

62 L(v

2

) n [k

1

; k

1

+w(v

1

v

2

)� 1℄, we ap-

ply Algorithm 1 to the sequen
e v

1

; v

3

; : : : ; v

n

; v

2

and we get a 
olouring of

(G;L;w) sin
e the partitioning des
ribed in Proposition 4 
annot exist be-


ause there is a vertex with a 
olour k

2

and k

2

62 L(v

2

)n[k

1

; k

1

+w(v

1

v

2

)�1℄.

Thus Algorithm 1 assigns 
olour k

2

to v

2

. If there is i � 3 su
h that

[k

2

; k

2

+ w(v

2

v

i

) � 1℄ 6� L(v

i

) n [k

1

; k

1

+ w(v

1

v

i

) � 1℄, then we apply Al-

gorithm 1 to the sequen
e v

1

; : : : ; v

i�1

; v

i+1

; : : : ; v

n

; v

i

, we get a 
olouring

of (G;L;w) by Proposition 4 (partitioning des
ribed in it 
annot exists

sin
e [k

2

; k

2

+ w(v

2

v

i

) � 1℄ 6� L(v

i

) n [k

1

; k

1

+ w(v

1

v

i

) � 1℄, 
(v

1

) = k

1

and


(v

2

) = k

2

). Hen
e, [k

2

; k

2

+ w(v

2

v

i

)� 1℄ � L(v

i

) for all i � 3.

Let k

3

be the third (a

ording to the time) 
olour assigned to a vertex of

G by Algorithm 1 run to the sequen
e v

1

; : : : ; v

n

. Then the following holds

(for i � 4):

k

3

2 L(v

3

) n ([k

1

; k

1

+ w(v

1

v

3

)� 1℄ [ [k

2

; k

2

+ w(v

2

v

3

)� 1℄)

[k

3

; k

3

+w(v

3

v

i

)�1℄ 2 L(v

i

)n([k

1

; k

1

+ w(v

1

v

i

)� 1℄ [ [k

2

; k

2

+ w(v

2

v

i

)� 1℄)

The argumentation is essentially the same as in the previous paragraph: If

the above is not the 
ase, then we apply Algorithm 1 to the sequen
e v

1

, v

2

,

v

4

; : : : ; v

n

, v

3

(if the �rst is false) or v

1

; : : : ; v

i�1

; v

i+1

; v

n

; v

i

(if the latter is

false) and we get a proper assignment. We 
on
lude that Algorithm 1 assigns


olour k

3

to v

3

. We 
an 
ontinue in this fashion and we �nd k

4

; : : : ; k

n�1

the 
olours assigned to v

4

; : : : ; v

n�1

.

Finally, the 
laim (a) follows from k

1

< k

2

< � � � < k

n�1

. The 
laim (b)

is established by in
lusions [k

1

; k

1

+ w(v

1

v

2

)℄ � L(v

2

), [k

1

; k

1

+ w(v

1

v

3

)℄ [

[k

2

; k

2

+ w(v

2

v

3

)℄ � L(v

3

), et
.; the 
laim (
) follows also from these in
lu-

sions (or from Proposition 4, too).

Lemma 5 Suppose that (G;L;w) does not admit a proper assignment. If

a vertex v is adja
ent to at least two edges of di�erent weights, then L(v) is

an interval.

Proof: Let v be a �xed vertex of G and k the smallest number of L(v).

Let a be the minimum weight of an edge adja
ent to v and b the maximum

10



weight of an edge adja
ent to v. Consider an ordering O = v

1

; : : : ; v

n

of

the verti
es of G su
h that v

n

= v, w(v

n�2

v

n

) = a and w(v

n�1

v

n

) = b;

let w

i

= w(v

i

v) for 1 � i � n � 1. We prove by indu
tion on i that

[k; k + w

1

+ � � � + w

i

� 1℄ � L(v) and then sin
e (G;L;w) is balan
ed, we

get that L(v) is an interval.

If i = 1, it is enough to apply Lemma 4 to the above sequen
e of the ver-

ti
es of G. Let us suppose i > 1. Suppose �rst that w

i�1

< b. If we apply

Lemma 4 to the sequen
e v

1

; : : : ; v

i�2

; v

n�1

; v

i�1

; v

i

; : : : ; v

n�2

; v

n

, we get

that k+w

1

+ � � �+w

i�1

2 L(v) sin
e [k; k+w

1

+ � � �+w

i�1

�1℄ � L(v) and

w

i�1

< b; this is be
ause [k; k+w

1

+ � � �+w

i�1

�1℄ � L(v) and L(v) 
an be


overed by intervals of length w

1

; w

2

; : : : ; w

i�2

; w

n�1

= b; w

i�1

; w

i

; : : : ; w

n�2

whi
h follow one after another. If we apply Lemma 4 to the ordering O,

then we get [k; k + w

1

+ � � � + w

i

� 1℄ � L(v) sin
e Algorithm 1 applied to

the ordering O 
olours v

i

by k + w

1

+ � � �+ w

i�1

.

We deal with the remaining 
ase w

i�1

= b in this paragraph. We �rst

prove that k+w

1

+� � �+w

i�1

2 L(v): Let us apply Lemma 4 to the sequen
e

v

1

; : : : ; v

i�2

; v

n�2

; v

i�1

; v

i

; : : : ; v

n�3

, v

n�1

, v

n

and then realize that [k; k +

w

1

+ � � � + w

i�1

� 1℄ � L(v), w

n�2

< b = w

i�1

and L(v) 
an be 
overed

by intervals of length w

1

; w

2

; : : : ; w

i�2

; w

n�2

= a; w

i�1

; w

i

; : : : ; w

n�3

; w

n�1

whi
h follow one after another. Next, we apply Lemma 4 to the ordering O,

and we 
on
lude that [k; k + w

1

+ � � �+ w

i

� 1℄ � L(v); the argumentation

is like in the previous 
ase.

Theorem 4 A list 
hannel assignment problem (G;L;w) with the vertex

set V (G) equal to fv

1

; : : : ; v

n

g does not admit a proper assignment if and

only if one of the following holds:

(a) There exist integers 1 � a and 1 � k

1

< � � � < k

n�1

su
h that k

i

+a �

k

i+1

for 1 � i � n � 2, w(e) = a for all e 2 E(G) and L(v

i

) =

S

1�j�n�1

[k

j

; k

j

+ a� 1℄ for all 1 � i � n.

(b) There exist integers 1 � a < b and 1 � k su
h that w(v

i

v

j

) = b for 1 �

i; j � n�1, w(v

i

v

n

) = a for 1 � i � n�1, L(v

i

) = [k; k+b(n�2)+a�1℄

for 1 � i � n� 1 and L(v

n

) =

S

0�j�n�2

[k + bj; k + bj + a� 1℄.

Proof: None of list 
hannel assignment problems des
ribed in the state-

ment admit a proper assignment. We prove that they are the only ones.

We distinguish several 
ases:
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� The weights of all the edges are the same. Let a be the 
ommon

weight of all the edges. It is enough to prove that L(v

i

) = L(v

j

) for

all 1 � i; j � n by Lemma 4. Let us assume the opposite; we may

suppose that L(v

n�1

) 6= L(v

n

). Let � be the 
olour assigned to v

n�1

by Algorithm 1 applied to the sequen
e v

1

; : : : ; v

n

. Then by Lemma 4:

fiji 2 L(v

n�1

)^i < �g = fiji 2 L(v

n

)^i < �g and [�; �+a�1℄ � L(v

n

):

If we apply Lemma 4 to the sequen
e v

1

; : : : ; v

n�2

; v

n

; v

n�1

, we get

[�; �+ a� 1℄ � L(v

n�1

). This implies that L(v

n�1

) = L(v

n

).

� All the lists are intervals. We 
laim that the weights of the edges

are the same (whi
h was dealt in the �rst 
ase). Otherwise, there

exists a vertex whi
h is adja
ent to two edges of di�erent weights. We

may assume that v

1

is su
h a vertex and the edge v

1

v

2

is the edge

with the largest weight in
ident with v

1

and v

1

v

3

is the edge with

the smallest weight in
ident with v

1

. If we apply Algorithm 1 to

the sequen
e v

1

; : : : ; v

n

, we get an assignment su
h that 
(v

3

) < 
(v

2

)

whi
h is 
ontradi
ted by Lemma 4.

� There exist edges of di�erent weights and a vertex whose

list is not an interval. Let k be the smallest 
olour in the lists;

then k is 
ontained in all the lists by Lemma 1. Let v

n

be a vertex

su
h that L(v

n

) is not an interval. The edges in
ident with v

n

have

the same weight by Lemma 5; let a be their 
ommon weight. We

�rst prove that the weight of any other edge is at least a. Suppose

the opposite and assume that w(v

1

v

2

) < a (note that then L(v

2

) is

an interval by Lemma 5). If we apply Algorithm 1 to the sequen
e

v

1

; v

n

; v

2

; : : : ; v

n�1

, we get an assignment su
h that 
(v

2

) < 
(v

n

)

whi
h is impossible due to Lemma 4. Thus the weight of any edge in

the graph is at least a. Let b be further the largest weight of an edge;

we may assume that w(v

1

v

2

) = b. Note that a < b sin
e there are

edges of di�erent weights and thus both L(v

1

) and L(v

2

) are intervals.

Lemma 4 applied to the sequen
e v

1

; v

2

; : : : ; v

n

gives (sin
e the al-

gorithm assigns the 
olour k to v

1

and k + w(v

1

v

2

) = k + b to v

2

)

that L(v

n

) \ [k; k + b℄ = [k; k + a � 1℄ [ fk + bg. If there is an edge

e = xy su
h that a � w(e) < b where neither x nor y is v

n

, then

Algorithm 1 applied to the sequen
e x; y; : : : ; v

n

assigns x the 
olour

k and y the 
olour k + w(e) (note that L(y) has to be an interval

by Lemma 5) due to Lemma 4; but then due to the same lemma,

12



k +w(e) 2 L(v

n

) whi
h is false (note that k + a � k + w(e) < k + b).

Thus the weights of all the edges whi
h are not in
ident with v

n

are

b. Lemma 4 applied to the sequen
e v

1

; : : : ; v

i�1

; v

i+1

; : : : ; v

n�1

; v

i

; v

n

gives together with Lemma 5 that L(v

i

) = [k; k+(n�2)b+a�1℄ and

L(v

n

) =

S

0�i�n�2

[k + bi; k + bi+ a� 1℄.

4 Brooks Theorem for List Channel Assign-

ment Problem

We prove that the only bad list 
hannel assignment problems 
an be ob-

tained by pasting bad odd 
y
les and bad 
omplete graphs with disjoint

lists:

Theorem 5 A balan
ed list 
hannel assignment problem (G;L;w) does not

admit a proper assignment if and only if G is a Gallai forest whose blo
ks

are G

1

; : : : ; G

m

and there exist L

i

: V (G

i

) ! 2

N

for 1 � i � m with

the following properties:

� L(v) is a union of L

i

(v) for i su
h that v 2 G

i

and L

i

(v) \L

j

(v) = ;

for i 6= j.

� Let w

i

be the weight fun
tion w restri
ted to the edges of G

i

. Then

(G

i

; L

i

; w

i

) is balan
ed and it is one of the following three types:

(a) G

i

is an odd 
y
le and there exists integers 1 � a � b and k su
h

that ea
h vertex v of G

i

is either in
ident with two edges with

the weights a in (G

i

; L

i

; w

i

) and L

i

(v) = [k; k+a�1℄[ [k+b; k+

a+ b�1℄ or v is in
ident with an edge with weight a and an edge

with weight b and L

i

(v) = [k; k + a+ b� 1℄.

(b) G

i

is a 
omplete graph with n verti
es. There exist integers 1 � a

and 1 � k

1

< : : : < k

n�1

su
h that k

j

+ a � k

j+1

for 1 � j �

n�2, w

i

(e) = a for all e 2 E(G

i

) and L

i

(v) =

S

1�j�n�1

[k

j

; k

j

+

a� 1℄ for any v 2 V (G).

(
) G

i

is a 
omplete graph with n verti
es. There exist integers 1 �

a < b, 1 � k and a vertex v 2 V (G

i

) su
h that w

i

(e) = b for any

edge e of G

i

whi
h is not in
ident with v, w

i

(e) = a for any edge

13



e of G

i

in
ident with v, the list L

i

(u) = [k; k+b(n�2)+a�1℄ for

any u 2 V (G); u 6= v, and L(v) =

S

0�i�n�2

[k+bi; k+bi+a�1℄.

Proof: It is enough to prove the theorem for 
onne
ted graphs. The proof

pro
eeds by indu
tion on the number of blo
ks. If G has just one blo
k,

then the proof immediately follows from Theorems 2{4.

Suppose G has at least two blo
ks. Let G

1

be one of its end{blo
ks, v

the 
ut vertex separating G

1

from the rest of G and G

0

be the rest of G

in
luding v. Let L

1

(resp. L

0

) be the fun
tion L restri
ted to G (resp. G

0

)

ex
ept for v and w

1

(resp. w

0

) be the fun
tion w restri
ted to the edges

of G (resp. G

0

). Let U

1

(resp. U

0

) be the largest set of 
olours su
h that

the list 
hannel assignment problem (G

1

; L

1

; w

1

) (resp. (G

0

; L

0

; w

0

)) with

L

1

(v) = U (resp. L

0

(v) = U

0

) does not admit a proper assignment. Note

that jU

1

j � deg

w

1

(v) and jU

0

j � deg

w

0

(v) due to Theorem 1 and the sets U

1

and U

0

are uniquely determined (they are simply the sets of those 
olours

su
h that when assigned to v, there is no proper extension to the rest of

the graph). Thus for any k 2 L(v)nU

1

(resp. k 2 L(v)nU

0

) there is a proper

assignment of (G

1

; L

1

; w

1

) (resp. (G

0

; L

0

; w

0

)) su
h that the 
olour of v is k.

If there is k su
h that k 2 L(v)n (U

1

[U

0

), we 
an assign to v the 
olour

k and extend this to a proper assignment of G

1

and G

0

and thus also of G. If

(G;L;w) does not admit a proper assignment, then jU

1

j = deg

w

1

(v), jU

0

j =

deg

w

0

(v) and L(v) = U

1

[U

0

(equality is be
ause (G;L;w) is balan
ed). In

su
h 
ase, (G

1

; L

1

; w

1

) has to be either an odd 
y
le des
ribed in (a) due to

Theorem 3 or a 
omplete graph des
ribed in (b) or (
) due to Theorem 4.

The 
hannel assignment problem (G

0

; L

0

; w

0

) is of the desired form due to

the indu
tion hypothesis.

On the other hand, if (G

1

; L

1

; w

1

) is a \bad" 
y
le or a \bad" 
omplete

graph and (G

0

; L

0

; w

0

) is the union of \bad" 
y
les and 
omplete graphs

des
ribed in the statement of the theorem, then (G;L;w) does not admit a

proper assignment.

Note that the proof of Theorem 5 suggests an algorithm for re
ognizing

balan
ed 
hannel assignment problems whi
h admit proper assignments:

We take an end{blo
k of the given graph and we 
onsider one of its verti
es

whi
h is not a 
ut vertex; this vertex together with the weights of the

edges of that blo
k determines type of a bad graph (if it is bad) and the


orresponding lists of 
olours at ea
h vertex. We remove this blo
k and


ontinue until either we �nd an end{blo
k whi
h is not bad or we get an
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empty graph. If we �nd a blo
k whi
h is not bad, we use the way suggested

by proofs of Theorem 2, Theorem 3 or Theorem 4 to 
olour it. Hen
e, we

may 
on
lude:

Corollary 1 There exists a polynomial{time algorithm whi
h for given a bal-

an
ed list 
hannel assignment problem either �nds a proper assignment or

de
ides that a proper assignment does not exist.

4.1 Channel Assignment Problem

Theorem 5 provides Brooks theorem also for the 
hannel assignment prob-

lem when applied to the lists whi
h all are equal to [1;�

w

(G)℄ where G

is a given graph and w is a weight fun
tion on the edges of G; note that

if there is v in G su
h that deg

w

(v) < �

w

(G) and G is 
onne
ted, then

�

w

(G) � �

w

(G) as proved in [9, 11, 12℄ (this also follows from Theorem 1).

Thus we immediately get from Theorem 5 the following:

Theorem 6 Let G be a 
onne
ted graph and let w be a fun
tion whi
h

assigns to the edges of G positive weights. If �

w

(G) = �

w

(G) + 1, then

the weighted degree of ea
h vertex of G is equal to �

w

(G) and one of the

following holds:

� G is an odd 
y
le and all its edges have the same weights.

� G is a 
omplete graph and all its edges have the same weights.

� G is a Gallai tree with at least two blo
ks.

There are really Gallai trees su
h that �

w

(G) = �

w

(G) + 1 as shown

stated in the following:

Proposition 5 There exists a 
onne
ted graph G and a fun
tion w whi
h

assigns to the edges of G positive weights su
h that �

w

(G) = �

w

(G) + 1

and G is not 2{
onne
ted.

Proof: Let 1 � a < b and 2 � n be �xed integers. Let G

i

be a 
omplete

graph on n+ 1 verti
es and let v

i

be one of its verti
es for 1 � i � n. We

assign the edges of G

i

whi
h are not adja
ent to v

i

weights b and the edges

whi
h are adja
ent to v

i

weights a. We further form a 
omplete graph on the

verti
es v

1

; : : : ; v

n

and we assign the edges of this graph the weights equal

to b� a. It is easy to 
he
k that the weighted degree of ea
h of the verti
es

15



is equal to a + (n � 1)b and the minimal span of a 
hannel assignment of

it is a + (n � 1)b + 1 by Theorem 5 (we use it for the set [1; a + (n � 1)b℄

assigned to all the verti
es).

We remark that the 
onstru
tion of Proposition 5 
an be extended to

Gallai trees whose some blo
ks are odd 
y
les and whose stru
ture is more


omplex.
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