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Abstract

A list channel assignment problem is a triple (G, L, w) where G
is a graph, L is a function assigning vertices of G lists of integers
(colours) and w is a function assigning edges of G positive integers
(weights). A colouring c of the vertices of G is proper if ¢(v) € L(v) for
each vertex v and |c(u) — c(v)| > w(uwv) for each edge uv. A weighted
degree deg,, (v) of a vertex v is the sum of the weights of the edges
incident with v. If G is connected, |L(v)| > deg,, (v) for at least one v
and |L(v)| > deg,, (v) for all v, then a proper colouring always exists.
A list channel assignment problem is balanced if |L(v)| = deg,, (v) for
all v. We characterize all balanced list channel assignment problems
(G, L, w) which admits a proper colouring.
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1 Introduction

We study a common generalization of colouring, list-colouring, and channel
assignment problem which is called a list channel assignment problem in
this paper. A list channel assignment problem is a triple (G, L,w): G is
a graph, L is a function assigning vertices of G sets of positive integers, i.e.
L:V(G) — 2" and w is a function assigning edges of G' positive integers,
ie. w: E(G) = N. An assignment ¢ : V(G) — N of colours to the vertices
of G is proper if c(v) € L(v) for each v € V(G) and |c(u) — ¢(v)| > w(uwv) for
each uv € E(G). A weighted degree deg,,(v) of a vertex v of G is the sum
of the weights of the edges incident with v; the maximum weighted degree
A, (G) is the largest deg,, (v) where v € V(G). If w(e) = 1for all e € E(G),
then the problem becomes a list-colouring problem [7, 14]. If L(v) = N,
then the problem becomes a channel assignment problem [10]. In the latter
case, we define x,,(G) to be the smallest number for which there is a proper
assignment ¢ such that 1 < ¢(v) < x(G) for allv € V(G). If both w(e) =1
for all e € E(G) and L(v) = N, then the problem becomes just an ordinary
colouring problem for a graph G; note that x(G) = xw(G) in this case. A
list channel assignment problem can be interpreted as follows: The vertices
of G are transmitters, L(v) is a set of frequencies which can be assigned
to a vertex v and w(uv) correspond to interference between transmitters u
and v (the minimal distance between frequencies assigned to u and v).

Some theorems for ordinary colourings, list—colourings or channel as-
signment problems may be (naturally) extended to list channel assignment
problems and others cannot: A (weighted) graph is called k-degenerated
if each its induced subgraph contains a vertex of (weighted) degree at
most k. If |L(v)] > k + 1 for each v € V(G) and w(e) = 1 for each
e € E(G), then there exists a proper colouring. This can be reformulated
using terminology of [7, 14]: Each k—degenerated graph is (k+ 1)—choosable,
i.e. it admits a proper assignment for any lists such that |L(v)] > k + 1
for all v € V(G). If we remove the condition w(e) = 1, the conclu-
sion becomes false — consider the following channel assignment problem:
V(G) = {Uz|]. <1< 5}U {Uij|]. <1<y < 5}, E(G) = {Ui’Uj|]. <i<j <
5} U {vvij,vv55|1 <@ < j <5}, L(v) ={1,2,3,4,5} for all v, w(v;v;) =1
for 1 <i < j <5 and w(vivij) = w(vjuyy) =2 for 1 < i < j <5 Note
that G is weighted 4-degenerated, but (G, L, w) does not admit a proper
assignment.

In the shade of the previous paragraph, it might be surprising that if
|L(v)| = deg,,(v) for each v € V(G) and |L(v)| > deg,, (v) for at least one



v € V(G), then (G, L,w) admits a proper assignment (Theorem 1). This
is a counterpart of a well-known inequality x(G) < A(G) + 1 where x(G)
is the chromatic number of G and A(G) is the maximum degree of G; the
inequality x.,(G) < Ay (G)+1 for the channel assignment problem has been
recently proved by McDiarmid in [9, 11, 12]. We state and prove an analogue
of Brooks theorem for list channel assignment problem in this paper. Brooks
theorem for ordinary colourings is proved in [3, 8], for choosability in [4, 15],
for list—colourings in [1, 2, 4] and for list—colourings with separation in [6].
Brooks theorem for channel assignment problem was stated as an open
problem in [10].

A list channel assignment problem is balanced if L(v) = deg,(v). We
characterize all balanced list channel assignment problems which admits
a proper assignment (Theorem 5). In particular, we prove that a balanced
list channel assignment problem (G, L, w) admits a proper assignment if G
is 2—connected graph and it is neither a complete graph nor an odd cycle
(for missing definitions see Subsection 1.1).

We first describe in Section 1 a greedy algorithm which was previously
used for channel assignment problems by McDiarmid [9, 11, 12]. Then we
prove Brooks theorem for list channel assignment problems (G, L, w) where
G is a 2—connected graph in Section 3: distinct theorems for odd cycles (The-
orem 3), complete graphs (Theorem 4) and remaining 2—connected graphs
(Theorem 2) are stated. We prove the main theorem, Brooks theorem for
list channel assignment problem, in Section 4 (Theorem 5). Brooks theorem
for channel assignment problem and previously known Brooks theorems for
other problems mentioned earlier can be easily derived from Theorem 5.
Our results suggest a polynomial algorithm (Corollary 1) which given a bal-
anced list channel assignment either outputs a proper assignment or states
its non—existence. We devote Subsection 4.1 for corollaries of Theorem 5 to
the channel assignment problem. We state that if x,,(G) = A, (G) + 1 and
G is connected, then G is a Gallai tree in Theorem 6; there are really such
Gallai trees as stated in Proposition 5.

1.1 Notation

We often deal with sets of integers in the paper; we write [a, b] for an interval
of integers between a and b (inclusively). We write G — v for the graph
obtained from G by deleting the vertex v together with the edges incident
with v. We use standard graph notation throughout the paper and we refer
a reader to any book about graph theory if necessary; we briefly recall some



less known definitions: A graph with at least k4 1 vertices is k—connected if
it remains connected after removal of any k£ — 1 or less vertices. A block of
graph is a maximal (in edge—inclusion) subgraph which is 2—connected. A
graph whose blocks are complete graphs and odd cycles is a Gallai forest;
Gallai forests form an important class of graphs related to colourings of
graphs as showed in [5].

2 Greedy Algorithm

The following greedy algorithm has been previously used by McDiarmid
[9, 11, 12] to prove an upper bound for the span of channel assignment
problems:

Algorithm 1

Input: ordering of the vertices v_1,...,v_n
edge-weight function w
lists of colours L[1],...,L[n]

Output: assignment c of the colours to the vertices

colour := minimum colour in L[il’s
maxcol := maximum colour in L[i]’s
while colour <= maxcol do
for i := 1 to n do
if v_i is not coloured and colour is in L[i] then
if for all neighbours v_j of v_i which are coloured holds
| clv_j]l - colour | >=w ( v_i, v_j ) then
c[v_i] := colour
fi
fi
colour := colour + 1
done

We first state two propositions about Algorithm 1 which are straight-
forward to prove:

Proposition 1 If Algorithm 1 assigns colours to all the vertices, then the 0b-
tained assignment is proper.

Proposition 2 The vertex v of G does not get a colour k € L(v) when
applied Algorithm 1 if and only if the colour k is assigned to a neighbour of



v preceding v in the ordering or a colour k' < k is assigned to a neighbour
v' of v such that k — k' < w(vv").

We prove the list channel assignment counterpart of the well-known
inequality x(G) < A(G) + 1L

Theorem 1 Let (G, L,w) be a list channel assignment problem. If |L(v)| >
deg,,(v) for each v € V(G), the inequality is strict for at least one vertex
and G is connected, then (G, L,w) admits a proper assignment.

Proof: Let vy,...,v, be an ordering of the vertices of G such that |L(v,)| >
deg,,(v,) and for each vertex v;,i < n there is j > ¢ such that v; and
v; are adjacent; such an ordering can be obtained as a post—ordering of
the vertices produced by a depth—first search algorithm started in v,. We
prove that each vertex gets a colour when we apply Algorithm 1 to this
ordering (this is sufficient due to Proposition 1). Let v; be a fixed vertex of
G. Each neighbour u preceding v; can prevent assigning a colour to v; at
most w(v;u) times and each neighbour u following v; can prevent v; from
assigning a colour at most w(v;u) — 1 times by Proposition 2; this together
with a choice of the ordering implies that each vertex gets a colour.

|

One can immediately generalize the usage of Proposition 2 in the previ-
ous proof and state the following:

Proposition 3 Let us apply Algorithm 1 to a list channel assignment prob-
lem (G,L,w) with the ordering vi,...,v, of its vertices. If v; has not
been assigned a colour, then L(v;) is a subset of the union of intervals
[c(vj),c(vj) + w(vjv;) — 1] where vj is a coloured neighbour of v; preced-
ing v; (i.e., j < 1) and intervals [c(vj) + 1, c(vj) + w(vjv;) — 1] where v; is
a coloured neighbour of v; following v; (i.e., j > 1).

We formulate Proposition 3 also for special case when (G, L, w) is bal-
anced:

Proposition 4 Let us apply Algorithm 1 to a balanced list channel assign-
ment problem (G, L,w) with the ordering vy, ..., v, of its vertices such that
for each vertexr v;, 1 <4 < n —1, there is j > i such that v; and v; are



adjacent. Then the vertices vi,...,v,_1 has been assigned colours. If v,
has not been coloured, then:

L(Un) = U [C(Ui)v C(Uz') + ’I.U(Ui’l)n) - 1]7

viv, EE(G)

where the intervals in the above union are disjoint.

3 2—connected Graphs

Lemma 1 Let (G, L,w) be a balanced list channel assignment problem. If G
is 2-connected and min|J, ¢y (q) L(v) or maxU,cy () L(v) is not contained
in all the lists, then (G, L,w) admits a proper assignment.

Proof: We first deal with the case that the minimum colour is not con-
tained in all the lists. Let cp, = minlJ, ¢y (g) L(v). Since G is connected
there exist adjacent vertices v; and v, such that ¢, € L(v1) and ¢, & L(vy,).-
Let vy,...,v, be any ordering of the vertices of G such for each vertex
v3,© < n there is j > ¢ such that v; and v; are adjacent; such an ordering
can be a post—ordering of the vertices produced by a depth—first search al-
gorithm applied to G — v; started in v,. Let us apply Algorithm 1. Each
vertex (with a possible exception for v,,) has been assigned a colour due to
Proposition 4. If v,, has not been assigned a colour, then the fact that the
colour of vy is ¢, and ¢,;, & L(v,,) yield contradiction due to Proposition 4.

The case that the maximum colour is not contained in all the lists can
be dealt as follows: Let L'(v) = {M — k|k € L(v)} for sufficiently large
M; then (G, L', w) has a proper assignment ¢’ since the minimum colour is
not contained in all the lists. The mapping c(v) = M — ¢'(v) is a proper
assignment of (G, L, w).

|

The following lemma can be found in [13] (Lemma 1.15):

Lemma 2 Every 2-connected graph G which is neither a cycle nor a com-
plete graph contains vertices x, y and z such that x and y are neighbours of
z, the vertices x and y are non-adjacent, and G — ¢ — y is connected.

Theorem 2 Let (G, L,w) be a balanced list channel assignment problem.
If G is 2—connected and it is neither an odd cycle nor a complete graph,
then (G, L,w) admits a proper assignment.



Proof: Let ¢c; = min{J,cy (g L(v) and ¢ = max,cy g L(v). If ¢ or
c2 is not contained in all the lists, we apply Lemma 1.

Suppose here that G is an even cycle. Let vq,...,vs, be the vertices
of the cycle and let c(v;) = ¢; for odd i and c(v;) = c2 for even i. The
assignment c is proper due to the following;:

le(vi)—c(vig1)] = ca—c1 > |L(v;)|—1 = w(vi—1v;) +w(v;vig1)—1 > w(v;vip1).

We deal with the case that G is not a cycle in this paragraph. Let z, y
and z be three vertices with the properties of the statement of Lemma 2. Let
Z,Y,U3,...,Uy_1,V, = 2 be any ordering of the vertices of G such for each
vertex v;,3 < ¢ < n there is j > ¢ such that v; and v; are adjacent; such
an ordering can be obtained as a post—ordering of the vertices produced
by a depth—first search algorithm applied to G — ¢ — y started in v, =
z. Let us apply Algorithm 1; this yields a partial assignment c¢. Each
vertex (with a possible exception for v,) has been assigned a colour due
to Proposition 4. If v,, = z has not been assigned a colour, then L(v,) =
Usio, em()le(vi), c(vi) +w(vivy) — 1] and the intervals in the union have to
be disjoint by Proposition 4. But this is impossible, since c¢(z) = c(y) = ¢;1.

|

3.1 Colouring Odd Cycles

We assume throughout this subsection that (G, L, w) is a balanced list chan-
nel assignment problem such that G is an odd cycle and {c1,c2} C L(v) for
all v € V(G) where ¢c1 = min{J,cy (g L(v) and ¢z = maxJ,cy (g L(v);
note that co — ¢1 > w(e) for each edge e € E(G).

Lemma 3 Suppose that (G, L,w) does not admit a proper list assignment.
Then, for each its vertex v incident with edges e; and es holds one of the fol-
lowing:

| e, +w(er) — 1)U [ea — wler) + 1, ¢, if wley) = w(e2)
L{v) = { [e1, ca], otherwise.

Proof: Suppose that the claim is false. Let v be a vertex adjacent to
the edges e; and e; which does not satisfy none of the above cases, in
particular L(v) is not an interval. Let us assume w(e;) < w(ez). If co —
w(ez) < ¢1 +w(ey), then we get that w(e;) + w(ez) = c2 —c; — 1 and L(v)



is an interval. We prove that there is k& € L(v) such that ¢; + w(e;) < k <
co —w(ez) or ¢; +w(e2) < k < ¢ —w(ey). If there is no such k, then
L(v) C[e1,01 +w(er) —1JU ez —w(ez) + 1, ¢2] and L(v) C [e1,c1 +w(e2) —
1] U [c2 — w(er) + 1,¢2]. This implies the following inclusion:

L(v) C [e1,c1+w(er) —1]U[ca —w(e2) +1, c1 +w(ez) —1]U[ca —w(e1) +1, cz].

The middle interval in the union above might be empty. From the above
inclusion one gets easily that |L(v)| < w(e1) + w(ez) — 1 which contradicts
that (G, L,w) is balanced.

Let k be such that ¢; + w(e1) < k < ca —w(ez) or ¢ + w(ez) <k <
cz—w(e1). Then we can assign to the vertices of G except for v alternatively
colours ¢; and ¢y and to the vertex v the colour k. The above inequalities
assure that one of the two possible alternating assignments is proper.

|

Theorem 3 A list channel assignment problem (G, L,w) does not have
a proper assignment if and only if there exist integers 1 < a <b and 1 <k
such that one of the following holds for each vertex v:

(a) The vertex v is adjacent to two edges with weights a and L(v) =
[k, k+a—-1Uk+bk+a+b—1].

(b) The vertex v is adjacent to two edges of different weights a and b (thus
a < b in this case) and L(v) = [k, k+a+b—1].

Proof: If (G,L,w) does not admit a proper assignment, then it is of
the form described in the statement due to Lemma 3: Let a be the weight
of the lightest edge, £ minimum colour contained in all the lists (cf. Lemma
1) and &' the maximum one; let b = k' —k—a+1. If a vertex is incident with
two edges of weights a, its list is a disjoint union of two intervals of length a
by Lemma 3 and due to choice of a and b of the form described in (a). On
the other hand, if a vertex is incident with an edge of weight a and an edge
of another weight, its list have to be an interval [k, k'] = [k,k+a+b—1] and
thus the weight of its other edge is b by Lemma 3. The other end-vertex
of the edge of weight b cannot be incident with another edge of weight b,
thus its list has to be an interval [k, k'] and the weight of the other edge
(distinct from that with weight b) is a. In this fashion, one can prove that
each vertex of the cycle is incident with an edge of weight a and the lists of
the vertices are of the form described in the statement of the theorem.



Next, we prove the list channel assignment problems of the form de-
scribed in the statement of the theorem do not admit proper assignments.
We say a vertex has been assigned a low colour if its colour is in [k, k+a—1]
and it has been assigned a high colour if its colour is in [k +b,k+a+b—1].
Each vertex must be assigned either a low or a high colour (a vertex incident
with an edge with weight b cannot be assigned colour in [k + a,k + b — 1]
since this would disable colouring the other end of such edge because of
a < b) and no two adjacent vertices can be assigned both either low or high
colours (the weight of each edge is at least a). This together with the fact
that G is an odd cycle proves the theorem.

|

3.2 Colouring Complete Graphs

We assume throughout this subsection that (G, L, w) is a balanced list chan-
nel assignment problem such that G is a complete graph.

Lemma 4 Suppose that (G, L,w) does not admit a proper assignment. Let
V1,...,Un be an ordering of the vertices of G and c the assignment obtained
by Algorithm 1 run to the sequence vy, ..., v, (this assigns all vertices except
for v, colours due to Proposition 3). The following holds:

(a) c(v1) < -+ < c(vn-1);

(6) UL e(vy), clvy) + wlvju) — 1] = {klk € L(vi) Ak < c(vi)} for all
2<i<n-1;

(c) L(vn) = Ulgign_l[c(vi)vc(vi) + w(vivn) — 1].

Proof: Let k; be the least colour contained in any of the lists; by Lemma 1,
ki is contained in all the lists. If there is 2 > 1 such that [k1, k1 + w(viv;) —
1] € L(v;), then Algorithm 1 applied to the sequence vy, ..., Vi—1,Vit1,.-.,Un, ¥;
yields a proper assignment due to Proposition 4 (partitioning described in
it cannot exists since [k1, k1 + w(v1v;) — 1] € L(v;) and c(v1) = kq).
Let k2 be the least colour contained in the following set:

n

U (L(’Ui) \ [kl, ki + w(vlv,-) — 1])

=2



The colour ks is the second (according to the time) colour assigned to a ver-
tex of G by Algorithm 1 run to the sequence vy,...,v,. We prove that
ky € L(’Uz) \ [kl,kl + ’I.U(Ul’Uz) — 1] and [kz,kz + w(vzvi) — ].] - L(Ui) \
[k1, k1 +w(vivy) — 1] for ¢ > 3: If ko & L(v2) \ [k1, k1 + w(viv2) — 1], we ap-
ply Algorithm 1 to the sequence vy, vs,...,v,,v2 and we get a colouring of
(G, L, w) since the partitioning described in Proposition 4 cannot exist be-
cause there is a vertex with a colour ks and ks & L(v2)\[k1, k1 +w(vivz)—1].
Thus Algorithm 1 assigns colour ks to wy. If there is ¢ > 3 such that
[k2, k2 + w(vav;) — 1] € L(v;) \ [k1, k1 + w(viv;) — 1], then we apply Al-
gorithm 1 to the sequence vy,...,v;—1,%i41,-..,Vn,V;, we get a colouring
of (G,L,w) by Proposition 4 (partitioning described in it cannot exists
since [k2, ke + w(vov;) — 1] € L(v;) \ [k1, k1 + w(viv;) — 1], ¢(v1) = k1 and
c(v2) = ko). Hence, [ks, k2 + w(vav;) — 1] C L(v;) for all ¢ > 3.

Let k3 be the third (according to the time) colour assigned to a vertex of
G by Algorithm 1 run to the sequence vy, ...,v,. Then the following holds
(for i > 4):

ks € L(’U3) \ ([kl,kl + ’I.U(U1U3) — ].] U [k2,k2 + 'LU(U2U3) — ].])

[k3, k3+w(v3vi)—1] S L(Ui)\([kl, k1 + ’I.U(’Ul’Ui) — ].] U [kz, ko + ’LU(UQ’Ui) — 1])

The argumentation is essentially the same as in the previous paragraph: If
the above is not the case, then we apply Algorithm 1 to the sequence vy, vs,
V4, ..., Up, vs (if the first is false) or v1,...,vi_1,Vit1,Vn,v; (if the latter is
false) and we get a proper assignment. We conclude that Algorithm 1 assigns
colour k3 to v3. We can continue in this fashion and we find kq,...,kn_1
the colours assigned to vy, ...,vp—1.
Finally, the claim (a) follows from k; < ks < -+ < ky—1. The claim (b)
is established by inclusions [k1, k1 + w(viv2)] C L(vs), [k1, k1 + w(vivs)] U
[k2, k2 + w(vavs)] C L(vs), etc.; the claim (c) follows also from these inclu-
sions (or from Proposition 4, t0o).
|

Lemma 5 Suppose that (G, L,w) does not admit a proper assignment. If
a vertex v is adjacent to at least two edges of different weights, then L(v) is
an interval.

Proof: Let v be a fixed vertex of G and k the smallest number of L(v).
Let a be the minimum weight of an edge adjacent to v and b the maximum

10



weight of an edge adjacent to v. Consider an ordering O = vq,...,v, of
the vertices of G such that v, = v, w(vp—2v,) = a and w(vy—1v,) = b;
let w; = w(vw) for 1 < ¢ < n —1. We prove by induction on 7 that
[k,k + w1 + -+ w; — 1] C L(v) and then since (G, L,w) is balanced, we
get that L(v) is an interval.

If i = 1, it is enough to apply Lemma 4 to the above sequence of the ver-
tices of G. Let us suppose i > 1. Suppose first that w; ; < b. If we apply
Lemma 4 to the sequence vi,...,U;i—2,Up—1,Ui—1,Viy--.,Un—2,Upn, We get
that K4+ w1 +---+w;—1 € L(v) since [k, k+wy +---+w;—1 —1] C L(v) and
w;_1 < b; this is because [k, k+w; +---4+w;—; —1] C L(v) and L(v) can be
covered by intervals of length wq,wa, ..., w;_ 2, w,_1 = b,w;_1,W;, ..., Wy_2
which follow one after another. If we apply Lemma 4 to the ordering O,
then we get [k, k + wy + --+ + w; — 1] C L(v) since Algorithm 1 applied to
the ordering O colours v; by & +w; + -+ + w;—_1.

We deal with the remaining case w;—_; = b in this paragraph. We first
prove that k4w +---+w;_; € L(v): Let us apply Lemma 4 to the sequence

Vlyenoy Vim0, Un—2,Vi 1,V ..., Un_3, Un_1, Uy and then realize that [k, k +
wy + - +wi—1 — 1] € L(v), wp—2 < b = w;—1 and L(v) can be covered
by intervals of length wy,ws,...,wi—2, Wp—2 = @, Wi—1, Wi, ..., Wp—3,Wp_1

which follow one after another. Next, we apply Lemma 4 to the ordering O,
and we conclude that [k, k + w; 4+ -+ + w; — 1] C L(v); the argumentation
is like in the previous case.

|

Theorem 4 A list channel assignment problem (G, L,w) with the vertex
set V(GQ) equal to {v1,...,v,} does not admit a proper assignment if and
only if one of the following holds:

(a) There exist integers 1 < a and 1 < k; < --- < kp—1 such that k; +a <
kir1 for 1 < i < n—2, wle) = a for all e € E(G) and L(v;)
Uicjcn_1lkj, kj +a—1] for all1 <i <n.

(b) There exist integers 1 < a < b and 1 < k such that w(v;v;) = b for1l <
i,j <n—1,w(vv,) =aforl <i<n—1, L(v;) = [k, k+b(n—2)+a—1]
for 1 <i<n—1and L(vn) = Up<jcn_olk +bj,k+bj+a—1].

Proof: None of list channel assignment problems described in the state-
ment admit a proper assignment. We prove that they are the only ones.
We distinguish several cases:

11



e The weights of all the edges are the same. Let a be the common
weight of all the edges. It is enough to prove that L(v;) = L(v;) for
all 1 <i4,57 < n by Lemma 4. Let us assume the opposite; we may
suppose that L(v,—1) # L(vy). Let k be the colour assigned to v, —1
by Algorithm 1 applied to the sequence vy, ...,v,. Then by Lemma 4:

{ili € L(vp—1)Ni < 6} = {i]i € L(vp)Ai < k} and [k, k+a—1] C L(vy,).

If we apply Lemma 4 to the sequence vy,...,v,_2,Vn, Uy_1, We get
[£,k 4+ a—1] C L(vp—1). This implies that L(vy—1) = L(vy,).

o All the lists are intervals. We claim that the weights of the edges
are the same (which was dealt in the first case). Otherwise, there
exists a vertex which is adjacent to two edges of different weights. We
may assume that v; is such a vertex and the edge vyvs is the edge
with the largest weight incident with v; and vivs is the edge with
the smallest weight incident with v;. If we apply Algorithm 1 to
the sequence vy, ..., v,, we get an assignment such that c(vs) < c(vz)
which is contradicted by Lemma 4.

e There exist edges of different weights and a vertex whose
list is not an interval. Let k& be the smallest colour in the lists;
then £ is contained in all the lists by Lemma 1. Let v, be a vertex
such that L(v,) is not an interval. The edges incident with v,, have
the same weight by Lemma 5; let a be their common weight. We
first prove that the weight of any other edge is at least a. Suppose
the opposite and assume that w(vivs) < a (note that then L(vs) is
an interval by Lemma 5). If we apply Algorithm 1 to the sequence
U1,Vn,V2,...,Vn_1, We get an assignment such that c(vs) < c(vy,)
which is impossible due to Lemma 4. Thus the weight of any edge in
the graph is at least a. Let b be further the largest weight of an edge;
we may assume that w(vivs) = b. Note that a < b since there are
edges of different weights and thus both L(v;) and L(v;) are intervals.

Lemma 4 applied to the sequence vy, ve,...,v, gives (since the al-
gorithm assigns the colour k£ to v; and k + w(vive) = k + b to vs)
that L(v,) N[k, k+b] = [k, k +a — 1] U {k + b}. If there is an edge
e = zy such that a < w(e) < b where neither z nor y is v,, then
Algorithm 1 applied to the sequence z,y,...,v, assigns z the colour
k and y the colour k + w(e) (note that L(y) has to be an interval
by Lemma 5) due to Lemma 4; but then due to the same lemma,
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k + w(e) € L(v,) which is false (note that k + a < k+ w(e) < k + b).
Thus the weights of all the edges which are not incident with v,, are
b. Lemma 4 applied to the sequence v1,...,0;—1,Vif1,-+,VUn—1,V;, U
gives together with Lemma 5 that L(v;) = [k, k+ (n —2)b+a—1] and

L(v,

) = Uo<i<n—olk +bi,k +bi+a—1].

4 Brooks Theorem for List Channel Assign-
ment Problem

We prove that the only bad list channel assignment problems can be ob-
tained by pasting bad odd cycles and bad complete graphs with disjoint

lists:

Theorem 5 A balanced list channel assignment problem (G, L, w) does not
admit a proper assignment if and only if G is a Gallai forest whose blocks

are Gq,...

G and there exist L; : V(G;) — 2V for 1 < i < m with

the following properties:

o L(v) is a union of L;i(v) for i such that v € G; and L;i(v) N Lj(v) =0
fori #j.

o Let w; be the weight function w restricted to the edges of G;. Then
(Gi, Li,w;) is balanced and it is one of the following three types:

(a)

(b)

G; is an odd cycle and there exists integers 1 < a < b and k such
that each vertex v of G; is either incident with two edges with
the weights a in (G, Li, w;) and L;(v) = [k, k+a—1]U[k+ b, k+
a+b—1] or v is incident with an edge with weight a and an edge
with weight b and L;(v) = [k, k +a+b—1].

G; is a complete graph with n vertices. There exist integers 1 < a
and 1 < ky < ... < kp_1 such that kj +a < kj4q for 1 < j <
n—2, wi(e) = a foralle € E(G;) and Li(v) = U, <jcp, 1 [kji ki +
a — 1] for any v € V(G). T

G; is a complete graph with n vertices. There exist integers 1 <
a<b, 1<k and a vertexv € V(G;) such that w;(e) =b for any
edge e of G; which is not incident with v, w;(e) = a for any edge
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e of G; incident with v, the list L;(u) = [k, k+b(n—2)+a—1] for
any u € V(G),u # v, and L(v) = U< ;<,, o[k +bi,k+bi+a—1].

Proof: It is enough to prove the theorem for connected graphs. The proof
proceeds by induction on the number of blocks. If G' has just one block,
then the proof immediately follows from Theorems 2—4.

Suppose G has at least two blocks. Let G; be one of its end—blocks, v
the cut vertex separating G; from the rest of G and G’ be the rest of G
including v. Let L; (resp. L') be the function L restricted to G (resp. G')
except for v and w; (resp. w') be the function w restricted to the edges
of G (resp. G'). Let Uy (resp. U') be the largest set of colours such that
the list channel assignment problem (G1,Li,w;) (resp. (G',L',w')) with
Li(v) = U (resp. L'(v) = U') does not admit a proper assignment. Note
that |U;| < deg,,, (v) and |U'| < deg,, (v) due to Theorem 1 and the sets U
and U’ are uniquely determined (they are simply the sets of those colours
such that when assigned to v, there is no proper extension to the rest of
the graph). Thus for any k£ € L(v)\U; (resp. k € L(v)\U') there is a proper
assignment of (G, L1, w1) (resp. (G, L',w')) such that the colour of v is k.

If there is k such that £ € L(v) \ (U1 UU'), we can assign to v the colour
k and extend this to a proper assignment of G; and G’ and thus also of G. If
(G, L,w) does not admit a proper assignment, then |U;| = deg,, (v), |U'| =
deg, (v) and L(v) = U; UU' (equality is because (G, L, w) is balanced). In
such case, (G1, L1, w1) has to be either an odd cycle described in (a) due to
Theorem 3 or a complete graph described in (b) or (c) due to Theorem 4.
The channel assignment problem (G’, L', w’) is of the desired form due to
the induction hypothesis.

On the other hand, if (G1, L1,w;) is a “bad” cycle or a “bad” complete
graph and (G',L',w') is the union of “bad” cycles and complete graphs
described in the statement of the theorem, then (G, L, w) does not admit a
proper assignment.

|

Note that the proof of Theorem 5 suggests an algorithm for recognizing
balanced channel assignment problems which admit proper assignments:
We take an end-block of the given graph and we consider one of its vertices
which is not a cut vertex; this vertex together with the weights of the
edges of that block determines type of a bad graph (if it is bad) and the
corresponding lists of colours at each vertex. We remove this block and
continue until either we find an end-block which is not bad or we get an
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empty graph. If we find a block which is not bad, we use the way suggested
by proofs of Theorem 2, Theorem 3 or Theorem 4 to colour it. Hence, we
may conclude:

Corollary 1 There exists a polynomial-time algorithm which for given a bal-
anced list channel assignment problem either finds a proper assignment or
decides that a proper assignment does not ezist.

4.1 Channel Assignment Problem

Theorem 5 provides Brooks theorem also for the channel assignment prob-
lem when applied to the lists which all are equal to [1,A,(G)] where G
is a given graph and w is a weight function on the edges of G; note that
if there is v in G such that deg, (v) < A,(G) and G is connected, then
Xw(G) < Ay (G) as proved in [9, 11, 12] (this also follows from Theorem 1).
Thus we immediately get from Theorem 5 the following:

Theorem 6 Let G be a connected graph and let w be a function which
assigns to the edges of G positive weights. If x(G) = Ay(G) + 1, then
the weighted degree of each vertex of G is equal to Ay (G) and one of the
following holds:

o (G is an odd cycle and all its edges have the same weights.
o (G is a complete graph and all its edges have the same weights.

e (G is a Gallai tree with at least two blocks.

There are really Gallai trees such that x,(G) = Ay (G) + 1 as shown
stated in the following:

Proposition 5 There erists a connected graph G and a function w which
assigns to the edges of G positive weights such that X, (G) = Ay(G) + 1
and G is not 2-connected.

Proof: Let 1 < a < b and 2 < n be fixed integers. Let G; be a complete
graph on n + 1 vertices and let v; be one of its vertices for 1 < <n. We
assign the edges of G; which are not adjacent to v; weights b and the edges
which are adjacent to v; weights a. We further form a complete graph on the
vertices vy, ..., v, and we assign the edges of this graph the weights equal
to b —a. It is easy to check that the weighted degree of each of the vertices
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is equal to a + (n — 1)b and the minimal span of a channel assignment of
itis a+ (n —1)b+ 1 by Theorem 5 (we use it for the set [1,a + (n — 1)}
assigned to all the vertices).

We remark that the construction of Proposition 5 can be extended to

Gallai trees whose some blocks are odd cycles and whose structure is more
complex.
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