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Abstra
t

It is shown that the 
lass of graphs on proje
tive plane is not M�
lass [de�ned

in [3, 4, 5℄℄ but the 
lass of graphs on torus is M�
lass, i. e. the forbidden minors

for free minor 
losed 
lass of graphs on the torus 
an be found using simpli�ed

formula [without split part℄ in a similar way as in 
ase of planarity, but in the 
ase

of the proje
tive plane 
an't.

Most of de�nitions of the topologi
al graph theory are the same as in [1℄.

Graph is de�ned as a pair of sets (V;E), where V is the set of verti
es and E { the set

of edges. For graph G V(G) is its vertex set and E(G) is its edge set. We denote by G� e

graph obtained by deleting edge e 2 E(G) from G. Similarly, G� v is graph obtained by

deleting vertex v 2 V (G) from G.

G=e is graph obtained by 
ontra
ting edge e 2 E(G) in G. Reverse operation to edge

adding and its 
ontra
tion is the vertex split operation G � u that is not unique. Thus,

if in G by adding and 
ontra
ting e 62 E(G) appears a new vertex u 2 V (G

0

) then there

exists su
h vertex split G

0

� u that we re
eive ba
k previous graph G.

H is subgraph of G (denoting it H � G) if there is su
h a graph H

0

isomorphi
 to H

that V (H

0

) � V (G) and E(H

0

) � E(G).

H is a minor of G (denoting it H � G) if H 
an be obtained performing some edge


ontra
tions in a subgraph of G. It is easy to see that if H � G then H 
an be obtained

from G by vertex deletions, edge deletions and edge 
ontra
tions.

A 
lass of graphs A is 
alled minor 
losed if for ea
h graph H belonging to A and

arbitrary graph G from G � H follows that G is in A.

For a minor 
losed 
lass A, Forb(A) is the minimal set of forbidden minors, i.e.

Forb(A) = bfG j G 62 Ag
:

Here we use a notion bB
 denoting set whi
h 
ontains only minimal minors of B:

bB
 , fG j H 2 B ^H � G) H

�

=

Gg:

Analogously, dBe 
ontains only maximal graphs of B:

dBe , fG j H 2 B ^G � H ) H

�

=

Gg:

Proposition 1. For a minor 
losed 
lass A if G doesn't belong to A there exists su
h

H 2 Forb(A) that H � G and 
onversely.

�
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Theorem 2. (Robertson, Seymour): Forb(A) is �nite for any minor 
losed A.

N

Æ

(B) denotes a minor 
losed 
lass with B as its set of forbidden minors, i.e.

N

Æ

(B) , fG j 8H 2 B : H 6� Gg;

i. e. we may say, that N

Æ

(B) is a minor 
losed 
lass generated by its forbidden minors in

B and Forb(N

Æ

(B)) = B . For example, N

Æ

(K

5

; K

3;3

) is the 
lass of planar graphs, as it

is asserted by Kuratowski theorem.

A planar graph is 
alled free-planar, if after adding an arbitrary edge to it it remains

planar. In [4℄ it is proved, that the 
lass of free-planar graphs is equal to N

Æ

(K

�

5

; K

�

3;3

),

and its 
hara
terization in terms of the permitted 3-
onne
ted 
omponents is given.

In [3℄ a generalization of the notion of free-planar graphs is suggested. We denote by

Free(A) the 
lass of graphs that 
onsists of all graphs whi
h should belong to A after

adding an arbitrary edge to them. It is easy to see, that if A is minor 
losed Free(A) is

minor 
losed too [3℄. Be
ause of this we use to say, that Free(A) is free-minor-
losed-
lass

for a minor 
losed 
lass A.

In [3℄ Krato
hv��l proved the following theorem:

Theorem 3.

Forb(Free(A)) = bForb(A)

�

[ Forb(A)

�


;

where

B

�

, fG� e j G 2 B; e 2 E(G)g

and

B

�

, fH j H

�

=

G� v;G 2 B; v 2 V (G)g:

Further, we denote by Free

k

(A) repeatedly applied Free k times, i.e.

Free

0

(A) = A;

Free

k

(A) = Free(Free

k�1

(A)).

Let for a minor 
losed 
lass A Free

m

(A) do not 
onsist of only empty graphs but

Free

m+1

(A) do, then we say that A is of depth m.

In the graph G a vertex split G� v for v 2 V (G) is 
alled proper if both new verti
es

arising in the result of the split are of the degree at least two. Otherwise the vertex split

is 
alled non-proper.

Theorem 6 in [5℄ 
an be simpli�ed.

Theorem 4. Let a 
lass A be of depth m. If there holds

Forb(Free(A)) = bForb(A)

�




then there holds also

Forb(Free

k

(A)) = bForb(Free

k�1

(A))

�




for k = 1; :::; m.

Proof. We must proof that Forb(Free(A)) = bForb(A)

�


 ) Forb(Free(Free(A)) =

bForb(Free(A))

�


 = bForb(A)

=


. Let H 2 Forb(A). Then members of Forb(Free(A))

are minors of fHg

�

and fHg

�

and for the latter part being the proper minors thus

ex
luding them from the set Forb(Free(A)) 
ompletely. Then always H � u has some

minor from fHg

�

and [be
ause arbitrary H � e � u is a minor of H � u in any 
ase℄

H � e� u has a minor from fHg

=

.

2



1

2

3

4

5

6

7

8

9

1

2

3

4'

4"

5

6

7

8

9

Figure 1: Forbidden minor for A

P

F

1

, p.340. [2℄. Splitting vertex 4 we get planar graph

[see �g. 2℄. The only edge that 
an drive it out proje
tive plane is 4

0

4".

The 
lassA is 
alledM-
lass [de�ned similarly as in [5℄℄ ifForb(Free(A) = bForb(A)

�


.

Theorem 4 says that if A of depth m is M�
lass then 
lasses Free

k

(A) are M�
lasses

for all k; 1 � k � m. It is easy to see that the 
lass of planar graphs is M�
lass. In [5℄

an example of M�
lass arti�
ially is 
onstru
ted.

The question is: if 
lass of planar graphs is M�
lass, are graphs on other surfa
es

behaving similarly? Here we give answer to this question in the 
ases of the proje
tive

plane and the torus.

Theorem 5. Let A

P

be 
lass of graphs that are embeddable on the proje
tive plane. The


lass A

P

is not M-
lass.

Proof. Let us see graph H = F

1

2 Forb(A

P

) [2, page 340℄[on �g. 1 left℄. Splitting vertex

4 of H as in �g. 1 right we get graph H

0

whi
h is planar [see �g. 2 without edge 4

0

8℄.

The only possible edge added to H

0

that would drive it outside A

P

would be 4

0

4". Truly,

the only nontrivial 
ase is depi
ted in �g. 2 with edge 4

0

8 added to H

0

. Thus H

0

would

give 
ontribution to Forb(Free(A

P

)) and A

P

is not M�
lass. Besides, H

0

belongs to

Forb(Free(A

P

)).

There are more su
h graphs from Forb(A

P

) whi
h split in su
h a way that it be
omes

planar giving 
ontribution to Forb(Free(A

P

)). See e. g. graph B

7

from [2℄ [p.341℄ on �g.

3 [B

7

split in the way the thi
k line shows gives planar graph depi
ted right where only

edge 1

0

1" gives graph that does not belong to A

P

℄. Similarly behaves graph E

22

see �g. 4.

But not all forbidden minors behave in that way, for example,D

17


an be made planar only

splitting o� an edge, see �g. 5. In all four examples we get samples of Forb(Free(A

P

))

[in last 
ase D

17

with edge o�℄. It is interesting that just the split 
ontribution gives us

planar forbidden minors of Free(A

P

), [ex
ept 
ase D

17

, where D

17

�15 is forbidden minor

for Free(A

P

)℄ .

Let us further dis
uss the 
lass of graphs on the torus. It is easy to see that for every

H 2 A

T

arbitrary H

�

is not planar. Is it right for vertex splits too? Does there exist

H 2 A

T

that for some vertex [v℄ split H � v is planar and in the same time H belongs to

forbidden minors of A

T

? We are going to show that it is not true and that A

T

isM�
lass.

Let A

T

be 
lass of graphs on the torus. Following three propositions are equivalent.

3



1

2

3

4'

4"

5

6

7

8

9

Figure 2: Illustration of the assertion in theorem 5 and �g. 1: F
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Figure 3: Forbidden minor for A

P

B

7

, p.341. [2℄. Splitting vertex 1 we get planar graph.

The only edge that 
an drive it out proje
tive plane is 1

0

1".

.

.

.

.

.

.

.

.

.

1

2

3

4

5

6

7

8

9

9'

9"

Figure 4: Forbidden minor for A

P

E

22

, p.339. [2℄. Splitting vertex 9 we get planar graph.

The only edge that 
an drive it out proje
tive plane is 9

0

9".
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Figure 5: Forbidden minor for A

P

D

17

, p.344. [2℄. The only split to make graph planar

is to split o� an end of an edge joining K

4

, i.e. 15, 26, 37 or 48.

Proposition 6. A

T

is M�
lass.

Proposition 7. Let G 62 A

T

and for arbitrary split of v 2 V (G) G result in G� v = G

0

with two new verti
es v

1

and v

2

and G

0

+v

1

v

2

= G

00

. Then either there is an edge e 2 E(G

0

)

that G

00

� e 62 A

T

or G

0


an be augmented with an edge e 62 E(G

0

) di�ering from v

1

v

2

su
h

that G

0

+ e 62 A

T

.

Proposition 8. Let G 62 A

T

but for every edge e 2 E(G) G� e 2 A

T

and edge f be su
h

that G=f 62 A

T

. Then there is at least one more edge h di�ering from f that G=h 62 A

T

or the edge f is an isthmus.

It is easy to see that 7 follows from 6 immediately.

Assertion 8 is not trivial and the feature expressed by it may be used to build a


ounterexample to the assertion 6 or in 
ase we prove that su
h 
ounterexample does not

exist assertion 6 is proved to be true.

Let us try to build 
ounterexample to assertion 8 or 
ome to the proof that it does

not exist. Thus, we behave as if building the 
ounterexample. Let us take a graph su
h

as in 8 and split some 
hosen vertex into two new verti
es s and t and name this graph

the 
ounterexample (CE) graph whi
h is to disprove the assertion 8.

Let us say that the triple (G; s; t) de�nes a CE graph if:

1) G 2 A

T

and s; t 2 V (G) and st 62 E(G);

2) G+ st 62 A

T

and G+ st=st 62 A

T

;

3) 6 9e 62 E(G) distin
t from st that G+ e 62 A

T

;

4) 6 9e 2 E(G) that G+ st=st� e 62 A

T

and G+ st=st=e 62 A

T

.

If 
onditions 1) - 3) are true for some graph then we 
all su
h graph weak CE graph

for CE graph [satisfying all 
onditions℄ saying that it is strong CE graph.

It is easy to see that if strong CE graph exists then it gives us immediately 
ounterex-

ample to assertion 6. Indeed, if G 2 Forb(A

T

) and for v 2 V (G) some split G� v[= G

0

℄

gives two new verti
es v

1

and v

2

then (G; v

1

; v

2

) de�nes CE graph if and only if G

0

gives


ontribution in Forb(Free(A

T

)), i. e. there doesn't exist H 2 Forb(A

T

) that H

�

� G

0

for arbitrary H

�

.

In pla
e of proposition 8 we are going to prove what follows
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Proposition 9. Let e be edge of G that is not isthmus and E(e) set of edges that are

adja
ent to e. Let G 62 A

T

but for every edge f 2 E(e) G=f 2 A

T

. Then G=e 2 A

T

or G

is a weak CE graph.

We prove this assertion and the fa
t that strong CE graph does not exist in two

theorems 10 and 15.

Theorem 10. Let (G; s; t) de�ne a [possibly weak℄ CE graph. Then either it does not

have subgraph a subdivision of K

3;3

or it is a weak CE graph.

Proof. Let us suppose that there exists in G some subgraph K that is a subdivision of

K

3;3

and let the main verti
es of K be numbered from 1 to 6. Let us suppose that K is


hosen in the way that [as long as possible℄ no lo
al non-trivial bridges are with respe
t

to K.

1) First let us 
onsider the 
ase when there is a bridge Br with respe
t to K that has

a subgraph that is subdivision of some Kuratowski graph.

a) Suppose Br has two atta
hment verti
es to K, say 1 and 4, as depi
ted in �gures

6 and 9.

(i) Let us �rst assume that at least on of them, say 4, is su
h that Br has only one

leg, say 4b, atta
hed to it.

Let us number the main verti
es of K [from 1 to 6℄ and one inner vertex of Br [b℄ as

in �gures �g. 6.

Let us 
onsider di�erent possible embeddings of K + Br on torus. Flipping in three

ways is possible due to 
hanges in rotations of verti
es in K. Firstly, around 14 up down

we 
all trivial 
ipping. Se
ondly, 
ipping 
hains 2::5 and 3::6 from in to out with respe
t

to the 
y
le 1::2::3::4::5::6::1 we 
all non-trivial. Thirdly, 
ipping 
hains 2::5 and 1::4

[together with the bridge Br℄ from in to out with respe
t to the 
y
le 1::2::3::4::5::6::1 we

also 
all non-trivial. Let us divide all possible embedding of K + Br into four subsets

ea
h of whi
h have only these embedding where non-trivial 
ipping are not performed

but from subset to subset we go over by non-trivial 
ipping in K +Br. Let us 
all these

subsets states. Thus we have four states whi
h 
hange one into another by non-trivial


ipping. Let us keep in the mind that the trivial 
ipping give us additional subdivision

of ea
h state into two substates.

Let A, B, C and D be four fa
ial walks in K +Br that 
ontain only basi
 pie
es from

K [as in �gures 6 and 7℄. If a fa
ial walk is not 
losed then we add in the denotation two

points, e.g. for non 
losed fa
ial walk A we write A : . Now 
omes the main observation

of this proof. It is easy to see that the 
ipping in four possible states turn fa
ial walks

in fa
ial walks, only 
hanging 
losed fa
ial walk in non 
losed and vi
e versa [see �gure

6℄. More over, this same is true for substates too ex
ept that fa
ial walk may be a�e
ted

more [see how in �g. 6℄ than simply 
hanging its dire
tion.

Let S be subset of V (G) and F [S℄ set of fa
ial walks on S. Let K

0

be K together with

the edge 1b and the 
hains b::b and 1::1 [en
losing the bridge Br℄. Let F be F [V (K)℄ and

F

0

be F [V (K

0

)℄.

Let us de�ne the visibility graph W [U ℄ where U = S [ F [S℄ and S � V (G) and

whose edges are these pairs of elements whi
h see ea
h other in some �xed state, where

vertex see fa
ial walk if it goes into it and two fa
ial walks see ea
h other if there is

some other fa
ial walk that 
omprise both. The visibility graph de�ned in this way is

non-determinated for a �xed state [in di�erent embeddings of the same state it may be

di�erent℄ but nevertheless it is well de�ned.

6



Lemma 11. Let U be V (K)[F [K℄ and U

0

= V (K

0

)[F [K

0

℄. Then graph W [U ℄ does not


hange by 
ipping between states. The same is true for W [U

0

℄ if 
ipping is from states

f1; 2g to states f3; 4g.

Proof. It is easy to see that the �rst assertion is true. Truly, 
hanges between states

by non-trivial 
ipping does not 
hange fa
ial walks what 
on
erns their 
ontent as sets

of verti
es. But then visibility between verti
es and verti
es and fa
ial walks and fa
ial

walks between themselves is kept also.

In the se
ond 
ase [with K

0

℄ the visibility graph 
hanges only from state 1 to 2 and 3

to 4 where edges with 1::1 and b::b are 
hanging [see �gures 6 and 7℄.

Now, 
onstru
ting CE graph we should de
ide where to put verti
es s and t. We prove

a lemma.

Lemma 12. Let 
hain p be non-lo
al bridge with respe
t to K

0

. Then W [K

0

+p℄ does not


hange by 
ipping [if possible℄ between states.

Proof. The ends of p see ea
h other in all states of 
ipping in W [K

0

+ p℄. Adding p to

K

Br

some �xed fa
e is divided into two new ones in all states in the same way, be
ause by


ippings [if not obstru
ted by the new 
hain℄ fa
ial walks 
hange only their orientation,

not their order otherwise, thus adding p to K

0

the 
ipping between states would not


hange the visibility graph otherwise as in lemma 11.

The following te
hni
al lemma whi
h follows immediately would be useful.

Lemma 13. Vertex on 1::1 sees either A or D in di�erent states but does not see B and

C in any state. Vertex on b::b sees either B or C in di�erent states but does not see A

and D in any state.

Let us 
ontinue with 
onsiderations building CE graph.

Let f be some fa
ial walk in K

0

. Then we say that a vertex v 2 V (G) but v 62 V (K

0

)

is f-fa
ial vertex if there is a bridge B

v

[with respe
t to K

0

℄ with v 2 V (B

v

) but not its

atta
h vertex that B

v

may be embedded in the fa
e with f in its border. From lemma 12

follows that the visibility graph does not 
hange when we add bridge B

v

to K

0

.

We say that the vertex v belongs to U = V (K)[ F [K℄ if it either belongs to V (K) or

it is a f�fa
ial vertex for some fa
ial walk f 2 F [K℄. We say that v is border vertex if it

is on 
hains 1::1 or b::b. We say that v is outside vertex if it is in Br otherwise.

Further we 
onsider 
ases when both s and t are not in lo
al bridges with respe
t to

K +Br.

Let both s and t belong to K [F [K℄. Then at least two of their neighbors from V (G)

should be on the border [in order to be seen and unseen in di�erent states℄. Say, s belongs

to A, then t should belong to B;C or D. But then one neighbor of s, say s

1

, should be

on 1::1 and one, say s

2

, on b::b but then, if t be on B or C then it would not see s

1

, i. e.

the neighbor of s on 1::1, and if t be on D then it would no see s

2

, i. e. the neighbor of s

on b::b, and for the neighbors of t on the border similarly. Possible 
ipping in the bridge

Br 
an not repair the 
ontradi
tion.

Let s belong to K [ F [K℄ and t to border, say, s 2 A or s 2 D and t 2 b::b. Then at

least two neighbors of s should be on the border [be
ause 
ip is needed℄, but two neighbors

of t should be on the border too [be
ause they 
an not be in K [F [K℄ otherwise s would

see them or not see at all without 
ipping℄. But then t would either see all neighbors of s

7



or not see them at all [from lemma 13℄. Possible 
ipping in the bridge Br 
an not repair

the 
ontradi
tion.

Let s belong to K [ F [K℄ and t be outside. But then neighbors of both must be on

the border and previous situation repeats.

Let neither of s or t belong to K [ F [K℄. This 
ase we address to other 
ases taking

the subdivision of Kuratowski graph of Br in pla
e of K.

Let us 
onsider the 
ase when trivial lo
al bridges with respe
t to K are possible.

If both s and t belong to K [F [K℄ then weak CE graph is possible [�g. 8℄. But then

some edge in G

0

= G + st=st is 
ontra
tible that it remains non-toroidal, be
ause that

subdivision of K

5

appears in G

0

where one edge of the rim through six verti
es of the

wheel W

4

around the new vertex is 
ontra
tible.

If a weak CE graph would arise in the same way in some 
ase with K with some

more bridges then similarly some edge whi
h 
ould be 
ontra
tible without loosing the

non-toroidal feature. The following lemma says this.

Lemma 14. Let CE graph (H; s; t) arise. Then it is only a weak CE graph.

Proof. Let 
hains p

s

and p

t


ontain 
orrespondingly s and t and their ends are on K+Br.

Then there exists in K + Br a 
y
le C su
h that 
hains p

s

and p

t

are bridges against C

and C with these 
hains 
omprise subdivision of K

4

with 
hains being its non-adja
ent

edges [be
ause s and t do not see ea
h other C is of length more than four and ends

of 
hains all are distin
t℄. But then there is some edge h on C that G + st=h remains

non-toroidal. Thus, CE graph (H; s; t) is not strong.

(ii) Let us suppose that the blo
k Br both its legs are main verti
es of Kuratowski

graph in it. Then we have the situation whi
h is showed in �gure 9. But here an additional


ipping is possible after whi
h ea
h basi
 pie
e in K

0

sees ea
h other what ex
ludes

possibility to build CE graph. [Besides, in this 
ase ea
h fa
ial walk on the left is not

any more fa
ial walk on the right and visibility graph 
an not be de�ned.℄ But if with

some bridge 
on�gurations this 
ipping is obstru
ted then we return to the previous 
ase

whi
h did not give us a strong CE graph. Contradi
tion.

b) Let Br has more than two atta
h verti
es. Then either 
ipping as before is possible

and the same 
onsiderations as before are right or some 
ipping is prohibited and in

visibility graph edges may only be lost not augmented thus all 
onsiderations are the

same as before. Contradi
tion.

2) Let there is not a single bridge with respe
t to K with Kuratowski graph in it.

Previous 
onsiderations similar as in 
ase 1) b) are right in this 
ase too.

3) Let Br has only of vertex of atta
hment with respe
t to K. This 
ase is by author


onsidered, but here omitted. The 
ase when K and Br are not 
onne
ted is trivial.

All 
ases are 
onsidered. Thus CE graph does not have K

3;3

. Contradi
tion.

Theorem 15. Let (G; s; t) de�ne a CE graph. Then it does not have subgraph subdivision

of K

5

.

Proof. All 
onsiderations as in the previous theorem are the same there.

Case 
orresponding to the 
ase 1) a) (ii) is demonstrated in �g. 10. Contradi
tion.

Maybe all the prove of the theorem 9 may be made mu
h shorter all the impa
t putting

on the lemma 14 without 
onsidering many 
ases as it is here done.
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Figure 6: State 1 [with edges (D; 1::1) and (C; b::b)℄ and state 2 [with edges (A; 1::1) and
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