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ABSTRACT. Information systems and approximable maps introduced
in D. Scott’s pioneering article [12] are well known to constitute a
category equivalent to that of the ABC-domains (algebraic domains
with joins of bounded subsets). We show that a slight generaliza-
tion of information systems allows for similar representations of other
categories of theoretical computer science (continuous lattices, con-
tinuous domains, algebraic lattices, and others). It turns out that the
crucial role is being played by transitive relations < in which a; < b,
i = 1,2, can be simultaneously interpolated to a; < a < b.

In [12], D.Scott introduced the notions of information systems and ap-
proximable maps. This was used as an approach to one of the categories of
domains (algebraic domains with suprema of bounded sets). Usually, due
to the usefulness of the domains, the interest is focused on this aspect of the
theory. It should not be forgotten, however, that the information systems
and approximable maps constitute an interesting structure in its own right.
There are the logical connotations (we have here a fragment of conjunctive
logic; for this, and some extensions, see [1],[3],[4],[8],[9]). Another aspect
is that it is a model of localizing the solution of a task by approximation.
This can be illustrated by the following example. In a space (think, e.g., of
the plane) approximate, or localize, the points by open sets (the smaller the
set is, the better the approximation); a finite system Uy, ..., U, of such ap-
proximations is consistent if (JU; # 0 (that is, if all the U; have a common
refinement, or, in other words, if they can approximate the same point),
and the entailment {Ui,...,U,} F U is given by U; C U (“if we have
approximated a point by the U; we know that it is approximated by U”).
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Then the relations f that are called approximable maps are indeed approx-
imations of maps: because of the condition U fV; = Uf(V1UVs), distinct
values in one argument have to have a common refinement, that is, have to
be able to approximate the same value).

In this paper we analyze the translation between information systems and
the domains of [12] (also see [2]), and show that a natural generalization
yields representations of various other important categories of theoretical
computer science (continuous domains, continuous lattices, algebraic lat-
tices, etc.) in similar vein. The central point is the “local directedness” of
the generalized entailment, that is, the fact that if a - b; for ¢ = 1,2 there
is a b such that a - b and b  b; for both %; it turns out that the desired
representations are obtained by analyzing the structure of ideals in sets with
transitive relations satisfying this condition.

The paper is divided into four sections. The first section contains prelim-
inaries and in the second one a natural extension of the information systems
is discussed. Section 3 is devoted to the locally directed sets, and in the last
Section 4, representations of various categories of domains and lattices are
presented.

1. PRELIMINARIES

1.1. A (binary) relation R is said to be interpolative (resp. strongly
interpolative) if for any a,b such that aRb there is a ¢ such that aRcRb
(resp. aRcRcRbD). Thus, each reflexive relation is strongly interpolative.

1.2. If a directed D in a partially ordered (P, <) has a supremum, we
speak of a directed supremum and write

\f D (or, UD if it is a union of sets).

Thus, using the symbol \/' D (or | J D) we are stating (or making the as-
sumption) that the set D is directed.

The term directed will be also used in connection with transitive relations
that are not necessarily orders. Thus, they will be non-void D’s such that

a,be D = dce D, a,bgec.
In particular, in a directed D C (X, <),
for every a € D there is a b € D such that a < b.
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Note. The importance of the interpolativity and of the directedness in
the context of not necessarily reflexive transitive relations has been recog-
nized in the work of M. Erné. For instance see his representation of special
topologies in [6].

1.3. Let (P, <) be a partially ordered set. An element a is way below b
in P, written a < b, if for any directed D C P, b < \/* D implies that there
is a d € D such that a < d (see, e.g., [7]).

Obviously,

e a<d b <b = a<b and
e aj,a2 Kb = aiVas, whenever a; V as exists.

An element a € P is said to be compact if a < a. The set of all compact
elements of P will be denoted by K(P).

1.4. A poset X is said to be continuous (resp. algebraic) if

Va € X, a:\f{b|b<<a} (resp. a:\f{b|b<<b§a}).
A continuous resp. algebraic domain is a continuous resp. algebraic poset
in which every directed subset has a supremum. Moreover, throughout the
paper,

we will assume it to possess a least element 0.

It is a standard fact that

e in a continuous domain, if ai,as <K b then there is an a such that

a1,02 K a<Kb

so that, in particular,

e in a continuous domain, <K s interpolative.
The category of continuous domains with the maps that preserve the suprema
of directed sets will be denoted by

CDom.

1.5. Let X be a set. The set of all subsets (resp. all finite subsets) of
X will be denoted by PB(X) (resp. Pgn(X)). The set P(X), ordered by
inclusion, is obviously an algebraic lattice, and K(PB (X)) = Bgn(X).

1.6. From category theory only standard notions (morphism, functor,
full embedding, equivalence of categories) are assumed. The reader may
consult [10].
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2. GENERALIZED SCOTT INFORMATION SYSTEMS

2.1. Recall that a Scott information system (see [12]; briefly, S.i.system)
S=(Xs,Cs,s) consists of a set Xg, a subset Cs C Pgn(Xs) (=K(P(Xs)))
and a relation 4sC Cs x Cg such that

(S1) aCbHdcCd = a-d,

(S2) @ Hafor all a, and aj,az 1b = (a3 Uag) 19,
(S3)  is transitive,

(S4) A is reflexive, and

(S5) forallz € X, {z} € C.

(We use the convention that a 4 b automatically indicates that a,b € C;
thus, (S1) includes the assumption that a C b 4 ¢ implies that a € C, and
(S2) also states that if a; 46 then a; Uas € C.)

An approzimable map f : S — T between S.i.systems is a relation f C
Ct x Cg such that

(A1) 010,

(A2) if a;fb,i = 1,2, then (a1 Uas)fb, and

(A3) if a 4a'fb' b then afb.
They are composed as relations and the resulting category is denoted by

SInf.

Note that the relations s are the units 4s: S — S in this category.

Remark. The notation we use is reversed as compared with [12] to have
C (not D) as the background order. Thus, “a entails b” is written “b 4 a”
instead of “a - b".

2.2. Tt is well known (see e.g. [12],[2]) that the category SInf is equiva-
lent with the category of Scott domains (algebraic domains such that each
bounded couple has a supremum). To represent other important categories
of theoretical computer science in a similar manner (for instance, cf. the
representation of continuous lattices in [5] by “inductive systems”) let us
introduce the following notion.

A generalized information system (briefly, g.i.system) S =(Ps,Cs,s)
consists of an algebraic lattice Pg, a subset Cs C K(Ps) and a relation
H45C Cs x Cg such that

(Gl) a<bHdc<d = a-d,
(G2) 0afor all a, and a1,a2 4b = (a3 Vaz) 1b, and
(G3)  is transitive and interpolative.
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An approzimable map f : S — T between g.i.systems is a relation f C

C7 x Cg such that

(A’1) 0f0,

(A’2) if a;fb, i = 1,2, then there is an a such that a; 4 a and afb,

(A’3) ifa 4 a'fborafb 4bthen afb;if afb then there are a’, b’ such that

a-adfv/ Hb.
Approximable maps will be composed as relations and the resulting category
will be denoted by
GInf.

2.3. Observation. Let S,T be Scott information systems. Then the
approrimable maps in the sense of 2.2 coincide with those of 2.1. Conse-
quently, SInf is a full subcategory of GInf.

Proof. If the relations are reflexive then obviously (A’3)=(A3).

If (A’2) holds and aj,as fb consider an a such that a; 4 afb. Then by
(S2) (a1 Uaz) 1afband by (A’3) (a1 U az)fb.

If (A2) holds and a1, a2 fb then by (S4) a; < (a1 Uaz2) 1 (a1 Uaz) and
Qa; - (a1 U a2). O

2.4. Two special conditions. (1) Scott information systems are the
g.i.systems such that P = P(X) for some set X, and that we have (S4) and
(S5). We will see shortly that, up to isomorphism, this can be reduced to
strong inerpolativity (which we will indicate by (SI)).

(2) Another special condition of interest is the fullness

(F) C = K(P) and for each a € K(P) there is a b such that a 4 b.
It will play a role in representing some categories of lattices.

2.5. Proposition. A g.i.system satisfying (SI) is isomorphic to a Scott
information system.

Proof. Set X = {a € Ps | a 4a} and
§ = (P(X),C,)
where A € C iff \/ A € Cs,and A4 Biff /A +\/ B. Definep:S — S
and o : S — S by setting
Apbiff \/ A4b, and aoBiffa-\/B.

Checking that p and o are approximable maps is straightforward. Now if
A(p o o)B we have an a such that VA H4a4\/Band A4B. If A4 B
interpolate \/ A 4 a 1\/ B and we have ApacB. Thus, poo =-. Finally, if



6 ALES PULTR AND ANNA TOZZI

acBpb we have a 1\/ B 4 b and hence a - b, and if a 4 b we can interpolate
a-cHc-btoobtain ac{c}pb. O

3. LOCALLY DIRECTED SETS
3.1. A locally directed set (briefly, LD-set) (X, <) is a set with a transi-
tive binary relation such that
(J) each <ta = {z | z < a} is directed

(in other words, if 1, z2 <1 a then there is an z such that z; < z < a). For
technical reasons, we will, moreover assume that

there is a distinguished element 0, least in <.

Note that in particular (J) implies that < is interpolative.

3.2. An ideal in an LD-set (X, <) is a subset J C X such that
(I1) a € J and b < a imply b € J, and
(I2) J is directed (in <).
(recall 1.2: by (I2), in particular, for every a € J there is a b € J such that
a<b).
Define
D(X,<)={J C X | J an ideal}.

3.2.1. Lemma. FEach <a is an ideal, and if a <1 b then <a C<b.
Proof is immediate. O

3.2.2. Lemma. D(X, Q) is closed under directed unions.

Proof. (I1) is preserved in any union. Now if a,b € [ J J; there is a j such
that a,b € J; and (I12) follows. O

3.2.3. Lemma. For each J € D(X, <),
J=|J{<a|ac J}.

Proof. The union is directed: if a,b € J choose ¢ € J such that a,b < ¢
by (I2); then <1a,<1b C<c. As for the equality: if a € J, a €<1b for some
b € J by (I2), and the other inclusion follows from (I1). O

3.2.4. Lemma. J < K in D(X, <) iff there is an a € K such that
J C<a.



LOCAL DIRECTEDNESS AND SOME CATEGORIES OF DOMAINS 7

Proof. =: J < |J{<a | a € K} and hence there is an a € K such that
J C<a.

«: If J C<a and @ € K, and if K C \J' J; then a € J; for some j and
then J C<ta C J;. 0O

3.2.5. Corollary. D(X, <) is a continuous domain with zero (=<0).

3.3. For a continuous domain D with zero set
J(D)=({a€eD|3TbeD, a<kb}K).
By 1.4,
J (D) is an LD-set.

3.3.1. Proposition. a: D — DJ(D) and 8 : DJ (D) — D defined by
a(z) ={a | a <Kz} and B(J) = \I' D are mutually inverse isomorphisms in
CDom.

Proof. The definitions of o and § are correct: as for a see 1.4; as for 3,
a J directed in < is also directed in <.

a and 8 are obviously monotone. Hence if we prove they are mutually
inverse, we will see that they preserve all existing suprema.

Trivially Sa(z) = z. Now let J be an ideal in J (D). If a € J choose a b
with a < b € J. Then a < b < \I'J anf a € af(J). On the other hand, if
a < \I' J then there is a b € J such that a <b. Choose a c € J with b < c.
Thena <K ceJandacJ. O

3.4. A LD-map f: (X,<) = (Y, <) is a relation
FCYxX
such that
(M1) 0f0,
(M2) aj,a2fb = da, a; <afb,
(M3) a < a'fboraftl <b = afb, and if afb there are o', such
that a < a’fb' <1 b.
Checking that for LD-maps

(X,<) —— (v,q) —— (2,<)

the composition g o f is an LD-map, and that the relations <1 are LD-maps
and that < of = f and fo <= f is straightforward. The resulting category
will be denoted by

LDir.
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3.4.1. Up to isomorphism, in an LD-set (X, <1) only the elements = for
which there is a y with z < y play a role. Set
X9={ze X |y, zay}
We have
Lemma. (X9, <) is an LD-set, and it is isomorphic with (X, <).

Proof. The first statement is trivial, and the second one follows from a
straightforward checking that f C X< x X, g C X x X< defined as the
restrictions of < are mutually inverse isomorphisms. [

3.5. For an LD-map f: (X, <) = (Y, <) define
Df:D(X,<) — DY, <)
by setting
Df(J) =|J{<a | I € J, afb}.

(The union is really directed: if b1, bs € and a; fb; take a b € J such that b; <
b; then a; fb and hence there is an a such that a; <t afb and consequently
<ai, <az QQa.)

3.5.1. Lemma. a € Df(J) iff there is a b € J such that afb.

Proof. =: If a < a'fb € J for some b € J we have afb.

<: If afb interpolate a < @’ fb. 0O

3.5.2. Proposition. D is a functor LDir - CDom.

Proof. This is easily checked using 3.5.1. For instance, a € Df({J J;) iff
thereis a b € | J J; such that afbiff a € |JDf(J;), and the union is directed
since Df is obviously monotone. [

3.6. Theorem. D is an equivalence of the categories LDir and CDom.

Proof. By Proposition 3.3 it suffices to prove that D is a full embedding.

For an h: D(X, <) = D(Y, <) define

B (X,<) = (Y, <)
by setting

ahb iff a € h(<b)
(0 € h(<10); if ay,azhb we have a; € h(<1b) and since h(<1b) is an ideal,
there is an a such that a; < a € h(<1b), that is, ahb; if a < a'hb then
a < a € h(<b) and a € h(<1b); if ahd’ <1 b then a € h(<1d') C h(<1b);
if ahb then a € h(<1b) = A(|J{<?b' | ¥’ < b}) by 2.3 and if we interpolate
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a < a € h(<b) we see that there is a b’ such that a’ € h(<1d’) so that
a < a’'hb <b).
Now we have, by 5.1,
a€Df(J) iff aeDf(<b) iff I <b, aft! iff afb,
hence 5} = f,and
a€Dh(J) iff IbeJ, ahb iff FbeJ, a € h(<b) iff
iff ae| J{n(<b)|be I} =n(J({<b|beJ}) =h(J)

so that Dh(J) = h(J). O

4. REPRESENTATION OF SOME CATEGORIES
OF DOMAINS

4.1. Some categories of continuous domains. We will use the
following notation for some full subcategories of the category CDom.

ADom is the category of algebraic domains, and CDom(T) resp. ADom(T)
are the subcategories of CDom resp. ADom generated by the objects with
largest elements.

BCDom resp. BADom is the subcategory of CDom resp ADom
generated by the domains in which any bounded couple of elements has a
supremum.

CLat resp. ALat is the category of continuous resp. algebraic lattices

([LL},[7]).

4.2. Some conditions in LD-sets.

4.2.1. An LD-set is said to admit conditional joins if there is an associa-
tive partial operation z Uy defined whenever there is a z such that z,y < z,
such that

iUz <z iff z; < for bothi=1,2.
Setting | |0 = o and | [{z} = = we extend this operation by associativity to

| |: {4 €PBam(X) |y, Vzedzay} > X

4.2.2. (X, <) is said to be strongly interpolative resp. reflexive if such is
the relation <.

4.2.3. (X, <) is said to be directed if X< (recall 3.4.1) is directed.
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4.2.4. Full subcategories of LDir determined by some of the conditions
above will be indicated by symbols LI for conditional joins, SI for strong
interpolativity, R for reflectivity and D for directedness. Thus, for instance,
LDir(U,D) is the category of directed LD-sets admitting conditional joins,
LDir(SI) is the category of the strongly interpolative LD-sets.

Similar notation will be used for generalized information systems (here,
furthermore, F indicates the fullness — recall 2.4).

4.3.1. Lemma. Let (X, <) admit conditional joins. Then it is isomor-
phic to the (Cs,s)-part of a g.i.system S. We can have Ps = PB(X ) and
if X< is directed the system S can be made full.

Proof. Put {z1,...,z,} € C iff there is an = such that z; <1 z for all 7 and
set {z1,...2n} 1 {y1,.. . yn} ff |2; < |]y;. Obviously we have (G1) and
04 {z1,...za}. I {2}, ...xh },{a?,... 22} 4 {y1,...ym} we have | |z} =
Uz; ulJz? < Jy; and hence {zf,...z), }U{al,...22 } 4 {y1,-- - Ym}-
The transitivity is obvious, and if | |z; <1 | ]y; interpolate | |z; <z <1 | ]y;
to obtain

{z1,...z,} {2z} 1 {v1,-. - Ym}
Now define f; (X, <) — (C,), ¢g: (C 4) — (X, <) by setting

{z1,...zp}fx iff |_|xi<1x,
zg{z1,...zn} iff x<]|_|xi.

Checking that f and g are LD-maps is straightforward.

If {z1,...zn}fxg{y1,--.,Yym} then {z1,...2,} 4 {y1,...,ym}, and if
the latter holds interpolate | Jz; < = < |Jy; to obtain {z1,...x,}fzg
{v1,---»ym}- If zg{z1,...2n}fy we have z < y and if the latter holds
then interpolating ¢ <1 z < y we obtain zg{z}fy. O

4.3.2. Proposition. Let (X,<) be an LD-set. Then the following
statement are equivalent.
(1) (X, <) is isomorphic to an LD-set admitting conditional joins.
(2) (X, <) is isomorphic to the (C,) part of a g.i.system.
(3) D(X, <) is a BC-domain.
Proof. (1)=(2) is in 4.3.1.
(2)=(3): Let (P,C,) be a g.i.system, and let < be the partial order in
P. Let Jy,J2, K be in D(C,) and let J;,Jo C K. Set

J = \/\{—I(al \/az) | a; € Jz}
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(the definition is correct: such two a; are both in K and hence there is a
b such that aj,as < b. Since da; CH(a1 V a2) (if b 4 a; < a1 V a2 then
a; 1a; Vas by (G1)), J1,Jo CJ. If Jy,Jo C J" € D(C,), consider a; € J;
and an a € J' such that a;,as 4 a. Then a; V az 4 a and 4(a; V a2) CHa;
consequently J C J' and we see that J = J; V J in D(C, ).

(3)=(1): Set D = D(X,<). Then J(D), which is by 3.6 and 3.3.1
isomorphic to (X, <1), admits a conditional join, namely a Vb. O

4.4.1. Lemma. J € D(X, <) is compact iff J =<a for an a € X such
that a < a.

Proof. By 3.2.4, J is compact iff there is an a such that a € J C<«a.
Since (a € J = <a C J) the statement follows. [

4.4.2. Proposition. The following statements are equivalent:
(1) <« is strongly interpolative.
(2) (X, <) is isomorphic with a reflexive LD-set.

(3) D(X, <) is algebraic.

Proof. (1)=(2): Let <1 be strongly interpolative. Set Y ={z € X |z <
z} and consider (Y, <). By strong interpolativity, (Y, <) is an LD-set and
it is reflexive. We easily check that the f CY x X, g C X x Y defined by
zfy iff (z <)z <y, and zgy iff z < y(< y) are mutually inverse LD-maps
(in proving that g o f =<1 we use the interpolativity again).

(2)=(3): Let (X,<) be reflexive, J € D(X,<). We have, by 3.2.3,
J = U{<a | a € J}. Since a < a we have a €<a and all the < a are
compact, by 4.4.1.

(3)=(1): Let D(X, <) be algebraicand a <1 b. By 4.4.1, <b = [ J{<c | <ic C
<ib, ¢ <1 ¢} and hence there is a ¢ such that a <cand c<te<tb. O

4.5. Proposition. D(X, <) has a largest element iff X< is directed in
<.

Proof. Let J be largest in D(X, <1). Then for each a, <ta C J and hence
J = X< (by 3.2 it cannot be bigger). On the other hand, if X < is directed,
it is an ideal, and hence the largest element in D(X, <1).

4.6. Summarizing the facts above we obtain
Theorem. The functor D, providing the equivalence

(1) LDir 2 CDom,
induces, further, the equivalences of categories
(2) LDir(D) = CDom(T),
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(3) LDir(SI) = LDir(R) = ADom,

(4) LDir(U) = GInf =~ BCDom,

(5) LDir(D,SI) = LDir(D,R) 2 ADom(T),

(6) LDir(L,D) = GInf(D) = GInf(F) = CLat

(7) LDir(,SI) = LDir(U,R) =& GInf(SI) = SInf ~ BADom,

(8) LDir(U,D,SI) = LDir(U,D,R) = GInf(D,SI) = GInf(F,SI) =
GInf(F,R) = ALat.
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