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Abstra
t. Information systems and approximable maps introdu
ed

in D. S
ott's pioneering arti
le [12℄ are well known to 
onstitute a


ategory equivalent to that of the ABC-domains (algebrai
 domains

with joins of bounded subsets). We show that a slight generaliza-

tion of information systems allows for similar representations of other


ategories of theoreti
al 
omputer s
ien
e (
ontinuous latti
es, 
on-

tinuous domains, algebrai
 latti
es, and others). It turns out that the


ru
ial role is being played by transitive relations C in whi
h a

i

C b,

i = 1; 2, 
an be simultaneously interpolated to a

i

C a C b.

In [12℄, D.S
ott introdu
ed the notions of information systems and ap-

proximable maps. This was used as an approa
h to one of the 
ategories of

domains (algebrai
 domains with suprema of bounded sets). Usually, due

to the usefulness of the domains, the interest is fo
used on this aspe
t of the

theory. It should not be forgotten, however, that the information systems

and approximable maps 
onstitute an interesting stru
ture in its own right.

There are the logi
al 
onnotations (we have here a fragment of 
onjun
tive

logi
; for this, and some extensions, see [1℄,[3℄,[4℄,[8℄,[9℄). Another aspe
t

is that it is a model of lo
alizing the solution of a task by approximation.

This 
an be illustrated by the following example. In a spa
e (think, e.g., of

the plane) approximate, or lo
alize, the points by open sets (the smaller the

set is, the better the approximation); a �nite system U

1

; : : : ; U

n

of su
h ap-

proximations is 
onsistent if

T

U

i

6= ; (that is, if all the U

i

have a 
ommon

re�nement, or, in other words, if they 
an approximate the same point),

and the entailment fU

1

; : : : ; U

n

g ` U is given by

T

U

i

� U (\if we have

approximated a point by the U

i

we know that it is approximated by U").
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Then the relations f that are 
alled approximable maps are indeed approx-

imations of maps: be
ause of the 
ondition UfV

i

) Uf(V

1

[ V

2

), distin
t

values in one argument have to have a 
ommon re�nement, that is, have to

be able to approximate the same value).

In this paper we analyze the translation between information systems and

the domains of [12℄ (also see [2℄), and show that a natural generalization

yields representations of various other important 
ategories of theoreti
al


omputer s
ien
e (
ontinuous domains, 
ontinuous latti
es, algebrai
 lat-

ti
es, et
.) in similar vein. The 
entral point is the \lo
al dire
tedness" of

the generalized entailment, that is, the fa
t that if a ` b

i

for i = 1; 2 there

is a b su
h that a ` b and b ` b

i

for both i; it turns out that the desired

representations are obtained by analyzing the stru
ture of ideals in sets with

transitive relations satisfying this 
ondition.

The paper is divided into four se
tions. The �rst se
tion 
ontains prelim-

inaries and in the se
ond one a natural extension of the information systems

is dis
ussed. Se
tion 3 is devoted to the lo
ally dire
ted sets, and in the last

Se
tion 4, representations of various 
ategories of domains and latti
es are

presented.

1. Preliminaries

1.1. A (binary) relation R is said to be interpolative (resp. strongly

interpolative) if for any a; b su
h that aRb there is a 
 su
h that aR
Rb

(resp. aR
R
Rb). Thus, ea
h re
exive relation is strongly interpolative.

1.2. If a dire
ted D in a partially ordered (P;�) has a supremum, we

speak of a dire
ted supremum and write

�

D (or,

	

D if it is a union of sets):

Thus, using the symbol

�

D (or

�

D) we are stating (or making the as-

sumption) that the set D is dire
ted.

The term dire
ted will be also used in 
onne
tion with transitive relations

that are not ne
essarily orders. Thus, they will be non-void D's su
h that

a; b 2 D ) 9
 2 D; a; b C 
:

In parti
ular, in a dire
ted D � (X;C),

for every a 2 D there is a b 2 D su
h that a C b.
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Note. The importan
e of the interpolativity and of the dire
tedness in

the 
ontext of not ne
essarily re
exive transitive relations has been re
og-

nized in the work of M. Ern�e. For instan
e see his representation of spe
ial

topologies in [6℄.

1.3. Let (P;�) be a partially ordered set. An element a is way below b

in P , written a� b; if for any dire
ted D � P , b �

�

D implies that there

is a d 2 D su
h that a � d (see, e.g., [7℄).

Obviously,

� a � a

0

� b

0

� b ) a� b, and

� a

1

; a

2

� b ) a

1

_ a

2

, whenever a

1

_ a

2

exists.

An element a 2 P is said to be 
ompa
t if a � a. The set of all 
ompa
t

elements of P will be denoted by K(P ):

1.4. A poset X is said to be 
ontinuous (resp. algebrai
) if

8a 2 X; a =

�

fb j b� ag (resp. a =

�

fb j b� b � ag):

A 
ontinuous resp. algebrai
 domain is a 
ontinuous resp. algebrai
 poset

in whi
h every dire
ted subset has a supremum. Moreover, throughout the

paper,

we will assume it to possess a least element 0.

It is a standard fa
t that

� in a 
ontinuous domain, if a

1

; a

2

� b then there is an a su
h that

a

1

; a

2

� a� b

so that, in parti
ular,

� in a 
ontinuous domain, � is interpolative.

The 
ategory of 
ontinuous domains with the maps that preserve the suprema

of dire
ted sets will be denoted by

CDom:

1.5. Let X be a set. The set of all subsets (resp. all �nite subsets) of

X will be denoted by P(X) (resp. P

�n

(X)). The set P(X), ordered by

in
lusion, is obviously an algebrai
 latti
e, and K(P(X)) = P

�n

(X).

1.6. From 
ategory theory only standard notions (morphism, fun
tor,

full embedding, equivalen
e of 
ategories) are assumed. The reader may


onsult [10℄.
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2. Generalized S
ott information systems

2.1. Re
all that a S
ott information system (see [12℄; brie
y, S.i.system)

S=(X

S

; C

S

;a

S

) 
onsists of a setX

S

, a subset C

S

� P

�n

(X

S

) (=K(P(X

S

)))

and a relation a

S

� C

S

� C

S

su
h that

(S1) a � b a 
 � d ) a a d,

(S2) ; a a for all a, and a

1

; a

2

a b ) (a

1

[ a

2

) a b,

(S3) a is transitive,

(S4) a is re
exive, and

(S5) for all x 2 X , fxg 2 C.

(We use the 
onvention that a a b automati
ally indi
ates that a; b 2 C;

thus, (S1) in
ludes the assumption that a � b a 
 implies that a 2 C, and

(S2) also states that if a

i

a b then a

1

[ a

2

2 C.)

An approximable map f : S ! T between S.i.systems is a relation f �

C

T

� C

S

su
h that

(A1) ;f;,

(A2) if a

i

fb, i = 1; 2, then (a

1

[ a

2

)fb, and

(A3) if a a a

0

fb

0

a b then afb.

They are 
omposed as relations and the resulting 
ategory is denoted by

SInf:

Note that the relations a

S

are the units a

S

: S ! S in this 
ategory.

Remark. The notation we use is reversed as 
ompared with [12℄ to have

� (not �) as the ba
kground order. Thus, \a entails b" is written \b a a"

instead of \a ` b".

2.2. It is well known (see e.g. [12℄,[2℄) that the 
ategory SInf is equiva-

lent with the 
ategory of S
ott domains (algebrai
 domains su
h that ea
h

bounded 
ouple has a supremum). To represent other important 
ategories

of theoreti
al 
omputer s
ien
e in a similar manner (for instan
e, 
f. the

representation of 
ontinuous latti
es in [5℄ by \indu
tive systems") let us

introdu
e the following notion.

A generalized information system (brie
y, g.i.system) S =(P

S

; C

S

;a

S

)


onsists of an algebrai
 latti
e P

S

, a subset C

S

� K(P

S

) and a relation

a

S

� C

S

� C

S

su
h that

(G1) a � b a 
 � d ) a a d,

(G2) 0 a a for all a, and a

1

; a

2

a b ) (a

1

_ a

2

) a b, and

(G3) a is transitive and interpolative.
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An approximable map f : S ! T between g.i.systems is a relation f �

C

T

� C

S

su
h that

(A'1) 0f0,

(A'2) if a

i

fb, i = 1; 2, then there is an a su
h that a

i

a a and afb,

(A'3) if a a a

0

fb or afb

0

a b then afb; if afb then there are a

0

; b

0

su
h that

a a a

0

fb

0

a b.

Approximablemaps will be 
omposed as relations and the resulting 
ategory

will be denoted by

GInf:

2.3. Observation. Let S; T be S
ott information systems. Then the

approximable maps in the sense of 2.2 
oin
ide with those of 2.1. Conse-

quently, SInf is a full sub
ategory of GInf.

Proof. If the relations are re
exive then obviously (A'3)�(A3).

If (A'2) holds and a

1

; a

2

fb 
onsider an a su
h that a

i

a afb. Then by

(S2) (a

1

[ a

2

) a afb and by (A'3) (a

1

[ a

2

)fb.

If (A2) holds and a

1

; a

2

fb then by (S4) a

i

� (a

1

[ a

2

) a (a

1

[ a

2

) and

a

i

a (a

1

[ a

2

). �

2.4. Two spe
ial 
onditions. (1) S
ott information systems are the

g.i.systems su
h that P = P(X) for some set X , and that we have (S4) and

(S5). We will see shortly that, up to isomorphism, this 
an be redu
ed to

strong inerpolativity (whi
h we will indi
ate by (SI)).

(2) Another spe
ial 
ondition of interest is the fullness

(F) C = K(P ) and for ea
h a 2 K(P ) there is a b su
h that a a b.

It will play a role in representing some 
ategories of latti
es.

2.5. Proposition. A g.i.system satisfying (SI) is isomorphi
 to a S
ott

information system.

Proof. Set X = fa 2 P

S

j a a ag and

S = (P(X); C;aa)

where A 2 C i�

W

A 2 C

S

, and A aa B i�

W

A a

W

B. De�ne � : S ! S

and � : S ! S by setting

A�b i�

_

A a b; and a�B i� a a

_

B:

Che
king that � and � are approximable maps is straightforward. Now if

A(� Æ �)B we have an a su
h that

W

A a a a

W

B and A aa B. If A aa B

interpolate

W

A a a a

W

B and we have A�a�B. Thus, � Æ� =aa. Finally, if
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a�B�b we have a a

W

B a b and hen
e a a b, and if a a b we 
an interpolate

a a 
 a 
 a b to obtain a�f
g�b. �

3. Lo
ally dire
ted sets

3.1. A lo
ally dire
ted set (brie
y, LD-set) (X;C) is a set with a transi-

tive binary relation su
h that

(J) ea
h Ca = fx j x C ag is dire
ted

(in other words, if x

1

; x

2

C a then there is an x su
h that x

i

C x C a). For

te
hni
al reasons, we will, moreover assume that

there is a distinguished element 0, least in C.

Note that in parti
ular (J) implies that C is interpolative.

3.2. An ideal in an LD-set (X;C) is a subset J � X su
h that

(I1) a 2 J and b C a imply b 2 J , and

(I2) J is dire
ted (in C).

(re
all 1.2: by (I2), in parti
ular, for every a 2 J there is a b 2 J su
h that

a C b).

De�ne

D(X;C) = fJ � X j J an idealg:

3.2.1. Lemma. Ea
h Ca is an ideal, and if a C b then Ca �Cb.

Proof is immediate. �

3.2.2. Lemma. D(X;C) is 
losed under dire
ted unions.

Proof. (I1) is preserved in any union. Now if a; b 2

�

J

i

there is a j su
h

that a; b 2 J

j

and (I2) follows. �

3.2.3. Lemma. For ea
h J 2 D(X;C),

J =

	

fCa j a 2 Jg:

Proof. The union is dire
ted: if a; b 2 J 
hoose 
 2 J su
h that a; b C 


by (I2); then Ca;Cb �C
. As for the equality: if a 2 J , a 2Cb for some

b 2 J by (I2), and the other in
lusion follows from (I1). �

3.2.4. Lemma. J � K in D(X;C) i� there is an a 2 K su
h that

J �Ca.
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Proof. ): J �

�

fCa j a 2 Kg and hen
e there is an a 2 K su
h that

J �Ca.

(: If J �Ca and a 2 K, and if K �

�

J

i

then a 2 J

j

for some j and

then J �Ca � J

j

. �

3.2.5. Corollary. D(X;C) is a 
ontinuous domain with zero (=C0).

3.3. For a 
ontinuous domain D with zero set

J (D) = (fa 2 D j 9b 2 D; a� bg;�):

By 1.4,

J (D) is an LD-set.

3.3.1. Proposition. � : D ! DJ (D) and � : DJ (D) ! D de�ned by

�(x) = fa j a� xg and �(J) =

�

D are mutually inverse isomorphisms in

CDom.

Proof. The de�nitions of � and � are 
orre
t: as for � see 1.4; as for �,

a J dire
ted in � is also dire
ted in �.

� and � are obviously monotone. Hen
e if we prove they are mutually

inverse, we will see that they preserve all existing suprema.

Trivially ��(x) = x. Now let J be an ideal in J (D). If a 2 J 
hoose a b

with a � b 2 J . Then a � b �

�

J anf a 2 ��(J). On the other hand, if

a�

�

J then there is a b 2 J su
h that a � b. Choose a 
 2 J with b� 
.

Then a� 
 2 J and a 2 J . �

3.4. A LD-map f : (X;C)! (Y;C) is a relation

f � Y �X

su
h that

(M1) 0f0,

(M2) a

1

; a

2

fb ) 9a; a

i

C afb,

(M3) a C a

0

fb or afb

0

C b ) afb, and if afb there are a

0

; b

0

su
h

that a C a

0

fb

0

C b.

Che
king that for LD-maps

(X;C)

f

����! (Y;C)

g

����! (Z;C)

the 
omposition g Æ f is an LD-map, and that the relations C are LD-maps

and that C Æf = f and fÆ C= f is straightforward. The resulting 
ategory

will be denoted by

LDir:
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3.4.1. Up to isomorphism, in an LD-set (X;C) only the elements x for

whi
h there is a y with x C y play a role. Set

X

C

= fx 2 X j 9y; x C yg:

We have

Lemma. (X

C

;C) is an LD-set, and it is isomorphi
 with (X;C).

Proof. The �rst statement is trivial, and the se
ond one follows from a

straightforward 
he
king that f � X

C

� X; g � X � X

C

de�ned as the

restri
tions of C are mutually inverse isomorphisms. �

3.5. For an LD-map f : (X;C)! (Y;C) de�ne

Df : D(X;C)! D(Y;C)

by setting

Df(J) =

	

fCa j 9b 2 J; afbg:

(The union is really dire
ted: if b

1

; b

2

2 and a

i

fb

i

take a b 2 J su
h that b

i

C

b; then a

i

fb and hen
e there is an a su
h that a

i

C afb and 
onsequently

Ca

1

;Ca

2

�Ca.)

3.5.1. Lemma. a 2 Df(J) i� there is a b 2 J su
h that afb.

Proof. ): If a C a

0

fb 2 J for some b 2 J we have afb.

(: If afb interpolate a C a

0

fb. �

3.5.2. Proposition. D is a fun
tor LDir! CDom.

Proof. This is easily 
he
ked using 3.5.1. For instan
e, a 2 Df(

�

J

i

) i�

there is a b 2

�

J

i

su
h that afb i� a 2

S

Df(J

i

), and the union is dire
ted

sin
e Df is obviously monotone. �

3.6. Theorem. D is an equivalen
e of the 
ategories LDir and CDom.

Proof. By Proposition 3.3 it suÆ
es to prove that D is a full embedding.

For an h : D(X;C)! D(Y;C) de�ne

e

h : (X;C)! (Y;C)

by setting

a

e

hb i� a 2 h(Cb)

(0 2 h(C0); if a

1

; a

2

e

hb we have a

i

2 h(Cb) and sin
e h(Cb) is an ideal,

there is an a su
h that a

i

C a 2 h(C b), that is, a

e

hb; if a C a

0

e

hb then

a C a

0

2 h(Cb) and a 2 h(Cb); if a

e

hb

0

C b then a 2 h(Cb

0

) � h(Cb);

if a

e

hb then a 2 h(Cb) = h(

�

fCb

0

j b

0

C bg) by 2.3 and if we interpolate
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a C a

0

2 h(Cb) we see that there is a b

0

su
h that a

0

2 h(Cb

0

) so that

a C a

0

e

hb

0

C b).

Now we have, by 5.1,

a 2

f

Df(J) i� a 2 Df(Cb) i� 9b

0

C b; afb

0

i� afb;

hen
e

f

Df = f , and

a 2 D

e

h(J) i� 9b 2 J; a

e

hb i� 9b 2 J; a 2 h(Cb) i�

i� a 2

	

fh(Cb) j b 2 Jg = h(

	

(fCb j b 2 Jg) = h(J)

so that D

e

h(J) = h(J). �

4. Representation of some 
ategories

of domains

4.1. Some 
ategories of 
ontinuous domains. We will use the

following notation for some full sub
ategories of the 
ategory CDom.

ADom is the 
ategory of algebrai
 domains, andCDom(>) resp. ADom(>)

are the sub
ategories of CDom resp. ADom generated by the obje
ts with

largest elements.

BCDom resp. BADom is the sub
ategory of CDom resp ADom

generated by the domains in whi
h any bounded 
ouple of elements has a

supremum.

CLat resp. ALat is the 
ategory of 
ontinuous resp. algebrai
 latti
es

([11℄,[7℄).

4.2. Some 
onditions in LD-sets.

4.2.1. An LD-set is said to admit 
onditional joins if there is an asso
ia-

tive partial operation xty de�ned whenever there is a z su
h that x; y C z,

su
h that

x

1

t x

2

C x i� x

i

C x for both i = 1; 2:

Setting

F

; = o and

F

fxg = x we extend this operation by asso
iativity to

G

: fA 2 P

�n

(X) j 9y; 8x 2 A; x C yg ! X

4.2.2. (X;C) is said to be strongly interpolative resp. re
exive if su
h is

the relation C.

4.2.3. (X;C) is said to be dire
ted if X

C

(re
all 3.4.1) is dire
ted.
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4.2.4. Full sub
ategories of LDir determined by some of the 
onditions

above will be indi
ated by symbols t for 
onditional joins, SI for strong

interpolativity, R for re
e
tivity and D for dire
tedness. Thus, for instan
e,

LDir(t,D) is the 
ategory of dire
ted LD-sets admitting 
onditional joins,

LDir(SI) is the 
ategory of the strongly interpolative LD-sets.

Similar notation will be used for generalized information systems (here,

furthermore, F indi
ates the fullness { re
all 2.4).

4.3.1. Lemma. Let (X;C) admit 
onditional joins. Then it is isomor-

phi
 to the (C

S

;a

S

)-part of a g.i.system S. We 
an have P

S

= P(X

C

) and

if X

C

is dire
ted the system S 
an be made full.

Proof. Put fx

1

; : : : ; x

n

g 2 C i� there is an x su
h that x

i

C x for all i and

set fx

1

; : : : x

n

g a fy

1

; : : : y

n

g i�

F

x

i

C

F

y

j

. Obviously we have (G1) and

; a fx

1

; : : : x

n

g. If fx

1

1

; : : : x

1

n

1

g; fx

2

1

; : : : x

2

n

2

g a fy

1

; : : : y

m

g we have

F

x

j

i

=

F

x

1

i

t

F

x

2

i

C

F

y

j

and hen
e fx

1

1

; : : : x

1

n

1

g [ fx

2

1

; : : : x

2

n

2

g a fy

1

; : : : y

m

g.

The transitivity is obvious, and if

F

x

i

C

F

y

i

interpolate

F

x

i

C x C

F

y

i

to obtain

fx

1

; : : : x

n

g a fzg a fy

1

; : : : y

m

g:

Now de�ne f ; (X;C)! (C;a), g : (C a)! (X;C) by setting

fx

1

; : : : x

n

gfx i�

G

x

i

C x;

xgfx

1

; : : : x

n

g i� x C

G

x

i

:

Che
king that f and g are LD-maps is straightforward.

If fx

1

; : : : x

n

gfxgfy

1

; : : : ; y

m

g then fx

1

; : : : x

n

g a fy

1

; : : : ; y

m

g, and if

the latter holds interpolate

F

x

i

C x C

F

y

j

to obtain fx

1

; : : : x

n

gfxg

fy

1

; : : : ; y

m

g. If xgfx

1

; : : : x

n

gfy we have x C y and if the latter holds

then interpolating x C z C y we obtain xgfzgfy. �

4.3.2. Proposition. Let (X;C) be an LD-set. Then the following

statement are equivalent.

(1) (X;C) is isomorphi
 to an LD-set admitting 
onditional joins.

(2) (X;C) is isomorphi
 to the (C;a) part of a g.i.system.

(3) D(X;C) is a BC-domain.

Proof. (1))(2) is in 4.3.1.

(2))(3): Let (P;C;a) be a g.i.system, and let � be the partial order in

P . Let J

1

; J

2

;K be in D(C;a) and let J

1

; J

2

� K. Set

J =

�

fa(a

1

_ a

2

) j a

i

2 J

i

g
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(the de�nition is 
orre
t: su
h two a

i

are both in K and hen
e there is a

b su
h that a

1

; a

2

� b. Sin
e aa

i

�a(a

1

_ a

2

) (if b a a

i

� a

1

_ a

2

then

a

i

a a

1

_ a

2

by (G1)), J

1

; J

2

� J . If J

1

; J

2

� J

0

2 D(C;a), 
onsider a

i

2 J

i

and an a 2 J

0

su
h that a

1

; a

2

a a. Then a

1

_ a

2

a a and a(a

1

_ a

2

) �aa;


onsequently J � J

0

and we see that J = J

1

_ J

2

in D(C;a).

(3))(1): Set D = D(X;C). Then J (D), whi
h is by 3.6 and 3.3.1

isomorphi
 to (X;C), admits a 
onditional join, namely a _ b. �

4.4.1. Lemma. J 2 D(X;C) is 
ompa
t i� J =Ca for an a 2 X su
h

that a C a.

Proof. By 3.2.4, J is 
ompa
t i� there is an a su
h that a 2 J �Ca.

Sin
e (a 2 J ) Ca � J) the statement follows. �

4.4.2. Proposition. The following statements are equivalent:

(1) C is strongly interpolative.

(2) (X;C) is isomorphi
 with a re
exive LD-set.

(3) D(X;C) is algebrai
.

Proof. (1))(2): Let C be strongly interpolative. Set Y = fx 2 X j x C

xg and 
onsider (Y;C). By strong interpolativity, (Y;C) is an LD-set and

it is re
exive. We easily 
he
k that the f � Y �X , g � X � Y de�ned by

xfy i� (x C)x C y, and xgy i� x C y(C y) are mutually inverse LD-maps

(in proving that g Æ f =C we use the interpolativity again).

(2))(3): Let (X;C) be re
exive, J 2 D(X;C). We have, by 3.2.3,

J =

�

fCa j a 2 Jg. Sin
e a C a we have a 2Ca and all the C a are


ompa
t, by 4.4.1.

(3))(1): LetD(X;C) be algebrai
 and a C b. By 4.4.1,Cb =

�

fC
 jC
 �

Cb; 
 C 
g and hen
e there is a 
 su
h that a C 
 and 
 C 
 C b. �

4.5. Proposition. D(X;C) has a largest element i� X

C

is dire
ted in

C.

Proof. Let J be largest in D(X;C). Then for ea
h a, Ca � J and hen
e

J = X

C

(by 3.2 it 
annot be bigger). On the other hand, if X

C

is dire
ted,

it is an ideal, and hen
e the largest element in D(X;C).

4.6. Summarizing the fa
ts above we obtain

Theorem. The fun
tor D, providing the equivalen
e

(1) LDir

�

=

CDom,

indu
es, further, the equivalen
es of 
ategories

(2) LDir(D)

�

=

CDom(>),
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(3) LDir(SI)

�

=

LDir(R)

�

=

ADom,

(4) LDir(t)

�

=

GInf

�

=

BCDom,

(5) LDir(D,SI)

�

=

LDir(D,R)

�

=

ADom(>),

(6) LDir(t,D)

�

=

GInf(D)

�

=

GInf(F)

�

=

CLat

(7) LDir(t,SI)

�

=

LDir(t,R)

�

=

GInf(SI)

�

=

SInf

�

=

BADom,

(8) LDir(t,D,SI)

�

=

LDir(t,D,R)

�

=

GInf(D,SI)

�

=

GInf(F,SI)

�

=

GInf(F,R)

�

=

ALat.
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