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Abstra
t

We give a bije
tive proof that the following two sets are equinu-

merous: (i) the set of words over f�1; 0; 1g of length m � 2 whi
h

have every initial sum nonnegative, and (ii) the set of partitions of

f1; 2; : : : ;mg su
h that no two 
onse
utive numbers lie in the same

blo
k and for no four numbers the middle two are in one blo
k and the

end two are in another blo
k. The words were 
onsidered by Gouyou-

Beau
hamps and Viennot who enumerated by means of them 
ertain

animals. The identity 
onne
ting (i) and (ii) was observed by Klazar

who proved it by generating fun
tions.
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Let us denote, for m > 0, [m℄ = f1; 2; : : : ;mg. A sequen
e a = a

1

a

2

: : : a

k

is

a nonnegative word if a

i

2 f�1; 0; 1g for ea
h i and for ea
h initial segment of

a the sum of its elements is nonnegative. Re
all that A = fA

1

; A

2

; : : : ; A

n

g

is a partition of [m℄ if the A

i

s (
alled blo
ks) are nonempty disjoint subsets

of [m℄ and their union is [m℄. We say that A is sparse if for every i 2

[m � 1℄ the elements i and i + 1 lie in two distin
t blo
ks. A is 
alled

abba-free if it does not happen for any four elements i < j < k < l of

[m℄ that i; l lie in a 
ommon blo
k and j; k in another 
ommon blo
k. For

example, ff1; 5; 7g; f2; 4g; f3; 6gg is a sparse partition that is not abba-free.
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The partition ff1; 2; 5; 7g; f4g; f3g; f6; 8gg is abba-free but it is not sparse.

We prove the following theorem.

Theorem. For every m � 3 there exists a bije
tion G between the set of

sparse abba-free partitions of [m℄ and the set of nonnegative words of length

m� 2.

Gouyou-Beau
hamps and Viennot [1℄ were interested in 
ounting 
ertain

animals (
ertain sets of plane latti
e points) and showed that their animal

problem is equivalent to enumeration of nonnegative words (they use slightly

di�erent terminology). Klazar [2℄ was interested in 
ounting set partitions

subje
t to stru
tural restri
tions and obtained as a byprodu
t the above

identity. His derivation uses substantially generating fun
tions. Speaking

of them, if r

m

is the number of sparse abba-free partitions of [m℄, then ([2℄)

1

X

m=0

r

m

x

m

= 1 +

x

2

r

1 + x

1� 3x

:

Analogous formula for nonnegative words was derived before in [1℄. Our

aim is to avoid the use of generating fun
tions and to give a bije
tive proof

of the identity.

We need few more de�nitions. A nonnegative word is a 
orre
t word if

the �rst letter is 1, the last letter is �1, the sum of all letters is zero, and

ea
h proper initial segment has positive sum. We say that the letter a

j

in a word over f�1; 0; 1g is dominant if a

j

= 1 and the sum of letters in

every interval beginning in a

j

is positive. For a a 
orre
t word of length at

least three, a

0

is obtained from a by deleting the �rst and the last letter.

Obviously, a

0

is a nonnegative word. For a partition A = fA

1

; A

2

; : : : ; A

n

g

of [m℄ we denote jAj = m. Similarly, for a sequen
e a we denote jaj its

length. We say that j 2 [m℄ is 
overed in A if there exist i; k 2 [m℄ and

A

r

2 A so that i < j < k, i; k 2 A

r

, and j 62 A

r

. If every element of

f2; : : : ;m� 1g is 
overed in A, we say that A is a 
onne
ted partition. Any

partitionA, jAj = m, 
an be written in a sequential form. This is a sequen
e

b = b

1

b

2

: : : b

m

of length m over some alphabet su
h that b

i

= b

j

if and only

if i; j lie in the same blo
k of A. A partition has many sequential forms.

One of them is the 
anoni
al sequential form in whi
h the alphabet is [n℄ (n

is the number of blo
ks in A) and the �rst o

urren
e of every i 2 [n℄, i > 1,

in b is pre
eded by the �rst o

urren
e of i� 1. In parti
ular, b starts with

1. Ea
h partition has a unique 
anoni
al sequential form. It is 
onvenient
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to write spe
i�
 partitions in (
anoni
al) sequential form. For example, the


anoni
al sequential form of

ff1; 5; 7g; f2; 4g; f3; 6gg is 1232131

(we will omit 
ommas in the sequential forms of partitions).

Lemma 1. Ea
h blo
k of a 
onne
ted sparse abba-free partition of [m℄,

m � 3, has at most two elements. Moreover, the blo
k 
ontaining 1 and the

blo
k 
ontaining m have exa
tly two elements.

Proof. Suppose that j < k < l belong to the same blo
k, say B, of A.

Sin
e k is 
overed, there exist s and t, s < k < t, belonging to the same

blo
k that is di�erent from B. It is easy to 
he
k that ea
h of the four

possitions of s; j and t; l leads to the forbidden pattern abba. If f1g were a

blo
k, 2 would not be 
overed. Similarly fmg 
annot be a blo
k. 2

We 
onsider the following mapping F from the set of partitions of

[m℄ with no blo
k with more than two elements to f�1; 0; 1g. F (A) =

a

1

a

2

: : : a

m

where a

i

= 0 if fig 2 A, a

i

= 1 if i is the �rst element of the

two-element blo
k 
ontaining i, and a

i

= �1 if i is the se
ond element. For

example, F (1234153) = 1; 0; 1; 0;�1; 0;�1.

Lemma 2. For every m � 3, F is a bije
tion between the set of 
onne
ted

sparse abba-free partitions of [m℄ and the set of 
orre
t words of lengt m.

Proof. By the previous lemma, if A is a 
onne
ted sparse abba-free parti-

tion, F (A) is de�ned and is a sequen
e beginning with 1 and ending with

�1. Every initial sum of F (A) is nonnegative for else we would have in the


orresponding initial segment more se
ond elements of two-element blo
ks

than the �rst elements, whi
h is impossible. Moreover, for no i, 1 < i < m,

the sum of the �rst i letters is zero be
ause then i would not be 
overed.

Thus F (A) is a 
orre
t word.

We de�ne the inverse mapping F

0

. Let a = a

1

a

2

: : : a

m

be a 
orre
t word

and let the partition F

0

(a) = A be de�ned in the following way. If a

i

= 0

then fig is a (singleton) blo
k of A and if a

i

is the kth o

urren
e of 1 in a

and a

j

is the kth o

urren
e of �1, then fi; jg is a blo
k of A. Note that

always i < j and that the se
ond elements of two-element blo
ks 
ome in

the same order as the �rst elements. Thus A is abba-free. A is 
onne
ted

be
ause if an inner element i were not 
overed, then the sum of the �rst i
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letters of a would be zero. A is sparse be
ause fi; i+ 1g 2 A implies that

a

1

+ a

2

+ � � �+ a

i�1

= 0 and a

1

+ a

2

+ � � �+ a

i+1

= 0. Finally, it is easy to


he
k that F and F

0

are inverses of one another and thus F is a bije
tion.

2

For a sparse abba-free partition A of [m℄, m � 3, 
onsider the 
olle
tion

A

�

of maximal subintervals I � [m℄ of length at least three for whi
h the

indu
ed partition AjI is 
onne
ted.

Lemma 3. Every two distin
t intervals I

1

; I

2

2 A

�

are disjoint or they

overlap in one element only.

Proof. Any other position of I

1

and I

2

means that every inner element of

I = I

1

[I

2

is inner in I

1

or in I

2

and thus AjI is 
onne
ted. This 
ontradi
ts

the maximality of I

1

or of I

2

. 2

Thus we 
an order A

�

as A

�

= fI

1

; I

2

; : : : ; I

n

g

<

where I

i

= [u

i

; v

i

℄ and

1 � u

1

< v

1

� u

2

< v

2

� u

3

< : : : � u

n

< v

n

� m. We de�ne the numbers

a

i

, 0 � i � n, by a

i

= u

i+1

� v

i

� 1 where we set v

0

= 0 and u

n+1

= m+1.

Clearly, a

i

� �1 and a

i

is the number of elements between I

i

and I

i+1

,

where a

i

= �1 means that the intervals overlap. Note that every element

between I

i

and I

i+1

forms a singleton blo
k.

Now we 
an de�ne the desired bije
tion G:

G(A) = 1

a

0

F (A

1

)

0

1

a

1

+2

F (A

2

)

0

1

a

2

+2

: : : 1

a

n�1

+2

F (A

n

)

0

1

a

n

:

Here A is a sparse abba-free partition of [m℄, m � 3, 1

i

abbreviates the

sequen
e 1; 1; : : : ; 1 of i 1s, a

i

are the above numbers, A

i

is the restri
tion

of A to I

i

(where A

�

= fI

1

; I

2

; : : : ; I

n

g

<

) normalized so that the ground

set is an initial segment of positive integers (of lentgh v

i

� u

i

+1), F is the

mapping of Lemma 2, and

0

means the deletion of the �rst and last letter.

If n = 0, that is if A

�

= ; and A has only singleton blo
ks, we set

G(A) = 1

a

0

�2

= 1

m�2

:

We prove that G is indeed a bije
tion between all sparse abba-free parti-

tions of [m℄ and all nonnegative words of length m�2. By Lemma 2, F (A

i

)

is a 
orre
t word. Hen
e F (A

i

)

0

is a nonnegative word and the whole G(A)

is a nonnegative word. Its length is m� 2 if A

�

= ; and

n

X

i=1

(a

i�1

+ jF (A

i

)j � 2) + a

n

+2(n� 1) =

n

X

i=1

(a

i�1

+ jI

i

j) + a

n

� 2 = m� 2

4



if A

�

6= ;.

We de�ne the inverse mapping G

0

. Let b = b

1

b

2

: : : b

m�2

, m � 3, be a

nonnegative word. There is a unique de
omposition of b into intervals

b = 


0

d

1




1

d

2

: : : 


n�1

d

n




n

su
h that 


0

is the longest initial interval in whi
h every element is dominant,

d

1

is the longest interval starting immediately after 


0

whose elements sum

up to zero, 


1

is the longest interval starting immediately after d

1

in whi
h

every element is dominant and so on. Note that 


0

and 


n

may be empty

but the other intervals are nonempty, 


i

= 1

e

i

where e

i

is a nonnegative

integer, and every d

i

is a nonnegative word. If b = 


0

, b 
onsists only of 1s,

and we set G

0

(b) to be the partition of [m℄ having just the singleton blo
ks

f1g; f2g; : : : ; fmg. If n > 0, we de�ne A

i

= F

0

(1; d

i

;�1) where F

0

is the

inverse mapping to F of Lemma 2, de�ned in its proof. Word 1; d

i

;�1 is a


orre
t word and A

i

is a 
onne
ted sparse abba-free partition of some initial

interval of positive integers. We de�ne the numbers a

i

as a

0

= e

0

, a

n

= e

n

,

and a

i

= e

i

� 2 for 0 < i < n. Finally, we set

G

0

(b) = B

0

A

1

B

1

A

2

: : :B

n�1

A

n

B

n

where B

i

is, for a

i

> 0, a partition 
onsisting of a

i

singleton blo
ks. If

a

i

= 0, B

i

= ; and A

i

and A

i+1

are neighbours. If a

i

= �1, B

i

= ; and

A

i

and A

i+1

are made to overlap in the last element of A

i

and the �rst

element of A

i+1

. The two blo
ks whi
h now interse
t merge into one blo
k.

Needless to say, the ground intervals of A

i

and B

i

are in the 
on
atenation

shifted appropriately to make up an initial interval of positive integers.

It is easy to 
he
k that the resulting partition G

0

(b) is a sparse abba-free

partition of [m℄ and that for every A and b we have G

0

(G(A)) = A and

G(G

0

(b)) = b. Thus G and G

0

are bije
tions. The theorem is proved.

As an example, we list in the lexi
ographi
al order all 13 sparse abba-

free partitions of [5℄ in their 
anoni
al sequential form and the 
orresponding

nonnegative words with length 3:

G(12123) = F (1212)

0

; 1 = (1; 1;�1;�1)

0

; 1 = 1;�1; 1:

G(12131) = F (121)

0

; 1; F (131)

0

= (1; 0;�1)

0

; 1; (1; 0;�1)

0

= 0; 1; 0:

G(12132) = F (12132)

0

= (1; 1;�1; 0;�1)

0

= 1;�1; 0:

G(12134) = F (121)

0

; 1

2

= (1; 0;�1)

0

; 1; 1 = 0; 1; 1:

5



G(12312) = F (12312)

0

= (1; 1; 0;�1;�1)

0

= 1; 0;�1:

G(12313) = F (12313)

0

= (1; 0; 1;�1;�1)

0

= 0; 1;�1:

G(12314) = F (1231)

0

; 1 = (1; 0; 0;�1)

0

; 1 = 0; 0; 1:

G(12323) = 1; F (2323)

0

= 1; (1; 1;�1;�1)

0

= 1; 1;�1:

G(12324) = 1; F (232)

0

; 1 = 1; (1; 0;�1)

0

; 1 = 1; 0; 1:

G(12341) = F (12341)

0

= (1; 0; 0; 0;�1)

0

= 0; 0; 0:

G(12342) = 1; F (2342)

0

= 1; (1; 0; 0;�1)

0

= 1; 0; 0:

G(12343) = 1

2

; F (343)

0

= 1; 1; (1; 0;�1)

0

= 1; 1; 0:

G(12345) = 1

3

= 1; 1; 1:
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