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Abstra
t

A mixed hypergraph H is a triple (V; C;D) where V is the vertex

set and C and D are families of subsets of V , C{edges and D{edges.

A vertex 
oloring of H is proper if ea
h C{edge 
ontains two verti
es

with the same 
olor and ea
h D{edge 
ontains two verti
es with di�er-

ent 
olors. The spe
trum of H is a ve
tor (r

1

; : : : ; r

l

) su
h that there

exists exa
tly r

k

di�erent 
oloring using exa
tly k 
olors and there is

no 
oloring using more than l 
olors; the feasible set of H is the set

of all k's su
h that r

k

6= 0.

We 
onstru
t a mixed hypergraph withO(

P

i

log r

i

) verti
es whose

spe
trum is equal to (r

1

; : : : ; r

l

) for ea
h ve
tor of positive integers

su
h that r

1

= 0. We further prove that for any �xed �nite sets of pos-

itive integers A

1

� A

2

(1 62 A

2

), it is NP{hard to de
ide whether

the feasible set of a given mixed hypergraph is equal to A

2

even if

it is promised that it is either A

1

or A

2

; this fa
t has a lot of in-

teresting 
orollaries (e.g. de
iding whether a feasible set of a mixed

hypergraph is gap{free is both NP{hard and 
oNP{hard).

1 Introdu
tion

Graph 
oloring problems are intensively studied from both the theoreti


point view and the algorithmi
 point of view. A hypergraph is a pair (V; E)

where E is a family of subsets of V of size at least 2; the members of V are


alled verti
es and the members of E are 
alled edges. A mixed hypergraph

�
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H is a triple (V; C;D) where C and D are families of subsets of V of size

at least 2; the members of C are 
alled C{edges and the members of D

are 
alled D{edges. A proper k{
oloring 
 of H is a mapping 
 : V !

f1; : : : ; kg su
h that there are two verti
es with Di�erent 
olors in ea
h

D{edge and there are two verti
es with a Common 
olor in ea
h C{edge.

A proper 
oloring 
 is a stri
t k{
oloring if it uses all k 
olors. A mixed

hypergraph is 
olorable i� it has a proper 
oloring. Mixed hypergraphs

were introdu
ed in [17℄. The 
on
ept of mixed hypergraphs 
an �nd its

appli
ations in di�erent areas, e.g. list{
oloring of graphs (see [10℄), 
oloring

blo
k designs (see [1, 2, 4, 12, 13, 14, 15℄), et
. We show a 
onstru
tion

des
ribed in [10℄: Let G be a graph and let L be a fun
tion whi
h assigns

ea
h vertex a set of 
olors; a list{
oloring 
 of G with respe
t to L is proper

if 
(v) 2 L(v) for ea
h vertex v of G and 
(u) 6= 
(v) for ea
h edge uv of G.

Let L be the union of the lists of all the verti
es of G. Consider a mixed

hypergraph H with the vertex set V (G) [ L and the following edges: a D{

edge fu; vg for ea
h uv 2 E(G), a D{edge fx; yg for any x; y 2 L (x 6= y)

and a C{edge fvg [ L(v) for ea
h vertex of G. H has a proper 
oloring i�

G has a proper list{
oloring.

The feasible set F(H) of a mixed hypergraph H is the set of all k's

su
h that there exists a stri
t k{
oloring of H . The (lower) 
hromati
 num-

ber �(H) of H is the minimum number in F(H) and the upper 
hromati


number of ��(H) of H is the maximum number in F(H). The feasible set

ofH is gap{free (unbroken) i� F(H) = [�(H); ��(H)℄; we use [a; b℄ for the set

of all the integers between a and b (in
lusively). If the feasible set of H 
on-

tains a gap, we say it is broken. The spe
trum of a mixed hypergraph

H is the ve
tor (r

1

; : : : ; r

��(H)

) where r

k

is the number of di�erent stri
t

k{
olorings of H ; we 
onsider two 
olorings di�erent if there does not exist

permutation of 
olors 
hanging one of them to the other. Let F be a set

of positive integers. We say that a mixed hypergraphH is a realization of F

if F(H) = F ; we say that H is one{realization of F if it is a realization

of F and all the entries of the spe
trum of H are either 0 or 1.

A ne
essary and suÆ
ient 
ondition on a set of positive integers to be a fea-

sible set of a mixed hypergraph was proved in [6℄:

Theorem 1 A set F of positive integers is a feasible set of a mixed hyper-

graph i� 1 62 F or F is an interval. If 1 2 F , then all the mixed hypergraphs

with this feasible set 
ontain only C{edges.

Hen
e there exists a mixed hypergraph su
h that its feasible set 
ontains

a gap. On the other hand, it was proved that feasible sets of mixed hyper-
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trees (see [8℄) and of mixed hypergraphs with maximum degree two (see [9℄)

are gap{free (feasible sets of mixed hypergraphs with maximum degree three

are not gap{free in general). The feasible sets of planar mixed hypergraphs

(hypergraphs whose bipartite in
iden
e graphs of their verti
es and edges

are planar, see [3, 11℄) are exa
tly intervals [k

1

; k

2

℄; 1 � k

1

� 4; k

1

� k

2

and

sets f2g [ [4; k℄; k � 4 as proved in [7℄.

Voloshin in [16℄ 
onje
tured a suÆ
ient 
ondition on a ve
tor to be a spe
-

trum of a mixed hypergraph (Conje
ture 2 in [16℄): Let n

0

; : : : ; n

t

be the se-

quen
e of positive integers su
h that n

i

� (n

i�1

+ n

i+1

)=2 for 1 � i � l�

1 and maxfn

bt=2 


; n

dt=2 e

g = max

0� i� t

fn

i

g, then there exists a mixed

hypergraph H su
h that �(H) + t = ��(H) and H allows exa
tly n

i

di�erent

stri
t (�(H) + i){
olorings (0 � i � t). Ne
essary or suÆ
ient 
onditions

on a ve
tor to be a spe
trum of a mixed hypergraph were not addressed

so far. Sin
e the presen
e of 1 in the feasible set implies that the mixed

hypergraph does not 
ontain any D{edges, we restri
t our attention mostly

to mixed hypergraphs su
h that their feasible sets do not 
ontain 1.

We deal with several problems from [16℄ (Problem 10, 11, Conje
ture

2) and [6℄. We address the question on the size of the smallest (one{

)realization of a given feasible set in Se
tion 2. There are presented two


onstru
tions of a mixed hypergraph with a given feasible set F in [6℄, but

both of them give mixed hypergraphs of sizes whi
h 
an be exponential

both in maxF and jFj; the se
ond 
onstru
tion from [6℄ does not even give

one{realization of F . We present an algorithmi
 
onstru
tion (Theorem 2)

whi
h gives a small one{realization for a given feasible set F ; the number

of verti
es of this realization is at most jFj+ 2maxF � 1 and the number

of edges is 
ubi
 in the number of verti
es.

Theorem 2 from Se
tion 2 
an be restated as follows: Let (r

1

; : : : ; r

k

) be

a ve
tor su
h that r

1

= 0 and r

i

2 f0; 1g for 2 � i � k; then there exists

a mixed hypergraphH su
h that the spe
trum ofH is (r

1

; : : : ; r

k

). Note that

the 
ondition r

1

= 0 is the 
ondition 1 62 F mentioned earlier. We generalize

this theorem in Se
tion 3. We prove that for ea
h ve
tor (r

1

; : : : ; r

k

) of pos-

itive integers su
h that r

1

= 0 there exists a mixed hypergraph su
h that

its spe
trum is equal to (r

1

; : : : ; r

k

) (Theorem 3). The number of verti
es

of the mixed hypergraph from Theorem 3 is 2k�2+2

P

k

i=1;r

i

6=0

(1+blog

2

r

i


)

and the number of its edges is 
ubi
 in the number of its verti
es. Theorem 3

proves Conje
ture 2 from [16℄.

We deal with 
omplexity questions related to feasible sets in Se
tion 4.

We prove (Theorem 4) that for any �xed �nite sets of positive integers

A

1

� A

2

, it is NP{hard to de
ide whether the feasible set of a given mixed

3



hypergraph H is equal to A

2

even if it is promised that F(H) is either

A

1

or A

2

. This theorem has a lot of interesting 
orollaries: It is NP{


omplete to de
ide whether a given mixed hypergraph is 
olorable (Corol-

lary 2), it is both NP{hard and 
oNP{hard for a �xed non-empty �nite

set of positive integers A to de
ide whether the feasible set of a mixed hy-

pergraph is equal to A (Corollary 3), it is both NP{hard and 
oNP{hard

to de
ide whether the feasible set of a given mixed{hypergraph is gap{free

(Corollary 4) (this result was previously obtained in [9℄) and there is no

polynomial{time o(n){approximation algorithm for the lower or the up-

per 
hromati
 number unless P = NP (Corollary 5) where n is the num-

ber of verti
es of an input mixed hypergraph; we mention there is an

O(n

(log logn)

2

log

3

n

){approximation algorithm for 
hromati
 number of ordinary

graphs (see [5℄).

2 Small Realizations of given Feasible Sets

We present a 
onstru
tion whi
h gives a one{realization with jFj+2maxF�

1 verti
es in this se
tion:

Theorem 2 Let F be any non{empty �nite set of positive integers su
h

that 1 62 F . Then there exists a mixed hypergraph H with at most jFj +

2maxF � 1 verti
es with F(H) = F even su
h that its spe
trum 
ontains

only 0 and 1. The number of its edges is 
ubi
 in the number of its verti
es.

Moreover, the number of its verti
es is at most jFj+2maxF�2 if F 6= f2g.

Proof: The proof pro
eeds by indu
tion on maxF . If 2 62 F , then let H

0

be a one{realization of F

0

= fi� 1ji 2 Fg. Let H be a mixed hypergraph

H

0

obtained by adding a vertex x and D{edges fx; vg for all v 2 V (H

0

); it is


lear that proper 
olorings of H one{to{one 
orrespond to proper 
olorings

ofH

0

(the 
olor of the vertex x has to be di�erent from the 
olor of any other

vertex and it does not a�e
t 
oloring of any edge ex
ept for the added D{

edges of size two). Hen
e, H is one{realization of F . The number of verti
es

of H is at most 1 + jF

0

j + 2maxF

0

� 1 � jFj + 2maxF � 2. It remains

to deal with the 
ase that 2 2 F . The 
ase that F = f2g is trivial. Thus

we assume further maxF > 2.

We de�ne the mixed hypergraph H for F in this paragraph: Its vertex

set is going to be fv

+

2

; : : : ; v

+

k

; v

�

1

; : : : ; v

�

k

; v

�

1

g [ fv

�

i

ji 2 F ^ i � 3g where

k = maxF . Let F(H) = f


1

; : : : ; 


k

g. Let 


0

1

= 1; 


0

2

= 


2

; : : : ; 


0

k

= 


k

.
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We add the following edges to H for ea
h 2 � l � k:

fv

�

i

; v

+

j

g is a D {edge 


0

l�1

� i � 


0

l

and for 


0

l�1

< j � 


0

l

su
h i 6= j(1)

fv

�

i

; v

�




0

l�1

g is a D{edge for 


0

l�1

< i � 


0

l

(2)

fv

+

i

; v

�

i

; v

+

j

g is a C{edge for 


0

l�1

< i; j � 


0

l

and i 6= j (3)

fv

+

i

; v

�

i

; v

�




0

l�1

g is a C{edge for 


0

l�1

< i � 


0

l

(4)

fv

+

i

; v

�

i

; v

�

j

g is a C{edge for 


0

l�1

< i; j � 


0

l

and i 6= j (5)

fv

�




0

l�1

; v

�




0

l�1

; v

+

j

g is a C{edge for 


0

l�1

< j � 


0

l

(6)

fv

�




0

l�1

; v

�




0

l�1

; v

�

j

g is a C{edge for 


0

l�1

< j � 


0

l

(7)

fv

+




0

l

; v

�




0

l

; v

�




0

l

g is a C{edge (8)

fv

�




0

l�1

; v

+




0

l

; v

�




0

l

g is a C{edge (9)

fv

�




0

l�1

; v

�




0

l

; v

�




0

l

g is a D{edge (10)

fv

�

i

; v

+

j

; v

�

j

g is a D{edge for 1 � i � 


0

l

, 


0

l�1

< j � 


0

l

and i 6= j(11)

We prove that H nv

�

k

(the mixed hypergraph obtained from H by removing

v

�

k

and all the edges 
ontaining v

�

k

) has the desired properties.

Let H

l

be the mixed hypergraph H (for l � 2) restri
ted to the verti
es

fv

+

2

; : : : ; v

+




0

l

; v

�

1

; : : : ; v

�




0

l

; v

�

1

g [ fv

�

i

ji 2 F ^ 3 � i < 


0

l

g; the edges of H

l

are

those edges of H whi
h are fully 
ontained in the vertex set of H

l

. We 
laim

the following (2 � l � k):

1. F(H

l

) = f


1

; : : : ; 


l

g

2. Any proper 
oloring whi
h assigns v

+




0

l

and v

�




0

l

di�erent 
olors uses less

than 


l


olors. Any su
h 
olorings gives v

�




0

l�1

and v

+




0

l

the same 
olor

and also v

�




0

l�1

and v

�




0

l

the same 
olor (di�erent to the 
olor of v

+




0

l

).

3. Any proper 
oloring whi
h assigns v

+




0

l

and v

�




0

l

the same 
olor uses

exa
tly 


l


olors; any su
h 
oloring 
olors verti
es v

�

1

; : : : ; v

�




l

with

mutually di�erent 
olors. Moreover, the 
olors of v

�

i

and v

+

i

(and v

�

i

if it exists) are the same.

4. There exists exa
tly one proper 
oloring using exa
tly � 
olors for

ea
h � 2 F(H

l

).
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We prove all these four 
laims together by indu
tion on l.

We �rst deal with the 
ase that l is equal to 2. Let 
 be any proper 
ol-

oring of H

2

. If 
(v

�

1

) 6= 
(v

�

1

), then this 
oloring uses exa
tly two 
olors on

the verti
es v

�

1

; : : : ; v

�




0

2

; v

�

1

; v

+

2

; : : : ; v

+




0

2

. (due to the presen
e of C{edges (6)

and (7) ); the presen
e of D{edges (1) and (2) assures that the verti
es are


olored as des
ribed in the se
ond 
laim. Let us suppose that 
(v

�

1

) = 
(v

�

1

).

If 
(v

+

i

) 6= 
(v

�

i

) for some 2 � i � 


0

2

, then 
(v

�

1

) 6= 
(v

�

1

) due to the pres-

en
e of C{edges (4) and (5) and D{edges (1) and (2). Thus 
(v

+

i

) = 
(v

�

i

)

for all 2 � i � 


0

2

. The 
olors of 
(v

�

i

) for 1 � i � 


0

2

are mutually

distin
t due to the presen
e of D{edges (1) and (2). Thus any su
h 
oloring


 uses exa
tly 


0

2


olors for 
oloring the verti
es v

�

1

; : : : ; v

�




0

2

; v

�

1

; v

+

2

; : : : ; v

+




0

2

.

This establishes that 
 uses exa
tly 


2

= 


0

2


olors. This together with

the beginning of this paragraph gives all the four 
laims for H

2

. We left

the straightforward 
he
k that both the 
olorings des
ribed in this para-

graph are proper to the reader.

Let us prove the 
laims for H

l

(l � 3) assuming them proved for H

l�1

.

Let 
 be a proper 
oloring of H

l

. If 
(v

�




0

l�1

) 6= 
(v

+




0

l�1

), then the C{edge (8)

and the D{edge (10) together with the se
ond 
laim assure that 
(v

+




0

l�1

) =


(v

�




0

l�1

); note that in this 
ase 
 uses less than 


l�1


olors to 
olor verti
es

of H

l�1

. If 
(v

�




0

l�1

) = 
(v

+




0

l�1

), thus 
(v

�




0

l�2

) = 
(v

�




0

l�2

) 6= 
(v

�




0

l�1

), then

the 
olor 
(v

�




0

l�1

) is either 
(v

�




0

l�1

) = 
(v

+




0

l�1

) or 
(v

�




0

l�2

) = 
(v

�




0

l�2

) due

to the presen
e of the C{edge (9) and both is possible. Note that in this


ase 
 uses exa
tly 


l�1


olors to 
olor verti
es of H

l�1

.

We distinguish two 
ases (similar to those in the previous but one para-

graph): 
(v

�




0

l�1

) 6= 
(v

�




0

l�1

) and 
(v

�




0

l�1

) = 
(v

�




0

l�1

). If 
(v

�




0

l�1

) 6= 
(v

�




0

l�1

),

then the same argumentation as used in the previous but one paragraph

gives that 
(v

�




0

l�1

) = : : : = 
(v

�




0

l

) and 
(v

�




0

l�1

) = 
(v

+




0

l�1

+1

) = : : : = 
(v

+




0

l

).

On the other hand, if 
(v

�




0

l�1

) = 
(v

�




0

l�1

), then the same argumentation

as used in the previous paragraph gives that 
(v

�




0

l�1

) = 
(v

�




0

l�1

), 
(v

+




0

l�1

+1

) =


(v

�




0

l�1

+1

) 6= : : : 6= 
(v

+




0

l

) = 
(v

�




0

l

) and the 
olors 
(v

�




0

l�1

); : : : ; 
(v

�




0

l

) are mu-

tually distin
t due to the presen
e of D{edges (1) and (2) and they are

di�erent from 
olors 
(v

�

1

); : : : ; 
(v

�




0

l�1

�1

) due to the third 
laim used for

H

l�1

and the presen
e of D{edges (11). This proves the �rst, the se
-

ond and the third 
laim for H

l

. We left the straightforward 
he
k that all

the des
ribed 
olorings are proper to the reader. As to the fourth 
laim:
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If 
(v

�




0

l�1

) = 
(v

�




0

l�1

), then exa
tly 


l�1


olors are used to 
olor the verti
es of

H

l�1

and new 


l

�


l�1


olors are used to 
olor the verti
es of v

+




0

l�1

+1

; : : : ; v

+




0

l

and v

�




0

l�1

+1

; : : : ; v

�




0

l

due to the presen
e of D{edges 11. On the other hand,

if 
(v

�




0

l�1

) 6= 
(v

�




0

l�1

), there exists unique extension of any proper 
oloring

of H

l�1

to H

l

. This �nishes the proof of all the four 
laims H

l

.

One 
an 
on
lude that H n fv

�

k

g = H

l

has really the desired properties.

The bound on the number of edges follows from the fa
t that ea
h edge has

size at most three.

The immediate 
orollary of Theorem 1 and Theorem 2 is following:

Corollary 1 There is a polynomial algorithm whi
h for a given set F de-


ides whether it is a feasible set of some mixed hypergraph and if so it outputs

a mixed hypergraph H su
h that F(H) = F .

Proof: If 1 62 F , the algorithm uses 
onstru
tion from Theorem 2. If 1 2 F

and F is not interval, then the algorithm outputs that no su
h mixed hyper-

graph exists (Theorem 1). If 1 2 F and F is an interval, then the algorithm

outputs a mixed hypergraph 
onsisting of maxF verti
es and no edges.

3 Realization of a Given Spe
trum

Lemma 1 Let F = f


1

; : : : ; 


l

g be a set of positive integers not 
ontaining

1. There exists a mixed hypergraph H

�

whi
h is one{realization of F . More-

over, H

�


ontains 3l verti
es w

+

i

; w

�

i

; w

	

i

(1 � i � l) with the following

property: Let 
 be any proper 
oloring of H

�

, then

� The verti
es w

+

i

; w

�

i

; w

	

i

are 
olored by 
 with exa
tly two 
olors for

ea
h i.

� 
(w

	

i

) = 
(w

+

i

) 6= 
(w

�

i

) i� 
 uses exa
tly 


i


olors.

� 
(w

	

i

) 6= 
(w

+

i

) = 
(w

�

i

) i� 
 does not use exa
tly 


i


olors.

7



Proof: We deal �rst with the 
ase F = f2g. The following mixed hyper-

graph works: V (H

�

) = fw

+

1

; w

�

1

; w

	

1

g where fw

	

1

; w

+

1

g is the only C{edge

of H

�

and fw

	

1

; w

�

1

g is the only D{edge of H

�

.

Assume that 2 2 F ; we take 
are of the 
ase 2 62 F later. We extend

the 
onstru
tion from the proof of Theorem 2. Let H

l

be the mixed hyper-

graph obtained in the 
onstru
tion and let us 
ontinue using notation from

the proof of Theorem 2. We add vertex v

+

1

together with a C{edge fv

+

1

; v

�

1

g

and we add vertex v

�




0

l

together with a C{edge fv

�




0

l�1

; v

�




0

l

g. It is routine

to 
he
k that the following two 
laims hold:

� 
(v

�




0

i

) = 
(v

+




0

i

) 6= 
(v

�




0

i

) i� 
 uses exa
tly 


i


olors.

� 
(v

+




0

i

) = 
(v

�




0

i

) i� 
 does not use exa
tly 


i


olors.

Let w

+

i

= v

+




0

i

, w

�

i

= v

�




0

i

and w

�

i

= v

�




0

i

farther. We add new verti
es

w

	

i

for all 1 � i � l to the mixed hypergraph together with C{edges

fw

	

i

; w

+

i

; w

�

i

g and fw

	

i

; w

+

i

; w

�

i

g for all 1 � i � l, C{edges fw

	

i

; w

�

i

; v

�

1

g

for all 2 � i � l and D{edges fw

	

i

; w

�

i

g for all 1 � i � l. We further

add a C{edge fw

	

1

; w

�

1

; v

�

2

g. Let 
 be a proper 
oloring of H

l

[ fv

+

1

; v

�




0

k

g.

If 
(w

+

i

) 6= 
(w

�

i

) (and thus 
(w

+

i

) = 
(w

�

i

)), then the C{edge fw

	

i

; w

+

i

; w

�

i

g

and the D{edge fw

	

i

; w

�

i

g for
e the vertex w

	

i

to have the 
olor 
(w

+

i

) =


(w

�

i

) (and this extension is possible) | this des
ribes the 
ase when the 
ol-

oring 
 uses exa
tly 


i


olors. Let us assume further 
(w

+

i

) = 
(w

�

i

).

If 
(w

+

i

) 6= 
(w

�

i

), then the C{edge fw

	

i

; w

+

i

; w

�

i

g and the D{edge fw

	

i

; w

�

i

g

for
e the vertex w

	

i

to have the 
olor 
(w

�

i

) (and this extension is possible).

If 
(w

+

i

) = 
(w

�

i

) = 
(w

�

i

), then the C{edge fw

	

i

; w

�

i

; v

�

1

g (the C{edge

fw

	

1

; w

�

1

; v

�

2

g in 
ase i = 1) and the D{edge fw

	

i

; w

�

i

g for
e the vertex w

	

i

to have the 
olor 
(v

�

1

) (the 
olor 
(v

�

2

)); this requires that 
(v

�

1

) 6= 
(w

+

i

) =


(w

�

i

) = 
(w

�

i

) (
(v

�

2

) 6= 
(w

�

i

) where w

�

i

= v

�

1

, sin
e i is 1 in this 
ase).

The last non{equality is assured by the presen
e of the D{edge (11) (D{

edge (2) ) in the 
onstru
tion of Theorem 2. This gives that ea
h 
oloring


 of H

l


an be uniquely extended to the 
onstru
ted mixed hypergraph.

It is straightforward to 
he
k all the three properties stated by the lemma:

The se
ond and the third one are established due to the presen
e of a C{edge

fw

	

i

; w

+

i

; w

�

i

g and a D{edge fw

	

i

; w

�

i

g (1 � i � l) and due to the analo-

gous 
laims stated in the previous paragraph for v

+




0

i

and v

�




0

i

. The �rst one

is established by the presen
e of the C{edges fw

	

i

; w

+

i

; w

�

i

g and D{edges

fw

	

i

; w

�

i

g.
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The last 
ase that 2 62 F 
an be dealt as follows: We 
onstru
t a mixed

hypergraph for F

0

= fi� k

0

ji 2 Fg and by adding a new vertex x together

with D{edges fx; vg for all verti
es v as in the beginning of the proof of

Theorem 2.

Lemma 2 There exists a mixed hypergraph H

m

with three spe
ial verti
es

w

+

, w

	

, w

�

whi
h satis�es: Let 
 be any pre
oloring of w

+

, w

	

and w

�

using two 
olors su
h that 
(w

	

) 6= 
(w

�

), then:

� Any extension of 
 to a proper 
oloring of H

m

uses no additional


olors.

� If 
(w

	

) 6= 
(w

+

) = 
(w

�

), then 
 
an be uniquely extended to a proper


oloring of H

m

.

� If 
(w

	

) = 
(w

+

) 6= 
(w

�

), then 
 
an be extended to exa
tly m dif-

ferent proper 
olorings of H

m

.

The number of verti
es of H

m

does not ex
eed 3 + 2blog

2

m
.

Proof: The proof pro
eeds by indu
tion on m. The statement is trivial

for m = 1. We distinguish two 
ases:

� The number m is even.

LetH

m

be the mixed hypergraph obtained fromH

m=2

by adding a new

vertex x, a C{edge fw

�

; w

	

; xg and aD{edge fw

�

; w

+

; xg. If 
(w

	

) 6=


(w

+

) = 
(w

�

), then 
 
an be extended uniquely to H

m=2

and also

to x, sin
e the added edges for
e that 
(x) = 
(


	

). If 
(w

	

) =


(w

+

) 6= 
(w

�

), then 
 
an be extended to m=2 di�erent proper 
ol-

orings to H

m=2

and it 
an be extended to 
 by setting 
(x) to either


(w

�

) or 
(w

	

); these extension altogether givem di�erent extensions

to the whole H

m

.

� The number m is odd.

Let m = 2t+ 1. Let us 
onsider the mixed hypergraph H

t

(with the

properties des
ribed in the statement of the lemma) and let w

0+

; w

0�

; w

0	

be its 
onta
t verti
es. We 
onstru
t H

m

as follows: We identify

the verti
es w

�

and w

0	

, w

	

and w

0�

and we introdu
e a new vertex

x. Then, we add C{edges fw

�

; w

	

; w

0+

g and C{edge fw

�

; w

	

; xg and

9



D{edges fw

�

; w

+

; w

0+

g and fw

	

; w

0+

; xg. If 
(w

	

) 6= 
(w

+

) = 
(w

�

),

then the added C{edges and D{edges for
e that 
(w

0+

) = 
(w

	

) and


(x) = 
(w

�

); the 
oloring 
 
an be then extended uniquely to the re-

maining verti
es of H

t

. If 
(w

	

) = 
(w

+

) 6= 
(w

�

), then 
(w

0+

)


an be either 
(w

�

) or 
(w

	

): If 
(w

0+

) is 
(w

	

), then 
(x) has

to be 
(w

�

) and 
 
an be uniquely extended to the remaining verti
es

of H

t

; if 
(w

0+

) is 
(w

�

), then 
(x) 
an be either 
(w

�

) or 
(w

	

) and


 
an be extended in t di�erent ways to the remaining verti
es of H

t

.

Thus 
 
an be (if 
(w

	

) = 
(w

+

) 6= 
(w

�

)) extended to the remaining

verti
es H

m

in 2t+ 1 = m di�erent ways.

The bound on the number of verti
es of H

m

is obviously ful�lled in both

the 
ases.

Theorem 3 Let (r

1

; : : : ; r

k

) be any ve
tor of non-negative integers su
h

that r

1

= 0. Then there exists a mixed hypergraph with at most 2k � 2 +

2

P

k

i=1;r

i

6=0

(1+blog

2

r

i


) verti
es su
h that its spe
trum is equal to (r

1

; : : : ; r

k

).

Moreover, the number of edges of this mixed hypergraph is 
ubi
 in the num-

ber of its verti
es.

Proof: Let F = fjjr

j

6= 0g and let H

�

be the mixed hypergraph from

Lemma 1; we keep the notation of Lemma 1. We apply the following pro-


edure for ea
h 


i

2 F(H

�

): We add the 
opy of H

r




i

from Lemma 2 to H

�

and we identify verti
es w

+

i

and w

+

, w

�

i

and w

�

and w

	

i

and w

	

. It is 
lear

due to Lemma 1 and Lemma 2 that the spe
trum of the just 
onstru
ted

mixed hypergraph is (r

1

; : : : ; r

k

). The bound on the number of verti
es

easily follows from 
ounting the number of the verti
es of H

�

and the ver-

ti
es of H

r




i

(and realizing that some of the verti
es have been identi�ed).

The bound on the number of edges follows from the fa
t that ea
h edge has

size at most three.

4 NP{hardness and 
oNP{hardness

The main theorem of this se
tion is proved in a similar way as Theorem 3

but we use instead of Lemma 2 the following one:
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Lemma 3 Let � be a given formula with 
lauses of size three; let n the

number of variables and m the number of 
lauses of �. There exists a mixed

hypergraph H

�

with three spe
ial verti
es w

+

, w

	

, w

�

whi
h satis�es: Let


 be any pre
oloring of w

+

, w

	

and w

�

using two 
olors su
h that 
(w

	

) 6=


(w

�

), then:

� Any extension of 
 to a proper 
oloring of H

�

uses no additional


olors.

� If 
(w

	

) 6= 
(w

+

) = 
(w

�

), then 
 
an always be extended to a proper


oloring of H

�

.

� If 
(w

	

) = 
(w

+

) 6= 
(w

�

), then 
 
an be extended to a proper 
olor-

ings of H

�

i� � is satis�able.

The number of the verti
es of H

�

is 2n+ 3 and the number of its edges is

linear in n+m.

Proof: Let x

1

; : : : ; x

m

be the variables of the given formula. Let H

�

be

a mixed hypergraph with verti
es w

+

; w

	

; w

�

; v

T

1

; v

F

1

; : : : ; v

T

n

; v

F

n

and the

following edges:

� C{edges fw

�

; w

	

; v

T

i

g and fw

�

; w

	

; v

F

i

g for 1 � i � n

� D{edges fv

T

i

; v

F

i

g for 1 � i � n

� D{edges fw

	

; w

+

; w

X

i

; w

Y

j

; w

Z

k

g for ea
h 
lause of the formula 
on-

taining the variables x

i

, x

j

and x

k

where X = T if the o

urren
e

of x

i

in the 
lause is positive and X = F otherwise; Y and Z are set

in the same manner

The bounds on the size of H

�

are 
learly ful�lled.

Any extension of pre
oloring verti
es w

+

; w

	

; w

�

su
h that 
(w

	

) 6=


(w

�

) to the verti
es v

T

1

; v

F

1

; : : : ; v

T

n

; n

F

n

uses only 
olors 
(w

	

) and 
(w

�

)

due to the presen
e of C{edges fw

�

; w

	

; v

T

i

g and fw

�

; w

	

; v

F

i

g for 1 �

i � n. If 
(w

	

) 6= 
(w

+

), then all the D{edges 
orresponding to the 
lauses

of � are properly 
olored already by the pre
oloring and thus assigning all

the verti
es v

T

i

the 
olor 
(w

�

) and all the verti
es v

F

i

the 
olor 
(w

	

)

gives a proper extension of 
.

Let us assume in the rest of the proof that 
(w

	

) = 
(w

+

). The 
olor


(w

�

) represents true and the 
olor 
(w

	

) represents false in our 
onstru
-

tion; the presen
e of D{edges fv

T

i

; v

F

i

g assures that ea
h variable and its

11



negation have opposite values (the value of x

i

is represented by the 
olor of

v

T

i

). The presen
e D{edges fw

	

; w

+

; v

X

i

; v

Y

j

; v

Z

k

g assures that ea
h 
lause


ontains at least one true literal (a vertex 
olored by the 
olor 
(w

�

). Hen
e,


 
an be extended to H

�

i� there is a satisfying assignment of �.

Theorem 4 Let A

1

� A

2

be two �nite non{empty subsets of f2; 3; : : :g.

It is NP{hard to de
ide whether the feasible set of a given mixed hypergraph

H is equal to A

2

even if it is promised that F(H) is either A

1

or A

2

.

Proof: We present a redu
tion from the well{known NP{
omplete prob-

lem 3SAT. Let � be a given formula and H

�

the mixed hypergraph from

Lemma 3. Let H

�

be the mixed hypergraph from Lemma 1 applied for the

set A

2

= f


1

; : : : ; 


l

g; let A

2

nA

1

= f


i

1

; : : : ; 


i

l

0

g. We 
reate jA

2

j�jA

1

j = l

0


opies of H

�

and we identify the verti
es w

	

; w

+

; w

�

of the j-th 
opy

with the verti
es w

	




i

j

; w

+




i

j

; w

�




i

j

of H

�

; let H be the obtained mixed hy-

pergraph. H has a stri
t k{
oloring for k 2 A

1

sin
e any stri
t k{
oloring

of H

�


an be extended to the 
opies of H

�

due to Lemma 3 (note that


(w

	




i

j

) 6= 
(w

+




i

j

) = 
(w

�




i

j

) for 1 � j � l

0

for any stri
t k{
oloring of H

�

where k 2 A

1

). On the other hand, H has a stri
t k{
oloring for k 2 A

2

nA

1

i� � is satis�able: a stri
t k{
oloring of H

�

for k = 


i

j


an be extended

to the j{th 
opy of H

�

i� � is satis�able due to Lemma 3 sin
e it holds

that 
(w

	




i

j

) = 
(w

+




i

j

) 6= 
(w

�




i

j

) for any su
h stri
t k{
oloring of H

�

. Note

that the number of verti
es of H is at most 3maxA

2

+2jA

2

nA

1

jn and the

number of its edges is 
ubi
 in the number of its verti
es.

Several interesting 
orollaries almost immediately follow:

Corollary 2 It is NP{
omplete to de
ide whether a given mixed hypergraph

H is 
olorable.

Proof: This problem 
learly belongs to the 
lass NP. It is enough to set

A

1

= ; and A

2

= f2g in Theorem 4 to get the result.

Corollary 3 Let A be a �xed �nite subset of f2; 3; : : :g. It is 
oNP{hard

to de
ide whether the feasible set of a given mixed hypergraph H is equal

to A. If A 6= ;, then this problem is NP{hard, too.
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Proof: The 
oNP{hardness is established by setting A

1

= A and A

2

to a

proper superset of A omitting 1 in Theorem 4; the NP{hardness by setting

A

2

to A and A

1

to a proper subset of A.

Corollary 4 It is both NP{hard and 
oNP{hard to de
ide whether the feasi-

ble set of a given mixed hypergraph H is gap{free even for H with ��(H) = 4.

Proof: The NP{hardness is established by setting A

1

= f2; 4g and A

2

=

f2; 3; 4g in Theorem 4; the 
oNP{hardness by setting A

1

= f4g and A

2

=

f2; 4g.

Corollary 5 There does not exist a polynomial{time o(n){approximation

algorithm for the lower or the upper 
hromati
 number of a mixed hypergraph

where n is the number of verti
es unless P = NP .

Proof: Suppose that there exists polynomial{time f(n){approximation

algorithm for the lower 
hromati
 number where f(n) 2 o(n) and n is the

number of verti
es of a given mixed hypergraph. Let � be a given formula

with 
lauses of size three with N variables. Choose k su
h k < 2f(3k+2N);

it exists sin
e f(n) 2 o(n). Let H be the mixed hypergraph from the 
on-

stru
tion of Theorem 4 forA

1

= fkg andA

2

= f2; kg. It is NP{
omplete due

to Theorem 4 to de
ide whether the feasible set is A

2

if it is promised that

it is either A

1

or A

2

. The approximation algorithm for the lower 
hromati


number outputs a number whi
h is less then k i� the feasible set of the in-

put mixed hypergraph is A

2

. Thus the existen
e of the polynomial{time

o(n){approximation algorithm implies P = NP . The non{existen
e (unless

P=NP) of a polynomial{time o(n){approximation algorithm for the upper


hromati
 number 
an be proved similarly.

5 Con
lusions

There exists a mixed hypergraph whose feasible set is F for any set F of pos-

itive integers whi
h does not 
ontain 1; we proved that there exists a mixed

13



hypergraph whose spe
trum is (r

1

; : : : ; r

k

for any ve
tor (r

1

; : : : ; r

k

) of pos-

itive integers su
h that r

1

= 0. The number of the verti
es of the smallest

mixed hypergraph whi
h is a realization of a given set F has been sub-

stantially de
reased from exponential to linear in maxF . But the following

question has not been answered: What is the number of verti
es of the small-

est mixed hypergraph whose feasible set is equal to a given set F? Or even,

what is the number of verti
es of the smallest mixed hypergraph whose spe
-

trum is equal to a given spe
trum (r

1

; : : : ; r

k

)? The answer to any of these

questions probably requires some very �ne analysis.

We have not dealt with mixed hypergraphs 
ontaining only C{edges

in this paper. It is 
lear that if r

1

6= 0 (this is equivalent to the fa
t that

a mixed hypergraphs 
ontains only C{edges), then r

1

= 1. It 
an be further

proved that r

2

= (2

n

� 2)=2 for some n; this follows from the fa
t that C{

edges of size two 
an be 
ontra
ted without a�e
ting the spe
trum and any

two{
oloring of a mixed hypergraph without C{edges of size two and without

D{edges is proper. This leads to the following problem: What are ne
essary

and suÆ
ient 
onditions on a ve
tor (r

1

; : : : ; r

k

) of positive integers (su
h

that r

1

= 1) in order to be a spe
trum of a mixed hypergraph?
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