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Abstra
t

We give a new and more dire
t proof of the 
hara
terization theorem

for �nitary homomorphism dualities of dire
ted graphs. This result may be

viewed as a 
hara
terisation of Gallai-Hasse-Roy type theorems. We exhibit
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in�nitely many examples where this general setting improves the bounds for


hromati
 number of graphs and we relate this to extremal problems for ori-

ented graphs.

1 Introdu
tion

In this paper we deal mostly with oriented graphs. However the whole paper is mo-

tivated by 
oloring problems for undire
ted graphs and we use oriented graphs as

a tool for estimating 
hromati
 number (and variants like oriented 
hromati
 num-

ber) of undire
ted graphs. To this problem we apply the homomorphism te
hniques

developed mainly in [9℄.

The 
onne
tion between 
hromati
 number and orientations is not new and goes

ba
k to [3, 11℄. These pioneering works provided a name for the result although

both of these papers are anti
ipated by M. Hesse [4℄ where she proved the same

thing (in the algebrai
 language of 
ategory theory). Another in
uential 
onne
tion

between orientetions ad 
hromati
 number is given by [6℄ but that goes in a di�erent

dire
tion (
ows and matroids). For our purposes Gallai-Hesse-Roy result takes the

following 
ompa
t form:

Theorem 1 For any dire
ted graph G the following holds:

P

k

6! G() G! T

k

The unde�ned notions have the following meaning: P

k

denotes the dire
ted

path of length k (i.e. with k + 1 verti
es), T

k

denotes the transitive tournament

with k verti
es and G ! H (G 6! H , respe
tively) denotes the existen
e (and

non-existen
e) of a homomorphism G! H .

It may be seen easily that for undire
ted graph this has the following 
onsequen
e

Corollary 2 For an undire
ted graph G the following statements are equivalent:

1: �(G) � k (whi
h is equivalent to G! K

k

);

2: There exists an orientation

~

G of G su
h that

~

G! T

k

;

3: There exists an orientation

~

G of G su
h that P

k

6!

~

G.

This parti
ular result was one of the starting points for the dis
overy of the

following result whi
h also gave a new name to this type of results. We state the

theorem for oriented graphs only:

2



Theorem 3 (Homomorphism Dualities) ([9℄)

For every oriented tree T there exists an oriented graph D

T

(
alled the dual of

T ) su
h that the following holds:

T 6! G() G! D

T

:

This paper is motivated by e�orts to use this more general theorem for estimating

various extremal problems for graphs. There are two main obsta
les to this proje
t.

The �rst is that the des
ription of the graphs D

T

is 
ompli
ated and ine�e
tive

even in small examples. The se
ond obsta
le is more subtle and we introdu
e two

numbers �rst.

For every dire
ted a
y
li
 graphG we 
an asso
iate number h(G) -height of G- as

the longest oriented path P

k

with P

k

! G. By Theorem 1 h(G) = minfk;G! T

k

g.

For oriented graph G de�ne also the algebrai
al length al(G) of G as minimal k

su
h that there exists a homomorphism G ! P

k

. (If there is no su
h k we put

al(G) = 1.) Obviously every tree T has a �nite algebrai
al length and al(T ) is

simply the number of "levels" whi
h we need in a "leveled" drawing of T . It follows

that T 6! G implies P

al(T )

6! G and thus we have an obvious upper bound for all

graphs G with T 6! G:

�(G) � al(T ):

It is not 
lear whether we 
an beat this bound by applying Theorem 3. This is the

se
ond obsta
le.

In this paper we show that both of these problems may be resolved. First,

we give a new proof (independent of [9℄) of Theorem 3 whi
h yields an expli
ite

des
ription of graph D

T

for any oriented tree. Although the 
onstru
tion is simple

and mu
h easier then the proof given in [9℄ the following is still open:

Problem 1 Can one 
hoose D

T

of a polynomial size (in jV (T )j)?

Note that up to homomorphism equivalen
e the dualD

T

is uniquelly determined.

However the exponential 
onstru
tion of D

T

whi
h we give for a tree T may have a

mu
h smaller 
ore (i.e. the minimal retra
t). In the full generality of the paper [9℄

one needs exponential large size dual models however for graphs (or hypergraphs of

a �xed arity) the problem is still open. Problem 1 is the simplest 
ase.

In some 
ases one 
an �nd 
ore of the dual D

T

. This is so in Theorem 1. As

a further example 
onsider for the orientation P

0

of the path of length 5 whi
h we

get from the dire
ted path of length 5 by reversing the middle ar
 the dual D

P

0

is

the only orientation of a 
y
le of length 5, whi
h does not 
ontain dire
ted path of

length 3, see [5℄. Re
ently, authors found expli
ite des
ription of all 
ores of D

T
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for all trees with al(T ) = 3, [10℄. In all these 
ases we have al(P

0

) = 3 and also

�(D

P

0

) = 3 and thus duality does not help.

Let us 
onsider the next example: P

00

is the orientation of the dire
ted path of

length 6 whi
h we get from the dire
ted path of length 6 by reversing of the third

ar
. Then one 
an show that the dual D

P

00

has the following form: the verti
es are

1; 2; : : : ; 6 with edges (1; 2); (2; 3); (1; 4); (4; 5); (5; 6); (1; 3); (1; 5); (2:6). It is easy to


olor this graph by 3 
olors: 
(i) = i for i = 1; 2; 3, 
(4) = 2; 
(5) = 3; 
(6) = 1 (D

P

00

is uniquelly 3-
olorable). Now duality helps: it is al(P

00

) = 4 but �(D

P

00

) = 3. In

Proposition 4 we give in�nitely many su
h examples.

In Se
tion 4 we in
lude some further remarks whi
h relate duality theorems to

further 
onje
tures and exrtremal for dire
ted graphs.

2 General 
onstru
tion of duals

Let

~

T be a dire
ted tree. We de�ne its dual D

~

T

by

V (D

~

T

) = ff : V (

~

T ) 7! V (

~

T ) : (u; f(u)) 2 A(

~

T ) or (f(u); u) 2 A(

~

T ) for all u 2 V (

~

T )g;

A(D

~

T

) = f(f; g) : for all (u; v) 2 A(

~

T ); we have f(u) 6= v or g(v) 6= ug:

We now prove that this 
onstru
tion of D

~

T

has the properties 
laimed by Theorem3.

Proof of Theorem 3. We �rst show that

~

T 6! D

~

T

. Suppose that � :

~

T 7! D

~

T

is

a homomorphism, and denote f

u

= �(u) for all u 2 V (

~

T ). Sele
t u

0

2 V (

~

T ) and

de�ne (u

n

)

n>0

re
ursively by u

n

= f

u

n�1

(u

n�1

). Then u

n

is a neighbour of u

n�1

for all n > 0. Let n be the smallest index su
h that u

n

= u

m

for some m < n.

Sin
e

~

T is a tree, we must then have n = m + 2. We then have f

u

m

(u

m

) = u

m+1

and f

u

m+1

(u

m+1

) = u

m

, but this 
ontradi
ts the de�nition of D

~

T

: Sin
e u

m

and

u

m+1

are neighbours, f

u

m

and f

u

m+1

should be neighbours hen
e we should have

f

u

m

(u

m

) 6= u

m+1

or f

u

m+1

(u

m+1

) 6= u

m

. This shows that

~

T 6! D

~

T

, hen
e for any

dire
ted graph

~

G su
h that

~

G! D

~

T

, we have

~

T 6!

~

G.

It remains to show that if

~

T 6!

~

G, then we 
an de�ne a homomorphism � :

~

G!

D

~

T

. We will use the following de�nitions:

� Let u be a vertex of

~

T and v a neighbour of u. We denote

~

T

u;v

the maximal

subtree of

~

T whi
h 
ontains u and v but not any other neighbour of u.

� We de�ne a labelling of the ar
s of

~

T by 
hara
terising the ar
s of label n

re
ursively as follows: The leaves of

~

T have label 1. For n > 1, the leaves of
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the subtree of

~

T obtained by removing all ar
s of label smaller than n have

label n.

Let x be a vertex of

~

G. Sin
e

~

T 6!

~

G, every vertex u of

~

T has a neighbour v for

whi
h there exist no homomorphism  :

~

T

u;v

7!

~

G su
h that  u = x. Sele
t su
h a

vertex with maximal label, and 
all it f

x

(u). This de�nes a map f

x

: V (T ) 7! V (T )

whi
h belongs to the vertex set of D

~

T

. We will show that � :

~

G 7! D

~

T

de�ned by

�(x) = f

x

is a homomorphism.

Let (x; y) be an ar
 of

~

(G). We need to show that (f

x

; f

y

) is an ar
 of D

~

T

, that

is, for every ar
 (u; v) of

~

T , we have f

x

(u) 6= v or f

y

(v) 6= u. Let (u; v) be an ar


of

~

T . Note that either the labels of all other ar
s in
ident to u are smaller than

that of (u; v), or the labels of all other ar
s in
ident to v are smaller than that of

(u; v). In the �rst 
ase,

~

T

v;u

admits a homomorphism to

~

G mapping v to y, when
e

f

y

(v) 6= u. In the se
ond 
ase,

~

T

u;v

admits a homomorphism to

~

G mapping u to x,

when
e f

x

(u) 6= v. Therefore, (f

x

; f

y

) is an ar
 of D

~

T

, and � is a homomorphism.

This proof together with the 
orresponden
e between gaps and dualities and by

the density proof for oriented graphs presents simplest way how to prove the full

version of the Duality Chara
terization Theorem [9℄, see Theorem 5 below.

3 Almost dire
ted paths

In this se
tion, we 
onsider the dire
ted paths P

m;n

with m forward edges followed

by one ba
kward edge followed by n forward edges, where m � 3 and n � 2. The

algebrai
 length of P

m;n

is m+ n� 1, hen
e by the Gallai-Hasse-Roy theorem, if a

graph G admits an orientation

~

G su
h that P

m;n

6!

~

G, then �(G) � m+n� 1. We


an improve this bound by 1:

Proposition 4 Let G be a graph whi
h admits an orientation

~

G su
h that P

m;n

6!

~

G. Then �(G) � m+ n� 2.

Proof. Let

~

G be an orientation of G su
h that P

m;n

6!

~

G. For every vertex u of

G, we asso
iate the ve
tor (a

u

; b

u

) where a

u

is the length of the longest path of

~

G

ending at u, and b

u

is the length of the longest path of

~

G starting at u. Note that

a

u

+b

u

� m+n�2 for every vertex u. Also, if (u; v) is an ar
 of

~

G, then a

v

< m�1
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or b

u

< n� 1. We de�ne the 
olouring 
 : V (G) 7! f0; 1; : : : ;m+ n� 3g by


(u) =

8

<

:

0 if (a

u

; b

u

) = (m+ n� 2; 0)

a

u

if a

u

+ b

u

� n and a

u

6= m+ n� 2

a

u

+ 1 if a

u

+ b

u

< n

Let (u; v) be an ar
 of

~

G. Then b

u

� 1 when
e 
(u) = a

u

or a

u

+ 1. If (a

v

; b

v

) =

(m+ n� 2; 0), then 
(v) = 0, but we 
annot have 
(u) = 0, be
ause it would imply

a

u

= 0 and b

u

� n when
e P

m;n

!

~

G. If (a

v

; b

v

) 6= (m+ n � 2; 0), then 
(v) = a

v

or a

v

+ 1. Note that a

v

> a

u

and b

v

< b

u

. Therefore the only possible trouble is

that we have 
(u) = a

u

+ 1 = a

v

= 


v

. But then n � a

v

+ b

v

� a

u

+ b

u

< n whi
h

is impossible. Therefore 
 is a proper 
olouring of G with m+ n� 2 
olours.

This bound is sharp if minfm;ng = 2. In this 
ase the tournament T

m

or T

n

has the 
hromati
 number meeting the bound in Proposition 4. Another example

is the path P

3;3

. In this 
ase the graph whi
h we get from K

4

by a single operatio

of H�ajos join has 
hromati
 number 4 and it 
an be oriented in su
h a way so that

it does not 
ontain a homomorphi
 image of P

3;3

. However it is not 
lear whether

the bound in Proposition 4 is sharp in general.

4 Some extremal problems

For (dire
ted or undire
ted) graphs G;H we write G � H if there exists a homo-

morphism G ! H . This de�nes a quasiorder 
alled 
oloring (or homomorphism)

order. The 
oloring order has a very 
ompli
ated stru
ture, see e.g. [9, 7℄ for results

in this dire
tion. Using this order the main result (for graphs) of [9℄ may be stated

easily. First let us introdu
e one more notation: Given a �nite set of 
onne
ted

graph F denote by Forb

h

(F) the 
lass of all graphs G for whi
h hold

F 2 F ) F 6� G

Thus Forb

h

(F) 
ontains those graphs whi
h do not 
ontain any F 2 F nor any

of its homomorphi
 images. For F = fC

2k+1

g these are just graphs with the odd

girth > 2k + 1.

Theorem 5 ([9℄) The 
lass Forb

h

(F) has the greatest element (with respe
t to the


oloring order �) if and only if F is a �nite set of trees.

Our Theorem 3 is a spe
ial 
ase of Theorem 5: the result is 
laimed for a single

tree and in one dire
tion only. (However we have a simpler proof for this.) We say
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that a 
lass C of graphs is bounded by a graph H if G � H for all G 2 C (note that

it is possibly H 62 C). We 
omplement Theorem 5 by 
hara
terizing the bounded


lasses Forb

h

(F) of oriented graphs.

Corollary 6 For a 
lass Forb

h

(F) of dire
ted graphs the following two statements

are equivalent:

1: Forb

h

(F) is bounded;

2: Forb

h

(F) is bounded by a simple oriented graph (i.e. without digons) and

thus the oriented 
hromati
 number of graphs from Forb

h

(F) is bounded.

3: For an F 2 F there exists n with F � P

n

.

Proof. Clearly 2: ) 1:. 1: ) 3: follows by 
ontradi
tion: If there exists an F 2 F

whi
h is not homomorphi
 to an oriented path then every homomorphi
 image of

F 
ontains an orientation of a 
y
le. Thus if G is any orientation of a graph with

girth > maxfjV (F

i

);F

i

2 Fg then G 2 Forb

h

(F) and high 
hromati
 graphs G

show that Forb

h

(F) is not a bounded 
lass. 3:) 1: and 3:) 2: is now 
lear as the


lass Forb

h

(F) is a sub
lass of Forb

h

(fP

n

g) whi
h is bounded by a simple oriented

graph by virtue of Theorem 3.

Note that the situation 
hanges for more restri
ted 
lasses of graphs when we


onsider e.g minor 
losed 
lasses, [8℄. For undire
ted graphs the Theorems 3, 5

are easy as the only bounded 
lass is the 
lass of dis
rete graphs (so all above

results are true for both dire
ted and undire
ted graphs but the essen
e of the

results is for oriented graphs). Yet the above results are reminis
ent to results

and problems for (undire
ted or dire
ted) graphs when we 
hange the de�nition

of 
lasses Forb

h

(F): Let Forb(F) (Forb

i

(F), respe
tively) denotes the 
lass of all

undire
ted graphs G whi
h do not 
ontain any F 2 F as a subgraph (as an indu
ed

subgraph, respe
tively).

The following is then a reformulation of the 
lassi
al Erd}os result ([2℄ and [7℄ for

this formulation):

Theorem 7 For a �nite set F of 
onne
ted graphs the following are equivalent:

1: F 
ontains a tree;

2: Forb(F) is a bounded 
lass.

It is interseting to note for the oriented graphs we 
annot add the third 
ondition

about bounded oriented 
hromati
 number as it is easy to �nd 
ounterexamples.

One 
an also formulate Gyarf�as - Sumner Conje
ture in this setting:

7



Problem 2 (Gyarf�as - Sumner) Is the 
lass Forb

i

(F)\Forb(K

k

) bounded for every

F and k.

Note that this last 
onje
ture does not hold for oriented 
hromati
 number (so

the bound has to have some digons even for the 
ase of simple oriented graphs).

Let us �nish this paper with a result related to extremal problems, see [1℄ for an

introdu
tion to graph theory extremal problems. As an easy appli
ation of our main

theorem 5 we are going to show that the forbidding a set of oriented tree gives an

exa
t solution to 
orresponding extremal problem. Towards this end let us de�ne for

a set F of oriented trees ext

h

(F ; n) hom-extremal number as the maximal number

of ar
s of an oriented graph (V;E) with jV j = n and (V;E) 2 Forb

h

(F). The

extremal problems indu
ed by homomorphisms were studied by Sidorenko [12℄ in

his important study of 
ontinuous versions of Tur�an's theorem (and other extremal

result). As a 
onsequen
e of Theorem 3 we shall prove an exa
t result for all

instan
es 
overed by Theorem 3:

Theorem 8 For any �nite set F of oriented trees holds

ext

h

(F ; n) = ext(k; n)

where k = maxfh(F );F 2 Fg. Re
all that h(F ) is the maximal number of edges

of a monotone of F and ext(k; n) is the Tur�an number for n verti
es and 
lique of

size k; asymptoti
ally ext(k, n) equals to

n

2

2

(1�

1

k�1

).

Proof. Let F 2 F be a tree with the smallest height. Re
all that the height h(F ) is

both the maximal length of an oriented path in F and 1+h(F ) is also the minimal

size of transitive tournament T

k

for whi
h there exists a homomorphism F ! T

k

.

Thus we have F 6! T

h(F )

and thus by the duality P

h(F )

! D

F

. Thus D

F


ontains

transitive tournament T

h(F )

as a subgraph. On the other hand D

F

does not 
ontain

any tournament T

0

with more than h(F ) verti
es again by the Duality Theorem as


learly F 6! D

F

. (Perhaps this needs a bit of explanation: a tournament T

0

is

either transitive and then it 
ontains T

h(F )+1

and the existen
e of homomorphism

follows from the de�nition of the height of F . The other possibility is that T

0

is

not transitive but then it 
ontains a dire
ted 
y
le and we have again F ! T

0

.)

Finally, as every graph G 2 Forb(F) has a homomorphism into D

F

we see that

the symmetrization of the extremal graph does not 
ontain 
omplete graph K

k+1

while it may 
ontain any 
omplete k-multipartite graph. Thus we apply Tur�an's

Theorem.

Finally, let us remark that as we 
an prove duality theorem for relational systems

we have some exa
t extremal results even there. This will appear elsewhere.

8



Referen
es

[1℄ W. G. Brown, M. Simonovits: Extremal multigraph and digraph problems (to

appear in Erd}os volume)

[2℄ P. Erd}os, Graph theory and probability, Canad. J. Math. 11 (1959), 34{38.

[3℄ T. Gallai, On dire
ted paths and 
ir
uits, Theory of Graphs (Pro
. Colloq.,

Tihany, 1966) A
ademi
 Press, New York, 1968, 115{118.

[4℄ M. Hesse: Zur algebrais
hen Begr�undung der Graphentheorie. I., Math Na
hr.

28 (1964/1965), 275 - 290.

[5℄ P. Kom�arek, Good 
hara
terizations in the 
lass of oriented graphs (in Cze
h),

Ph. D. Thesis, Charles University, Prague, 1987.

[6℄ G. J. Minty, A theorem on n-
oloring the points of a linear graph, Amer. Math.

Monthly 69 (1962), 623{624.

[7℄ J. Ne�set�ril: Aspe
ts of Stru
tural Combinatori
s, Taiwanese J. Math. 3,

4(1999), 381-424.

[8℄ J. Ne�set�ril, P. Ossona de Mendez: Coloring and homomorphism of minor 
losed


lasses (to appear)

[9℄ J. Ne�set�ril, C. Tardif, Duality Theorems for Finite Stru
tures (Chara
terizing

Gaps and Good Chara
terizations), J. Combin. Theory Ser B 80 (2000), 80{97.

[10℄ J. Ne�set�ril, C. Tardif, On maximal �nite anti
hains in the homomorphism order

of dire
ted graphs (to appear).

[11℄ B. Roy, Nombre 
hromatique et plus longs 
hemins d'un graphe, Rev. Fran
aise

Informat. Re
her
he Op�erationelle 1 (1967), 129{132.

[12℄ A. Sidorenko: An analyti
 approa
h to exremal problems for graphs and hy-

pergraphs, Bolyai So
. Math. Studies, vol. 3 (1991), 423-455.

9


