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Abstra
t

A well-known theorem of Haj�os 
laims that every graph with 
hro-

mathi
 number greater than k 
an be 
onstru
ted from disjoint 
opies

of the 
omplete graph K

k+1

by repeated appli
ation of three simple

operations. This 
lassi
al result has been extended in 1978 to 
ol-

orings of hypergraphs by C. Benzaken and in 1996 to list-
olorings

of graphs by S. Gravier. In this note, we 
apture both variations to

extend Haj�os' theorem to list-
olorings of hypergraphs.
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1 Introdu
tion

In 1961, Haj�os [5℄ gave a 
onstu
tion of the graphs that are not k-
olorable.

The 
onstu
tion use the following simple operations:

(1) Add a new vertex or edge.

(2) Let G

1

; G

2

be two vertex-disjoint graphs, and a

1

b

1

and a

2

b

2

be edges

in G

1

and G

2

, respe
tively. Make a graph G from G

1

[G

2

by deleting

the edge a

i

b

i

from G

i

(for i = 1; 2), identifying a

1

and a

2

(the resulting

vertex is 
alled a

1

a

2

), and adding a new edge b

1

b

2

(see the Figure 1).

(3) Identify two non-adja
ent verti
es.

Theorem 1.1 (Haj�os) Every non-k-
olorable graph 
an be 
onstu
ted by

operations (1)-(3) from disjoint 
opies of the 
omplete graph K

k+1

.

This 
lassi
al result has been extended to 
olorings of hypergraphs by

Benzaken [1, 2℄ and to list-
olorings of graphs by Gravier [4℄. In this note

we 
apture both variations to extend Haj�os' theorem to list-
olorings of

hypergraphs. However, Zhu[8℄ gave an analogue of Haj�os' theorem for the


ir
ular 
hromathi
 number. Re
ently, the 
lassi
al result was extended by

Mohar [6℄ in three slightly di�erent ways to 
olorings and 
ir
ular 
olor-

ings of edge-weighted graphs (enhan
ing the 
hannel assignment problem

as well). Moreover, it is mentioned in [6℄ that one of these extensions sheds

some new light of the fa
t that today no nontrivial appli
ation of Haj�os'

theorem is known.

2 Haj�os' theorem for list 
olorings of hyper-

graphs

In a hypergraph H, the set of verti
es and the set of hyperedges are denoted

by V (H) and E(H), respe
tively. Given a hypergraph H, a k-
oloring of

the verti
es of H is a mapping 
 : V ! f1; 2; : : : ; kg su
h that for every

hyperedge e of H there exists two verti
es x; y 2 e with 
(x) 6= 
(y), or

shortly j
(e)j � 2. A hypergraph H is k-
olorable if it admits a k-
oloring,

and the 
hromati
 number of H is the smallest integer k su
h that H is

k-
olorable.
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a1

b1

H1 H2

H

b2

a2

a2a1

b1 b2

Figure 1: Operation (2).

Vizing [7℄ and independently Erd}os, Rubin, and Taylor [3℄ introdu
ed

the 
on
ept of list 
olorings. This 
on
ept 
ould be naturaly extended to

hypergraphs in the following way. Suppose that ea
h vertex v is assigned a

list L(v) of possible 
olors; we then want to �nd a vertex-
oloring 
 su
h that


(v) 2 L(v) for all v 2 V (H). In the 
ase where su
h a 
oloring exists we

will say that the hypergraph H is L-
olorable; we may also say that 
 is an

L-
oloring of H. Given an integer k, the hypergraph H is 
alled k-
hoosable

if it is L-
olorable for every assignment L that satis�es jL(v)j � k for all

v 2 V (H). Finally, the 
hoi
e number or list-
hromati
 number �

l

(H) of H

is the smallest k su
h that H is k-
hoosable.

Con
ernig the problem of 
oloring the hypergraphs, without lose of gen-
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erality, we 
an restri
t ourselfs on hypergraphs with the Sperner property,

i.e. no hyperedge 
ontains (as a subset) another hyperedge in a hypergraph.

Indeed, if we have a 
oloring 
 of a hypergraph H and e; f are hyperedges

of H with e� f , then 
ondition j
(e)j � 2 implies that j
(f)j � 2. In all

of our 
onstru
tions given bellow, by deleting the super
ous hyperedges of

the new 
onstru
ted hypergraph, we may assume that it has the Sperner

property.

In order to obtain Haj�os' theorem for list 
olorings of hypergraphs, we

will use the following operations:

(H1) Add a new hyperedge e (possibly with new verti
es) in a hypergraph

H. The new hypergraph is denoted by H _ e.

(H2) Let H

1

;H

2

be two vertex-disjoint hypergraphs, and e

1

and e

2

be hy-

peredges in H

1

and H

2

, respe
tively. Also, let a

1

2 e

1

and a

2

2 e

2

.

Make a hypergraph H from H

1

[ H

2

by deleting the edge e

i

from

H

i

(for i = 1; 2), identifying a

1

and a

2

(the resulting vertex is 
alled

a

1

a

2

), and adding a new hyperedge e

1

[ e

2

.

(H3) If H is not L-
olorable for some assignment with jL(x)j � k for ea
h

x 2 V (H), then identify two verti
es u and v of H with L(u) = L(v)

into a new vertex uv.

Remark that if H

1

and H

2

have the Sperner property then the hyper-

graph obtained from H

1

and H

2

by operation (H2) has also the Sperner

property. Regarding the operation (H3), every hyperedge e whi
h 
ontains

u or v is repla
es by e n fu; vg [ fuvg.

Theorem 2.1 A hypergraph H 
an be 
onstru
ted with operations (H1)-

(H3) from disjoint 
opies of any non-k-
hoosable bipartite graph if and only

if �

l

(H) � k � 2.

Proof. Note that introdu
ing a new vertex or hyperedge in a given hyper-

graph 
ould not de
rease the 
hoi
e-number. The same holds if we identify

two (non-)adja
ent verti
es under the assumption of opertation (H3).

Now, we will show that the 
lass of non-k-
hoosable hypergraphs is


losed under operation (H2). We use the same notation as in its des
ription.

For i = 1; 2, sin
e H

i

is not k-
hoosable, there exists an assignment L

i

with

jL

i

(v)j = k for all v 2 V (H

i

) and su
h that H

i

is not L

i

-
olorable. We

may assume that L

1

(a

1

) = L

2

(a

2

) by a suitable permutation of the 
olors.
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Now, we 
reate a list assignment L of V (H) by setting L(v) = L

i

(v) in

v 2 V (H

i

). We 
laim that H is not L-
olorable. Indeed, suppose that there

is an L-
oloring 
 of H. Then, j
(e

1

[ e

2

)j � 2 and 
(a

1

a

2

) = 
(a

1

) = 
(a

2

),

we infer that either j
(e

1

)j � 2 or j
(e

2

)j � 2. Therefore, 
 is either an

L

1

-
oloring of H

1

or an L

2

-
oloring of H

2

, a 
ontradi
tion. Sin
e jL(v)j = k

for all v 2 V (H), this shows that H is not k-
hoosable.

Thus, the if part of the theorem is established. To prove the only part,

we will prove �rst that every non-k-
hoosable hypergraph 
an be obtained

by (H1)-(H3) starting with (hyper)graphs from the family of 
omplete mul-

tipartite graphs.

So, assume that it is false and that there exists a 
ounterexample H.

Then, there exists an assignment L with jL(v)j = k for all v 2 V (H) su
h

that H is not L-
olorable.

De�ne a relation � on the hypergraphs whi
h set of verti
es is V (H), in

the following way:

H

a

� H

b

if and only if 8e

a

2 E(H

a

) 9e

b

2 E(H

b

) su
h that e

b

� e

a

:

Obviously, � is a transitive and re
exive relation. By the Sperner property,

it follows that this relation is also antisymmetri
. So, it is a partial ordering.

We say that H

b

is bigger than H

a

(regarding the relation �). Note that if

H

a

is non-k-
hoosable then H

b

is also non-k-
hoosable.

If �

l

(H) = 1 then it 
ontains a hyperedge with pre
isely one vertex.

In that 
ase, starting with K

k+1

use (H3) to 
onstru
t a single-vertex hy-

peredge, and afterwards use (H1) to obtain H. Note that by preserving the

Sperner property, we 
an use (H1) to introdu
e isolated verti
es if ne
essary.

Now, we may assume that the 
hoi
e-number of H is �nite. We may also

assume that H is as big as possible hypergraph regarding � (whi
h is still

not 
onstru
tible). Thus, every bigger hypergraph than H is 
onstru
tible.

In what follows, we will prove that for any independent sets I

1

; I

2

with

non-empty interse
tion, the set I

1

[ I

2

is also independent. (Re
all that a

set is independent if it 
ontains no hyperedge as a subset.) Consider the

hypergraphs H _ I

1

and H_ I

2

. Sin
e I

1

; I

2

are independent, we infer that

H � H _ I

i

and H 6= H _ I

i

for i = 1; 2. So, it follows that these two

hypergraphs 
an be 
onstru
ted from 
omplete multigraphs by operation

(H1)-(H3).

Let H

1

and H

2

be two vertex-disjoint 
opies of H_I

1

and H_I

2

, respe
-

tively. For every vertex x from H, we denote by x

1

and x

2

its 
ounterparts

in H

1

and H

2

, respe
tively.
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Let a 2 I

1

\I

2

. Now, use the same notation as in (H2) with I

1

; I

2

playing

the roles of e

1

; e

2

, we 
onstu
t a new hypergraph H

�

. De�ne an assignment

L

�

on H

�

by setting L

�

(v

i

) = L(v) for ea
h v 2 V (H) and ea
h i = 1; 2.

Observe that H

�

is not L

�

-
olorable. Finally, using the operation (H3),

identify verti
es x

1

; x

2

from H

�

for ea
h vertex x of H. It is easy to see that

the new 
onstru
ted hypergraph is isomorphi
 with H if and only if the set

I

1

[ I

2

is not independent. Therefore, if I

1

[ I

2

is not an independent set,

we obtain a 
onstru
tion of H, whi
h is a 
ontradi
tion. So, the property

for independet sets is established.

From this property, it easily follows that the relation � on verti
es of H

de�ned as

a � b if and only if fag [ fbg is independent set,

is an equivalent relation. In parti
ular this means that H is a 
omplete

multipartite graph.

In [4℄, it was proven that using only rules (1) and (3), from any non-k-


hoosable bipartite 
omplete, we 
an 
onstru
t every non-k-
hoosable multi-

partite graph. To a
hieve the proof of the theorem, it is suÆ
ient to observe

that similarly using only rules (H1) and (H3), from any non-k-
hoosable bi-

partite graph we 
an 
onstru
t every non-k-
hoosable bipartite 
omplete

graph.

Theorem 2.1 shows that, for �xed k, any minimal graph (for the sub-

graph relation) in the 
lass of non-k-
hoosable bipartite graph form a basis

for the non-k-
hoosability of hypergraphs.
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