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Abstra
t

A graph H is de�ned to be light in the family H of graphs if there

exists a �nite number w(H;H) su
h that ea
h G 2 H whi
h 
ontains

H as a subgraph, 
ontains also a subgraph K

�

=

H su
h that the

sum of degrees (in G) of verti
es of K (that is, the weight of K in

G) is at most w(H;H). In this paper we study the 
onditions related

to weight of �xed subgraph of plane graphs whi
h 
an enfor
e the

existen
e of light graphs in families of plane graphs. For the families

of plane graphs and triangulations whose edges are of weight � w we

study the ne
essary and suÆ
ient 
onditions for lightness of 
ertain

graphs a

ording to values of w.
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1 Introdu
tion and preliminaries

Let H be a family of graphs and let H be a 
onne
ted graph. Denote by

w(H;H) the smallest integer su
h that ea
h graph G 2 H 
ontaining a

subgraph isomorphi
 with H , 
ontains also a subgraph K su
h that K is

isomorphi
 with H (or shortly, K

�

=

H) and

X

v2V (K)

d

G

(v) � w(H;H):

The sum on left side is 
alled the weight of subgraph K in G. If su
h a

�nite number does not exist or there is no graph in H whi
h 
ontains H as

a subgraph, then we set w(H;H) = +1.

We say that a graph H is light in the family H provided w(H;H) is

�nite, otherwise we 
all it heavy. The integer w(H;H) is 
alled the weight

of H in the family H. Denote by L(H) the set of graphs whi
h are light

in H. Thus, if H = ; then also L(H) = ;, i.e. every graph is heavy in the

empty 
lass of graphs.

It is well known that every plane graph 
ontains a vertex of degree at

most 5. Kotzig [13℄ stated that ea
h 3-
onne
ted plane graph 
ontains an

edge of weight at most 13 and at most 11 in the 
ase of absen
e of 3-verti
es,

the bounds being sharp. This result was generalized in many dire
tions;

namely, it served as starting point for looking for subgraphs of small weight

in plane graphs.

Borodin [2℄ extended this theorem by showing that every simple planar

graph with minimum degree � 3 has also an edge of weight � 13. Fabri
i

and Jendrol' [7℄ proved that the only light graphs in the family of all 3-


onne
ted plane graphs are paths; this holds also for the family of all 3-


onne
ted plane graphs of minimum degree 4 (see [6℄) and of minimum fa
e

size 4 (see [8℄). In the family of plane graphs of minimum degree 5, there

are light graphs other than paths [1, 9, 10, 15℄. The survey of results on

light graphs in various families of plane, proje
tive plane, and higher genera

graphs 
an be found in papers [11, 12℄.

Re
ently, there were studied light graphs in families of plane graphs with

pres
ribed minimum vertex degree � 4 and edge weight � 9 [16℄. These


onditions 
an be viewed as weakening of requirement of minimum vertex

degree � 5. Following this motivation, we will study the light graphs in

families of plane graphs with minimum edge weight at least w; 7 � w � 13.

In the se
ond se
tion, we show that the minimum vertex degree and mi-

nimum edge weight restri
tions are - in 
ertain sense - the only 
onditions
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whi
h may for
e the existen
e of non-trivial light stru
tures in the family of

plane graphs with minimum vertex degree � 3. The similar restri
tions over


onditions Æ � 4 and Æ = 5 are studied as well. Third se
tion 
ontains the

ne
essary and suÆ
ient 
onditions for lightness of some small 
y
les, paths,

and stars a

ording to the value of minimum edge weight; these results

generalize the ones in [1, 9, 16℄.

Throughout this paper, we 
onsider 
onne
ted plane graphs without

loops or multiple edges. Denote by P

n

and C

n

the path and the 
y
le on

n verti
es, respe
tively. By d(v) we denote the degree of a vertex v in a

graph, i.e. the number of edges in
ident with v. Verti
es of degree n will

be 
alled n-verti
es. By r

k

(f) we denote the number of k-verti
es in
ident

with the fa
e f (endverti
es of ea
h 
ut edge in
ident with f are 
ounted

twi
e). Thus, r(f) =

P

i�1

r

i

(f) is the size of the fa
e f . Fa
es of size n are


alled n-fa
es, and 3-fa
es are also 
alled triangles. By N(x) we denote the

set of all neighbours of a vertex x. If an edge uv is in
ident with k 3-fa
es,

then we say that u and v are k-adja
ent (where k 2 f0; 1; 2g).

The edge weight of a graph G is just w(K

2

; G), i.e. the minimum of the

sum of degrees of the endverti
es of an edge in G. We will denote by P and

T the 
lass of planar graphs and its sub
lass of triangulations, respe
tively.

A near-triangulation is a plane graph whi
h all fa
es (ex
ept maybe the

outerfa
e) are triangles.

For proving that a 
ertain graph is heavy in a 
lass of graphs, o

asion-

ally we will use the following 
onstru
tion. Let G be a 
onne
ted plane

graph on at least 3 verti
es and let u; v be two verti
es lying on the out-

erfa
e of G. By (G; u; v;n)-melon (or simply, melon) we denote the graph


onstru
ted in the following way: take n 
opies (sli
es) of G, identify all

verti
es 
orresponding to u and all verti
es 
orresponding to v in all 
opies.

In addition, if u and v are adja
ent in G, then delete the multiple edges in

the melon in order to obtain a simple graph. Two verti
es resulted from

this identi�
ation are 
alled poles, the graph G � u� v is the pulp. In our


onstru
tions melons are always planar graphs.

For proving the heaviness of a graph in a 
lass of triangulations, we will

use similar 
onstru
tion. Let G be a near-triangulation and let u and v be

two verti
es lying on the outerfa
e of G. Take a n-wheel W

n

(with nave

z and �xed oriented 
y
le C of its spokes) and n 
opies of G. For ea
h

edge e of C, identify starting vertex of e with vertex u and ending vertex

of e with vertex v of a 
opy of G; then delete all edges of original C. Let

f = [x

1

: : : x

k

℄ be the outerfa
e of so obtained graph. Insert into f three new

verti
es a; b; 
 and add new edges ax

1

; : : : ; ax

b

k

3


+1

; bx

b

k

3


+1

; : : : ; bx

b

2k

3


+1

;

3




x

b

2k

3


+1

; : : : ; 
x

k

; 
x

1

. In addition, 
onne
t z with all non-adja
ent verti
es

whi
h are on a same fa
e with z in order to obtain a near-triangulation. The

resulting graph G

0

is 
alled the (G; u; v;n)-tripod, verti
es a; b; 
 are 
alled

tripoles, the graph G

0

� a� b� 
� z is also 
alled the pulp of the tripod.

>From other side, for proving the results 
on
erning existen
e of light

graphs in families of plane graphs, the Dis
harging method is used. In

ea
h proof of this type, we 
onsider a hypotheti
al 
ounterexample G with

vertex set V (G) and fa
e set F (G). We assign initial 
harge to every vertex

v 2 V (G) and every fa
e f 2 F (G) of the graph G in the following way:


(v) = � d(v)� 6 and 
(f) = (3� �) r(f) � 6; (1)

where � is some pres
ribed number. Hen
e, we 
an rewrite Euler's formula

in the following form:

X

v2V (G)


(v) +

X

f2F (G)


(f) = �12:

Thus, the total sum of the 
harge of the verti
es and fa
es of G is negative.

We will redistribute the 
harge of the verti
es and fa
es of G by applying

some rules without 
hanging the total sum of all 
harges. Denote by 


�

(x)

the 
harge of a vertex or a fa
e x after applying the rules. It will be also


alled the �nal 
harge of x. In the proof of ea
h 
laim, we will prove that

ea
h fa
e and vertex of G has a nonnegative �nal 
harge. Sin
e the total

sum must be negative, it will be a 
ontradi
tion and end of the proof.

2 Conditional lightness versus melon sli
es

Investigating a relation between existen
e of light graphs and requirements

for a family of plane graphs, we 
an restri
t to the family of planar graphs

in whi
h ea
h 
opy of one or more pres
ribed graphs has large weight, whi
h

may imply that some graphs are getting light in this family. More pre
isely,

letW be a set of pairs (G;w) whereG is a graph and w is an integer. We will


all W a list of weight 
onstraints. If G is a 
lass of graphs, then denote by

G(W ) the 
lass of all graphs G from G su
h that for every pair (H;w) 2W ,

we have that every subgraph of G isomorphi
 to H has a weight � w. From

this starting point, the next problem naturally arises:

Problem 2.1 For a given list of weight 
onstraints W , �nd all light graphs

in P(W ).
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Considering su
h a general problem, perhaps one should deal �rst with

some basi
 properties of W and P(W ). Without loss of generality we may

assume that a graph 
an appear in the list W only on
e.

Claim 2.1 The 
lass of graphs P(W ) is either empty or in�nite.

Proof. If P(W ) 6= ;, then let G be a graph from P(W ) and let n be an

integer greater than any weight fromW . We 
onstru
t a new graph H from

G in the following way: if G

�

=

K

1

, then let H

�

=

K

1;n

. Otherwise, G 6

�

=

K

1

,

and in this 
ase take n 
opies of G, sele
t one vertex from ea
h 
opy and

identify all these verti
es in order to obtain H . It is easy to see that the new


onstru
ted graph H belongs to P(W ). Hen
e, we easily infer that P(W )

is an in�nite 
lass of graphs.

Claim 2.2 If (K

1

; w) with w � 3 does not appear in W , then K

1

is the

only possible light graph in P(W ).

Proof. If P(W ) = ; then by the de�nition every graph is heavy in P(W ).

Otherwise, take a graph G 2 P(W ) and m being an integer greater than

any weight from the listW . If either (K

1

; w) with w � 3 is missing in W or

(K

1

; 1) 2W , then for ea
h vertex x of G, take m new verti
es and 
onne
t

them to x. If (K

1

; 2) 2 W , for ea
h edge e of G, take m 3-paths and identify

their endverti
es with endverti
es of e. Now, the resulting graph belongs to

P(W ) and ea
h of its subgraphs, di�erent from K

1

, is of weight � m.

>From the other side, if (K

1

; w) with w � 6 appears inW , then P(W ) =

;, and so L(P(W )) = ;. More generally, we 
an rewrite it in the following

way:

Claim 2.3 Let (G;w) 2 W and W

�

= Wnf(G;w)g. If the weight of G

in P(W

�

) is less than w, then P(W ) is an empty set.

By Claim 2.3 and Borodin's extension of the Kotzig theorem (see the

previous se
tion) it follows that P(f(K

1

; 3); (K

2

; 14)g) = ;.

Let S(W ) be the 
lass of all sli
es G (with poles u; v) su
h that for every

(H;w) 2 W we have that every subgraph in the pulp G� u� v isomorphi


with H , has weight � w in G. Note that by the de�nition ea
h sli
e is a

graph on � 3 verti
es. Finally, let M(W ) be the set of 
onne
ted graphs

whi
h are 
ontained in the pulp of every sli
e from S(W ).
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Claim 2.4 Every light graph in P(W ) belongs to M(W ). In parti
ular,

the set of light graphs L(P(W )) is �nite.

Proof. Suppose that there exists a graph G whi
h is light in P(W ) but

is not a member of M(W ). Then, G is not 
ontained in the pulp of some

sli
e S from S(W ). Note that G 6

�

=

K

1

, and hen
e it has an edge. Let u; v

be the poles of S.

For a given integer m we 
onstru
t a plane graph H 2 P(W ) in the

following way: Let M be an (S; u; v;m)-melon. Then, H is obtained from

G by identifying endverti
es of ea
h edge of G with poles of a 
opy of M

(if ne
essary delete the multiple edges to obtain a simple graph). Sin
e

ea
h isomorphi
 
opy of G in H 
ontains a vertex of degree � m, it is a


ontradi
tion to assumption that G is light.

Sin
e M(W ) is a �nite set, it follows that L(P(W )) is also a �nite set.

Observe that the family restri
tions whi
h are not based on lists of weight


onstraints may lead to in�nite sets of light graphs { in the family of all

3-
onne
ted planar graphs the only light graphs are paths, see [7℄.

By Claim 2.4, for light graphs in P(W ) we should look in M(W ). By

Claim 2.1, S(W ) is an in�nite set of graphs. From other side, M(W ) is a

�nite set; so it is enough to 
onsider only �nite number of sli
es to determine

M(W ). Note that a graph fromM(W ) does not need to be light in P(W ).

For example, if W = f(K

1

; 4)g then the 3-
y
le C

3

belongs to M(W ), but

C

3

is heavy, just 
onsider the double pyramid.

Figure 1: The sli
es for 
ases Æ = 2; 3; 4

In what follows, we will 
onsider some spe
ial 
ases of Problem 2.1. For

the sake of simpli
ity, let P

d

= P(f(K

1

; d)g), and similarly de�ne S

d

and
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M

d

. From the �rst two sli
es from Figure 2, we easily obtain that M

2

=

fK

1

g and M

3

= fK

1

;K

2

g. Moreover M

2

and M

3


oin
ide with light

graphs in P

2

and P

3

, respe
tively. >From the other two sli
es of the same

�gure, we obtain thatM

4

is 
ontained in the set of graphs 
omprised ofK

+

1;3

,

C

4

and all their 
onne
ted subgraphs (the graph K

+

1;3


an be 
onstru
ted

from K

1;3

by 
onne
ting two non-adja
ent verti
es). Next result implies

thatM

4

is pre
isely this set of graphs, but from an example above, we have

M

4

6= L(P

4

). In other words, the following proposition 
laims that the

pulp of a sli
e from S

4


ontains K

+

1;3

or C

4

as a subgraph.

Proposition 2.2 Let G be a plane graph with outerfa
e f . Suppose that f


ontains at most two 2-verti
es, all other verti
es of f are of degree � 3 and

all inner verti
es of G are of degree � 4. Then, G 
ontains K

+

1;3

or C

4

.

Proof. By 
ontradi
tion. Let there exist a 
ounterexample G. Assume

that G has l 2-verti
es, k 3-verti
es, and s verti
es of degree � 4. Observe

that G is a graph of girth at least 5. By (1) with � =

9

5

, we have

X

v2V (G)

�

9

5

d(v)� 6

�

+

X

f2F (G)

�

6

5

r(f)� 6

�

= �12:

Thus

l

�

9

5

� 2� 6

�

+ k

�

9

5

� 3� 6

�

+ s

�

9

5

� 4� 6

�

+

�

6

5

(k + l)� 6

�

� �12:

Sin
e l � 2, we easily obtain that

3

5

k +

6

5

s < 0;

whi
h is a 
ontradi
tion.

Considering the double pyramid, we infer that C

3

, K

1;3

, K

+

1;3

, and C

4

are heavy in P

4

. By Theorem 3.4, it follows that P

4

(and so P

3

) are light

in P

4

. Thus, fP

1

; P

2

; P

3

; P

4

g is the set of light graphs in P

4

.

For the family of plane graphs of minimum degree Æ = 5, 
onsider the

three sli
es from Figure 2. The set M

5

is 
ontained in the set formed from

all 
onne
ted subgraphs whi
h belong to pulp of ea
h of these three sli
es.

Observe that 5-wheel, O

3

� C

3

(o
tahedron without 3-
y
le) and "snake"

7



Figure 2: Some sli
es for 
ase Æ = 5

of four triangles (i.e. triangulated C

6

whi
h has two 2-, 3- and 4-verti
es)

are ex
luded.

In general, the list W of weight 
onstraints 
ould be short but the set

of light graphs in P(W ) 
ould be arbitrary large. The next theorem gives a

ni
e su
h example. In other words, it 
laims that if W is 
omprised of the

pairs (K

1

; 4) and (C

3

; 6k + 10) for k � 8, then all paths P

n

with n � k are

light.

Theorem 2.3 Let G be a planar graph of minimum degree Æ � 4 su
h that

ea
h triangle of G is of weight � 6k + 10, for some �xed k � 8. Then, G


ontains P

k

as a subgraph whose verti
es are of degree � 6k � 1.

Proof. Suppose that the theorem is false and G is a 
ounterexample.

Every k-path of G 
ontains a vertex of degree � 6k (
alled big in the sequel).

Initial 
harge is assigned to the verti
es and fa
es as it is des
ribed in (1)

with � = 1. Now, redistribute the initial 
harge by the following rules:

Rule R1: Let u be a big vertex i-adja
ent to a 4-vertex v. Then, u sends

to v a 
harge

i

2

.

Rule R2: Ea
h big vertex sends

1

3

to ea
h adja
ent 5-vertex.

Rule R3: Ea
h vertex x with 7 � d(x) � 6k � 1 sends

d(x)�6

d(x)

to ea
h

adja
ent 4- or 5-vertex.

8



Rule R4: Ea
h fa
e of size � 4 sends

1

2

to ea
h in
ident 4- or 5-vertex.

Observe that if [xyz℄ is a triangular fa
e of G, x is a 4-vertex and none

of y; z is big, then both y; z send a 
harge 2 � 6(

1

d(y)

+

1

d(z)

) to x by R3.

As 7 � d(y) � 6k � 1; 7 � d(z) � 6k � 1; d(y) + d(z) � 6k + 6; k � 8, it

is easy to 
he
k that y; z send to x more than 1 in total. Similarly, if x is

a 5-vertex, these two verti
es send at least

1

2

in total. In the sequel, su
h

triangles are 
alled donators.

We will prove that for every x 2 V (G)[F (G), 


�

(x) � 0. To show this,

several 
ases are 
onsidered.

Let f be a fa
e of G of size r = r(f). If r = 3, then 


�

(f) = 0. Otherwise,




�

(f) � 2 � r � 6�

1

2

� r � 0 for r � 4.

Let v be a 5-vertex of G. If v is in
ident with at least two fa
es of size

� 4, then 


�

(v) � �1 + 2 �

1

2

= 0: If v is in
ident with exa
tly one fa
e of

size � 4, then it is adja
ent either with at least two big verti
es or with at

least one donator sending >

1

2

to v, so 


�

(v) > �1+

1

2

+

1

2

= 0. Otherwise,

v is in
ident with at least two donators or with one su
h donator and two

big verti
es, or with at least three big verti
es; in every 
ase, 


�

(v) � 0.

Let v be a 4-vertex of G. If v is not in
ident with triangular fa
es,

then 


�

(v) � �2 + 4 �

1

2

= 0. If v is in
ident with one triangular fa
e,

then either it has a big neighbour, or this fa
e is a donator, hen
e 


�

(v) �

�2 + 3 �

1

2

+

1

2

= 0. If v is in
ident with two triangular fa
es, then it has a

big neighbour sending 1, or a pair of big neighbours sending together � 1,

or it is in
ident with at least one donator, hen
e 


�

(v) � �2+ 2 �

1

2

+1 = 0.

If v is in
ident with three triangular fa
es, then it has a big neighbour

sending 1 and another big neighbour sending �

1

2

, or one donator and one

big neighbour sending �

1

2

, or it is in
ident with two non-adja
ent donators,

hen
e 


�

(v) � �2+

1

2

+1+

1

2

= 0. Finally, if v is in
ident only with triangular

fa
es, then it has at least two big neighbours, or one big neighbour and one

donator, or two non-adja
ent donators, so 


�

(v) � �2 + 2 � 1 = 0.

If v is a d-vertex with 6 � d � 6k � 1, then 


�

(v) � d� 6� d �

d�6

d

= 0.

Finally, let v be a big vertex of degree d. Note that v sends � 1 to an

adja
ent 4- or 5-vertex. Then it is easy to see that v sends maximal 
harge

when all neighbours of v whi
h re
eive a 
harge from v are of degree 4 and

form paths. Sin
e these paths are on at most k � 1 verti
es and d � 6k, v

has at least six big neighbours, thus 


�

(v) � d � 6 � 1 � (d � 6) = 0. This


ompletes the proof.
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3 Edge weight and lightness

The 
lass of 3-
onne
ted graphs as well as some of its sub
lasses (i.e. pla-

nar triangulations) have been mostly used as a realm for sear
hing of light


on�gurations. In this se
tion, we will restri
t to P

3

and T

3

, the planar

graphs with minimum degree 3 and its sub
lass of triangulations. As an

additional 
ondition for restri
tion in these 
lasses of graphs will be used

the edge weight. Note that the results of the previous se
tion show that

the only 
ondition (based on bounded weight of a �xed subgraph H) whi
h

may for
e the existen
e of light graphs (di�erent fromK

1

andK

2

and bigger

than H) in the family of plane graphs with Æ � 3 is the one 
on
erning mini-

mum vertex degree, and the one 
on
erning the minimum edge weight. The

�rst results 
on
erning 
ombination of these two 
onditions 
an be found in

[14℄ { there was proved (in other terms) the lightness of K

1;6

in the 
lass

T (f(K

1

; 5); (K

2

; 11)g). The 
lass P(f(K

1

; 4); (K

2

; 9)g) was studied in [16℄,

where it was proved that C

3

; C

4

; C

5

; C

6

;K

1;3

;K

1;4

; P

3

; P

4

are light; observe

that it implies the lightness of these graphs in the 
lass P

5

. Here, we will

relax the 
ondition of minimum vertex degree � 4 and give the ne
essary

and suÆ
ient 
ondition for lightness of some small graphs regarding the

minimum edge weight; the results for C

4

and K

1;4

generalize the ones in

[16℄.

For the sake of simpli
ity, we will denote by P(w) and T (w) the graphs

with edge weight � w from P

3

and T

3

, respe
tively. In many 
ases, it holds

that if H is light in P(w), then it is also light in T (w) and P(u) for u � w.

As we mentioned already, the only light graphs in the 
lass of planar

3-
onne
ted graphs are the paths. In what follows, the 
on
ept of melons

is used for proving the heaviness of paths whi
h are not 
ontained in their

pulp:

Proposition 3.1 The k-path P

k

is not light in P(w

k

), for k and w

k

from

Table 1.

k 4 5 7 11 12 22

w

k

7 8 9 10 11 12{13

Table 1: Heavy paths

Proof. For w

k

= 7; 8; 9; 10 and 11, 
onsider sli
es at Figure 3 and 
onstru
t

10




orresponding melons. In melons so obtained, every 4- (5-, 7-, 11- and 12-)

path 
ontains a pole, thus, a vertex of arbitrarily high degree.

Figure 3: The sli
es for w = 7; 8; 9; 10; 11

For w

k

= 12 or 13, take the sli
e used for w = 10 and into ea
h triangular

fa
e insert a new vertex, then join it to verti
es on the fa
e boundary;

also, add two new 3-verti
es and join ea
h of them to + and - pole and to

the vertex a (b). In the melon 
onstru
ted from these sli
es, ea
h 22-path


ontains a pole.

Note that a slight modi�
ation { enlarging the sli
es before gluing them

to melon { enables us to show that every path on � k verti
es is not light

in the 
orresponding family P

3

(w

k

); details are left to the reader.

By a result of Borodin [4℄, the 3-path P

3

is light in the family P(7).

One 
an easily see, using the 
onstru
tions from the se
ond se
tion that

neither C

3

nor a graph on � 4 verti
es is light in P(7). Thus, L(P(7)) =

fP

1

; P

2

; P

3

g.

For P(8), graphs C

3

; C

4

;K

+

1;3

;K

�

4

(the graph K

�

4


an be 
onstru
ted

from K

4

by deleting an edge) are not light - just 
onsider the double pyra-

mid. Hen
e, together with 
onstru
tion from the se
ond se
tion we obtain

that the set L(P(8)) 
onsists of P

1

; P

2

; P

3

and P

4

(the lightness of the last

two graphs follows by Theorem 3.4).

For P(9), the similar 
onstru
tion based on third sli
e of Figure 3 shows

that no graph on � 7 verti
es 
an be light. Also, �rst parts of Theorems

3.5, 3.7 show that also C

3

; C

4

; C

5

; C

6

are not light. Thus, ex
ept the graphs

mentioned above and K

1;4

, the only possible light graphs are P

5

; P

6

, three

trees with maximum degree 3 on 6 verti
es and K

1;4

with one subdivided

edge; the lightness of these graphs has not been 
onsidered so far.

11



Sin
e any plane triangulation is 3-
onne
ted, every k-path P

k

is light in

T (w) for 6 � w � 13. The full 
hara
terization of light graphs in the 
ase

6 � w � 8 gives:

Lemma 3.2 L(T (w)) = fP

k

j k � 1g for 6 � w � 8.

Proof. Let G be a plane graph di�erent from P

k

and let m be an in-

teger. Without loss of generality assume that m � 0(mod 3) and m �

jV (G)j. Transform G into plane triangulation T by adding new edges in

arbitrary way (this is always possible). Into ea
h 3-fa
e [xyz℄ of T insert a

(K

2

; u; v;m)-tripod (u; v being endverti
es of K

2

) and identify its tripoles

with verti
es x; y; z. The resulting graph belongs to T (8) (hen
e also to

T (7) and T (6)) and ea
h its subgraph isomorphi
 to G 
ontains a vertex of

degree � m. Thus, G is heavy in these 
lasses.

For w � 9, the whole set L(T (w)) is not known. Fabri
i [5℄ proved that

every plane graph H with �(H) � 5 is heavy in T

5

(hen
e also in T (10)).

Inspired by his 
onstru
tion, we will give some ne
essary 
onditions for light

graphs in the 
ase w � 9:

Proposition 3.3 Every light graph G in T (w); w 2 f9; 10; 11g is 
ontained

in pulps of (Z

(w)

; u; v;n)-tripods, where

- Z

(9)

is triangle or the se
ond graph of Figure 4;

- Z

(10)

is third or fourth graph of Figure 4; moreover, G is a subgraph

of some k-antiprism;

- Z

(11)

= K

�

4

and u; v are its 3-verti
es.

Figure 4: Basi
 parts of tripods for w = 9; 10

12



Proof. The proof goes in the same way as in Lemma 3.2, with tripods

mentioned above. At the end we put some extra edges if ne
essary to obtain

triangulations. For the se
ond 
laim in 
ase w = 10, a "tripod" of original


onstru
tion of Fabri
i [5℄ is used (its pulp is k-sided antiprism).

The following table shows the minimum values w for whi
h are the par-

ti
ular graphs light in P(w) and T (w).

C

3

C

4

K

1;3

K

1;4

P

3

P

4

P(w) 10 10 9 9 7 8

T (w) 9 10 9 9 6 6

Table 2: Edge{weight 
onditions for lightnes of parti
ular graphs

In the rest of this se
tion will be proved the bounds from the above

table. Let G be light in P(w) and w � u. If G is a subgraph of at least one

graph from P(u), then G is also light

in P(u). The same holds for triangulations. Thus, in the following

proofs, when proving that a graph is light in P(w) for w 2 [u; 13℄, we


onsider only the 
ase w = u.

Theorem 3.4 The 4-path P

4

is light in P(w) if and only if w 2 [8; 13℄.

Proof. To prove that P

4

is not light in P(w) for w � 7, 
onsider the

(S; u; v;m)-melon, where S is the �rst sli
e from Figure 3 and u; v are its

non-adja
ent verti
es. This graph belongs to the 
lass P(7) and every its

4-path 
ontains a vertex of degree 3m.

Now, we will prove the other dire
tion. Let G be a 
ounterexample.

Verti
es of degree � 192 and fa
es of size � 4 are 
alled big, verti
es of

degree 3, 4 or 5 are small. We will assume that every 4-path of G 
ontains

a big vertex.

If f

1

and f

2

= [xyv℄ are two adja
ent fa
es at the edge xy su
h that x

or y is not big, and v is of degree 3, then we say that v is 4-adja
ent to f

1

.

Alternatively, if both x; y are not big and v is of degree 4, we say that v is

4

�

-adja
ent to f

1

. Moreover, if f

1

is a 3-fa
e [uxy℄, then we also say that

u is 4- or 4

�

-adja
ent to v.

Initial 
harge is assigned to the verti
es and fa
es as it is des
ribed in

(1) with � = 1. Now, redistribute the initial 
harge by the following rules:

13



Rule R1: Let u be a big vertex i-adja
ent to a small vertex v. Then, u

sends to v a 
harge

i+1

2

or

i

2

or

1

2

, if its degree is 3 or 4 or 5, respe
tively.

Rule R2: Ea
h big fa
e and big vertex sends

1

2

to ea
h4-adja
ent 3-vertex

and ea
h4

�

-adja
ent 4-vertex. (In this 
ase, we say that there is a diagonal

transfer of

1

2

through an edge.)

Rule R3: Let f be a big fa
e and u be a small vertex in
ident with f .

Then, f sends to u

(a)

1

5

if u is a 5-vertex ex
ept of the 
ase when f = [xuyv℄ is of size 4 and

x; y are big. In this ex
eptional 
ase, f sends no 
harge to u;

(b)

1

2

if u is 4-vertex;

(
) 1 if u is 3-vertex ex
ept of the 
ase when f = [xuyv℄ is of size 4, x is

big, y is a 5-vertex and u; v are 3-verti
es. In this ex
eptional 
ase, f

sends

9

10

to u (and v).

In what follows, we will prove that for every x 2 V (G)[F (G), 


�

(x) � 0.

Let f be a fa
e of G of size r. Suppose �rst that r � 6. Denote by t

i

(i = 3; 4; 5) the number of transfers of 
harge from f to in
ident verti
es of

degree 3, 4 and 5, respe
tively, and by t

0

j

(j = 3; 4) the number of transfers

of

1

2

to verti
es whi
h are 4- and 4

�

-adja
ent to f . Then, t

0

3

+ t

0

4

� r

and 2t

3

+ t

4

+ t

5

� r. After the initial 
harge of f is distributed, we have




�

(f) � 2r � 6 � t

3

�

t

4

2

�

t

5

5

�

t

0

3

2

�

t

0

4

2

� 2r � 6 � (t

3

+

t

4

+t

5

2

) �

t

0

3

+t

0

4

2

�

2r � 6�

r

2

�

r

2

= r � 6 � 0.

Suppose now that r = 5. If f is in
ident with two 3-verti
es, then




�

(f) � 4� 2 � 1�

1

2

�

1

5

> 0. Similarly, if f is in
ident with one 3-vertex,

then 


�

(v) � 4�1�3 �

1

2

�2 �

1

5

> 0. Thus, assume that all verti
es in
ident

with f are of degree at least 4. If at least one of them is of degree 4, then




�

(f) � 4� 4 �

1

2

> 0. In the remaining 
ase all verti
es in
ident with f are

of degree at least 5, and so 


�

(f) � 4� 4 �

1

2

� 2 �

1

5

> 0.

Finally, suppose that r = 4. If f is in
ident with at least three big

verti
es, then 


�

(f) � 2� 2 �

1

2

> 0. Suppose that f is in
ident with exa
tly

two big verti
es. If they are not diagonally opposite, then 


�

(f) � 2� 1�

1

2

�

1

5

> 0. If they are diagonally opposite on the 4-fa
e f , then 
onsider the

two remaining verti
es of f . If at least one of them is of degree 5, then it

re
eives no 
harge from f (by R3(a)), and so 


�

(f) � 2�4 �

1

2

= 0. Finally, if

only one vertex in
ident with f is big, then either 


�

(f) � 2� 2 �

9

10

�

1

5

= 0

(by R3(
)) or 


�

(f) � 2� 2 � 1 = 0.
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Now, we will 
onsider the verti
es of G. Let v be a d-vertex of G.

Denote by v

1

; v

2

; : : : ; v

d

the neighbours of v around it, and by f

i

the fa
e

whi
h 
ontains the subwalk v

i

vv

i+1

(index modulo d).

Suppose �rst that v is a 5-vertex. If v is adja
ent to at least two big

verti
es, then 


�

(v) � �1 + 2 �

1

2

= 0. If v is adja
ent to exa
tly one big

vertex, say v

1

, then f

2

; f

3

; f

4

are big fa
es, and ea
h of them sends

1

5

to v.

So, 


�

(v) � �1 +

1

2

+ 3 �

1

5

> 0. Otherwise, v is not adja
ent with a big

vertex. Then, all fa
es around v are big, and hen
e 


�

(v) � �1 + 5 �

1

5

= 0.

Suppose that v is a 4-vertex. If all fa
es in
ident with v are triangular,

then v is adja
ent to at least two big verti
es, and 


�

(v) � �2+2 � 1 = 0 by

R1. Similarly, if all fa
es in
ident with v are big, then 


�

(v) � �2+4 �

1

2

= 0

by R3(b). Suppose that f

1

is the only big fa
e in
ident with v. Then, v

is adja
ent to at least two big verti
es. If at least one of v

3

; v

4

is big, then




�

(v) � �2 +

1

2

+ 1 +

1

2

= 0. Otherwise, both v

1

and v

2

are big, and there

is a diagonal transfer of

1

2

through v

3

v

4

from a big vertex or a big fa
e by

R2. Hen
e, 


�

(v) � �2 +

1

2

+ 2 �

1

2

+

1

2

= 0.

Suppose now that v is in
ident with two big fa
es. If f

2

; f

4

are big, then

at least two of the neighbours of v are big, and 


�

(v) � �2+2 �

1

2

+2 �

1

2

= 0.

Without lose of generality, we may assume that f

2

; f

3

are big. If v

1

is big

or v

2

and v

4

are big, then 


�

(v) � �2 + 2 �

1

2

+ 1 = 0. So, 
onsider the


ase when v

2

and v

3

are big (the 
ase for v

3

; v

4

being big is symmetri
al).

Then, we may assume that v

1

and v

4

are not big. So, there is a diagonal

transfer of

1

2

through v

4

v

1

from a big vertex or a big fa
e by R2. Hen
e,




�

(v) � �2 + 2 �

1

2

+

1

2

+

1

2

= 0.

Finally, suppose that v is in
ident with three big fa
es, say f

1

; f

2

; f

3

.

If one of v

1

; v

4

is big, then 


�

(v) � �2 + 3 �

1

2

+

1

2

= 0. Otherwise, like

above, there is a diagonal transfer of

1

2

through v

4

v

1

, and we infer that




�

(v) � �2 + 4 �

1

2

= 0.

Now, we will 
onsider the 
ase when v is a 3-vertex. Suppose �rst that

all fa
es in
ident with v are triangular. Note that v has at most two non-

big neighbours. If v is adja
ent to at least two big verti
es, then 


�

(v) �

�3+2 �

3

2

= 0. Let v

1

be the only big neighbour of v. Then, there are three

diagonal transfers of

1

2

through ea
h of the edges v

1

v

2

; v

2

v

3

; v

3

v

1

. Hen
e,




�

(v) � �3 +

3

2

+ 3 �

1

2

= 0.

Now, suppose that f

2

is the only big fa
e in
ident with v. Without loss

of generality, if v

2

or v

3

is big, then we will assume that v

3

is a big vertex.

However, if v

1

and v

3

are big, then 


�

(v) � �3+

3

2

+1+

9

10

> 0. If both v

2

and v

3

are big, then 


�

(v) � �3+2 �1+1 = 0. If v

1

is the only big neigbour

of v, then there are two diagonal transfers through v

1

v

2

and v

3

v

1

. Thus,
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�

(v) � �3+

3

2

+1+2 �

1

2

> 0. Similarly, if v

3

is the only big neighbour of v,

then there are two diagonal transfers through v

1

v

2

and v

3

v

1

. Observe also

that v re
eives 1 from f

2

(otherwise a light P

4

= v

1

vv

2

x is found, where x

is the neighbour of v

3

on f

2

). Thus, 


�

(v) � �3 + 1 + 2 �

1

2

+ 1 = 0.

Consider the 
ase when v is in
ident with two big fa
es, say f

1

and f

2

. If

at least two of the neighbours of v are big, then 


�

(v) � �3+2�1+

9

10

+

1

2

> 0.

Suppose that v

2

is the only big neighbour. Then, there is a diagonal transfer

of

1

2

through v

3

v

1

and, moreover, f

1

and f

2

send 1 to v (otherwise a light

P

4

is found). Thus, 


�

(v) � �3+

1

2

+

1

2

+2 � 1 = 0. Finally, we may assume

that v

1

is the only big neighbour. Then, 


�

(v) � �3 + 1 + 2 � 1 = 0.

Now, suppose that all three fa
es in
ident with v are big. If v is adja
ent

to at least one big vertex, then 


�

(v) � �3+

1

2

+3�

9

10

> 0. Otherwise, ea
h of

the neighbouring fa
es sends 1 to v, and we infer that 


�

(v) = �3+3 �1 = 0.

Suppose that v is a d-vertex, 6 � d � 191. Sin
e v neither re
eives nor

sends 
harge, we obtain that 


�

(v) = 
(v) = d� 6 � 0.

Finally, let v be a big vertex of degree d. In order to 
al
ulate easier the

�nal 
harge of v, we are doing an averaging, i.e. we estimate how mu
h in

average sends v to its neighbours. Consider the following averaging of the


harge sent from v:

(A1) If a 3-vertex v

i

re
eives

3

2

from v, then it donates

3

8

to ea
h of v

i�1

; v

i+1

.

(A2) If a 3-vertex v

i

re
eives 1 from v and f

i�1

is a triangle, then v

i

donates

1

4

to v

i�1

.

(A3) If a 4-vertex v

i

re
eives 1 from v, then it donates

5

16

to ea
h of

v

i�1

; v

i+1

. Moreover, if v

i�2

; v

i�1

; v

i

; v

i+1

; v

i+2

form a fan of 4 
onse
-

utive triangles (with 
ommon vertex v), v

i�1

; v

i+1

are 4-verti
es and

v

i�2

; v

i+2

are big, then v

i

donates

1

32

to ea
h of v

i�2

; v

i+2

.

(A4) If a 4-vertex v

i

re
eives

1

2

from v and f

i�1

is a triangle, then v

i

donates

1

8

to v

i�1

.

(A5) Ea
h 5-vertex v

i

donates

3

32

to ea
h its neighbour x 2 fv

i�1

; v

i+1

g

su
h that [xvv

i

℄ is a triangle. Moreover:

(a) If v

i�2

; v

i�1

; v

i

; v

i+1

; v

i+2

form a fan of 4 
onse
utive triangles

(with 
ommon vertex v), v

i�1

; v

i+1

are 3-verti
es and v

i�2

; v

i+2

are big, then v

i

donates

1

16

to ea
h of v

i�2

; v

i+2

.

(b) if v

i�2

; v

i�1

; v

i

; v

i+1

; v

i+2

form a fan of 4 
onse
utive triangles

(with 
ommon vertex v), v

i�1

is a 3-vertex, v

i+1

is a 4-vertex (or

16



v

i+1

is a 3-vertex and v

i�1

is a 4-vertex) and v

i�2

; v

i+2

are big,

then v

i

donates

1

16

to v

i�2

(or v

i+2

).

(A6) Ea
h vertex whi
h re
eives

1

2

from v through an edge xy by R2, do-

nates

1

4

to ea
h of x; y.

After this averaging, any vertex whi
h re
eives 
harge by a diagonal

transfer from v fully redistributes this 
harge. Consider now, an arbitrary

neighbour v

i

of v.

Suppose that v

i

is a 3-vertex. Then, v

i

keeps �

3

2

� 2 �

3

8

+ 2 �

3

32

=

15

16

.

Suppose now that v

i

is a 4-vertex. Then, after the averaging, v

i

preserves

maximum 
harge in the 
ase des
ribed by the se
ond part of (A3), or in

the 
ase when v

i+1

(or v

i�1

) is a 4-vertex re
eiving 1 from v and there is

diagonal transfer through v

i

v

i+1

(or v

i�1

v

i

). In the former 
ase, v

i

preserves

1 � 2 �

5

16

+ 2 �

5

16

� 2 �

1

32

=

15

16

. And, in the latter 
ase v

i

preserves

1�2�

5

16

+

5

16

+

1

4

=

15

16

if v

i

is 2-adja
ent to v or it preserves

1

2

�

1

8

+

5

16

+

1

4

=

15

16

if v

i

is 1-adja
ent to v.

Suppose that v

i

is a 5-vertex of v. Then, after the averaging, v

i

preserves

maximum 
harge in the 
ase when v

i+1

is a 4-vertex re
eiving 1 from v, there

is a diagonal transfer through v

i

v

i+1

, and f

i�1

is a big fa
e. In this 
ase, v

i

keeps

1

2

�

3

32

+

1

4

+

5

16

=

31

32

.

If v

i

is a k-vertex with 6 � k � 191, then v

i

preserves �

3

8

+

3

8

=

3

4

.

And, if v

i

is a big neighbour of v, then v

i

preserves � 2 �

3

8

+ 2 �

1

16

=

7

8

.

Thus, we obtain that ea
h neighbour of v re
eives in average �

31

32

from

v. Therefore, 


�

(v) � d�6�

31

32

d � 0 for d � 192. This 
ompletes the proof.

Theorem 3.5 The 3-
y
le C

3

is light in P(w) if and only if w 2 [10; 13℄.

Proof. Let G

�

be the graph 
omprised of 2n-
y
les C

b

= a

1

b

1

a

2

b

2

� � �

a

n

b

n

a

1

and C




= a

1




1

a

2




2

� � � a

n




n

a

1

and verti
es b and 
 su
h that N(b) =

V (C

b

) and N(
) = V (C




). Note that G

�

is a planar graph with edge weight

at least 9 whose every 3-
y
le has weight 2n+9. This proves that the 3-
y
le

is not light in P

3

(w) for w < 10.

Now, we will prove the other dire
tion. Suppose that the theorem is false

and G is a 
ounterexample. Every edge of G has weight � 10. Suppose also

that every triangle has weight � k where k is suÆ
iently large, say k = 52.

Initial 
harge is assigned to the verti
es and fa
es as it is des
ribed in (1)

with � = 2. Now, redistribute the initial 
harge by the following rule:

17



Rule R: Let v be a vertex in
ident with a fa
e f . Then, v sends


(v)

d(v)

to f .

We will prove that for every x 2 V (G)[F (G), 


�

(x) � 0. By rule R, it is


lear that every vertex of G has a �nal 
harge 0. Let f be an arbitrary fa
e

of G and let r = r(f). If r � 6, obviously 


�

(v) � 
(v) � 0. If r = 5 then f

has at least three in
ident verti
es of degree � 5 and ea
h of these verti
es

sends at least

2�5�6

5

to f . So, 


�

(v) � �1+3�

4

5

> 0. Suppose now that r = 4.

If f is in
ident with at least three verti
es of degree � 5, then similarly as

before, 


�

(v) � �2+ 3 �

4

5

> 0. Otherwise, f is in
ident with two verti
es of

degree � 6 and so 


�

(v) � �2 + 2 � 1 = 0. Finally, suppose that r = 3. Let

f = [x

1

x

2

x

3

℄ and d

1

= d(x

1

), d

2

= d(x

2

), and d

3

= d(x

3

). We may assume

that d

1

� d

2

� d

3

. By rule R, 


�

(f) = �3+

2d

1

�6

d

1

+

2d

2

�6

d

2

+

2d

3

�6

d

3

. By the

assumptions that 3 � d

1

� d

2

� d

3

, 10 � d

1

+ d

2

and 52 � d

1

+ d

2

+ d

3

, it

is easy to see that the maximum value of

1

d

1

+

1

d

2

+

1

d

3

is

1

2

for d

1

= 3; d

2

=

7; d

3

= 42. Hen
e,




�

(f) = 3� 6

�

1

d

1

+

1

d

2

+

1

d

3

�

� 3� 6

�

1

3

+

1

7

+

1

42

�

= 0:

Theorem 3.6 The 3-
y
le C

3

is light in T (w) if and only if w 2 [9; 13℄.

Proof. Let G

�

be a graph of n-sided double pyramid. We see that G

�

has

edge weight 8 and every 3-
y
le has weight n+ 8.

Now, we will prove the other dire
tion. Suppose that the theorem is

false and G be a 
ounterexample. Every edge of G has weight � 9. Suppose

also that every triangle has weight � k where k is suÆ
iently large, say,

k = 52. Initial 
harge is assigned to the verti
es and fa
es as it is des
ribed

in (1) with � = 1. Now, redistribute the initial 
harge by the following rule:

Rule R: A vertex v of degree � 24 sends

1

3

to ea
h 5-vertex, 1 to ea
h

4-vertex, and

3

2

to ea
h 3-vertex.

We will prove that for every x 2 V (G)[F (G), 


�

(x) � 0. It is 
lear that

every fa
e of G has a �nal 
harge 0. Let v be an arbitrary vertex of G and let

d = d(v). If 6 � d � 23 then 


�

(v) = 
(v) � 0. If d = 5 then v has at least

three neighbours of degree � 24. So 


�

(v) � �1+ 3 �

1

3

� 0. If d = 4 then v

18



has at least two neighbours of degree � 24, and so 


�

(v) � �2 + 2 � 1 = 0.

Similarly, for d = 3 it follows that 


�

(v) � �3 + 2 �

3

2

= 0.

Finally, suppose that d � 24. Denote by v

1

; v

2

; : : : v

d

the neighbours of

v as they appear around v. In order to 
al
ulate easier the �nal 
harge of v,

we are doing an averaging. If d(v

i

) = 3 then let v

i

donate

3

8

(of the 
harge

that it re
eives from v) to ea
h of v

i�1

and v

i+1

. And, if d(v

i

) = 4 then let

v

i

donate

1

6

(of the 
harge re
eived from v) to ea
h of v

i�1

and v

i+1

. Note

that after the averaging takes part, ea
h neighbour of v re
eives from v at

most

3

4

. So, 


�

(v) � d� 6�

3

4

d � 0. This 
ompletes the proof.

Theorem 3.7 The 4-
y
le C

4

is light in P(w) if and only if w 2 [10; 13℄.

Proof. Let G

�

be the graph 
omprised of 2n 
y
le C

a

= a

1

b

1

a

2

b

2

� � �

a

n

b

n

a

1

, n-
y
le C

b

= b

1

b

2

� � � b

n

b

1

, and verti
es a and b with N(a) = V (C

a

)

and N(b) = V (C

b

). G

�

is a planar graph with edge weight 9 and every

4-
y
le has weight � n+ 15.

Now, we will prove the other dire
tion. Suppose that the theorem is false

and G is a 
ounterexample. Every edge of G has weight � 10. Suppose also

that every 4-
y
le has weight � k where k is suÆ
iently large, say k = 381.

Verti
es of degree � 96 are 
alled big and those of degree 2 [6; 95℄ are


alled intermediate; other verti
es are 
alled small. Thus, every 4-
y
le of

G 
ontains a big vertex and if two small verti
es are adja
ent, then they are

of degree 5.

Denote by f

4

(v) the number of 3-fa
es in
ident with v. Let f =

[x

1

x

2

� � �x

n

℄ be a fa
e. Suppose that vertex u is not in
ident with f . If

[ux

1

x

2

℄ is a 3-fa
e and x

1

and x

2

are intermediate verti
es then we say

that u is 4-in
ident with f . Moreover, if d(x

n

) = d(x

3

) = 3 then u is

4

�

-in
ident with f . Thus, if u and f are 4

�

-in
ident then they are also

4-in
ident. Denote by 4(f) the number of 3- and 4-verti
es 4-in
ident

with f . If x; y are 2-adja
ent and u; v are remaining two verti
es of their

triangles, we say that u; v are 4-adja
ent.

Initial 
harge is assigned to the verti
es and fa
es as it is des
ribed in

(1) with � = 1. Now, redistribute the initial 
harge by the following rules:

Rule R1: Let v be an intermediate vertex. Then, v equally distribute the


harge d(v)� 6 to its neighbours of degree 3.

Rule R2: Let v be a big vertex adja
ent to a vertex u of degree � 4.

(a) If u is 2-adja
ent to v, then v sends

7

4

to u.
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(b) If u is 1-adja
ent to v, then v sends

5

4

to u.

(
) If u is 0-adja
ent to v, then v sends

7

8

to u.

Rule R3: Let v be a big vertex adja
ent to a 5-vertex u. Then, v sends

7

8

to u.

Rule R4: Let v be a big vertex and let v be 4-adja
ent to a 3- or 4-vertex

u. Then, v sends

7

8

to u.

Rule R5: Let f be a fa
e of length � 4 in
ident with a vertex u of degree

� 5.

(a) Let d(u) = 3 or 4. If r(f) = 4 then f sends 1 to u and otherwise it

sends

3

2

to u.

(b) If d(u) = 5 then f sends

1

2

to u.

Rule R6: Let f be a fa
e of length � 4 and let f be 4-in
ident with a 3-

or 4-vertex u.

(a) If r(f) = 4 then f sends 1 to u.

(b) Let r(f) � 5. If f and u are 4

�

-in
ident then f sends

17

20

to u, and

otherwise f sends

4

5

to u.

Rule R7: Let f be a fa
e of length � 4. After rules R5 and R6 are used, the

rest of positive 
harge of f is equally distributed to its in
ident 3-verti
es.

Now, we will prove that for every x 2 V (G) [ F (G), 


�

(x) � 0. Let v

be a vertex of G and let d = d(v). Denote by v

1

; v

2

; : : : ; v

d

the neighbours

of v as they appear around v. Denote by f

i

the fa
e whi
h 
ontains the

subwalk v

i

vv

i+1

. If v is a intermediate vertex, then by rule R1, we have




�

(v) � 0. Suppose that v is a big vertex. We do the following averaging:

If a vertex v

i

re
eives 
harge 
 from v then v

i

donates




4

to ea
h of v

j

(j 2 fi� 1; i+ 1g) su
h that f

j

is a triangle. If u is 4-adja
ent to v where

[uv

i

v

i+1

℄ and [vv

i

v

i+1

℄ are 3-fa
es, then u donates

7

16

to ea
h of v

i

and v

i+1

.

Now, by rules R2-R4, it is easy to see that ea
h neighbour of v re
eives in

average at most

15

16

from v. So, 


�

(v) � d� 6�

15d

16

� 0.

Suppose now that d = 5. If f

4

(v) � 3, then by rule R5(b), we have




�

(v) � �1 + 2 �

1

2

= 0. If f

4

(v) = 5 then it is adja
ent to two big verti
es.

By rule R3 ea
h of these two neighbours sends

7

8

to v and so 


�

(v) > 0.
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Finally, if f

4

(v) = 4 then one fa
e in
ident with v is of size � 4. By R5(b),

this fa
e sends

1

2

to v. And, there is also a big vertex whi
h sends

7

8

to v.

Hen
e, we infer 


�

(v) > 0.

Suppose that d = 4. We argue similarly as in the previous 
ase (i.e.

d = 5). If f

4

(v) � 2 then by R5(a) we obtain that 


�

(v) � �2+2 �1 = 0. If

f

4

(v) = 4 then there are two big neighbours of v and ea
h one sends

7

4

to

v by R2(a). Finally, if f

4

(v) = 3 then one fa
e sends 1 to v by R5(a), and

there is a big vertex whi
h sends �

5

4

to v by rule R2. Hen
e, 


�

(v) > 0.

Finally, let us suppose that v is a 3-vertex. We will 
onsider the following


ases:

f

4

(v) = 0: By R5(a), it follows that 


�

(v) � �3 + 3 � 1 = 0.

f

4

(v) = 1: We may assume that f

3

is a triangle. Note that ea
h of f

1

and

f

2

sends � 1 to v. If some of v

1

; v

2

; v

3

is a big vertex, then it sends

�

7

8

to v by R2 and ea
h of other two verti
es sends �

1

7

to v by R1.

Hen
e, 


�

(v) � �3 + 2 � 1 + 2 �

1

7

+

7

8

> 0. So, assume that none of

v

1

; v

2

; v

3

is a big vertex. If f

1

is a 4-
y
le, say f

1

= [v

1

vv

2

x℄, then x is

a big vertex, and hen
e f

1

sends 2 to v by R7. And, if r(f

1

) � 5 then

f

1

sends

3

2

. Similar arguing holds for f

2

. Thus, 


�

(v) � �3+2 �

3

2

� 0.

f

4

(v) = 2: We may assume that f

1

and f

2

are triangles. Then, f

3

sends at

least 1 to v. Note that one of v

1

; v

2

; v

3

is a big vertex. Suppose �rst

that v

2

is a big vertex. Then, ea
h of v

1

and v

3

sends �

1

6

to v and v

2

sends

7

4

to v. Thus, 


�

(v) � �3+2�

1

6

+

7

4

+1 > 0. Suppose now that v

2

is intermediate. In this 
ase, v

1

or v

3

is a big vertex, say v

1

. Note that

v

1

sends

5

4

to v. If v

3

is also big vertex then 


�

(v) � �3+2 �

5

4

+1 > 0.

So assume that v

3

is intermediate. Let f

0

be a fa
e in
ident with the

fa
e f

2

at the edge v

2

v

3

. If r(f

0

) 6= 3 then f

0

sends �

4

5

to v by R6.

Otherwise, let x be a vertex su
h that f

0

= [v

2

v

3

x℄. Then, x is a big

vertex and it sends

7

8

to v by rule R4. However, in both 
ases, we

have 


�

(v) � �3 + 1 +

4

5

+

5

4

> 0.

f

4

(v) = 3: Without lose of generality, we may assume that v

1

is a big

vertex. Then, it sends

7

4

to v. If v

2

or v

3

is a big vertex then




�

(v) � �3 + 2 �

7

4

> 0. So, assume that v

2

and v

3

are intermedi-

ate verti
es. Ea
h of v

2

and v

3

sends �

1

5

to v by R1. Let f

0

be the

fa
e in
ident with f

2

at edge v

2

v

3

. Suppose �rst that f

0

is a triangle,

say f

0

= [v

3

v

2

x℄. In this 
ase, x is a big vertex and it sends

7

8

to v

by R4. So, 


�

(v) � �3 + 2 �

1

5

+

7

4

+

7

8

> 0. If f

0

is a 4-fa
e, then
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f

0

sends 1 to v. Hen
e, 


�

(v) � �3 +

7

4

+ 2 �

1

5

+ 1 > 0. Finally,

assume that r(f

0

) � 5. Then, v is 4

�

- or 4-in
ident with f

0

. In the

�rst 
ase, we have 


�

(v) � �3 +

7

4

+ 2 �

1

5

+

17

20

= 0. And, in the

se
ond 
ase observe that either v

2

or v

3

sends �

1

4

to v by R1. So,




�

(v) � �3 +

7

4

+

1

4

+

1

5

+

4

5

= 0.

Let f = [x

1

x

2

� � �x

r

℄ be an arbitrary fa
e of G. Suppose �rst that

r(f) � 5. Consider the following averaging of 
harge sent from f by rules

R5 and R6: if x

i

is a 3- or 4-vertex, then it sends

3

8

to ea
h of x

i�1

and

x

i+1

. If v is 4

�

-in
ident (resp. 4-in
ident) with f at edge x

i

x

i+1

then v

splits

17

40

(or

2

5

, respe
tively) to ea
h x

i

and x

i+1

. Note that after this every

vertex x

i

re
eives at most

4

5

from f . Thus, 
harge �
(f) of f after rules R5

and R6 being applied satis�es �
(f) � 2r � 6�

4

5

r � 0.

Suppose now that f is a 4-fa
e. We may assume that x

1

is a big vertex.

Let r

3;4

be the number of 3- and 4-verti
es in
ident with f , i.e. r

3;4

=

r

3

(f) + r

4

(f). Obviously, r

3;4

� 2. To 
on
lude the proof, 
onsider the

following three 
ases:

r

3;4

= 2: Then x

2

and x

4

are 3- or 4-verti
es and 


�

(f) � 2� 2 � 1 = 0.

r

3;4

= 1: If x

3

is 3- or 4-vertex, then 
(f) � 2� 1 = 1. Otherwise assume

that x

2

is a 3- or 4-vertex. Note that r

5

(f) +4(f) � 1 and hen
e




�

(f) � 2� 1�

4

5

> 0.

r

3;4

= 0: Then r

5

(f) + 4(f) � 2 with equality only if 4(f) = 2. In all


ases, it is easy to see that 


�

(f) � 0.

Theorem 3.8 The star K

1;4

is light in P(w) if and only if w 2 [9; 13℄.

Proof. To show that K

1;4

is heavy in P(w) for w � 8, 
onsider the double

n-pyramid. In this graph, every K

1;4


ontains a vertex of degree n.

Now, we will prove the other dire
tion. Suppose that theorem is false and

G is a 
ounterexample. For the purpose of the proof, a vertex of degree at

least 432 is 
alled big, a vertex of degree between 6 and 431 is intermediate;

all other verti
es are 
alled small. A fa
e of size at least 4 is 
alled big.

Let f be a big fa
e and let x

1

; x

2

; x

3

; x

4

be four 
onse
utive verti
es on

f . Let [x

2

x

3

v℄ be a 3-fa
e and v be a 3-vertex. If x

1

(or x

4

) is big and

x

2

; x

3

are intermediate, we say that f is 4-adja
ent to v. If x

1

; x

3

are big
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and x

2

is intermediate (or x

2

; x

4

are big and x

3

is intermediate), we say

that f is 4

Æ

-adja
ent to v. Finally, if [x

2

x

3

v℄ is a 3-fa
e, v is a 4-vertex, x

2

is a 5-vertex and x

3

is a 5- or intermediate vertex (or vi
e versa), we say

that v is 4

�

-adja
ent to f . In all these 
ases, the edge x

2

x

3

is a diagonal

for v and f .

The initial assignment of 
harge is as in (1) with � = 1. The lo
al re-

distribution of 
harge preserving its total sum is performed by the following

rules:

Rule R1: Ea
h big fa
e sends

(a) 1 to ea
h 4-adja
ent 3-vertex;

(b)

1

2

to ea
h 4

Æ

-adja
ent 3-vertex;

(
)

1

2

to ea
h 4

�

-adja
ent 4-vertex.

The remaining 
harge of this fa
e is then equally distributed to all in
ident

verti
es of degree 3 and 4.

Rule R2: Let u be a big vertex i-adja
ent to a small vertex v. Then, u

sends to v 
harge

i+1

2

or

i

2

or

1

2

, if its degree is 3 or 4 or 5, respe
tively.

Rule R3: Ea
h big vertex u sends

1

3

to ea
h adja
ent 6-vertex v ex
ept in

the 
ase when v is adja
ent to less than 3 small verti
es. In this ex
eptional


ase, u sends

2

9

to v.

Rule R4: Ea
h intermediate vertex sends

1

3

to ea
h adja
ent small vertex.

Rule R5: Let [uxy℄; [xyv℄ be adja
ent triangular fa
es, x; y be intermedi-

ate, u be big, and v be a 3-vertex. Then, u sends 1 to v (through the edge

xy).

Rule R6: Let [uxy℄; [xyv℄ be adja
ent triangular fa
es, x be intermediate,

u and y be big, and v be a 3-vertex. Then, u sends

1

2

to v (through the

edge xy).

Rule R7: Let [uxy℄; [xyv℄ be adja
ent triangular fa
es, x be a 5-vertex, y

be a 5- or intermediate vertex, u be big, and v be a 4-vertex. Then, u sends

1

2

to v (through edge xy).

Now, we will prove that for every x 2 V (G) [ F (G), 


�

(x) � 0. To this

end, several 
ases have to be 
onsidered.
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Let f be a fa
e. If it is a triangle, then 


�

(f) = 0. Suppose that

r = r(f) � 4. Let t

1

; t

2

; t

3

be the number of transfers of 
harge from f to

4-,4

Æ

-, 4

�

-adja
ent small verti
es, respe
tively. Let s be the number of 3-

and 4-verti
es in
ident with f . Then, 2s+ t

1

+ t

2

+ t

3

� r and the remaining


harge of f after appli
ation of R1(a)-(
) is 2r � 6� t

1

�

1

2

(t

2

+ t

3

). After

R1(a)-(
) are applied, ea
h 3- or 4-vertex in
ident with f re
eives at least

2r � 6� t

1

�

1

2

(t

2

+ t

3

)

(r � t

1

� t

2

� t

3

)=2

= 2

�

1 +

1

2

(t

2

+ t

3

) + r � 6

r � t

1

� t

2

� t

3

�

:

Hen
e, a fa
e of size r � 6 
an send at least 2 to ea
h in
ident 3- or 4-vertex.

Consider the 
ase r = 5. Observe that at most two verti
es in
ident with

f are of degree 3 or 4, and if there are two of them, only one transfer by

R1(
) 
an be applied. In this 
ase, ea
h of these two verti
es re
eives at

least

7

4

. If R1(a) or R1(b) is applied, then f is in
ident with at most one 3-

or 4-vertex, whi
h subsequently re
eives � 3 from f . Finally, 
onsider the

r = 4. If one of rules R1(a)-(
) is applied, then at most one 3- or 4-vertex

is in
ident with f and it re
eives � 1 from f . Otherwise, at most two su
h

verti
es are in
ident with f and ea
h of them re
eives �

2�4�6

2

= 1. We 
an


on
lude that ea
h big fa
e sends at least 1 to ea
h in
ident 3- or 4-vertex.

Moreover, if it is of size � 5 then it sends at least

7

4

to ea
h in
ident 3- or

4-vertex.

Let v be a d-vertex. Denote by v

1

; v

2

; : : : ; v

d

the neighbours of v around

it, and denote by f

i

the fa
e whi
h 
ontains the subwalk v

i

vv

i+1

(index

modulo d). If f

i

is a triangle, then the fa
e whi
h is di�erent from f

i

and

in
ident with v

i

v

i+1

is denoted by f

0

i

.

Suppose �rst that v is a 3-vertex. Suppose also that v is adja
ent to

at least two big verti
es. If v is not in
ident with a big fa
e, then, by R2,

we obtain that 


�

(v) � �3 + 2 �

3

2

= 0. If v is in
ident with only one big

fa
e, then ea
h of the big neighbours sends � 1 to v. Thus, by R1 and R2,




�

(v) � �3+1+2�1 = 0. If v is in
ident with at least two big fa
es, then ea
h

big neighbour of v sends �

1

2

to it, so we have 


�

(v) � �3+2 � 1+2 �

1

2

= 0.

Now, let v be adja
ent to exa
tly one big vertex, say v

1

; then the re-

maining neighbours v

2

; v

3

are intermediate (it follows from the fa
t that

w � 9). If v is in
ident with at least two big fa
es, then, by rules R1,

R2, and R4 it follows that 


�

(v) � �3 + 2 � 1 +

1

2

+ 2 �

1

3

> 0. Sup-

pose that v is in
ident with only one big fa
e. If this fa
e is f

2

, then




�

(v) � �3 +

3

2

+ 1 + 2 �

1

3

> 0. Suppose now that this fa
e is f

1

or f

3

,

say f

3

. If r(f

3

) � 5, then 


�

(v) � �3 + 1 +

7

4

+ 2 �

1

3

> 0. Otherwise,
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let f

3

= [v

3

vv

1

x℄ be a 4-fa
e. If x is a big vertex, then f

3

sends at least

2 to v, and we infer easily that 


�

(v) > 0. So, x is intermediate or small.

Then, ea
h neighbour of v

3

di�erent from x; v; v

2

is big. Hen
e, the fa
e

f

0

2

is either big or a triangle [v

2

v

3

y℄ where y is a big vertex. In both 
ases,

by an additional transfer through the edge v

2

v

3

by rule R5 or R1, vertex v

re
eives 1. Finally, we obtain 


�

(v) � �3 + 1 + 1 + 1 + 2 �

1

3

> 0.

Suppose now that v is in
ident with three triangles. Let f

0

2

= [v

2

v

3

x℄ be

a triangle. If x is big, then by rule R5, we infer 


�

(v) � �3+

3

2

+2 �

1

3

+1 > 0.

Otherwise, x is not a big vertex. Then, all neighbours of v

2+j

; j = 0; 1,

ex
ept v; x and v

3�j

are big and v re
eives

1

2

+

1

2

due to two additional

transfers by R6 or R1 through the edges v

1

v

2

and v

1

v

3

. Thus, 


�

(v) �

�3+

3

2

+2�

1

3

+2�

1

2

> 0. Let r(f

0

2

) � 4 and x

1

v

3

v

2

x

0

be a part of its boundary

walk. If x

0

or x

1

is big, then by R1(a) we have 


�

(v) � �3+

3

2

+2 �

1

3

+1 > 0.

Otherwise, x

0

and x

1

are not big. Then, all neighbours of v

2+j

, (j = 0; 1),

ex
ept v; v

3�j

and x

j

are big. As before, v re
eives

1

2

+

1

2

from two additional

transfers by R6 or R1, whi
h gives 


�

(v) > 0.

Finally, suppose that all neighbours of v are not big. Then they are

intermediate. If v is in
ident with at least two big fa
es, then 


�

(v) �

�3 + 2 � 1 + 3 �

1

3

= 0. Suppose that v is in
ident with exa
tly one big fa
e,

say f

3

. Then, all neighbours of v

2

ex
ept v; v

1

and v

3

are big and v re
eives

1 + 1 from two additional transfers by R5 or R1 (through the edges v

1

v

2

and v

2

v

3

). Thus, 


�

(v) � �3+3 �

1

3

+1+2 �1 > 0. If all fa
es in
ident with v

are triangles, then all neighbours of v

j

(j = 1; 2; 3) ex
ept v and themselves

are big and v re
eives 1+1+1 from three additional transfers by R5 or R1.

Let v be a 4-vertex. Then, v is adja
ent to at least one big vertex, say v

1

(otherwise, a lightK

1;4

is found). If v is in
ident with at least two big fa
es,

then 


�

(v) � �2 + 2 � 1 = 0. Similarly, if v is in
ident with exa
tly one big

fa
e di�erent from f

1

or f

4

, then 


�

(v) � �2 + 1 + 1 = 0. So, suppose �rst

that f

4

is the only big fa
e in
ident with v. If some of v

2

; v

3

; v

4

is big then




�

(v) � �2+1+

1

2

+

1

2

= 0. So, assume that v

1

is the only big neighbour of

v. If two of v

2

; v

3

; v

4

are intermediate, then 


�

(v) � �2+ 1 +

1

2

+2 �

1

3

> 0.

Otherwise, at least two of them are 5-verti
es. Consider the fa
es f

0

2

and

f

0

3

. If some of them is triangular, it has to 
ontain a big vertex (to avoid

light K

1;4

) sending

1

2

to v by R7; otherwise v is 4

�

-adja
ent to this fa
e

and re
eives

1

2

by R1(
). Thus, 


�

(v) � �2 + 1 +

1

2

+ 2 �

1

2

> 0.

Finally, suppose now that v is in
ident with four triangles. If ea
h of

v

2

; v

3

; v

4

is intermediate, then 


�

(v) � �2 + 1 + 3 �

1

3

= 0. If pre
isely

two of them are intermediate, then the third one is a 5-vertex. In this


ase by rule R1(
) or R7, vertex v re
eives additional

1

2

, and so 


�

(v) =
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�2+2 �

1

3

+1+

1

2

> 0. Finally, we may assume that at least two of v

2

; v

3

; v

4

are 5-verti
es. Then, by R1(
) or R7, vertex v re
eievs

1

2

+

1

2

, and we infer

that 


�

(v) � �2 + 2 �

1

2

+ 1 = 0.

If v is a 5-vertex, then v is adja
ent to at least two big verti
es, and

hen
e by R2, 


�

(v) � �1+2 �

1

2

= 0. If v is a 6-vertex, then v is adja
ent to

at least three big verti
es and to at most three small verti
es. So, by rules

R3 and R4, 


�

(v) � 0+ 3 �

1

3

� 3 �

1

3

= 0 or 


�

(v) � 0+ 3 �

2

9

� 2 �

1

3

= 0. Let

v be an intermediate vertex of degree > 6. Then v is adja
ent to at most

three small verti
es. Thus, by rule R4, we infer that 


�

(v) � 1� 3 �

1

3

= 0.

Finally, let v be a big vertex of degree d. Consider the following averaging

of the 
harges sent from v:

(A1) Ea
h 3-vertex donates

3

8

from its re
eived 
harge to ea
h its neighbour

lying on triangular fa
e with v.

(A2) Ea
h 4-vertex donates

1

8

from its re
eived 
harge to ea
h its neighbour

lying on a triangular fa
e with v.

(A3) Ea
h 6-vertex donates




4

from its re
eived 
harge 
 (by rule R3, 
 =

1

3

or

2

9

) to ea
h its neighbour lying on triangular fa
e with v; moreover,

if su
h a neighbour is a big, then 6-vertex donates additional




4

to it.

(A4) Let v

i�1

and v

i

be 6-verti
es, v

i+1

be a 3-vertex adja
ent to v

i

, and let

v sends a 
harge through v

i�1

v

i

by R5. Then, v

i

sends (additional)

1

18

to v

i+1

.

(A5) If a 3-vertex re
eives by the rule R5 a 
harge from v through the edge

v

i

v

i�1

, then it donates

1

2

from its 
harge to ea
h of v

i�1

; v

i

.

(A6) If a 3-vertex re
eives by the rule R6 a 
harge from v through the edge

v

i

v

i�1

, then it donates

1

4

from its 
harge to ea
h of v

i�1

; v

i

.

(A7) If a 4-vertex re
eives by the rule R7 a 
harge from v through the edge

v

i

v

i�1

, then it donates

1

4

from its 
harge to ea
h of v

i�1

; v

i

.

After this averaging, ea
h 3- or 4-vertex whi
h re
eives some 
harge by

rules R5-R7 from v fully redistributes this 
harge by (A5)-(A7). It is not

hard to observe that ea
h 3-neighbour of v keeps �

3

2

� 2 �

3

8

+ 4 �

1

18

=

35

36

of 
harge re
eived from v. Similarly, ea
h 4-neighbour preserves at most

1 � 2 �

1

8

+ 2 �

1

12

=

11

12

. Ea
h intermediate neighbour of v with degree at

least 7 keeps �

1

2

+

3

8

+

1

18

=

67

72

and ea
h big neighbour of v keeps at most

2 � (

1

4

+ 2 �

1

12

) +

1

12

=

5

6

.
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Consider now a 5-neighbour v

i

of v. If there is no transfer from v by R5-

R7 through the edges v

i

v

i+1

and v

i

v

i�1

, then v

i

keeps at most

1

2

+2 �

1

8

=

3

4

.

If there are transfers from v by R5-R7 through both of the edges v

i

v

i+1

and

v

i

v

i�1

, then a 
opy of light K

1;4

is obtained. Finally, assume that there is

a transfer only through the edge v

i

v

i�1

. In this 
ase, v

i

keeps maximum


harge if v

i�1

is a 6-vertex and v

i+1

is a 4-vertex. Then, the 
harge that v

i

preserves is �

1

2

+

1

4

+

1

8

+

1

12

=

23

24

.

Finally, 
onsider a 6-neighbour v

i

of v. If there is no transfer from v by

R5-R7 through the edges v

i

v

i+1

and v

i

v

i�1

, then v

i

keeps �

1

3

� 2 �

1

12

+

2 �

3

8

=

11

12

. Let there be transfers through both of the edges v

i�1

v

i

; v

i

v

i+1

.

Then, at least one of v

i�1

; v

i+1

is big (otherwise a light K

1;4

is found),

say v

i+1

. If v

i�1

is not a 6-vertex, then v

i

keeps maximum 
harge when

v

i�1

is an intermediate vertex of degree � 7. In this 
ase, the 
harge is

�

2

9

� 3 �

1

18

+

1

4

+

1

2

=

29

36

. Otherwise, v

i�1

is a 6-vertex, and then similarly,

v

i

keeps �

2

9

� 2 �

1

18

+

1

4

+

1

2

=

31

36

. Now, suppose that there is only one

su
h transfer, say from v through the edge v

i�1

v

i

. If v

i+1

is not a 3-vertex,

then v

i

keeps �

2

9

� 2 �

1

18

+

1

18

+

1

2

+

1

8

=

19

24

. So, assume that v

i+1

is a

3-vertex. If v

i�1

is big, then v

i

keeps �

1

3

� 3 �

1

12

+

1

4

+

3

8

=

17

24

. If v

i�1

is

a 5-vertex, then v

i

keeps �

1

3

� 2 �

1

12

+

1

4

+

3

8

=

19

24

. Assume now that v

i�1

is an intermediate vertex. If v

i�1

is of degree � 7, then v

i

is adja
ent with

exa
tly two small verti
es. Thus, v

i

keeps at most

2

9

� 2 �

1

18

+

1

2

+

3

8

=

71

72

.

Assume now that v

i

is a 6-vertex. In this 
ase v

i�1

has at most two small

neighbours as well. Then, both v

i�1

; v

i

re
eive

2

9

from v by rule R3 and

(A4) is applied. Thus, v

i

preserves again at most

3

8

+

1

2

+

2

9

�

1

18

�

1

18

=

71

72

.

We obtain that every neighbour of v re
eives average 
harge �

71

72

from

v. Hen
e, 


�

(v) � d� 6� d �

71

72

� 0 for d � 432. This 
ompletes the proof.

The following table gives the sum of results on light stru
tures in families

P

3

(w) and T

3

(w). Denote by n the number of verti
es of G.
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P

3

P

3

(7) P

3

(8) P

3

(9) P

3

(10)

light P

1

; P

2

P

1

; P

2

P

1

; P

2

P

1

; P

2

P

1

; P

2

; P

3

stru
tures P

3

P

3

; P

4

P3; P

4

P

4

; C

3

; C

4

K

1;3

; K

1;4

K

1;3

; K

1;4

heavy G with G with G with G with G with

stru
tures n � 3 n � 4 n � 4 n � 7 n � 11

T

3

T

3

(7) T

3

(8) T

3

(9) T

3

(10)

light all paths all paths all paths all paths, C

3

all paths, C

3

stru
tures K

1;3

; K

1;4

C

4

; K

1;3

; K

1;4

heavy non-paths non-paths non-paths see G with

stru
tures Prop. 3.3 �(G) � 5
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