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Summary. On every set A there is a rigid binary relation i.e. su
h a

relation R � A�A that there is no homomorphism hA;Ri ! hA;Ri ex
ept

the identity (Vop�enka et al. [1965℄). We prove that for ea
h in�nite 
ardinal

number � if 
ard A � 2

�

, then there exists a relation R � A�A with the

following property:

8x 2 A 9

fxg � A(x) � A


ard A(x) � �

8

f : A(x) ! A

f 6= id

A(x)

f is not a homomorphism of R

whi
h implies that R is rigid. If a relation R � A � A has the above

property, then 
ard A � 2

�

.

On every set A there is a rigid binary relation, i.e. su
h a relation

R � A � A that there is no homomorphism hA;Ri ! hA;Ri ex
ept the

identity ([8℄ and also [2℄,[3℄ [5℄). Conje
tures 1 and 2 below strengthen this

theorem.
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Conje
ture 1 ([6℄,[7℄). If � is an in�nite 
ardinal number and 
ard A �

2

2

�

, then there exists a relation R � A � A whi
h satis�es the following


ondition:

(�

�

) 8

x; y 2 A

x 6= y

9

fxg � A(x; y) � A


ard A(x; y) � �

8

f : A(x; y) ! A

f(x) = y

f is not a homomorphism of R.

Proposition 1a ([7℄). If � is an in�nite 
ardinal number, R � A � A

satis�es 
ondition (�

�

) and 
ard

e

A � 
ard A, then there exists a relation

e

R �

e

A�

e

A whi
h satis�es 
ondition (�

�

).

Proposition 1b ([6℄). If R � A�A satis�es 
ondition (�

�

), then R is

rigid. If � is an in�nite 
ardinal number and a relation R � A�A satis�es


ondition (�

�

), then 
ard A � 2

2

�

.

Theorem 1 ([7℄). Conje
ture 1 is valid for � = !.

Conje
ture 2 ([6℄,[7℄). If � 6= 0 is a limit 
ardinal number and 
ard A �

2

supf2

�

: � 2 Card; � < �g

, then there exists a relation R � A� A whi
h

satis�es the following 
ondition:

(�

��

) 8

x; y 2 A

x 6= y

9

fxg � A(x; y) � A


ard A(x; y) < �

8

f : A(x; y) ! A

f(x) = y

f is not a homomorphism of R.

Proposition 2a ([7℄). If � 6= 0 is a limit 
ardinal number, R � A� A

satis�es 
ondition (�

��

) and 
ard

e

A � 
ard A, then there exists a relation

e

R �

e

A�

e

A whi
h satis�es 
ondition (�

��

).

Proposition 2b ([6℄). If R � A�A satis�es 
ondition (�

��

), then R is

rigid. If � 6= 0 is a limit 
ardinal number and a relation R � A�A satis�es


ondition (�

��

), then 
ard A � 2

supf2

�

: � 2 Card; � < �g

.

Theorem 2 ([6℄,[7℄). Conje
ture 2 is valid for � = !.

In this arti
le we prove a 
hanged form of Conje
ture 1 whi
h holds for

all in�nite 
ardinal numbers �, see Theorem 3, Corollary and Theorem 5.

Theorem 3. If � is an in�nite 
ardinal number and 
ard A � 2

�

, then

there exists a relation R � A�A whi
h satis�es the following 
ondition:

(�

�

) 8x 2 A 9

fxg � A(x) � A


ard A(x) � �

8

f : A(x) ! A

f 6= id

A(x)

f is not a homomorphism of R.

2



Proof. It is known ([1℄ and also [2℄,[5℄) that for ea
h in�nite 
ardinal

number � there exists a rigid symmetri
 relation R � �� �. Let � denote

the family of all relations S � �� � whi
h satisfy:

(1) R � S,

(2) for ea
h �; � 2 � if � 6= �, then �S� or �S�,

(3) for ea
h �; � 2 � if �S� and �S�, then �R� and �R�.

Sin
e R is rigid

(4) R � f(�; �) : �; � 2 �; � 6= �g.

By (1) and (3) the following Lemma 1 holds true.

Lemma 1. If S

1

; S

2

2 � and f : h�; S

1

i ! h�; S

2

i is a homomorphism,

then f : h�;Ri ! h�;Ri is a homomorphism.

Lemma 2. For every S

1

; S

2

2 � if S

1

6= S

2

, then id

�

: h�; S

1

i !

h�; S

2

i is not a homomorphism.

Proof. Applying (3) and (4) we obtain two 
ases. First 
ase: there

exist �; � 2 �, � 6= � su
h that (�; �) 2 S

1

and (�; �) 62 S

2

, so id

�

is

not a homomorphism. Se
ond 
ase: there exist �; � 2 �, � 6= � su
h that

(�; �) 2 S

2

and (�; �) 62 S

1

. By (2) (�; �) 2 S

1

. It suÆ
es to prove that

(�; �) 62 S

2

. Suppose, on the 
ontrary, that (�; �) 2 S

2

. By (3) (�; �) 2 R,

so by (1) (�; �) 2 S

1

, a 
ontradi
tion.

Lemma 3. 
ard � = 2

�

.

Proof. Let T := ff�; �g : �; � 2 �; � 6= �; (�; �) 62 Rg. It suÆ
es to

prove that 
ard T = �. Suppose, on the 
ontrary, that 
ard T < �. Hen
e


ard

S

T < � and 
onsequently 
ard (� n

S

T ) = �. For ea
h �; � 2 � n

S

T

if � 6= �, then (�; �) 2 R. From this and (4) any non-identi
al inje
tion

from � into � n

S

T is a homomorphism of R. This 
ontradi
tion 
ompletes

the proof of Lemma 3.

Now we turn to the main part of the proof. For ea
h ; 6= 	 � � we

de�ne the relation R

	

� (��	)� (��	) by the following formula:

8�; � 2 �8S

1

; S

2

2 	

�

((�; S

1

); (�; S

2

)) 2 R

	

() (�; �) 2 S

1

= S

2

�

.

In other words, the graph 
orresponding to the relation R

	

is a disjoint

union of graphs belonging to 	. By Lemma 3 it suÆ
es to prove that

R

	

satis�es 
ondition (�

�

). Let (�; S

1

) 2 � � 	. We prove that (� �

	)((�; S

1

)) := � � fS

1

g satis�es 
ondition (�

�

).

Suppose, on the 
ontrary, that f : � � fS

1

g ! � � 	 is a homo-

morphism of R

	

and f 6= id

�� fS

1

g

. Then there exist �; � 2 � and

3



S

2

2 	 su
h that f((�; S

1

)) = (�; S

2

) and (�; S

1

) 6= (�; S

2

). By (2)

for ea
h 
 2 � n f�g �S

1


 or 
S

1

�. From this for ea
h 
 2 � n f�g

(�; S

1

)R

	

(
; S

1

) or (
; S

1

)R

	

(�; S

1

). Therefore f((�; S

1

))R

	

f((
; S

1

))

or f((
; S

1

))R

	

f((�; S

1

)) and 
onsequently (�; S

2

)R

	

f((
; S

1

))

or f((
; S

1

))R

	

(�; S

2

). In both 
ases there exists a Æ 2 � su
h that

f((
; S

1

)) = (Æ; S

2

). It implies that f maps � � fS

1

g into � � fS

2

g. Let

� : fS

1

g ! fS

2

g. There is a uniquely determined transformation

e

f : �! �

su
h that f = h

e

f; �i. Obviously,

e

f(�) = � and

e

f : h�; S

1

i ! h�; S

2

i is a ho-

momorphism. By Lemma 1

e

f : h�;Ri ! h�;Ri is a homomorphism. Sin
e

R is rigid

e

f = id

�

. Therefore � =

e

f(�) = � and id

�

: h�; S

1

i ! h�; S

2

i is

a homomorphism. On the other hand, � = � and (�; S

1

) 6= (�; S

2

) implies

S

1

6= S

2

. It is impossible by Lemma 2. This 
ontradi
tion 
ompletes the

proof of Theorem 3.

Remark 1. It is easy to observe that 
ondition (�

�

) implies 
ondi-

tion (�

�

). Obviously, if R � A � A satis�es 
ondition (�

�

), then R is

rigid.

Theorem 3 follows easily from Perminov's ([4℄) Theorem 4 on rigid tour-

naments. By a tournament on A we will understand a relation Z � A �A

satisfying:

8

x; y 2 A

x 6= y

(x; y) 2 Z _ (y; x) 2 Z,

8x; y 2 A (x; y) 2 Z ) (y; x) 62 Z.

Tournaments in [4℄ are de�ned di�erently, but Theorem 4 holds true for our

de�nition. Unfortunately, the proof in [4℄ is only sket
hed.

Theorem 4 ([4℄). For ea
h in�nite 
ardinal number � there exists a

family � of 2

�

rigid tournaments on � su
h that there is no homomorphism

between any two distin
t tournaments belonging to �.

Corollary. For every � � � a disjoint union of tournaments belonging

to � satis�es 
ondition (�

�

). It gives a new proof of Theorem 3.

We will show an alternative, algebrai
 method for proving Theorem 3.

This method des
ribed in the proof of Theorem 5 gives more, namely a

symmetri
 relation satisfying 
ondition (�

�

). Unfortunately, in 
ontradis-

tin
tion to the relation 
onstru
ted in the proof of Theorem 3, a dire
t

des
ription of su
h a relation is very 
ompli
ated.

Theorem 5. If � is an in�nite 
ardinal number and 
ard A � 2

�

, then

4



there exists a symmetri
 relation R � A�A whi
h satis�es 
ondition (�

�

).

Proof. Following [5℄ let Graph denote the 
ategory of graphs and their

homomorphisms. The obje
ts of Graph are 
ouples (X;R) with R � X�X ,

the morphisms from (X;R) to (X

0

; R

0

) are triples ((X

0

; R

0

); f; (X;R)) with

f : X ! X

0

su
h that (f(x); f(y)) 2 R

0

whenever (x; y) 2 R, and it is

viewed as a 
on
rete 
ategory endowed with the natural forgetful fun
tor.

Let C

n

(n � 3) denote the 
ategory of 
onne
ted n-
hromati
 undire
ted

graphs and their homomorphisms. It is known (see [5℄, Theorem 4.12 on

page 113), that for every n � 3 there is a strong embedding F : Graph !

C

n

that transforms obje
ts of the 
ardinality � into obje
ts of the 
ardinality

�.

Let R � � � � be a rigid symmetri
 relation (undire
ted graph). Con-

sidering all possible orientations of R we obtain 2

�

rigid graphs with the

property that there is no homomorphism between any two distin
t graphs.

Using the strong embedding F : Graph ! C

n

(n � 3) 
onstru
ted in [5℄

we obtain a family � of 2

�

rigid undire
ted graphs on � with the property

that there is no homomorphism between any two distin
t graphs. Sin
e �


onsists of 
onne
ted graphs, for every � � � a disjoint union of graphs

belonging to � satis�es 
ondition (�

�

), the proof is similar to the proof that

R

	

satis�es 
ondition (�

�

). This 
ompletes the proof of Theorem 5.

Theorem 6. If � is an in�nite 
ardinal number and a relationR � A�A

satis�es 
ondition (�

�

), then 
ard A � 2

�

.

Proof. Suppose, on the 
ontrary, that R � A�A satis�es 
ondition (�

�

)

and 
ard A > 2

�

. For ea
h x 2 A we 
hoose the set A(x) from 
ondi-

tion (�

�

). Let B := fA(x) : x 2 Ag. Sin
e

S

B = A we 
on
lude that


ard B = 
ard A. For ea
h B 2 B we 
hoose a bije
tive f

B

: 
ard B ! B

and de�ne the relation R

B

� 
ard B � 
ard B by the following formula:

8�; � 2 
ard B

�

(�; �) 2 R

B

() (f

B

(�); f

B

(�)) 2 R

�

.

Let

B 3 B

h

�! (
ard B;R

B

) 2

[

� 2 Card

� � �

f�g � P(�� �):

Sin
e


ard B = 
ard A > 2

�

= 
ard

[

� 2 Card

� � �

f�g � P(�� �)

5



we 
on
lude that there exist B

1

; B

2

2 B su
h that B

1

6= B

2

and h(B

1

) =

h(B

2

). Hen
e hB

1

;Ri

f

B

2

Æ (f

B

1

)

�1

�! hB

2

;Ri is a non-identi
al isomor-

phism. This 
ontradi
tion 
ompletes the proof.

Conje
ture 3. If � 6= 0 is a limit 
ardinal number and 
ard A �

supf2

�

: � 2 Card; � < �g, then there exists a relation R � A � A whi
h

satis�es the following 
ondition:

(�

��

) 8x 2 A 9

fxg � A(x) � A


ard A(x) < �

8

f : A(x) ! A

f 6= id

A(x)

f is not a homomorphism of R.

Remark 2. Obviously, if R � A � A satis�es 
ondition (�

��

), then R

is rigid. By Theorem 3 Conje
ture 3 holds true if 
ard A < supf2

�

: � 2

Card; � < �g.

Theorem 7. If � 6= 0 is a limit 
ardinal number and a relation R �

A�A satis�es 
ondition (�

��

), then 
ard A � supf2

�

: � 2 Card; � < �g.

Proof. Suppose, on the 
ontrary, that R � A�A satis�es 
ondition (�

��

)

and 
ard A > supf2

�

: � 2 Card; � < �g. For ea
h x 2 A we 
hoose the

set A(x) from 
ondition (�

��

). Let B := fA(x) : x 2 Ag. Sin
e

S

B = A

we 
on
lude that 
ard B = 
ard A. For ea
h B 2 B we 
hoose a bije
tive

f

B

: 
ard B ! B and de�ne the relation R

B

� 
ard B � 
ard B by the

following formula:

8�; � 2 
ard B

�

(�; �) 2 R

B

() (f

B

(�); f

B

(�)) 2 R

�

.

Let

B 3 B

h

�! (
ard B;R

B

) 2

[

� 2 Card

� < �

f�g � P(�� �):

Sin
e


ard B = 
ard A > supf2

�

: � 2 Card; � < �g = 
ard

[

� 2 Card

� < �

f�g�P(���)

we 
on
lude that there exist B

1

; B

2

2 B su
h that B

1

6= B

2

and h(B

1

) =

h(B

2

). Hen
e hB

1

;Ri

f

B

2

Æ (f

B

1

)

�1

�! hB

2

;Ri is a non-identi
al isomor-

phism. This 
ontradi
tion 
ompletes the proof.

6



Proposition 3. By Theorems 3 and 7, if � 6= 0 is a limit 
ardinal

number, R � A � A satis�es 
ondition (�

��

) and 
ard

e

A � 
ard A, then

there exists a relation

e

R �

e

A�

e

A whi
h satis�es 
ondition (�

��

).

Theorem 8. Conje
ture 3 is valid for � = ! i.e. there exists a relation

R � ! � ! satisfying 
ondition (!

��

).

Proof. The relation R := f(i; i + 1) : i 2 !g [ f(0; 2)g � ! � ! satis�es


ondition (!

��

). Indeed, for ea
h i 2 ! the set A(i) := fj 2 ! : j � i + 2g

is adequate for property (!

��

).
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