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Abstra
t

In this paper we 
onsider the unsplittable 
ow problem

(UFP): given a dire
ted or undire
ted network G = (V;E)

with edge 
apa
ities and a set of terminal pairs (or requests)

with asso
iated demands, �nd a subset of the pairs of maxi-

mum total demand for whi
h a single 
ow path 
an be 
hosen

for ea
h pair so that for every edge, the sum of the demands

of the paths 
rossing the edge does not ex
eed its 
apa
ity.

We study the UFP both in the o�ine (all requests are

given from the beginning) and the online (requests arrive at

the system one after the other) setting. For this we introdu
e

a new graph parameter, the 
ow number. With the help of

the 
ow number we develop a general method for transform-

ing arbitrary multi
ommodity 
ow solutions into solutions

that use short paths only, generalizing a well-known theo-

rem of Leighton and Rao [16℄. Both the parameter and the

method may therefore be of independent interest. They al-

low us to prove upper bounds on the approximation ratio

and 
ompetitive ratio of algorithms for the UFP that are sig-

ni�
antly below all previous upper bounds. For example, if




min

� 1 is the minimum 
apa
ity of an edge and the maxi-

mum demand of a request is at most 1, then we a
hieve an ap-

proximation ratio of O(


min

((��

�1

logn)

1=


min

� 1)), where

� is the maximum degree, � is the expansion, and n is the

number of nodes in the network, whereas the best previous

result was an approximation ratio of O(


min

� (n

1=


min

� 1)).

For networks with high expansion (su
h as the hyper
ube,

the butter
y, or any expander), this is an exponential im-

provement. We also show how to transfer these results to

the online setting.
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1 Introdu
tion

In the unsplittable 
ow problem, denoted by UFP, we are given a dire
ted

or undire
ted network G = (V;E) with edge 
apa
ities pres
ribed by


 : E ! IR

+

and a set T = f(s

i

; t

i

) : 1 � i � kg of k terminal pairs (or

requests) with demands d

i

2 [0; 1℄. (The requirement that d

i

2 [0; 1℄ is

not a restri
tion, sin
e this 
an always be a
hieved by suitably s
aling

the demands and 
apa
ities.) A feasible solution is a subset S � T of

the requests su
h that the demand of ea
h request in S is satis�ed by a

single 
ow path and the 
apa
ity 
onstraints are ful�lled. The obje
tive

is to maximize the total demand of the satis�ed requests.

One of the motivations for the UFP is the problem of allo
ating band-

width for traÆ
 with di�erent bandwidth requirements in heterogeneous

networks. Unfortunately, the UFP is MAXSNP-hard [6℄. Therefore, the

best one 
an hope for (unless P = NP ) is to �nd good approximate solu-

tions. Approximation algorithms for the UFP and related problems have

been presented in several prior works [15, 7, 21, 11, 12, 5, 6, 16, 3, 13℄.

Kleinberg [7℄ provides a 
omprehensive ba
kground on these problems.

Most of these algorithms begin with a linear programming relaxation of

the problem (i.e., instead of using a single path, a 
ommodity is shipped

along multiple paths) and then round the solution in a suitable way to

obtain an approximate solution for the UFP.

Under the assumption that the maximum demand of a 
ommodity,

d

max

, does not ex
eed the minimum edge 
apa
ity, 
alled no-bottlene
k

assumption in the following, Kleinberg presented an O(

p

m �

max 
(e)

mind

i

)

approximation algorithm for the UFP [7℄, where m is the number of

edges. This was subsequently improved by Baveja and Srinivasan [3℄

to O(

p

m). On the lower bound side, it was shown by Guruswami et

al. [6℄ that on dire
ted networks the UFP is NP-hard to approximate

within a fa
tor of m

1=2��

for any � > 0. For a spe
ial 
ase of the

UFP, the unit-
apa
ity UFP (that is, all edges have a 
apa
ity one),

Baveja and Srinivasan [3℄ gave an algorithm with an O(�

2

�

�2

log

3

n)

approximation ratio, where � is the maximumdegree, � is the expansion,

and n is the number of nodes in the network. Using the te
hniques of

Kleinberg and Rubinfeld [9℄ and results of Leighton and Rao [16℄ this 
an
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be de
reased to O(�

2

�

�2

log

2

n). Re
ently, Kolman and S
heideler [13℄

improved this ratio to O(�

2

�

�1

logn). Using a new parameter 
alled

the 
ow number F of a network, we improve the ratio further to O(F )

with F = O(��

�1

logn). For this we use a simple greedy algorithm.

Rede�ning � as the maximum total 
apa
ity leaving or leading to a

node, the bound 
an be extended to arbitrary undire
ted networks that

ful�ll the no-bottlene
k assumption.

Without the no-bottlene
k assumption, Guruswami et al. [6℄ gave a

randomized algorithm with an approximation ratio of O(

p

m log

3=2

m).

The algorithm is based on a suitable rounding of an LP relaxation of the

UFP. Re
ently, Azar and Regev [2℄ des
ribed a deterministi
 algorithm

with an approximation ratio of O(

p

m logm). Both of these results re-

quire the ratio between the largest edge 
apa
ity and minimum demand

to be polynomially bounded. We present an algorithmwith an essentially

optimal approximation ratio of O(

p

m) without using any assumption

about the ratio of the edge 
apa
ities and the demands. The bound is

again a
hieved with a simple greedy algorithm.

In several papers also the minimum edge 
apa
ity (denoted here by




min

) was used as a parameter for measuring the performan
e of algo-

rithms [1, 3, 4, 8, 10, 18, 21℄. Based on te
hniques of Awerbu
h et al. [1℄,

Azar and Regev [2℄ re
ently obtained a polynomial time algorithm with

an approximation ratio of O(


min

�n

1=


min

) for any 2 � 


min

� logn. They

note that the n in the bound 
an be repla
ed by an upper bound on the

longest path in an optimal solution, however, without giving any better

bound on this value other than the trivial n. We signi�
antly improve

the bound of Azar and Regev by presenting an algorithm with a 
ompet-

itive ratio of O(


min

� (F

1=


min

� 1)) for all 


min

� 1 (whi
h is O(logF ) if




min

� logF ). Sin
e F = O(��

�1

logn), this also implies a 
ompetitive

ratio of O(


min

� ((��

�1

logn)

1=


min

� 1)). Our key te
hnique to obtain

this result, whi
h may be of general interest, is the so-
alled Shortening

Lemma. It allows to transform any feasible solution of a multi
ommod-

ity 
ow problem into a solution in whi
h the maximal path length is

only O(F ) and the edge 
apa
ities are overloaded by only a very small


onstant fa
tor. This generalizes a well-known result about short 
ow

solutions for uniform multi
ommodity 
ow problems by Leighton and

2



Rao [16, Theorem 18℄, to a result about short 
ow solutions for arbi-

trary multi
ommodity 
ow problems. For 


min

� logn, Raghavan and

Thompson [18℄ des
ribed a 
onstant fa
tor approximation. With the

help of an algorithmi
 version of the Lov�asz Lo
al Lemma [20℄ we show

that already for 


min

� 
 logF for a suÆ
iently large 
onstant 
 there

are 
onstant fa
tor approximation algorithms for the UFP.

The UFP has also been 
onsidered in the online setting where the re-

quests arrive one by one and de
isions have to be made without knowing

the future requests. For 


min

= 
(logn), Awerbu
h, Azar and Plotkin [1℄

des
ribe an optimal online algorithmwith a 
ompetitive ratio of �(logn).

Azar and Regev [2℄ present a randomized algorithm with a 
ompetitive

ratio of O(


min

�(n

1=


min

�1)) for any 


min

� 2, and they show that no de-

terministi
 online algorithm 
an a
hieve a better 
ompetitive ratio than

this. We present a randomized online algorithm with a 
ompetitive ratio

of O(


min

� (F

1=


min

� 1)) for all 


min

� 1. Furthermore, we prove that

any deterministi
 online algorithm that does not 
an
el previously estab-

lished paths must have a 
ompetitive ratio of at least 
(F

1=(


min

�1)

), and

we des
ribe an algorithm that mat
hes this bound for 


min

= O(1). We

also show that if it is allowed to 
an
el paths, then there is a determin-

isti
 online algorithm with a 
ompetitive ratio of O(


min

� (F

1=


min

� 1)),

for all 


min

� 1. This demonstrates that the ability to 
an
el paths is an

important and powerful feature.

1.1 Organization of the paper

We start in Se
tion 2 with de�ning the key new parameter 
ow number

and we 
ompare it with the expansion of a network. In Se
tion 3 the

Shortening lemma is given. Se
tion 4 deals with o�ine algorithms for

the UFP, and in Se
tion 5 we present online algorithms for the UFP.

The paper ends with a 
on
lusion and open problems.

2 A New Network Measure

Many of the previous te
hniques have problems proving strong upper

bounds on approximation or 
ompetitive ratios of algorithms due to the

3



use of inappropriate parameters. As 
an be seen from the lower bound of

Guruswami et al. [6℄, if m is the only parameter used, an upper bound of

O(

p

m) is essentially the best possible. Mu
h better ratios 
an be shown

if the expansion or the routing number [19℄ of a network are used. These

measures give very good bounds for low-degree networks with uniform

edge 
apa
ities, but are usually very poor when applied to networks of

high degree or highly nonuniform edge 
apa
ities. For instan
e, when

applying the previously known general bounds to the hyper
ube on n

nodes, then the best approximation ratio is O(log

2

n). However, it is

possible to redu
e it to O(logn). For the purpose of getting more pre
ise

bounds for the approximation and 
ompetitive ratios of algorithms (that

allow, for example, the O(logn) bound for the hyper
ube) we introdu
e

a new network measure, the 
ow number F . Apart from allowing more

pre
ise results, the 
ow number has the advantage that, in 
ontrast to

the expansion or the routing number, it 
an be 
omputed exa
tly in

polynomial time. After de�ning the 
ow number, we will 
ompare it

in this se
tion with the expansion � of a network and show that F =

O(� � �

�1

logn).

On
e the 
ow number is de�ned it is easy to prove the Shortening

Lemma whi
h in turn makes it possible to signi�
antly improve the pre-

vious upper bounds on the approximation and 
ompetitive ratio for the

UFP. To give an example of its usefulness, for networks with 
ow number

�(logn) like the hyper
ube, butter
y or expanders, when all 
apa
ities

are equal to log logn, the previous best bound on the approximation

and 
ompetitive ratio was O(log logn � n

1=log logn

) whereas we a
hieve a

bound of O(log logn) only.

2.1 Basi
 notation

A network is a graph G = (V;E) with a 
ost fun
tion 
 : E ! IR

+

denoting the 
apa
ities of the edges and 


min

= min

e2E


(e) is 
alled the

minimum edge 
apa
ity ofG. Unless expli
itlymentioned, we will assume

that G is undire
ted. (However, all of our results hold also for dire
ted

graphs satisfying

P

(v;w)2E


(v; w) =

P

(w;v)2E


(w; v) for every v 2 V ,

but for the purpose of presentation we restri
t ourselves to undire
ted
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graphs.) If we simply talk about a graph (and not about a network),

we assume that all edges have 
apa
ity one. The number of nodes in G

will always be denoted by n and the number of edges by m. For any

node v, let 
(v) =

P

e=(v;w)2E


(e) denote the 
apa
ity of v. Given any

set of nodes U , let 
(U) =

P

v2U


(v), and given any set of edges H , let


(H) =

P

e2H


(e). Given a network G = (V;E), we 
all � = C(V ) the


apa
ity of G.

For any set of nodes U , let

�

U = V n U denote its 
omplement, let

jU j denote its size, and let (U;

�

U) denote the set of all edges 
onne
ting

U and

�

U . The edge expansion of a network G (or simply expansion) is

de�ned as

� = min

U�V


(U;

�

U)

minfjU j; j

�

U jg

:

In a 
on
urrent multi
ommodity 
ow problem there are k 
ommodi-

ties, ea
h with two terminal nodes s

i

and t

i

and demand d

i

. A feasible

solution is a set of 
ow paths for the 
ommodities that obey the 
apa
ity


onstraints but need not meet the spe
i�ed demands. The 
ow value of

a feasible solution is the maximum value f su
h that at least f � d

i

units

of 
ommodity i are simultaneously routed for ea
h i. The max-
ow for a

multi
ommodity 
ow problem is de�ned as the maximum 
ow value over

all feasible solutions. In 
ontrast to the UFP problem, the 
ommodity i

between s

i

and t

i

is allowed to be sent along multiple paths. For a path

p in a solution, the 
ow value of the path is the number of units routed

along it. We will need two spe
ial 
lasses of multi
ommodity 
ow prob-

lems in the paper. A balan
ed multi
ommodity 
ow problem (BMFP) is

a multi
ommodity 
ow problem in whi
h the sum of the demands of the


ommodities originating and the 
ommodities terminating in a node v is

equal to 
(v) for every v 2 V . In a produ
t multi
ommodity 
ow problem

(PMFP) [16℄, a nonnegative weight �(u) is asso
iated with ea
h node

u 2 V . There is a 
ommodity for every pair of nodes and the demand

for the pair (u; v) is equal to �(u) � �(v).

5



2.2 The 
ow number

In resear
h about network 
ommuni
ation properties, permutation rout-

ing has often been used as a ben
hmark for 
omparing di�erent networks.

This re
e
ts the idea that permutation routing represents the 
ommu-

ni
ation behavior of an ideal parallel program: the 
ommuni
ation is

evenly balan
ed among the pro
essors. Both the expansion and the

routing number [19℄ are able to des
ribe quite a

urately the ability of

a network to route arbitrary permutations. However, to a
hieve an even

balan
e of the 
ommuni
ation is only desirable in homogeneous network

systems (e.g., parallel 
omputers) but may not be desirable in heteroge-

neous networks. Therefore, we suggest another ben
hmark, whi
h is a

generalization of the routing number.

Suppose we have a network G = (V;E) with arbitrary non-negative

edge 
apa
ities. Given a 
on
urrent multi
ommodity 
ow problem with

feasible solution S, let the dilation D(S) of S be de�ned as the length

of the longest 
ow path in S and the 
ongestion C(S) of S be de�ned

as the inverse of its 
ow value (i.e., the 
ongestion says how many times

the edge 
apa
ities would have to be in
reased in order to satisfy the

demands of all 
ommodities when using the same set of paths). Let I

0

be the PMFP in whi
h �(v) = 
(v)=

p

� for every node v, that is, ea
h

pair of nodes (v; w) has a 
ommodity of demand 
(v) � 
(w)=�. The 
ow

number F (G) of a network G is de�ned as the minimum over all feasible

solutions S of I

0

of maxfC(S); D(S)g. In the 
ase that there is no risk

of 
onfusion, we will simply write F instead of F (G). Note that the 
ow

number of a network is invariant to s
aling of the 
apa
ities.

The smaller the 
ow number, the better are the 
ommuni
ation prop-

erties of the network. For example, F (line) = �(n), F (mesh) = �(

p

n),

F (hyper
ube) = �(logn) and F (expander) = �(logn). (This 
an be

derived from results of Leighton [14℄ and S
heideler [19℄.) The following

result shows that F 
an be 
omputed exa
tly in polynomial time. This

seems not to be possible for the routing number or the expansion.

Claim 2.1 There is an algorithm that 
omputes the exa
t value of the


ow number for every network in polynomial time.

Proof. Consider any network G = (V;E) with 
apa
ities given by 
.

6



Let V = fv

1

; : : : ; v

n

g and F be its 
ow number. The following strategy

will serve as a basi
 building blo
k for our algorithm.

For any L 2 IN, let G

L

= (V

0

; E

0

) denote a levelled graph of depth

L. Ea
h level has n nodes, and the node set in level i 2 f0; : : : ; Lg is

given by V

i

= fv

i;1

; : : : ; v

i;n

g. The set E

0


onsists of all edges (v

i;k

; v

j;`

)

with j = i + 1 and either k = ` or fv

k

; v

`

g 2 E. For any k and ` with

fv

k

; v

`

g 2 E let E

k;`

= f(v

i;k

; v

i+1;`

) : i 2 f0; : : : ; L�1gg. Consider now

the multi
ommodity 
ow problem for G

L

in whi
h for ea
h pair of nodes

(v

0;k

; v

L;`

) there is a 
ommodity of demand 
(v

k

) � 
(v

`

)=�(G). Let S be

any solution to this problem. S is 
alled feasible if for every E

k;`

the sum

of all the 
ows traversing the edges in E

k;`

is at most 
(fv

k

; v

`

g). Let

the 
ongestion C(S) of S be de�ned as the inverse of its 
ow value. If we

allow fra
tional 
ows, then it is easy to 
ompute via linear programming

a solution S in polynomial time that minimizes F

L

= maxfC(S); Lg.

Having su
h an algorithm for G

L

, it is easy to see that F = min

L

F

L

.

Sin
e the fun
tion f : f1; : : : ; ng ! IR

+

with f(x) = F

x

is 
on
ave,

simple binary sear
h 
an be applied to �nd F . ut

The following 
laim shows that the 
ow number does not only 
har-

a
terize the ability of a network to handle balan
ed produ
t multi
om-

modity 
ows but also to handle any balan
ed multi
ommodity 
ow.

Claim 2.2 For any network G with 
ow number F and any instan
e I

of the BMFP for G, there is a feasible solution for I with 
ongestion and

dilation at most 2F .

Proof. The proof uses a strategy similar to the te
hnique of Leighton

and Rao [16℄ for transforming a permutation into an instan
e of the

uniform multi
ommodity 
ow problem. The idea is to de
ompose I into

two multi
ommodity 
ow problems: for every 
ommodity i with sour
e

s

i

and destination t

i

, the �rst problem I

1

has 
ommodities i

u

from s

i

to u for all u 2 V with demands d

i

u

= d

i

� 
(u)=�, and the se
ond

problem I

2

has 
ommodities i

0

u

from u to t

i

for all u 2 V with demands

d

i

0

u

= d

i

� 
(u)=�. For every 
ommodity i from the original problem, the

total demand of 
orresponding 
ommodities in I

1

is d

i

and is d

i

in I

2

as well. Moreover, for every node u 2 V the amount of 
ommodity i

7



shipped to u in I

1

is equal to the amount of 
ommodity i shipped from

u in I

2

.

Both of the 
ow problems I

1

and I

2

are PMFPs with �(v) = 
(v)=

p

�

for every node v, be
ause for any pair v; w 2 V , the total demand of the


ommodities with sour
e v and destination w in I

1

is equal to

X

i: s

i

=v

d

i

� 
(w)

�

=


(v) � 
(w)

�

= �(v) � �(w) ;

and in I

2

is equal to

X

i: t

i

=w

d

i

� 
(v)

�

=


(v) � 
(w)

�

= �(v) � �(w) :

Also, both I

1

and I

2

are BMFPs be
ause for every node v 2 V its total

demand is 
(v). Thus, a

ording to the de�nition of the 
ow number,

both I

1

and I

2

have a feasible solution with 
ongestion and dilation

at most F . Hen
e, the original problem I has a feasible solution with


ongestion and dilation at most 2F , whi
h proves the 
laim. ut

2.3 Flow number vs. expansion

Next we 
ompare the 
ow number with the expansion. Consider a PMFP

with weights �(u) for all nodes u, and let p denote the number of nodes

with nonzero weight. Without loss of generality, we assume that p =

P

u2V

�(u). The min-
ut of a PMFP is de�ned as

S = min

U�V


(U;

�

U)

�(U)�(

�

U )

, where �(U) =

X

u2U

�(u) :

Leighton and Rao [16, Theorem 18℄ proved the following theorem about

the relationship between the min-
ut, max-
ow, and the length of the


ow paths for a PMFP:

Theorem 2.3 (Leighton, Rao, 1999) Given any PMFP for whi
h the

min-
ut has size S, there is a 
ow of size f = 
(S= logp) for whi
h every

8




ow path has length at most L = O(
̂ log p=pS). Here, 
̂ is the maxi-

mum value over the nodes with nonzero weight of the 
apa
ity of the node

divided by the weight of the node, and the path length is de�ned as the

number of nodes of nonzero weight in the path.

The following de�nition will turn out to be useful. The weighted

expansion of a network G is de�ned as

� = min

U�V


(U;

�

U)

minf
(U); 
(

�

U)g

:

Without loss of generality we 
onsider only networks with a minimum

edge 
apa
ity of 


min

= 1. Using Theorem 2.3, we prove the following

result.

Theorem 2.4 For any network G with expansion � it holds for its 
ow

number F that

F = 
(�

�1

) and F = O(� � �

�1

logn)

where � = max

v2V


(v). Furthermore, in general the upper and lower

bounds are the best possible.

Proof. We start with the following lemma:

Lemma 2.5 For any network G with weighted expansion � and 
ow

number F it holds that

F = 
(�

�1

) and F = O(�

�1

logn)

Proof. The fa
t that F = 
(�

�1

) follows dire
tly from the de�nition

of F and �. Hen
e, it only remains to show that F = O(�

�1

logn).

Consider the PMFP I

0

and let S be the min-
ut for it. Re
all the as-

sumption p =

P

u2V

�(u) whi
h implies n =

P

u2V

�(u) =

P

u2V


(u)=

p

� =

p

� in the 
ase of I

0

. From the de�nitions of the weighted expansion �

of G and the min-
ut S for the I

0

we infer � � S. For the PMFP I

0

we

also have �
 = 
(u)=�(u) =

p

�.

9



A

ording to the Theorem 2.3 there is a solution to the PMFP I

0

su
h that L = O(

p

�

logn

nS

) = O(�

�1

� logn) and f = 
(

S

logn

) = 
(

�

logn

)

whi
h implies the desired F = O(�

�1

logn). ut

Next we prove a lemma that together with the previous lemma im-

plies that F = 
(�

�1

) and F = O(��

�1

logn). Re
all that we assume




min

= 1.

Lemma 2.6 For any network G with expansion � and weighted expan-

sion � it holds that �

�1

= 
(�

�1

) and �

�1

= O(��

�1

).

Proof. Sin
e for any set of nodes U � V , jU j � 
(U) � �jU j, the

lemma dire
tly follows from the de�nitions of � and �. ut

It remains to show that the upper and lower bound for F are in

general best possible.

Lemma 2.7 For any �, 1=n � � � 1= logn, there exists a 
onstant

degree graph G of size n with expansion �(�) and 
ow number �(�

�1

).

Proof. We distinguish between two 
ases. First, 1=n

1=2

� � � 1= logn.

In this 
ase, 
onsider a d-dimensional Butter
y on n

0

nodes for some n

0

spe
i�ed later. We note that d = �(logn

0

). It is known that this graph

has an expansion of �(1=d) and a 
ow number of �(d) (e.g., [19℄). The

expansion is O(1=d) due to the fa
t that its two (d�1)-dimensional sub-

butter
ies have a size of d � 2

d�1

but only 2

d

edges leaving them. If we

repla
e now every edge by a path of length `, then the number of nodes

of the new graph G in
reases to n = ` � n

0

and the expansion de
reases

to � = �(1=(d � `)). Furthermore, the 
ow number in
reases to �(d � `).

Hen
e, for any desired �; 1=n

1=2

� � � 1= logn, the graph G with an

expansion � 
an be obtained by setting ` = b�

�1

= logn
 and n

0

= n=`

in the 
onstru
tion above.

Se
ond, 1=n � � � 1=n

1=2

. In this 
ase, 
onsider the grid network

with b�

�1


 nodes in one dimension and n=b�

�1


 nodes in the other

dimension. It is easy to 
he
k that this graph has an expansion of �(�)

and a 
ow number of �(�

�1

). ut

10



Lemma 2.8 For any logn=n

1��

� � � 1 where � is an arbitrary positive


onstant, and any � � 0, there exists a 
onstant degree network G of

size n with expansion �(�) and 
ow number F = �(��

�1

logn).

Proof. We start with showing this for � = 1. Let G

0

be a 
onstant

degree expander, that is, the expansion of G

0

is 
onstant. Constru
t out

of G

0

a graph G in whi
h ea
h edge in G

0

is repla
ed by a path of length

3. Ea
h middle edge of a path is assigned a 
apa
ity of 1, and the border

edges have a 
apa
ity of �. Had all edges been of 
apa
ity �, the 
ow

number would have been �(logn). However, sin
e the middle edges have


apa
ity 1, the 
ow number in
reases to �(� logn) = �(��

�1

logn).

This result 
an now be generalized to other values of � by using the same


onstru
tion as for the butter
y in the proof of Lemma 2.7. ut

Combining the lemmata yields Theorem 2.4. ut

Previous best results about the approximability of the UFP gave

upper bounds of O(�

2

��

�1

logn) [13℄, and it seems diÆ
ult to improve

them when using the expansion as a parameter. If an approximation or


ompetitive ratio of O(F ) 
an be proved (and we will indeed prove it),

Theorem 2.4 implies mu
h better results, in parti
ular for networks with

F = �(�

�1

). Many of the standard networks (e.g., meshes, butter
y,

De Bruijn) a
tually have this property. Hen
e, the 
ow number F seems

to be more suitable parameter for the UFP than the expansion.

3 Flow Shortening

The main 
ontribution of this se
tion is the following lemma, whi
h

proves that for every multi
ommodity 
ow solution there is an almost

optimal solution 
onsisting of short paths only. Moreover, this short

solution 
an be eÆ
iently 
omputed using linear programming. For the

rest of the paper, we will use the Shortening lemma with � = 1. Most of

our upper bounds rely heavily on it.
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Lemma 3.1 (Shortening Lemma) Suppose we are given a network

with 
ow number F . Then, for any � 2 (0; 1℄ and any feasible solution

S to an instan
e of the 
on
urrent multi
ommodity 
ow problem with a


ow value of f , there exists a feasible solution with 
ow value f=(1 + �)

that uses paths of length at most 2 � F (1 + 1=�).

Proof. Let O denote the set of paths in the solution S with 
ow value

f and let O

0

� O 
onsist of all paths from O that are longer than L,

for L = 2 � F=�. We are going to shorten the paths in O

0

at the 
ost of

slightly de
reasing the satis�ed demand of ea
h 
ommodity.

For a path p 2 O

0

between s

p

and t

p

, let a

p;1

= s

p

; a

p;2

; � � � ; a

p;L

de-

note its �rst L nodes and b

p;1

; � � � ; b

p;L�1

; b

p;L

= t

p

its lastL nodes and let

f

p

be the size of the 
ow along p. Then the set U =

S

p2O

0

S

L

i=1

fa

p;i

; b

p;i

; f

p

g

is (a subset of) an instan
e of the BMFP. By Claim 2.2, there exists a

feasible solution P to U with 
ow value at least 1=(2F ) 
onsisting of

paths of length at most 2F . We are going to 
ombine the initial and

�nal parts of the long paths in O

0

with these \short
uts" in P to obtain

the desired short solution.

First, de
rease the 
ows along all paths p 2 O by a fa
tor of 1=(1+�)

so that we have room to a

ommodate new, short paths for the paths in

O

0

. These short paths are 
onstru
ted in the following way:

For every path p 2 O

0

, we repla
e p by L 
ow systems S

p;i

, i =

1; � � � ; L. Ea
h 
ow system S

p;i


onsists of two parts:

1. the 
ow paths between a

p;i

and b

p;i

in P 
orresponding to the

request fa

p;i

; b

p;i

; f

p

g from U , now with a 
ow of f

p

=(L(1 + �)),

and

2. f

p

=(L(1 + �)) units of 
ow between a

p;1

and a

p;i

along p, and

f

p

=(L(1 + �)) units of 
ow between b

p;i

and b

p;L

along p.

For ea
h i, the length of ea
h path in the subsystem S

p;i

is at most

L + 2 � F , and f

P

=(L(1 + �)) units of 
ow are shipped along ea
h path

system S

p;i

. Summed over all i = 1 : : : L, we have f

p

=(1+�) units of 
ow

between s

p

= a

p;1

and t

p

= b

p;L

, whi
h is as high as the original 
ow

through p redu
ed by 1=(1+ �). Hen
e, we 
an repla
e p by the systems

S

p;i

without 
hanging the amount of 
ow from s

p

to t

p

.

12



Now, it holds for every edge e that the 
ow traversing e due to the

paths in O is at most 
(e)=(1 + �), and due to the short
uts in P is

at most

X

p2P: e2p

f

p

L(1 + �)

�

2F

L(1 + �)

� 
(e) =

� � 
(e)

1 + �

;

sin
e

X

p2P: e2p

f

p

2F

� 
(e) :

Thus, the 
ows in O and P sum up to at most 
(e) for an edge e. There-

fore, the modi�
ation yields a feasible solution satisfying the desired

properties. ut

4 O�ine Algorithms for the UFP

The UFP seems to be mu
h easier with the no-bottlene
k assumption.

Therefore, we will assume for most of this se
tion that the no-bottlene
k

assumption is ful�lled (i.e. 


min

� d

max

; remember also the assumption

d

i

2 [0; 1℄), and only in the last subse
tion we will deal with the UFP

without this assumption. We start with an elementary bounded greedy

algorithm (elementary BGA) with an approximation ratio of O(F ) and

show that for dire
ted networks this is essentially the best possible (if

nothing is known about 


min

apart from 


min

� 1). Then we present

a weighted BGA with an approximation ratio of O(


min

(F

1=


min

� 1)),

whi
h is O(logF ) if 


min

� logF . After this we show that when using

advan
ed LP rounding te
hniques, for 


min

= 
(logF ) even a 
onstant

fa
tor approximation ratio 
an be a
hieved. Finally, we present a simple

greedy algorithm for the UFP without the no-bottlene
k assumption

with an approximation ratio of O(

p

m).

For a request r let d(r) denote the demand of r and for a 
ow path

p let d(p) denote the demand of the request asso
iated with p and f

p

be the 
ow value of p. Note that d(p) might be di�erent from f

p

if p

belongs to a fra
tional multi
ommodity 
ow solution.
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4.1 The elementary BGA

Consider the following elementary bounded greedy algorithm (or in short,

elementary BGA) [7℄: Let L be a suitably 
hosen parameter. Given a

request, reje
t it if there is no feasible 
ow path of length at most L

between its terminal nodes. Otherwise a

ept it and sele
t any su
h

path for it.

Theorem 4.1 For any network G with 
ow number F , the approxima-

tion ratio of the elementary BGA with parameter L = 4 � F , when run

on requests ordered a

ording to their demands starting with the largest,

is at most O(F ).

Proof. Let B denote the set of paths for the requests a

epted by the

BGA and O be the set of paths in the optimal (integral) solution of

the UFP. By the Shortening Lemma it is possible to modify the optimal

solutionO into a (fra
tional) solutionO

0

of the same 
ow value 
onsisting

of paths of length at most 4F only, at the 
ost of overloading the 
apa
ity

of edges by a fa
tor of two.

For a set of paths Q let jjQjj =

P

p2Q

f

p

, where f

p

is the 
ow value

of p. Furthermore, for any e 2 E and p 2 O

0

let D(e; p) = jjfq : q 2

B; e 2 q; d(q) � d(p) gjj and let D(e) denote the total 
apa
ity of edge

e used by paths in B. A path q 2 B is a witness for a path p 2 O

0

if d(q) � d(p) and q and p interse
t in at least one edge e su
h that

D(e; p) + d(p) > 
(e). A key element in our proof will be the following

fa
t.

Fa
t 4.2 Every path p 2 O

0

asso
iated with a request that was not a
-


epted by the BGA must have a witness in B.

The fa
t holds, sin
e otherwise the BGA would have been able to a
-


ept the request. Now, let O

1

� O

0


onsist of all the paths 
orrespond-

ing to requests a

epted by the BGA and let O

2

= O

0

n O

1

. Clearly,

jjO

1

jj � jjBjj. Let E

0

� E denote the set of all edges on whi
h some

path from O

2

has a witness in B. By Fa
t 4.2 ea
h p 2 O

2

must have a

witness in B. Sin
e the total demand of the paths in O

2

traversing an

edge ex
eeds the 
apa
ity of that edge by a fa
tor of at most two, we

14



have jjO

2

jj � 2

P

e2E

0


(e). For every path p 2 O

2

that has a witness

q 2 B at edge e it must hold by de�nition that D(e; p) + d(p) > 
(e)

and further D(e; p) � d(q) � d(p). Hen
e, 2D(e; p) > 
(e) and therefore

D(e) � D(e; p) > 
(e)=2. Thus, jjO

2

jj � 4

P

e2E

0

D(e) � 16F � jjBjj,

be
ause all paths in B are of length at most 4F . Thus, altogether

jjOjj � (16F + 1)jjBjj, whi
h proves the theorem. ut

We note that if it is guaranteed that all requests have demands at

most 1=2 or all requests have demands at least 1=2, than the algorithm

works even without the reordering (whi
h is vital for Fa
t 4.2 to hold).

This will be used for 
onstru
tions of the online algorithms.

4.2 A general lower bound for dire
ted networks

Next we show that for dire
ted graphs the approximation ratio obtained

by the elementary BGA is essentially best possible. For this we �rst have

to adapt the de�nition of the 
ow number to dire
ted graphs.

For a node u let 


out

(u) denote the sum of 
apa
ities of outgoing

edges and 


in

(u) the sum of 
apa
ities of in
oming edges. The instan
e

I

0

of the 
on
urrent multi
ommodity 
ow we 
onsider in the de�nition

of the 
ow number has for ea
h oriented pair of nodes (v; w) a single


ommodity with demand 


out

(v) � 


in

(w)=�. The 
ow number of the

dire
ted network is the minimum over all feasible solutions S of I

0

of

maxfC(S); D(S)g.

Theorem 4.3 For any � > 0, it is NP-hard to approximate the UFP on

dire
ted graphs with 
ow number F = n




, 0 < 
 � 1=2, within F

1��

.

Proof. Basi
ally, the proof is by redu
tion from the NP-hard problem

2DIRPATH, using the ideas of a 
onstru
tion by Guruswami et al. [6℄.

Consider any �xed � > 0. Let k denote the size of a given dire
ted graph

H for whi
h the 2DIRPATH problem is to be de
ided. Furthermore, let

G be any dire
ted graph of size n = k

1=2
�

with 
ow number F = n




.

We 
onstru
t out of G and 
opies of H a dire
ted graph G

0

with 
ow

number F

0

= �(n




) in the following way.
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Let M be an l � l-mesh with l = F

1��

in whi
h all horizontal edges

are oriented to the right and all verti
al edges are oriented downwards.

Now, repla
e every internal node v in M by a 
opy of H in su
h a way

that the left in
oming edge to v is 
onne
ted to s

1

, the right outgoing

edge to t

2

, and the upper in
oming edge to s

2

, the lower outgoing edge to

t

2

. This results in a dire
ted graphM

0

on F

1��

�F

1��

�k = F

2

nodes (see

also Figure 1). Let a

1

; : : : ; a

l=2

denote the �rst l=2 nodes on the highest

row of M

0

and b

1

; : : : ; b

l=2

denote the last l=2 nodes on the lowest row of

M

0

. In order to obtain the graph G

0

, we 
onne
t G to M

0

via l=2 edges

leading to a

1

; : : : ; a

l=2

and l=2 edges leaving b

1

; : : : ; b

l=2

, the endpoints

of these edges in G are 
hosen in the following way.

Let T be any spanning tree in G. Start at some node v in T and

follow the edges of T in an Euler tour. For every i 2 f1; : : : ; lg let S

i

denote the set of verti
es visited between (i � 1)F + 1 and i � F steps

of the Euler tour. Sin
e every node is visited at most twi
e in an Euler

tour, a node 
an appear in at most two di�erent sets S

i

. For every

i 2 f1; : : : ; l=2g, 
onne
t the �rst node of set S

i

to node a

i

and the �rst

node of set S

l=2+i

to node b

i

. This results in a dire
ted graph G

0

with

the following property.

Lemma 4.4 The graph G

0

has �(n) nodes and a 
ow number F

0

of

�(F ).

Proof. Sin
e the 
ow number of G is F , the 
ow number of G

0

is 
(F ).

The task is to prove the upper bound. Consider the instan
e I

0

of the

BMFP on G

0

. All 
ommodities that have both endpoints in G 
an be


onne
ted via paths of 
ongestion and dilation at most F . For all pairs

that have both endpoints inM

0

, we basi
ally distribute the starting parts

of the paths evenly among the nodes b

1

; : : : ; b

l=2

and from there evenly

among the nodes in ea
h set S

l=2+1

; : : : ; S

l

. Furthermore, the ending

parts of the paths are evenly distributed among the nodes a

1

; : : : ; a

l=2

and from there evenly among the nodes in ea
h set S

1

; : : : ; S

l=2

. At this

stage we are left with routing another instan
e of BMFP in G in order to


onne
t the starting parts with the ending parts of the paths whi
h 
an

be done by Claim 2.2 with 
ongestion and dilation 2F . The remaining

pairs 
an be handled similarly. ut
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Sin
e �(n) = poly(k), the size of G

0

is polynomial in the size of the

graph H . Consider the following instan
e of the UFP: let s

1

; : : : ; s

l=2

be

the �rst l=2 nodes of the leftmost 
olumn of M

0

and t

1

; : : : ; t

l=2

be the

�rst l=2 nodes of the lowest row of M

0

. The set of pairs to 
onne
t via a

path of 
apa
ity 1 is given by f(s

i

; t

i

) : 1 � i � l=2g. Sin
e 
onne
ting

more than two of these pairs would mean to solve the 2DIRPATH prob-

lem (
f. [6℄), it is NP-hard to distinguish whether there are l=2 = F

1��

=2

disjoint paths or just a single one. ut

G

l/2 edges

l/2 edges

M’

sources

dest.

l nodes

Figure 1: The 
onstru
tion of the graph G

0

.

4.3 The weighted BGA

In order to get below the lower bound above for spe
i�
 instan
es of the

problem (e.g., for high 
apa
ity networks), additional parameters apart

from F are needed. Re
all the de�nition of the minimum
apa
ity, 


min

=

min

e


(e). Sin
e we deal with the no-bottlene
k assumption, we have




min

� 1. We will assume in the following that 


min

is an integral value.

Like other variants of the BGA, also the weighted BGA will pro
ess the

requests one after the other without any later rearrangements. For an

edge e and a request r let D(e; r) denote the load of e after pro
essing

all requests before r. Furthermore, let f

e

(x) = F

dxe=
(e)

for any edge

e. The weight of an edge e before pro
essing request r is de�ned as
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w(e; r) = f

e

(D(e; r)), and the weight of a path p for a request r is

de�ned as w(p; r) =

P

e2p

w(e; r). Now we are ready to des
ribe the

weighted BGA, whi
h is related to the AAP algorithm by Awerbu
h,

Azar and Plotkin [1℄ but uses a simpler 
ost fun
tion that allows it to

be implemented in a mu
h more eÆ
ient way.

Suppose we have a network G with minimum 
apa
ity 


min

and 
ow

number F . The weighted BGA works as follows: Let L andW be suitably


hosen parameters. Given a request, reje
t it if there is no 
ow path p

available for it of length at most L and weight at most W . Otherwise,

a

ept it and sele
t any su
h path for it.

The following theorem shows that the weighted BGA improves expo-

nentially with an in
reasing 


min

. When reading the theorem, note that

for the spe
ial 
ase of 


min

� logF it holds 


min

�(F

1=


min

�1) = O(logF ).

We believe that a similar result 
an also be shown when using the Short-

ening Lemma in the analysis of Azar and Regev [2℄.

Theorem 4.5 For any network G with minimum 
apa
ity 


min

and 
ow

number F , the approximation ratio of the weighted BGA with parameters

L = 4 �F and W = 5 �F when run on requests ordered a

ording to their

demands is O(


min

� (F

1=


min

� 1)).

Proof. Let B denote the set of paths for the requests a

epted by the

weighted BGA and O be the set of paths in the optimal (integral) solu-

tion to the UFP. By the Shortening Lemma it is possible to modify the

solution O into a (fra
tional) solution O

0

of the same 
ow value 
onsist-

ing of paths of length at most 4F edges only, at the 
ost of overloading

the 
apa
ity of edges by a fa
tor of at most 2. Let O

0

1

� O

0


onsist of

all 
ow paths whose requests were reje
ted by the weighted BGA.

We will need a few more de�nitions. Let the normalized weight of an

edge e before pro
essing a request r be de�ned as �w(e; r) = d(r) �w(e; r)

and the normalized weight of a path p as �w(p; r) =

P

e2p

�w(e; r). For

an edge e let r

e

1

; : : : ; r

e

k

e

be all the requests that were a

epted by the

weighted BGA and routed through e in this order, and let D(e) denote

the �nal load of e, that is, D(e) =

P

k

e

i=1

d(r

e

i

). If there is no danger of


onfusion we will omit the upper index e. Re
all the de�nition of D(e; r)

at the beginning of this subse
tion.
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Consider now any 
ow path p 2 O

0

1

and let r be the request asso
iated

with it. Then either (a) one of the edges along p, say e, has the property

that D(e; r) + d(r) > 
(e), or (b) w(p; r) > W . This has the following


onsequen
es.

(a) We distinguish between two more 
ases. If d(r) � 1=2, thenD(e) >


(e)�1=2 and the sum of the normalized weights �w(e; r

i

) of e after

all requests have been pro
essed is equal to

k

X

i=1

�w(e; r

i

) =

k

X

i=1

d(r

i

) � f

e

0

�

i�1

X

j=1

d(r

j

)

1

A

D(e)>
(e)�1=2

�

�

1

2


(e)�1

X

i=0

F

i=
(e)

=

F � 1

2(F

1=
(e)

� 1)

:

If 1=2 < d(r) � 1, then only D(e) > 
(e) � 1. It is easy to 
he
k

that for every i 2 f1; : : : ; 
(e) � 1g there must be a request r

j

,

j 2 f1; : : : ; kg, su
h that i � 1 < D(e; r

j

) � i. Sin
e d(r

j

) > 1=2

for every j (re
all that the weighted BGA is run on requests ordered

a

ording to their demands), the sum of the normalized weights of

e after all requests have been pro
essed is again at least

k

X

i=1

�w(e; r

i

) �


(e)�1

X

i=0

1

2

� F

i=
(e)

=

F � 1

2(F

1=
(e)

� 1)

:

In both 
ases, we will use this to assign to p a relative normalized

weight of:

1

2
(e)

�

F � 1

2(F

1=
(e)

� 1)

:

This is at least

F � 1

4


min

(F

1=


min

� 1)

;

sin
e for all e, 
(e) � 


min

and therefore 
(e) � (F

1=
(e)

� 1) �




min

� (F

1=


min

� 1). In the following, let 
(x) = x � (F

1=x

� 1).
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(b) Suppose that p = (e

1

; : : : ; e

l

). Sin
e w(p; r) > W , it holds that

P

l

i=1

f

e

i

(D(e

i

; r)) > W . Analogously to the 
ase (a), for every

edge e

i

, the sum of the normalized weights of the edge e

i

after all

requests have been pro
essed is at least

dD(e

i

)�1e

X

j=0

F

j=
(e

i

)

=

F

dD(e

i

)e=
(e

i

)

� 1

F

1=
(e

i

)

� 1

=

f

e

i

(D(e

i

))� 1

F

1=
(e

i

)

� 1

:

Similar to (a) we assign to p a relative normalized weight (now we

sum over all the edges e

i

):

X

e

i

2p

1

2
(e

i

)

�

f(D(e

i

))� 1

2 � (F

1=
(e

i

)

� 1)

;

whi
h is again at least (by the de�nition of w(p))

w(p)� l

4 � 
(


min

)

�

W � L

4 � 
(


min

)

�

F

4 � 
(


min

)

:

Re
alling where the relative normalized weight of a path 
omes from

(roughly, it is a lower bound on the sum, over all edges e on p, of the

sum of the normalized weights on the edge e over all requests a

epted

on e, multiplied by

1

2�
(e)

), it follows for every path p 2 O

0

1

that

F � 1

4 � 
(


min

)

�

X

e2p

1

2
(e)

k

e

X

i=1

�w(e; r

e

i

)

Hen
e, we get

jjO

0

1

jj =

X

p2O

0

1

f

p

=

4 � 
(


min

)

F � 1

X

p2O

0

1

f

p

�

F � 1

4 � 
(


min

)

�

4 � 
(


min

)

F � 1

X

p2O

0

1

f

p

�

X

e2p

1

2
(e)

k

e

X

i=1

�w(e; r

e

i

)
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�

4 � 
(


min

)

F � 1

X

e2E

X

p2O

0

:e2p

f

p

2
(e)

�

k

e

X

i=1

�w(e; r

e

i

)

�

4 � 
(


min

)

F � 1

X

e2E

k

e

X

i=1

�w(e; r

e

i

)

=

4 � 
(


min

)

F � 1

� �w(B) ;

where �w(B) =

P

p2B

�w(p; r

p

) and r

p

is the request that was a

epted

and routed along p by the weighted BGA. From

�w(B) =

X

p2B

d(p) � w(p; r

p

) �

X

p2B

d(p) �W =W � jjBjj = 5F � jjBjj

it follows that jjO

0

1

jj � O(
(


min

) � jjBjj). Sin
e jjO

0

�O

0

1

jj � jjBjj, also

jjO

0

jj � O(
(


min

)jjBjj), whi
h 
on
ludes the proof. ut

4.4 A 
onstant fa
tor approximation algorithm

Next we present a randomized polynomial time algorithm that a
hieves

a 
onstant fa
tor approximation ratio for the UFP if 


min

= �(logF ) or

more. Our basi
 approa
h will be to �rst �nd an optimal (fra
tional)

multi
ommodity 
ow solution to the UFP, i.e. a solution that maximizes

the sum of the satis�ed parts of the demands. Afterwards, our aim will

be to round it to an integral solution while losing only a 
onstant in

the total satis�ed demand and obeying the 
apa
ities of all edges. Our

te
hniques to a
hieve this will be based on an improved version [20,

Theorem 3.84℄ of an algorithm by Molloy and Reed [17℄ for the Lov�asz

Lo
al Lemma.

Theorem 4.6 There is an algorithm that provides in polynomial time

a 
onstant fa
tor approximation for every UFP on a network with 
ow

number F and minimum 
apa
ity 


min

� 
 logF , where 
 is a suÆ
iently

large 
onstant.

Proof. Given a UFP for some network G = (V;E), our strategy to

obtain a 
onstant fa
tor approximation algorithm for the UFP works
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in four steps: �nding an optimal fra
tional solution, initial rounding,

intermediate rounding, and �nal rounding. We will assume here that

logF = o(logm), sin
e the 
ase that logF = �(logm) 
an be solved by

using standard randomized rounding te
hniques (see [18℄). Furthermore,

we will assume that F is beyond some suÆ
iently large 
onstant (if F is

smaller, we just have to in
rease 
 in a suÆ
ient way).

1. Optimal fra
tional solution. First, we obtain an optimal fra
-

tional solution by 
omputing a (fra
tional) multi
ommodity 
ow that

maximizes the sum of the satis�ed fra
tional demands of the requests,

i.e.

P

i

d

0

i

, where d

0

i

� d

i

is the amount of the demand satis�ed for re-

quest i. Afterwards, we redu
e all d

0

i

by a �xed 
onstant Æ to ensure

that the 
onstant in
rease in the 
ow 
aused by the rounding pro
ess

afterwards does not violate any edge 
apa
ities. In the following, d

0

i

will

always mean the 
urrent demand routed for request i.

2. Initial rounding. Next we transform the solution into a solution

with paths of length at most 4F using the Shortening Lemma. After-

wards, for ea
h edge e, D(e) � 
(e)=Æ

0

for some 
onstant Æ

0

� Æ=2 (re
all

that D(e) is the total 
ow 
rossing e). Then, 
ut ea
h edge e 2 E

with 
apa
ity more than 2


min

into a set of edges E

e

of 
apa
ities in

[


min

; 2


min

℄ with

P

f2E

e


(f) = 
(e). Sin
e every request has a demand

of at most 1, we only have to 
onsider edges of 
apa
ity up to the total

number of requests. Hen
e,

P

e

jE

e

j is still polynomial in the size of the

UFP instan
e. We move the demands from e to E

e

so that for every

f 2 E

e

the same 
onstant fra
tion of 
(f) is used.

Now, let v

0

= logm and let v

j+1

= (log v

j

)

3

for all v

j

> 0. For

simpli
ity we assume for the rest of the proof that the following 
ondition

is true:

(*) for every v

j

and d

0

i

with 1=v

j

� d

0

i

, d

0

i

is a multiple of 1=v

j

We 
an assume this w.l.o.g., sin
e rounding down ea
h d

0

i

to the nearest

multiple of 1=v

j

for j = 0, then j = 1, then j = 2 and so on as long as

1=v

j

� d

0

i

, only de
reases d

0

i

by some 
onstant fa
tor and therefore will

not a�e
t our rounding strategies below.
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Next we use standard randomized rounding [18℄ to obtain a multi
om-

modity 
ow with the property that for all requests i with d

i

� 1= logm

either a single 
ow path of value d

i

is used or the request is reje
ted,

and for all other requests i, fra
tional 
ow paths with value 1= logm are

used while keeping a total 
ow of approximately d

0

i

. More pre
isely, the

random experiments are the following:

1. For ea
h request i with d

0

i

> 0 and d

i

� 1= logm, de
ide with

probability d

0

i

=d

i

whether to in
rease its demand to d

i

and if so,

sele
t exa
tly one of its fra
tional paths, giving a 
ow path of value

f a probability of f=d

0

i

of being sele
ted. Otherwise, remove all of

its 
ow paths from the system.

2. For every other request i with d

0

i

> 0, we distinguish between two


ases.

(a) If d

0

i

< 1= logm, round it to a value of 0 or 1= logm in the

same way as in (1).

(b) Otherwise, 
ut the fra
tional path system of the request into

systems with 
ow value exa
tly 1= logm (here we use 
ondi-

tion (�)) and round ea
h of them independently to a single

path of value 1= logm, giving a 
ow path of value f a proba-

bility of f logm of being sele
ted.

Simple Cherno� bounds (see [20℄ for a whole 
olle
tion of them) suÆ
e to

show that after this random experiment we have the following situation

with high probability:

� every request i with a remaining 
ow path either has a single 
ow

path of value d

i

if d

i

< 1= logm or otherwise 
ow paths of value

1= logm,

� all 
ow paths have a length of at most 4F ,

� the total 
ow over an edge has in
reased by at most some addi-

tive O(logF ), but is still at least some �(logF ) value below the


apa
ity of the edge (if 
 and Æ are suÆ
iently large), and

� the total amount of 
ow in the system has de
reased by at most

some 
onstant fa
tor.
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All requests i with a single 
ow path of value d

i

will sti
k to their paths

for the rest of the rounding and therefore will not be 
onsidered in the

following.

3. Intermediate rounding. The intermediate rounding now works

as follows:

v

0

= logm

i = 0

while v

i

> F do

v

i+1

= (log v

i

)

3

Round(v

i+1

)

i = i+ 1

Algorithm Round(v) has the task to round the solution so that after-

wards

� every request with d

i

< 1=v either has a single path of 
ow value

d

i

or no path any more,

� every request with d

i

� 1=v has only 
ow paths of value exa
tly

1=v (here we will use the 
ondition (�)),

� the 
ow value in ea
h edge in
reased by at most some additional

O((logF )=

3

p

v), and

� the total 
ow value in the system de
reased by at most some fa
tor

of 1�O(1=v).

Suppose that these requirements 
an be ful�lled. Then, at the end of

the intermediate rounding,

� every request with d

i

< 1=F has a single path of 
ow value d

i

or

no path any more,

� every request with d

i

� 1=F has only 
ow paths of value at least

1=F ,

� the 
ow value in ea
h edge in
reased by at most an additional

�(logF ) fa
tor throughout the whole rounding pro
ess, and

� the total 
ow value in the system de
reased by at most some


onstant fa
tor 
ompared to the situation before the intermediate

rounding.
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This would allow us to perform some �nal rounding. But �rst we explain

how Round(v) 
an ful�ll its task.

We start with some additional notation. Let T = ft

1

; : : : ; t

n

g be a

set of independent random trials, and let A = fA

1

; : : : ; A

m

g be a set of

events su
h that ea
h A

i

is determined by the out
ome of the trials in

T

i

� T . We say that T

i

interse
ts T

j

and A

i

interse
ts A

j

if T

i

\T

j

6= ;.

For any t

j

1

; : : : ; t

j

k

2 T

i

and any w

j

1

; : : : ; w

j

k

in the domains of

t

j

1

; : : : ; t

j

k

, we de�ne Pr

�

[A

i

j t

j

1

= w

j

1

; : : : ; t

j

k

= w

j

k

℄ to be the proba-

bility of A

i


onditional on the event that the out
omes of t

j

1

; : : : ; t

j

k

are

w

j

1

; : : : ; w

j

k

. We sometimes just say Pr

�

[A

i

℄ if it 
auses no ambiguity,

always meaning t

j

1

; : : : ; t

j

k

to be the set of trials already 
arried out and

w

j

1

; : : : ; w

j

k

to be their out
omes. For k = 0, we have Pr

�

[A

i

℄ = Pr[A

i

℄.

The following theorem will be applied (see [20, Theorem 3.84℄):

Theorem 4.7 ([20℄) If we have the following:

1. for ea
h 1 � i � m, Pr[A

i

℄ � p;

2. ea
h T

i

interse
ts less than d other T

j

's;

3. for ea
h 1 � i � m, jT

i

j � w;

4. p � d

9

� (1=2e)

3

;

5. p � w � 1;

6. for ea
h 1 � j � n, we 
an 
arry out the random trial in time �

1

;

7. for ea
h 1 � i � m, t

j

1

; : : : t

j

k

2 T

i

and w

j

1

; : : : ; w

j

k

in the domains

of t

j

1

; : : : t

j

k

, we 
an 
ompute Pr

�

[A

i

℄ in time �

2

;

then there is a randomized O(n�d�(�

1

+�

2

)+n(�

1

�log

O(1)

m+2

(log logm)

O(1)

))-

time algorithm whi
h will �nd out
omes for t

1

; : : : ; t

n

su
h that none of

the events in A holds.

We say that a request i parti
ipates in Round(v) if d

0

i

> 0 but it still

does not have a single path of 
ow value d

i

. For Round(v) we will use

the following random experiment:

1. For ea
h parti
ipating request i with d

i

� 1=v, de
ide with proba-

bility d

0

i

=d

i

whether to in
rease its demand to d

i

and if so, sele
t

exa
tly one of its fra
tional paths, giving a 
ow path of value f a

probability of f=d

0

i

of being sele
ted. Otherwise, remove all of its

paths from the system.
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2. For every other parti
ipating request i, we 
ombine its 
ow paths

into sets with 
ow value of exa
tly 1=v (this is ensured by 
ondition

(�)). Ea
h of the sets is rounded independently of the other. For

ea
h set, exa
tly one of its paths is sele
ted and its 
ow value

in
reased to 1=v, giving a 
ow path of value f a probability of v �f

of being sele
ted.

Expressing this in the framework of trials and events, ea
h trial t

i

repre-

sents the out
ome for a single set of 
ow paths of a parti
ipating request

and ea
h event A

i

represents the bad event that the 
ow value in an edge

in
reases by more then some additional O((logF )=

3

p

v). In addition, we

use events B

i

to ensure that after the rounding the total 
ow in the

system de
reased by at most a fa
tor of 1�O(1=v). To a
hieve this, we

group the 
ow paths into sets S

i

with a total value in [v

3

(1=v); 2v

3

(1=v)℄.

If this is not possible, then there 
an be at most v

3

� 2

3

p

v


ow paths left

at the beginning of Round(v) (note that for v

i+1

= v it holds that

v

i

= 2

3

p

v

). In this 
ase, a single performan
e of the random experiment

des
ribed above suÆ
es to a
hieve the obje
tives with suÆ
iently high

probability (as one 
an see below when we determine the probabilities).

Hen
e, we 
an assume w.l.o.g. that there are at least v

3

� 2

3

p

v


ow paths

left at the beginning of Round(v). For ea
h S

i

, the expe
ted amount of


ow that will remain in S

i

is in the interval [v

3

(1=v); 2v

3

(1=v)℄. B

i

now

represents the bad event that the total amount of 
ow left in S

i

after

performing the random experiment above is less than (1�O(1=v)) times

the expe
ted value. If it 
an be ensured that none of the events A

i

and

B

i

hold, then it is easy to 
he
k that all requirements for Round(v) are

ful�lled. Hen
e, it remains to show with the help of Theorem 4.7 that it

is possible to �nd out
omes for the random experiments in polynomial

time so that none of the events is ful�lled.

We start with bounding the probability for the events A

i

and B

i

to

o

ur. One 
an easily show via Cherno�-Hoe�ding bounds [20℄ that

Pr[A

i

℄ � e

�(�=

3

p

v)

2

�logF=(3=v)

� e

��

2

3

p

v logF=3
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for a 
onstant � > 0 that 
an be made as large as required (as long as 


and Æ are suÆ
iently large). Furthermore, one 
an show that

Pr[B

i

℄ � e

�(�=v)

2

�v

3

=2

= e

��

2

�v=2

for a 
onstant � > 0 that 
an be made suÆ
iently large. Sin
e

3

p

v �

logF , we 
an therefore set p = e

��

2

3

p

v logF

as an upper bound for both

Pr[A

i

℄ and Pr[B

i

℄.

Next we bound the dependen
ies between the events. For this we


onsider three 
ases:

1. Dependen
ies among A

i

's: Sin
e the edge asso
iated with A

i

is

used by at most O(logF �2

3

p

v

) 
ow paths, ea
h of these 
ow paths

belongs to a rounding set of at most 2

3

p

v


ow paths, and every


ow path has a length of at most 4F , an A

i


an interse
t at most

O(F logF � 2

3

p

v

) many other A

j

's.

2. Dependen
ies among B

i

's: Sin
e every B

i


ontains at most O(v

3

�

2

3

p

v

) 
ow paths before the random experiment and ea
h of these


ow paths belongs to a rounding set of at most 2

3

p

v


ow paths, a

B

i


an interse
t at most O(v

3

� 2

2

3

p

v

) many other B

j

's.

3. Dependen
ies among A

i

's and B

i

's: Sin
e every edge asso
iated

with an A

i


ontains at most O(logF � 2

3

p

v

) 
ow paths and ea
h

of these 
ow paths belongs to a rounding set of at most 2

3

p

v


ow

paths, an A

i


an interse
t at most O(logF �2

2

3

p

v

) many other B

j

's.

On the other hand, sin
e every B

i


ontains at most O(v

3

� 2

3

p

v

)


ow paths, ea
h of these 
ow paths belongs to a rounding set of at

most 2

3

p

v


ow paths, and every 
ow path has a length of at most

4F , a B

i


an interse
t at most O(F logF � 2

3

p

v

) many other A

j

's.

Hen
e, every event interse
ts at most d = O((F logF + v

3

) � 2

2

3

p

v

) other

events. Sin
e � 
an be 
hosen so that p � d

9

� (1=2e)

3

and p � jT

i

j � 1

for every T

i

, it follows from Theorem 4.7 that the task spe
i�ed for

Round(v) 
an be a
hieved in polynomial time.
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4. Final Rounding. Finally, we want to round the 
ow paths of the

remaining requests so that afterwards,

� every remaining request i has a single 
ow path of value d

i

,

� the 
ow along every edge in
reases by at most an additive �(logF ),

and

� the total 
ow of the system de
reased by at most some 
onstant

fa
tor.

This would result in the theorem. In order to a
hieve this, 
onsider the

following random experiment:

Ea
h parti
ipating request i de
ides with probability d

0

i

=d

i

to in
rease

its demand to d

i

and if so, sele
ts exa
tly one of its 
ow paths for this,

giving a 
ow path of value f a probability of f=d

0

i

.

Let ea
h event A

i

represent the bad event that the 
ow value of an

edge in
reases by more than an additive �(logF ). In addition, we will

again use events B

i

. For this we group the 
ow paths into sets S

i

with

a total value in [� logF; 2� logF ℄ for some 
onstant � > 0. Obviously,

the expe
ted amount of 
ow in S

i

after the random experiment is also

in [� logF; 2� logF ℄. B

i

represents the bad event that the total amount

of 
ow in S

i

is by more than a 
onstant fa
tor smaller than its expe
ted

value. If it 
an be ensured that none of the events A

i

and B

i

are true,

then the requirements for the �nal rounding would be ful�lled. We again

want to use Theorem 4.7 to show that this 
an be a
hieved in polynomial

time.

We start with bounding the probability for the events A

i

and B

i

to

o

ur. One 
an easily show via Cherno� bounds that

Pr[A

i

℄ � e

�� logF

for a 
onstant � > 0 that 
an be made as large as required (as long as 


and Æ are suÆ
iently large). Furthermore, one 
an show that

Pr[B

i

℄ � e

��

0

logF

for a 
onstant �

0

> 0 that 
an be made suÆ
iently large. We 
an there-

fore set p = e

�� log F

as an upper bound for both Pr[A

i

℄ and Pr[B

i

℄.
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Sin
e the edge asso
iated with A

i

is only used by at most O(F logF )


ow paths and ea
h B

i


ontains at most O(F logF ) 
ow paths before

the random experiment and every 
ow path has a length of at most 4F ,

ea
h trial set T

i

interse
ts at most d = O(F

2

logF ) other T

j

's. Sin
e �


an be 
hosen so that p � d

9

� (1=2e)

3

and p � jT

i

j � 1 for every T

i

, it

follows from Theorem 4.7 that the task spe
i�ed for Round(v) 
an be

a
hieved in polynomial time.

Hen
e, altogether we obtain a feasible solution for the UFP (if 
 and

Æ are suÆ
iently large) with asymptoti
ally the same total demand as

the optimal fra
tional solution for the UFP, whi
h 
on
ludes the proof.

ut

4.5 The UFP without the no-bottlene
k assumption

In 
ontrast to the previous subse
tions here we allow 


min

< 1, that is,

demands may be larger than the minimal edge 
apa
ity.

Consider the following 
areful BGA: Order the requests a

ording to

their demands starting with the heaviest. A

ept a request r if there

exists a feasible path p for it su
h that after routing r the total 
ow

on at most

p

m edges of p is larger than half of their 
apa
ity. We say

that the request r uses these edges in their upper half. Let B

1

denote

the solution we get. Let B

2

denote the solution we get when running

the greedy algorithm (without any restri
tion) on the requests sorted in

de
reasing order of their demands. As our solution we take the maximal

of these two, that is B = max(B

1

;B

2

).

Theorem 4.8 The solution of the 
areful BGA is a (6

p

m+1){approximation.

Proof. Let O denote the optimal unsplittable 
ow and O

0

� O its

subset 
onsisting of requests reje
ted by both runs of the 
areful BGA

algorithm, that is of requests neither in B

1

nor in B

2

. Obviously jjO �

O

0

jj � 2 � jjBjj. Consider a path p 2 O

0

. There are two possible reasons

why the request r 
orresponding to p was not routed along p by the

weighted BGA: either p was infeasible, whi
h means the existen
e of

an edge e 2 p where r did not �t in, or there are (at least)

p

m edges

e

1

; � � � ; e

p

m

on p that would be used by r in their upper half, that is for
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ea
h e

i

the sum of d(p) and the 
ow on e

i

in the moment of de
iding

about p was larger than half of their 
apa
ity 
(e

i

)=2.

Let us think about the �rst reje
tion reason. Sin
e the requests were

pro
essed a

ording to their demands, the 
ow on e in the moment of re-

je
ting p was more than 
(e)=2. Consider the paths from B

1

parti
ipating

on this 
ow that use the edge e in the upper half. Again, due to pro-


essing the requests a

ording to their demands, the sum of 
ow values

of these paths is at least 
(e)=4 (hint: distinguish between d(p) � 
(e)=4

and d(p) > 
(e)=4). Ea
h of these paths q is a type I witness of p and

its weight for p is d(q) � d(p)=
(e). Note that the total weight of ea
h

path q 2 B

1

as a type I witness for paths in O

0

is at most d(q) �

p

m,

and, on the other hand, ea
h path p 2 O

0

reje
ted for the �rst reason

has witnesses in B

1

with total weight at least d(p)=4. Thus, the total

demand of paths reje
ted for the �rst reason is at most 4

p

mjjB

1

jj.

If the path p 2 O

0

was reje
ted for the se
ond reason then either (a)

there are more than

p

m=2 edges on p su
h that d(p) > 
(e)=2 for ea
h

of them, or (b) there are

p

m=2 edges ea
h with a 
ow at least d(p). In

the former 
ase, the total number of paths in the optimal solution that

use more than a half of 
apa
ity of more than

p

m=2 edges is less than

2

p

m and their total demand is at most 2

p

mjjB

2

jj. In the latter 
ase,

the paths on the

p

m=2 edges are 
alled type II witnesses and the weight

of q whi
h meets on e

i

with p is d(q) � d(p)=
(e

i

). Clearly, the weight of

ea
h path q 2 B as a type II witness is at most d(q) �m and, on the other

hand, the total weight of type II witnesses for ea
h path in O

0

reje
ted

for the `2b' reason is at least

p

m � d(p)=2. The total demand of paths

reje
ted for the `2b' reason is at most 2

p

mjjB

1

jj. ut

Note that the 
ow number is useless without the no-bottlene
k as-

sumption. For example, think about an expander network G

1

(V;E

1

) on

n nodes with all edge 
apa
ities equal to 1��, for some � > 0, and about

a mesh G

2

(V;E

2

) on n nodes with all edge 
apa
ities equal to one. The


ow number of a network G(V;E

1

[ E

2

) is O(logn) but if all requests

have demands larger than 1 � �, they 
an only make use of the mesh

subnetwork with 
ow number �(

p

n). Thus, the 
ow number does not

help to get better algorithms in this setting.
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5 Online algorithms for the UFP

So far we only presented o�ine algorithms. Sin
e in real systems requests

usually arrive in a 
ontinuous fashion, it is important to �nd also eÆ
ient

online algorithms. Throughout the se
tion we will assume that the no-

bottlene
k assumption is true, i.e. 


min

� 1.

Our aim will be to ensure that at the end of any input sequen
e of

requests, the total demand of the 
onne
ted paths is 
lose to the best

possible total demand. That is, we sear
h for algorithms with a 
ompet-

itive ratio that is as small as possible. As a reminder, the 
ompetitive

ratio of a deterministi
 online algorithm is de�ned as


 = sup

�

OPT (�)

ON(�)

;

where the supremum is taken over all possible sequen
es of requests �,

ON(�) is the pro�t of the online algorithm on �, and OPT (�) is the

pro�t of an optimal o�ine algorithm. In our 
ase, the pro�t is the sum

of all satis�ed demands. Similarly, the 
ompetitive ratio of a randomized

online algorithm is de�ned as


 = sup

�

OPT (�)

E[ON(�)℄

:

5.1 Online algorithms that do not 
an
el paths

If 


min

> 1, then we 
an use the weighted BGA presented in Se
tion 4.3

to obtain the following result.

Theorem 5.1 For any network G with 
apa
ity 


min

> 1 and 
ow

number F , the 
ompetitive ratio of the weighted BGA with parameters

L = 4 � F and W = 5 � F and 
ost fun
tion f

e

(x) = F

dxe=(
(e)�1)

is

O(


min

� (F

1=(


min

�1)

� 1)).

Proof. The proof works in the same way as the proof of Theorem 4.5.

The di�eren
e is that here the requests are not pro
essed a

ording to

their demands, whi
h results in a weaker bound (i.e., the power 1=(


min

�

1) in the on-line 
ase versus 1=


min

in the o�-line 
ase). ut
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The next theorem shows that for 
onstant 


min

this upper bound is

best possible by providing a mat
hing lower bound. The proof is based

on an argument given by Awerbu
h et al. [1℄.

Theorem 5.2 For all F and all integral 1 � 


min

� logF there is

a network G of minimum edge 
apa
ity 


min

and 
ow number F su
h

that the 
ompetitive ratio of any deterministi
 algorithm applied to G is


(F

1=(


min

�1)

).

Proof. We will restri
t ourselves to 
onsidering a linear array with edge


apa
ities 


min


onsisting of n nodes numbered from 1 to n. Obviously,

in this 
ase F = �(n). The general 
ase 
an simply be obtained by

atta
hing a linear array of F nodes and edge 
apa
ities 


min

to a network

with 
ow number F and minimal edge 
apa
ity 


min

.

Let r

�

denote the request between 1 and n with demand � and r

1

denote the request between 1 and n with demand one. Sin
e any deter-

ministi
 algorithm must always a

ept the �rst request in any sequen
e

of requests, for 


min

= 1 its pro�t on a sequen
e r

�

r

1

is � while the op-

timal pro�t is one. It follows that for 


min

= 1 no deterministi
 online

algorithm 
an have a bounded 
ompetitive ratio, sin
e 1=� approa
hes

in�nity as � approa
hes zero.

Consider now the 
ase 


min

> 1. From similar reasons as above, given

the sequen
e r

�

r

1

, any deterministi
 algorithm must a

ept both re-

quests. Suppose now that 


min

= 2 and that the input sequen
e 
onsists

of r

�

r

1

followed by a subsequen
e of n�1 requests (1; 2)(2; 3) � � � (n�1; n)

of demand one presented two times (i.e., there are 2(n � 1) further re-

quests after r

�

r

1

). The pro�t of any deterministi
 online algorithm with

bounded 
ompetitive ratio is at most 1 + � (it had to a

ept the se
ond

request and there was not enough spa
e left for the later requests) while

the optimal pro�t is 2(n� 1). That is, for 


min

= 2 the lower bound on

the 
ompetitive ratio is 
(n) = 
(n

1=(


min

�1)

).

Sin
e now on we assume that 


min

� 3 and let k = 


min

� 1. For the

purpose of the lower bound we will 
onsider only very spe
i�
 request

sequen
es. Let R

j

= f(l �n

(k�j)=k

+1; (l+1) �n

(k�j)=k

); 0 � l < n

j=k

g for

j = 0; � � � ; k. All our input sequen
es will be of the form r

�

U

0

U

1

� � �U

k

,

where U

j

� R

j

for every j and U

j


an be a multiset.
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Let ALG be any deterministi
 algorithm. We are going to show by

indu
tion the following 
laim: Either,

(a) for every i = 1; � � � ; k there exists an input sequen
e S

i

= r

�

U

0

� � �U

i

su
h that ALG a

epts at least one request from every U

j

, 0 � j �

i, and moreover, for every j, 0 � j < i� 1, every request a

epted

by ALG from U

j+1

overlaps with some other request a

epted by

ALG from U

j

and every request a

epted by ALG from U

j

inter-

se
ts with some other request a

epted by ALG from U

j+1

; or

(b) there exists an input sequen
e for whi
h the solution of ALG is


(n

1=k

) times worse than the optimal solution.

The initial step, i = 1. Assume by 
ontradi
tion that the 
laim

does not hold. Consider the input sequen
e r

�

R

0

R

1

R

1

. By the previous

dis
ussion we know that ALG has to a

epts the �rst two requests (note

that R

0

= fr

1

g) and by the 
ontradi
tion assumption it does not a

ept

any request from R

1

. But then the pro�t of online is 1 + � only, while

the optimal pro�t is at least 2n

1=k

.

The indu
tion step. Again, assume by 
ontradi
tion that the 
laim

holds up to i but does not hold for i + 1. Let S

i+1

be the following

extension of the S

i

: for every request r from U

i

a

epted by ALG we

add to S

i+1

n

1=k

new requests from R

i+1

overlapping with r, and in fa
t,

we add ea
h of these new requests 


min

times (i.e., U

i+1

= [




min

j=1

R

i+1

).

Similarly as in the initial step, the ALG does not a

ept any of the new

requests from U

i+1

. Let g denote the number of requests a

epted by

ALG from U

i

. Then the pro�t of ALG is at most �+ 1 + i � g while the

optimal pro�t is at least 


min

� g � n

1=k

.

If the 
laim is true be
ause of the part (b) we are done. Otherwise,

it is easy to extend the sequen
e S

k

to S

k+1

in the same way that was

used in the proof of the indu
tion step and show that the pro�t of ALG

on S

k+1

is 
(n

1=k

) worse than the optimal pro�t. ut

The performan
e guarantee of the weighted BGA in the online setting

(Theorem 5.1) is asymptoti
ally weaker than its performan
e guarantee

in the o�-line setting (Theorem 4.5). Moreover, Theorem 5.2 shows that
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for small 


min

this is the best possible. However, there are still ways to

get better algorithms even in the online setting:

1. To use randomized algorithms. Both the elementary BGA and

weighted BGA 
an be easily modi�ed into algorithms with the

same performan
e guarantee as their o�-line 
ounter parts. This

is 
onsidered in Theorems 5.3 and 5.4.

2. To allow the on-line algorithm to 
an
el previously established

paths. Subse
tion 5.2 deals with this setting.

For 


min

= 1 , the randomized elementary BGA works as follows,

using the same tri
k as Azar and Regev [2℄: With probability 1=2 either


onsider only requests of demand less than 1=2 or 
onsider only requests

of demand at least 1=2. Use the elementary BGA with parameterL = 4F

to de
ide whether to a

ept or reje
t requests in the 
hosen group.

Theorem 5.3 The randomized elementary BGA has a 
ompetitive ratio

of O(F ).

Proof. Let O be the set of paths a

epted by the optimal solution.

Furthermore, let O

0

be the set of paths with demands less than 1=2 and

O

00

be the set of paths with demands at least 1=2. The result easily

follows from the remark after Theorem 4.1. With probability 1=2 the

algorithm 
onsiders only those requests (either smaller or larger than

1=2) that 
ompose most of the optimal pro�t and on this subsequen
e

the performan
e is guaranteed by Theorem 4.1. ut

The same separation tri
k also works when applied to the weighted

BGA.

Theorem 5.4 The randomized weighted BGA has a 
ompetitive ratio

of O(


min

� (F

1=(


min

)

� 1))

5.2 Online algorithms that 
an
el paths

In this se
tion we will present online algorithms that are allowed to


an
el paths. However, any request whose path has been 
an
elled is
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not allowed to be reestablished later. Hen
e, the online algorithms we

will 
onsider are still very restri
ted: the requests arrive one after the

other, and for ea
h of them the algorithm has to de
ide before knowing

the next requests in the input sequen
e whether to a

ept it or not. If

the request is a

epted, a 
ow path has to be provided for it that, in

addition to the already established paths, does not ex
eed the 
apa
ity of

any edge. To a
hieve this, the algorithm is allowed to 
an
el previously


onne
ted requests but 
annot re
onne
t them later.

Consider the following online algorithm, 
alled rude BGA with pa-

rameter L: Given a request of demand d, 
he
k whether there is a 
ow

path of value d and length at most L available for it after 
an
eling pre-

viously established paths of total 
ow value at most d=2. If so, establish

the new request along any of these paths and 
an
el the 
orresponding

old requests (if ne
essary). Otherwise, reje
t the request.

We 
all paths that get 
an
elled due to a request r vi
tims of r. The

rude BGA has the following performan
e.

Theorem 5.5 The rude BGA with parameter 4F has a 
ompetitive ratio

of O(F ).

Proof. Let B be the paths used at the end by the rude BGA and O be

the paths used by an optimal o�ine strategy. For any path p let f

p

be

its 
ow value and d(p) be the demand of the request asso
iated with it.

For any set of paths Q let jjQjj =

P

p2Q

f

p

. Let B

0

be the set of all 
ow

paths ever sele
ted by the rude BGA, even if they were 
an
elled later

on.

Lemma 5.6

jjB

0

jj � 2 � jjBjj :

Proof. Our strategy for proving the lemma will be to distribute the


ow values of the paths in B in a suitable way among the paths in B

0

.

Suppose that in a �rst step every path p 2 B moves f

q

units of its 
ow

to ea
h of its vi
tims q. This is possible, sin
e the 
ow value of p ex
eeds

the 
ow values of its vi
tims by a fa
tor of at least 2. Next, ea
h vi
tim

q that got a value of f

q

moves a value of f

q

0

to ea
h of its vi
tims q

0

.
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This is 
ontinued until all paths in B

0

have re
eived a 
ow value. Sin
e

the rude BGA ensures that the sum of the 
ow values of the vi
tims of

a path p is at most d(p)=2, it is easy to see that the values of the paths

in B are distributed by the above pro
ess among the paths in B

0

so that

every path q 2 B

0

has a value of at least d(q)=2. Thus, jjB

0

jj � 2 � jjBjj.

ut

For an edge e 2 E let D(e) denote the sum of 
ow values of the paths

in B

0

passing through edge e. A set of 
ow paths fq

1

; : : : ; q

k

g � B

0

is

a set of witnesses for a 
ow path p 2 O if

P

i

d(q

i

) � d(p)=2 and for

every i, q

i

and p share at least one edge. As in the previous proofs the

goal is to show that the requests reje
ted by the rude BGA but a

epted

by OPT have enough witnesses in B

0

without using ea
h path in B

0

too

often as a witness.

A

ording to Theorem 3.1 we 
an assume that all paths in O have

a length of at most 4 � F and for every edge e the sum of the demands

of paths in O 
rossing e is at most 2
(e). Let O

0

be the set of all

paths in O that do not 
orrespond to requests a

epted by B

0

. Sin
e

jjO n O

0

jj � jjB

0

jj it remains to bound jjO

0

jj.

First note that ea
h p 2 O

0

must have a set of witnesses in B

0

sin
e

otherwise the rude BGA would have been able to a

ept the 
orrespond-

ing request. Let E

0

� E denote the set of all edges e on whi
h some path

from O

0

has a witness in B

0

and for whi
h D(e) � 
(e)=2. Let O

00

� O

0

be the set of paths that 
ontain at least one edge from E

0

. Then

jjO

00

jj �

X

e2E

0

2
(e) � 4

X

e2E

0

D(e) � 16 � F � jjB

0

jj ;

be
ause all paths in B

0

are of length at most 4 � F .

For ea
h of the remaining paths p 2 O

0

nO

00

it holds that there must

be a set of edges E

p

with d(p) < 2

P

e2E

p

D(e) and d(p) > 
(e) �D(e)

for all e 2 E

p

sin
e otherwise the rude BGA would have been able to

a

ept the request 
orresponding to p. Let E

00

=

S

p2O

0

nO

00

E

p

be the set

of all of these edges. Sin
e for every p 2 O

0

n O

00

we have D(e) < 
(e)=2
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for all e 2 E

p

it holds that d(p) > 
(e)=2 for all of these edges. Thus,

jjO

0

n O

00

jj =

X

p2O

0

nO

00

f

p

=

X

p2O

0

nO

00

f

p

d(p)

� d(p)

<

X

p2O

0

nO

00

f

p

d(p)

� 2

X

e2E

p

D(e) = 2

X

e2E

00

D(e)

X

p2O

0

nO

00

: e2E

p

f

p

d(p)

< 4

X

e2E

00

D(e)

X

p2O

0

nO

00

: e2E

p

f

p


(e)

� 8

X

e2E

00

D(e) � 32 � F � jjB

0

jj :

Therefore, jjO

0

jj � 48 � F � jjBjj, whi
h 
ompletes the proof. ut

Next we show that for the 
ase that 


min

is known and 


min

> 1,

a better 
ompetitive ratio 
an be a
hieved when using the following

weighted rude BGA: Let L and W be suitably 
hosen parameters. Given

a request r, a

ept it there is a 
ow path for r of length at most L and

weight at most W , with a possible 
an
elation of old paths with total

weight at most W=2. Otherwise, reje
t it.

Theorem 5.7 For any network G with 
apa
ity C and 
ow number F ,

the 
ompetitive ratio of the weighted rude BGA with parameters L = 4�F

and W = 5 � F is O(


min

� (F

1=


min

� 1)).

Proof. The proof is basi
ally a 
ombination of the proofs of Theo-

rem 4.5 and Theorem 5.5: First, it is shown that the weighted rude

BGA ensures that �w(B

0

) � 2 �w(B). Then B

0

(or a
tually the highest

total demand ea
h edge ever rea
hes during the algorithm; all other

requests 
an be negle
ted) is 
ompared with O and it is shown that

jjO

0

jj �

4�
(


min

)

F�1

� �w(B

0

).

Given a 
ow path p asso
iated with a request r that was a

epted by

the optimal algorithm but not by the weighted rude BGA, 
ases (a.1)

and (b) from the proof of Theorem 4.5 go through as before. The only

problemati
 
ase is (a.2), i.e. 1=2 � d(r) � 1, namely the situation

when the minimum weight of paths that have to be 
an
elled in order

to be able to route the request r along the path p, ex
eeds half of the
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weight of p while the weight of p is still at most W . Re
all that the

weight of a path q is w(q) =

P

e2q

w(e). Let v(e) denote the total

weight of the paths passing through an edge e 2 p that would have had

to be 
an
elled in order to a

ept r along p. Sin
e r was reje
ted, it

must hold that w(p) � 2

P

e2p

v(e). Hen
e, there must exist an e 2 p

with v(e) � w(e)=2. Let Q be the set of paths 
orresponding to v(e).

Sin
e d(r) � 1, all paths q 2 Q must have a normalized weight of at least

d(q)�f(
(e)�1). Hen
e, all paths q 2 Q together must have a normalized

weight of at least v(e) �f(
(e)�1) � (w(e)=2) �f(
(e)�1) � f(
(e)�1)=4

(re
all that w(e) � 1=2). This allows to show in a similar way to (a).2

that the total normalized weight of all paths in e is at least

F�1

4(F

1=
(e)

�1)

.

Thus, the analysis goes through as before. ut

6 Open Problems

In this paper we made a signi�
ant advan
e in proving better bounds

on the approximation ratio and the 
ompetitive ratio of algorithms for

the UFP. However, many problems remain open. For instan
e, are there

lower bounds on the approximation ratio for undire
ted graphs that are


lose to those for dire
ted graphs? Is the Shortening Lemma essentially

best possible in a sense that any rearrangement to short paths does


ause a de
rease in the 
ow value? Can 
onstant fa
tor approximation

s
hemes also be found for 


min

= o(logF )? Also, although the presented

algorithms substantially improve the previous upper bounds, they still

do not make use of the fa
t that all the paths in the optimal solution for

the UFP have to be unsplittable. In fa
t, they only 
ompare the o�ine

or online solution with an optimal fra
tional solution (and the fra
tional

solution may be signi�
antly larger - by a

p

m fa
tor on the bri
k wall).

How 
an the unsplittability be exploited in the analysis to obtain better

bounds?
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