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Abstract

In this paper we consider the unsplittable flow problem
(UFP): given a directed or undirected network G = (V, E)
with edge capacities and a set of terminal pairs (or requests)
with associated demands, find a subset of the pairs of maxi-
mum total demand for which a single flow path can be chosen
for each pair so that for every edge, the sum of the demands
of the paths crossing the edge does not exceed its capacity.

We study the UFP both in the offline (all requests are
given from the beginning) and the online (requests arrive at
the system one after the other) setting. For this we introduce
a new graph parameter, the flow number. With the help of
the flow number we develop a general method for transform-
ing arbitrary multicommodity flow solutions into solutions
that use short paths only, generalizing a well-known theo-
rem of Leighton and Rao [16]. Both the parameter and the
method may therefore be of independent interest. They al-
low us to prove upper bounds on the approximation ratio
and competitive ratio of algorithms for the UFP that are sig-
nificantly below all previous upper bounds. For example, if
Cmin > 1 is the minimum capacity of an edge and the maxi-
mum demand of a request is at most 1, then we achieve an ap-
proximation ratio of O(cyin((Aa* logn)/¢min — 1)), where
A is the maximum degree, « is the expansion, and n is the
number of nodes in the network, whereas the best previous
result was an approximation ratio of O(cmin - (n'/°™in — 1)).
For networks with high expansion (such as the hypercube,
the butterfly, or any expander), this is an exponential im-
provement. We also show how to transfer these results to
the online setting.



1 Introduction

In the unsplittable flow problem, denoted by UFP, we are given a directed
or undirected network G = (V, E) with edge capacities prescribed by
c: E — IR} and a set T' = {(s,t;) : 1 <i <k} of k terminal pairs (or
requests) with demands d; € [0,1]. (The requirement that d; € [0,1] is
not a restriction, since this can always be achieved by suitably scaling
the demands and capacities.) A feasible solution is a subset S C T of
the requests such that the demand of each request in S is satisfied by a
single flow path and the capacity constraints are fulfilled. The objective
is to maximize the total demand of the satisfied requests.

One of the motivations for the UFP is the problem of allocating band-
width for traffic with different bandwidth requirements in heterogeneous
networks. Unfortunately, the UFP is MAXSNP-hard [6]. Therefore, the
best one can hope for (unless P = N P) is to find good approximate solu-
tions. Approximation algorithms for the UFP and related problems have
been presented in several prior works [15, 7, 21, 11, 12, 5, 6, 16, 3, 13].
Kleinberg [7] provides a comprehensive background on these problems.
Most of these algorithms begin with a linear programming relaxation of
the problem (i.e., instead of using a single path, a commodity is shipped
along multiple paths) and then round the solution in a suitable way to
obtain an approximate solution for the UFP.

Under the assumption that the maximum demand of a commodity,
dmaz, does not exceed the minimum edge capacity, called no-bottleneck
assumption in the following, Kleinberg presented an O(y/m - mn??ncéf))
approximation algorithm for the UFP [7], where m is the number of
edges. This was subsequently improved by Baveja and Srinivasan [3]
to O(y/m). On the lower bound side, it was shown by Guruswami et
al. [6] that on directed networks the UFP is NP-hard to approximate
within a factor of m'/2=¢ for any ¢ > 0. For a special case of the
UFP, the unit-capacity UFP (that is, all edges have a capacity one),
Baveja and Srinivasan [3] gave an algorithm with an O(A%a~2log® n)
approximation ratio, where A is the maximum degree, « is the expansion,
and n is the number of nodes in the network. Using the techniques of
Kleinberg and Rubinfeld [9] and results of Leighton and Rao [16] this can




be decreased to O(A2a~2log® n). Recently, Kolman and Scheideler [13]
improved this ratio to O(A2a~!logn). Using a new parameter called
the flow number F of a network, we improve the ratio further to O(F)
with F = O(Aa !logn). For this we use a simple greedy algorithm.
Redefining A as the maximum total capacity leaving or leading to a
node, the bound can be extended to arbitrary undirected networks that
fulfill the no-bottleneck assumption.

Without the no-bottleneck assumption, Guruswami et al. [6] gave a
randomized algorithm with an approximation ratio of O(y/mlog®? m).
The algorithm is based on a suitable rounding of an LP relaxation of the
UFP. Recently, Azar and Regev [2] described a deterministic algorithm
with an approximation ratio of O(y/mlogm). Both of these results re-
quire the ratio between the largest edge capacity and minimum demand
to be polynomially bounded. We present an algorithm with an essentially
optimal approximation ratio of O(y/m) without using any assumption
about the ratio of the edge capacities and the demands. The bound is
again achieved with a simple greedy algorithm.

In several papers also the minimum edge capacity (denoted here by
cmin) Was used as a parameter for measuring the performance of algo-
rithms [1, 3, 4, 8, 10, 18, 21]. Based on techniques of Awerbuch et al. [1],
Azar and Regev [2] recently obtained a polynomial time algorithm with
an approximation ratio of O(cmin-nl/cmi“) for any 2 < ¢y < logn. They
note that the n in the bound can be replaced by an upper bound on the
longest path in an optimal solution, however, without giving any better
bound on this value other than the trivial n. We significantly improve
the bound of Azar and Regev by presenting an algorithm with a compet-
itive ratio of O(cpin - (F*/¢mi» — 1)) for all ¢y > 1 (which is O(log F) if
Cmin > log F). Since F' = O(Aa~!logn), this also implies a competitive
ratio of O(cmin - ((Aa~!logn)'/emin — 1)). Our key technique to obtain
this result, which may be of general interest, is the so-called Shortening
Lemma. It allows to transform any feasible solution of a multicommod-
ity flow problem into a solution in which the maximal path length is
only O(F') and the edge capacities are overloaded by only a very small
constant factor. This generalizes a well-known result about short flow
solutions for uniform multicommodity flow problems by Leighton and



Rao [16, Theorem 18], to a result about short flow solutions for arbi-
trary multicommodity flow problems. For cni, > logn, Raghavan and
Thompson [18] described a constant factor approximation. With the
help of an algorithmic version of the Lovasz Local Lemma [20] we show
that already for ¢, > ylog F' for a sufficiently large constant -y there
are constant factor approximation algorithms for the UFP.

The UFP has also been considered in the online setting where the re-
quests arrive one by one and decisions have to be made without knowing
the future requests. For ¢,,i, = Q(logn), Awerbuch, Azar and Plotkin [1]
describe an optimal online algorithm with a competitive ratio of ©(logn).
Azar and Regev [2] present a randomized algorithm with a competitive
ratio of O (cmin - (n'/¢mi» —1)) for any cuin > 2, and they show that no de-
terministic online algorithm can achieve a better competitive ratio than
this. We present a randomized online algorithm with a competitive ratio
of O(cmin - (Fl/Cmin — 1)) for all ¢, > 1. Furthermore, we prove that
any deterministic online algorithm that does not cancel previously estab-
lished paths must have a competitive ratio of at least Q(F/(¢min—1)) and
we describe an algorithm that matches this bound for ¢y, = O(1). We
also show that if it is allowed to cancel paths, then there is a determin-
istic online algorithm with a competitive ratio of O(cyiy - (F*/¢min — 1)),
for all ¢jpin > 1. This demonstrates that the ability to cancel paths is an
important and powerful feature.

1.1 Organization of the paper

We start in Section 2 with defining the key new parameter flow number
and we compare it with the expansion of a network. In Section 3 the
Shortening lemma is given. Section 4 deals with offline algorithms for
the UFP, and in Section 5 we present online algorithms for the UFP.
The paper ends with a conclusion and open problems.

2 A New Network Measure

Many of the previous techniques have problems proving strong upper
bounds on approximation or competitive ratios of algorithms due to the



use of inappropriate parameters. As can be seen from the lower bound of
Guruswami et al. [6], if m is the only parameter used, an upper bound of
O(y/m) is essentially the best possible. Much better ratios can be shown
if the expansion or the routing number [19] of a network are used. These
measures give very good bounds for low-degree networks with uniform
edge capacities, but are usually very poor when applied to networks of
high degree or highly nonuniform edge capacities. For instance, when
applying the previously known general bounds to the hypercube on n
nodes, then the best approximation ratio is O(log2 n). However, it is
possible to reduce it to O(logn). For the purpose of getting more precise
bounds for the approximation and competitive ratios of algorithms (that
allow, for example, the O(logn) bound for the hypercube) we introduce
a new network measure, the flow number F. Apart from allowing more
precise results, the flow number has the advantage that, in contrast to
the expansion or the routing number, it can be computed exactly in
polynomial time. After defining the flow number, we will compare it
in this section with the expansion a of a network and show that F' =
O(A -a~tlogn).

Once the flow number is defined it is easy to prove the Shortening
Lemma which in turn makes it possible to significantly improve the pre-
vious upper bounds on the approximation and competitive ratio for the
UFP. To give an example of its usefulness, for networks with flow number
©(logn) like the hypercube, butterfly or expanders, when all capacities
are equal to loglogn, the previous best bound on the approximation
and competitive ratio was O(loglogn - n!/1°61°8") whereas we achieve a
bound of O(loglogn) only.

2.1 Basic notation

A network is a graph G = (V, E) with a cost function ¢ : £ — R4
denoting the capacities of the edges and ¢pin = mingcg c(e) is called the
minimum edge capacity of G. Unless explicitly mentioned, we will assume
that G is undirected. (However, all of our results hold also for directed
graphs satisfying 3, ,ep ¢V, W) = X2y p)ep ¢(w,v) for every v € V,
but for the purpose of presentation we restrict ourselves to undirected



graphs.) If we simply talk about a graph (and not about a network),
we assume that all edges have capacity one. The number of nodes in G
will always be denoted by n and the number of edges by m. For any
node v, let c(v) = > ._(, ,)ep c(e) denote the capacity of v. Given any
set of nodes U, let c(U) = }_ <y c¢(v), and given any set of edges H, let
c(H) = .cpcle). Given a network G = (V, E), we call ' = C'(V) the
capacity of G.

For any set of nodes U, let U = V \ U denote its complement, let
|U| denote its size, and let (U, U) denote the set of all edges connecting
U and U. The edge expansion of a network G (or simply erpansion) is
defined as _

c(U,U)
= min ————— .
vcv min{|U|,|U|}

In a concurrent multicommodity flow problem there are k¥ commodi-
ties, each with two terminal nodes s; and ¢; and demand d;. A feasible
solution is a set of flow paths for the commodities that obey the capacity
constraints but need not meet the specified demands. The flow value of
a feasible solution is the maximum value f such that at least f - d; units
of commodity i are simultaneously routed for each i. The maz-flow for a
multicommodity flow problem is defined as the maximum flow value over
all feasible solutions. In contrast to the UFP problem, the commodity
between s; and ¢; is allowed to be sent along multiple paths. For a path
p in a solution, the flow value of the path is the number of units routed
along it. We will need two special classes of multicommodity flow prob-
lems in the paper. A balanced multicommodity flow problem (BMFP) is
a multicommodity flow problem in which the sum of the demands of the
commodities originating and the commodities terminating in a node v is
equal to ¢(v) for every v € V. In a product multicommodity flow problem
(PMFP) [16], a nonnegative weight 7(u) is associated with each node
u € V. There is a commodity for every pair of nodes and the demand
for the pair (u,v) is equal to 7(u) - 7(v).

a



2.2 The flow number

In research about network communication properties, permutation rout-
ing has often been used as a benchmark for comparing different networks.
This reflects the idea that permutation routing represents the commu-
nication behavior of an ideal parallel program: the communication is
evenly balanced among the processors. Both the expansion and the
routing number [19] are able to describe quite accurately the ability of
a network to route arbitrary permutations. However, to achieve an even
balance of the communication is only desirable in homogeneous network
systems (e.g., parallel computers) but may not be desirable in heteroge-
neous networks. Therefore, we suggest another benchmark, which is a
generalization of the routing number.

Suppose we have a network G = (V, E) with arbitrary non-negative
edge capacities. Given a concurrent multicommodity flow problem with
feasible solution S, let the dilation D(S) of S be defined as the length
of the longest flow path in S and the congestion C(S) of S be defined
as the inverse of its flow value (i.e., the congestion says how many times
the edge capacities would have to be increased in order to satisfy the
demands of all commodities when using the same set of paths). Let I
be the PMFP in which 7(v) = ¢(v)/+/T for every node v, that is, each
pair of nodes (v, w) has a commodity of demand ¢(v) - ¢(w)/I. The flow
number F(G) of a network G is defined as the minimum over all feasible
solutions S of Iy of max{C(S), D(S)}. In the case that there is no risk
of confusion, we will simply write F' instead of F'(G). Note that the flow
number of a network is invariant to scaling of the capacities.

The smaller the flow number, the better are the communication prop-
erties of the network. For example, F'(line) = ©(n), F(mesh) = O(y/n),
F(hypercube) = O(logn) and F(expander) = O(logn). (This can be
derived from results of Leighton [14] and Scheideler [19].) The following
result shows that F' can be computed exactly in polynomial time. This
seems not to be possible for the routing number or the expansion.

Claim 2.1 There is an algorithm that computes the exact value of the
flow number for every network in polynomial time.

Proof. Consider any network G = (V, E) with capacities given by c.



Let V = {v1,...,v,} and F be its flow number. The following strategy
will serve as a basic building block for our algorithm.

For any L € IN, let G, = (V', E') denote a levelled graph of depth
L. Each level has n nodes, and the node set in level ¢ € {0,...,L} is
given by V; = {v;1,...,v;n}. The set E' consists of all edges (v, v;j,¢)
with j = ¢+ 1 and either £ = £ or {vg, v} € E. For any k and ¢ with
{vk,ve} € Elet By = {(vik,vit1,0) : @ € {0,...,L—1}}. Consider now
the multicommodity flow problem for G, in which for each pair of nodes
(vo,k,vL,¢) there is a commodity of demand c(vi) - c(ve) /T'(G). Let S be
any solution to this problem. S is called feasible if for every Ej, , the sum
of all the flows traversing the edges in Ej , is at most c({vg,ve}). Let
the congestion C'(S) of S be defined as the inverse of its flow value. If we
allow fractional flows, then it is easy to compute via linear programming
a solution S in polynomial time that minimizes F7, = max{C(S), L}.

Having such an algorithm for G, it is easy to see that F' = miny, Fp..
Since the function f : {1,...,n} — IR} with f(z) = F, is concave,
simple binary search can be applied to find F'. O

The following claim shows that the flow number does not only char-
acterize the ability of a network to handle balanced product multicom-
modity flows but also to handle any balanced multicommodity flow.

Claim 2.2 For any network G with flow number F and any instance 1
of the BMFP for G, there is a feasible solution for I with congestion and
dilation at most 2F'.

Proof. The proof uses a strategy similar to the technique of Leighton
and Rao [16] for transforming a permutation into an instance of the
uniform multicommodity flow problem. The idea is to decompose I into
two multicommodity flow problems: for every commodity 7 with source
s; and destination ¢;, the first problem I; has commodities i, from s;
to u for all w € V with demands d;, = d; - ¢(uv)/I", and the second
problem I has commodities i/, from u to ¢; for all u € V' with demands
dy = d;-c(u)/T. For every commodity 7 from the original problem, the
total demand of corresponding commodities in I; is d; and is d; in I
as well. Moreover, for every node u € V the amount of commodity i



shipped to u in [; is equal to the amount of commodity ¢ shipped from
u in 12.

Both of the flow problems I; and I are PMFPs with 7(v) = ¢(v)/vT
for every node v, because for any pair v, w € V, the total demand of the
commodities with source v and destination w in I; is equal to

Z d; ;(w) _ C(U) FC(U}) — W(U) . 7T(’w) ,
and in I is equal to
> d; 'lf(v) _ c(v) fc(w) =7(v) - w(w) .

i ti=w

Also, both I; and I are BMFPs because for every node v € V its total
demand is ¢(v). Thus, according to the definition of the flow number,
both I; and I; have a feasible solution with congestion and dilation
at most F. Hence, the original problem I has a feasible solution with
congestion and dilation at most 2F', which proves the claim. O

2.3 Flow number vs. expansion

Next we compare the flow number with the expansion. Consider a PMFP
with weights 7(u) for all nodes u, and let p denote the number of nodes
with nonzero weight. Without loss of generality, we assume that p =
> wey T(u). The min-cut of a PMFP is defined as

_ . (U, 0) _
S = lr]ngl‘l}m , where 7w(U) = 1;]7‘((’&) .

Leighton and Rao [16, Theorem 18] proved the following theorem about
the relationship between the min-cut, max-flow, and the length of the
flow paths for a PMFP:

Theorem 2.3 (Leighton, Rao, 1999) Given any PMFP for which the
min-cut has size S, there is a flow of size f = Q(S/ logp) for which every



flow path has length at most L = O(Ylogp/pS). Here, ¥ is the maxi-
mum value over the nodes with nonzero weight of the capacity of the node
divided by the weight of the node, and the path length is defined as the
number of nodes of nonzero weight in the path.

The following definition will turn out to be useful. The weighted
expansion of a network G is defined as

[ = min C(U—’U)
~ UuCv min{c(U),c(U)}

Without loss of generality we consider only networks with a minimum
edge capacity of ¢, = 1. Using Theorem 2.3, we prove the following
result.

Theorem 2.4 For any network G with expansion « it holds for its flow
number F' that

F=Q™) and F=0(A-a'logn)

where A = max,cy c(v). Furthermore, in general the upper and lower
bounds are the best possible.

Proof. We start with the following lemma:

Lemma 2.5 For any network G with weighted expansion [ and flow
number F' it holds that

F=QB") and F=0(B"'logn)

Proof. The fact that F = Q(8 1) follows directly from the definition

of F and 3. Hence, it only remains to show that F' = O(5~! logn).
Consider the PMFP I and let S be the min-cut for it. Recall the as-

sumption p = ) -, m(u) whichimpliesn = Y7 ., 7(u) = > oy c(u)/VT =

VT in the case of Iy. From the definitions of the weighted expansion j

of G and the min-cut S for the Iy we infer 3 < S. For the PMFP I, we

also have 7 = c(u) /7 (u) = VT.



According to the Theorem 2.3 there is a solution to the PMFP I,
such that L = O(VTX%52) = O(8~! - logn) and f = Q(:2-) = Q(:2-)

logn logn

which implies the desired F' = O(37! logn). i

Next we prove a lemma that together with the previous lemma im-
plies that F' = Q(a™!) and F = O(Aa ! logn). Recall that we assume

Cmin = 1.

Lemma 2.6 For any network G with expansion a and weighted expan-
sion (B it holds that ™! = Q(B71) and a™! = O(AL™Y).

Proof. Since for any set of nodes U C V, |U| < ¢(U) < A|U|, the
lemma directly follows from the definitions of o and (3. O

It remains to show that the upper and lower bound for F' are in
general best possible.

Lemma 2.7 For any o, 1/n < a < 1/logn, there exists a constant
degree graph G of size n with expansion O(a) and flow number ©(a™1).

Proof. We distinguish between two cases. First, 1/n'/? < a < 1/logn.
In this case, consider a d-dimensional Butterfly on n' nodes for some n'
specified later. We note that d = O(logn'). It is known that this graph
has an expansion of ©(1/d) and a flow number of ©(d) (e.g., [19]). The
expansion is O(1/d) due to the fact that its two (d — 1)-dimensional sub-
butterflies have a size of d - 2~! but only 2¢ edges leaving them. If we
replace now every edge by a path of length ¢, then the number of nodes
of the new graph G increases to n = £ -n’ and the expansion decreases
to a=0(1/(d-¥¢)). Furthermore, the flow number increases to ©(d - ).
Hence, for any desired a,1/n/? < a < 1/logn, the graph G with an
expansion a can be obtained by setting £ = [a~!/logn] and n’ = n/¢
in the construction above.

Second, 1/n < a < 1/n'/2. In this case, consider the grid network
with |a™!| nodes in one dimension and n/|a!| nodes in the other
dimension. It is easy to check that this graph has an expansion of O («)
and a flow number of ©(a ™). o
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Lemma 2.8 For anylogn/n'=¢ < a < 1 where € is an arbitrary positive
constant, and any A > 0, there exists a constant degree network G of
size n with expansion ©(a) and flow number F = ©(Aa !logn).

Proof. We start with showing this for o = 1. Let G’ be a constant
degree expander, that is, the expansion of G’ is constant. Construct out
of G’ a graph G in which each edge in G' is replaced by a path of length
3. Each middle edge of a path is assigned a capacity of 1, and the border
edges have a capacity of A. Had all edges been of capacity A, the flow
number would have been ©(logn). However, since the middle edges have
capacity 1, the flow number increases to ©(Alogn) = O(Aa~!logn).
This result can now be generalized to other values of o by using the same
construction as for the butterfly in the proof of Lemma 2.7. O

Combining the lemmata yields Theorem 2.4. O

Previous best results about the approximability of the UFP gave
upper bounds of O(A?-a~!logn) [13], and it seems difficult to improve
them when using the expansion as a parameter. If an approximation or
competitive ratio of O(F') can be proved (and we will indeed prove it),
Theorem 2.4 implies much better results, in particular for networks with
F = O(a™!). Many of the standard networks (e.g., meshes, butterfly,
De Bruijn) actually have this property. Hence, the flow number F' seems
to be more suitable parameter for the UFP than the expansion.

3 Flow Shortening

The main contribution of this section is the following lemma, which
proves that for every multicommodity flow solution there is an almost
optimal solution consisting of short paths only. Moreover, this short
solution can be efficiently computed using linear programming. For the
rest of the paper, we will use the Shortening lemma with ¢ = 1. Most of
our upper bounds rely heavily on it.

11



Lemma 3.1 (Shortening Lemma) Suppose we are given a network
with flow number F. Then, for any € € (0,1] and any feasible solution
S to an instance of the concurrent multicommodity flow problem with a
flow value of f, there exists a feasible solution with flow value f/(1+ €)
that uses paths of length at most 2- F/(1 + 1/¢).

Proof. Let O denote the set of paths in the solution § with flow value
f and let O" C O consist of all paths from O that are longer than L,
for L = 2 - F/e. We are going to shorten the paths in O’ at the cost of
slightly decreasing the satisfied demand of each commodity.

For a path p € O’ between s, and tp, let ap1 = sp,ap2,---,ap 1 de-
note its first L nodes and by 1,- -+, bp 1, bp, 1 = tp its last L nodes and let
[fp be the size of the flow along p. Then thesetU = U o Ule{ap7i, bp,iy fp}
is (a subset of) an instance of the BMFP. By Claim 2.2, there exists a
feasible solution P to U with flow value at least 1/(2F) consisting of
paths of length at most 2F. We are going to combine the initial and
final parts of the long paths in O’ with these “shortcuts” in P to obtain
the desired short solution.

First, decrease the flows along all paths p € O by a factor of 1/(1+¢)
so that we have room to accommodate new, short paths for the paths in
O'. These short paths are constructed in the following way:

For every path p € O', we replace p by L flow systems S, ;, ¢ =
1,---, L. Each flow system .S, ; consists of two parts:

1. the flow paths between a,; and b,; in P corresponding to the
request {ap i, bpi, fp} from U, now with a flow of f,/(L(1 + ¢)),
and

2. fp/(L(1 + €)) units of flow between ap: and ap,; along p, and
fp/(L(1 + €)) units of flow between b, ; and b, 1, along p.

For each i, the length of each path in the subsystem S, ; is at most
L+2-F,and fp/(L(1 + €)) units of flow are shipped along each path
system S;, ;. Summed over all¢ = 1...L, we have f,/(1+¢) units of flow
between s, = a,1 and t, = b, , which is as high as the original flow
through p reduced by 1/(1+ €). Hence, we can replace p by the systems
Sp,i without changing the amount of flow from s, to ¢,.

12



Now, it holds for every edge e that the flow traversing e due to the
paths in O is at most c(e)/(1 + €), and due to the shortcuts in P is
at most

Ip 2F ‘ e c(e)
”67;86:: L1+ : L(l1+e) )= Tre
since f
Z # < C(e)

Thus, the flows in O and P sum up to at most c(e) for an edge e. There-
fore, the modification yields a feasible solution satisfying the desired
properties. a

4 Offline Algorithms for the UFP

The UFP seems to be much easier with the no-bottleneck assumption.
Therefore, we will assume for most of this section that the no-bottleneck
assumption is fulfilled (i.e. ¢pin > dinasr; remember also the assumption
d; € [0,1]), and only in the last subsection we will deal with the UFP
without this assumption. We start with an elementary bounded greedy
algorithm (elementary BGA) with an approximation ratio of O(F') and
show that for directed networks this is essentially the best possible (if
nothing is known about ¢, apart from ¢y, > 1). Then we present
a weighted BGA with an approximation ratio of O(cp,(F'/¢mi» — 1)),
which is O(log F) if ciin > log F. After this we show that when using
advanced LP rounding techniques, for cpnin = Q(log F') even a constant
factor approximation ratio can be achieved. Finally, we present a simple
greedy algorithm for the UFP without the no-bottleneck assumption
with an approximation ratio of O(y/m).

For a request r let d(r) denote the demand of r and for a flow path
p let d(p) denote the demand of the request associated with p and f,
be the flow value of p. Note that d(p) might be different from f, if p
belongs to a fractional multicommodity flow solution.

13



4.1 The elementary BGA

Consider the following elementary bounded greedy algorithm (or in short,
elementary BGA) [7]: Let L be a suitably chosen parameter. Given a
request, reject it if there is no feasible flow path of length at most L
between its terminal nodes. Otherwise accept it and select any such
path for it.

Theorem 4.1 For any network G with flow number F', the approzima-
tion ratio of the elementary BGA with parameter L = 4 - F, when run
on requests ordered according to their demands starting with the largest,
is at most O(F).

Proof. Let B denote the set of paths for the requests accepted by the
BGA and O be the set of paths in the optimal (integral) solution of
the UFP. By the Shortening Lemma it is possible to modify the optimal
solution O into a (fractional) solution O’ of the same flow value consisting
of paths of length at most 4F only, at the cost of overloading the capacity
of edges by a factor of two.

For a set of paths Q let [|Q|| = >_ o fp, where f, is the flow value
of p. Furthermore, for any e € F and p € O’ let D(e,p) = ||[{¢ : q €
B, e €q, d(g) > d(p) }|| and let D(e) denote the total capacity of edge
e used by paths in B. A path ¢ € B is a witness for a path p € O’
if d(¢) > d(p) and ¢ and p intersect in at least one edge e such that
D(e,p) + d(p) > c(e). A key element in our proof will be the following
fact.

Fact 4.2 Every path p € O' associated with a request that was not ac-
cepted by the BGA must have a witness in B.

The fact holds, since otherwise the BGA would have been able to ac-
cept the request. Now, let O; C O’ consist of all the paths correspond-
ing to requests accepted by the BGA and let O, = O'\ 0;. Clearly,
[|01]] < ||B||- Let E' C E denote the set of all edges on which some
path from O, has a witness in B. By Fact 4.2 each p € O, must have a
witness in B. Since the total demand of the paths in Oy traversing an
edge exceeds the capacity of that edge by a factor of at most two, we
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have ||Oz|| < 237, g cle). For every path p € Oo that has a witness
q € B at edge e it must hold by definition that D(e,p) + d(p) > c(e)
and further D(e,p) > d(q) > d(p). Hence, 2D(e, p) > c(e) and therefore
D(e) > D(e,p) > c(e)/2. Thus, |[Oz]| < 4> .5 D(e) < 16F - ||B]],
because all paths in B are of length at most 4F. Thus, altogether
[|O|] < (16F + 1)||B||, which proves the theorem. o

We note that if it is guaranteed that all requests have demands at
most 1/2 or all requests have demands at least 1/2, than the algorithm
works even without the reordering (which is vital for Fact 4.2 to hold).
This will be used for constructions of the online algorithms.

4.2 A general lower bound for directed networks

Next we show that for directed graphs the approximation ratio obtained
by the elementary BGA is essentially best possible. For this we first have
to adapt the definition of the flow number to directed graphs.

For a node u let cou:(u) denote the sum of capacities of outgoing
edges and ¢;,(u) the sum of capacities of incoming edges. The instance
I of the concurrent multicommodity flow we consider in the definition
of the flow number has for each oriented pair of nodes (v,w) a single
commodity with demand c,ut(v) - ¢in(w)/T. The flow number of the
directed network is the minimum over all feasible solutions S of Iy of
max{C(S), D(S)}.

Theorem 4.3 For any € > 0, it is NP-hard to approximate the UFP on
directed graphs with flow number F =n?, 0 < v < 1/2, within F1~¢.

Proof. Basically, the proof is by reduction from the NP-hard problem
2DIRPATH, using the ideas of a construction by Guruswami et al. [6].
Consider any fixed € > 0. Let k denote the size of a given directed graph
H for which the 2DIRPATH problem is to be decided. Furthermore, let
G be any directed graph of size n = k'/27¢ with flow number F = n".
We construct out of G and copies of H a directed graph G’ with flow
number F' = ©(n?) in the following way.
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Let M be an [ x l-mesh with { = F'~¢ in which all horizontal edges
are oriented to the right and all vertical edges are oriented downwards.
Now, replace every internal node v in M by a copy of H in such a way
that the left incoming edge to v is connected to s;, the right outgoing
edge to t3, and the upper incoming edge to sz, the lower outgoing edge to
to. This results in a directed graph M’ on F1=¢. F1=¢.k = F? nodes (see
also Figure 1). Let ai,...,a;/; denote the first [/2 nodes on the highest
row of M" and by, ...,b;); denote the last [/2 nodes on the lowest row of
M'. In order to obtain the graph G, we connect G to M' via [/2 edges
leading to ay,...,a;/2 and [/2 edges leaving by,...,b; /s, the endpoints
of these edges in G are chosen in the following way.

Let T be any spanning tree in G. Start at some node v in 7" and
follow the edges of T in an Euler tour. For every i € {1,...,(} let S;
denote the set of vertices visited between (i — 1)F + 1 and ¢ - F steps
of the Euler tour. Since every node is visited at most twice in an Euler
tour, a node can appear in at most two different sets S;. For every
i €{1,...,1/2}, connect the first node of set S; to node a; and the first
node of set S;/5,; to node b;. This results in a directed graph G’ with
the following property.

Lemma 4.4 The graph G' has ©(n) nodes and a flow number F' of
O(F).

Proof. Since the flow number of G is F, the flow number of G' is Q(F).
The task is to prove the upper bound. Consider the instance Iy of the
BMFP on G'. All commodities that have both endpoints in G' can be
connected via paths of congestion and dilation at most F'. For all pairs
that have both endpoints in M', we basically distribute the starting parts
of the paths evenly among the nodes by,...,b;/; and from there evenly
among the nodes in each set S;/5,1,...,5;. Furthermore, the ending
parts of the paths are evenly distributed among the nodes ai,...,a;/2
and from there evenly among the nodes in each set S,...,S5;/;. At this
stage we are left with routing another instance of BMFP in G in order to
connect the starting parts with the ending parts of the paths which can
be done by Claim 2.2 with congestion and dilation 2F. The remaining
pairs can be handled similarly. O
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Since ©(n) = poly(k), the size of G' is polynomial in the size of the
graph H. Consider the following instance of the UFP: let s1,...,5;/2 be
the first [/2 nodes of the leftmost column of M’ and t,,...,#;/; be the
first [/2 nodes of the lowest row of M'. The set of pairs to connect via a
path of capacity 1 is given by {(s;,t;) : 1 <1 <1{/2}. Since connecting
more than two of these pairs would mean to solve the 2DIRPATH prob-
lem (cf. [6]), it is NP-hard to distinguish whether there are [/2 = F'~¢/2
disjoint paths or just a single one. O

1/2 edges

=N

’ ‘ | nodes

£ S30IN0S
&
<
-

112 edges

Figure 1: The construction of the graph G'.

4.3 The weighted BGA

In order to get below the lower bound above for specific instances of the
problem (e.g., for high capacity networks), additional parameters apart
from F are needed. Recall the definition of the minimum capacity, cpin =
min, c(e). Since we deal with the no-bottleneck assumption, we have
Cmin > 1. We will assume in the following that cy,;;, is an integral value.
Like other variants of the BGA, also the weighted BGA will process the
requests one after the other without any later rearrangements. For an
edge e and a request r let D(e,r) denote the load of e after processing
all requests before 7. Furthermore, let f,(z) = F*1/¢(¢) for any edge
e. The weight of an edge e before processing request r is defined as
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w(e,r) = fe(D(e,r)), and the weight of a path p for a request r is
defined as w(p,r) = > .., w(e,r). Now we are ready to describe the
weighted BGA, which is related to the AAP algorithm by Awerbuch,
Azar and Plotkin [1] but uses a simpler cost function that allows it to
be implemented in a much more efficient way.

Suppose we have a network G with minimum capacity cpin, and flow
number F. The weighted BGA works as follows: Let L and W be suitably
chosen parameters. Given a request, reject it if there is no flow path p
available for it of length at most L and weight at most W. Otherwise,
accept it and select any such path for it.

The following theorem shows that the weighted BGA improves expo-
nentially with an increasing cpin. When reading the theorem, note that
for the special case of ¢, > log F' it holds cmin-(Fl/cmin —1) = O(log F).
We believe that a similar result can also be shown when using the Short-
ening Lemma in the analysis of Azar and Regev [2].

Theorem 4.5 For any network G with minimum capacity cmin and flow
number F, the approzimation ratio of the weighted BGA with parameters
L=4-F and W =5 F when run on requests ordered according to their
demands is O(cpin - (F*/¢min —1)).

Proof. Let B denote the set of paths for the requests accepted by the
weighted BGA and O be the set of paths in the optimal (integral) solu-
tion to the UFP. By the Shortening Lemma it is possible to modify the
solution O into a (fractional) solution O’ of the same flow value consist-
ing of paths of length at most 4F edges only, at the cost of overloading
the capacity of edges by a factor of at most 2. Let O} C O’ consist of
all flow paths whose requests were rejected by the weighted BGA.

We will need a few more definitions. Let the normalized weight of an
edge e before processing a request r be defined as w(e,r) = d(r) - w(e,r)
and the normalized weight of a path p as w(p,r) = Zeepw(e,r). For
an edge e let rf,...,r; be all the requests that were accepted by the
weighted BGA and routed through e in this order, and let D(e) denote
the final load of e, that is, D(e) = Zf;l d(rg). If there is no danger of
confusion we will omit the upper index e. Recall the definition of D(e,r)
at the beginning of this subsection.
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Consider now any flow path p € O] and let r be the request associated
with it. Then either (a) one of the edges along p, say e, has the property
that D(e,r) + d(r) > c(e), or (b) w(p,r) > W. This has the following
consequences.

(a) We distinguish between two more cases. If d(r) < 1/2, then D(e) >
c(e) —1/2 and the sum of the normalized weights w(e,r;) of e after
all requests have been processed is equal to

k e)>c(e)—1/2

k i—1
Zu‘; (e, ;) Zd(m) Zd (rj) >

(e)—

F-1
hnt Filete) — =~
2 Z Fl/c(e) )

If 1/2 < d(r) <1, then only D(e) > c(e) — 1. It is easy to check
that for every ¢ € {1,...,c(e) — 1} there must be a request r;,
j € A{l,...,k}, such that s — 1 < D(e,r;) < 4. Since d(r;) > 1/2
for every j (recall that the weighted BGA is run on requests ordered
according to their demands), the sum of the normalized weights of
e after all requests have been processed is again at least

[a—y

k c(e)—1
1 - F-1
Be.rs) > 1 opijeey - F-1
;’W(ear ) - ; 2 Q(Fl/c(e) . 1)

In both cases, we will use this to assign to p a relative normalized
weight of:
1 F-1
2c(e) 2(Ft/ele) — 1)~

This is at least
F-1

Llcmin(Fq/cm.m - 1) ’

since for all e, c¢(e) > cmin and therefore c(e) - (F/¢(¢) — 1) <
Cmin - (F/¢min — 1), In the following, let y(z) = z - (F'/* —1).
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(b) Suppose that p = (e1,...,¢e;). Since w(p,r) > W, it holds that

Elizl fe:(D(es,r)) > W. Analogously to the case (a), for every
edge e;, the sum of the normalized weights of the edge e; after all
requests have been processed is at least

[DZ) ) pifeten _ FIPEVAD) — 1 fo (D(e:) — 1
- Fl/c(es) — 1 T F1/e(ed) — 1

Similar to (a) we assign to p a relative normalized weight (now we
sum over all the edges e;):

1 f(D(es)) -1
2 2c(e;) 2- (F/ele) —1)°

e;Ep
which is again at least (by the definition of w(p))

w(p) —1 S W —-L S F
4. ’Y(Cmin) 4 V(Cmin) —4- 'Y(Cmin) '

Recalling where the relative normalized weight of a path comes from
(roughly, it is a lower bound on the sum, over all edges e on p, of the
sum of the normalized weights on the edge e over all requests accepted
on e, multiplied by #(8)), it follows for every path p € O} that

F-1 1
- < U ¢
T2 em) = 2 2o 2 770
Hence, we get

! _ _ 4 7 Cmm
101l= 3" f = PO Cmm)

pe0] peO]

IN

4 - y(Cumin) 1 o
” prZ%(e);w(e,rf)

pe0O] ecp
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eEEpEO’ eEp i=1
4
< He) 55 o
ecFE i=1
4 - y(cmi
- —”( "““)-w(B),

F-1

where @W(B) = > s w(p,rp) and 1, is the request that was accepted
and routed along p by the weighted BGA. From

=Y dp)-wlp,ry) <Y dp)-W=W-||B]| =5F - ||B|
peEB peEB
it follows that ||O1|] < O(y(cmin) - [|B]])- Since ||O" — O1]| < ||B]], also
[|O']] < O(y(cmin)||B][), which concludes the proof. a

4.4 A constant factor approximation algorithm

Next we present a randomized polynomial time algorithm that achieves
a constant factor approximation ratio for the UFP if cy,;, = ©(log F) or
more. Our basic approach will be to first find an optimal (fractional)
multicommodity flow solution to the UFP, i.e. a solution that maximizes
the sum of the satisfied parts of the demands. Afterwards, our aim will
be to round it to an integral solution while losing only a constant in
the total satisfied demand and obeying the capacities of all edges. Our
techniques to achieve this will be based on an improved version [20,
Theorem 3.84] of an algorithm by Molloy and Reed [17] for the Lovasz
Local Lemma.

Theorem 4.6 There is an algorithm that provides in polynomial time
a constant factor approximation for every UFP on a network with flow
number F' and minimum capacity cypi, > vlog F', where 7y is a sufficiently
large constant.

Proof. Given a UFP for some network G = (V, E), our strategy to
obtain a constant factor approximation algorithm for the UFP works
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in four steps: finding an optimal fractional solution, initial rounding,
intermediate rounding, and final rounding. We will assume here that
log F' = o(log m), since the case that log F' = ©(logm) can be solved by
using standard randomized rounding techniques (see [18]). Furthermore,
we will assume that F' is beyond some sufficiently large constant (if F is
smaller, we just have to increase v in a sufficient way).

1. Optimal fractional solution. First, we obtain an optimal frac-
tional solution by computing a (fractional) multicommodity flow that
maximizes the sum of the satisfied fractional demands of the requests,
i.e. >, dj, where dj < d; is the amount of the demand satisfied for re-
quest . Afterwards, we reduce all d; by a fixed constant § to ensure
that the constant increase in the flow caused by the rounding process
afterwards does not violate any edge capacities. In the following, d will
always mean the current demand routed for request i.

2. Initial rounding. Next we transform the solution into a solution
with paths of length at most 4F using the Shortening Lemma. After-
wards, for each edge e, D(e) < c(e)/d’ for some constant 6’ > §/2 (recall
that D(e) is the total flow crossing e). Then, cut each edge e € E
with capacity more than 2c¢p;, into a set of edges F. of capacities in
[min, 2Cmin] With ZfeEe c(f) = c(e). Since every request has a demand
of at most 1, we only have to consider edges of capacity up to the total
number of requests. Hence, ) |E.| is still polynomial in the size of the
UFP instance. We move the demands from e to E, so that for every
f € E. the same constant fraction of c(f) is used.

Now, let vy = logm and let v;11 = (logv;)? for all v; > 0. For
simplicity we assume for the rest of the proof that the following condition
is true:

(*) for every v; and d} with 1/v; < d}, dj is a multiple of 1/v;

We can assume this w.l.0.g., since rounding down each d} to the nearest
multiple of 1/v; for j = 0, then j = 1, then j = 2 and so on as long as
1/v; < di, only decreases d by some constant factor and therefore will
not affect our rounding strategies below.

22



Next we use standard randomized rounding [18] to obtain a multicom-
modity flow with the property that for all requests ¢ with d; < 1/logm
either a single flow path of value d; is used or the request is rejected,
and for all other requests ¢, fractional flow paths with value 1/logm are
used while keeping a total flow of approximately d;. More precisely, the
random experiments are the following:

1. For each request i with d; > 0 and d; < 1/logm, decide with
probability d}/d; whether to increase its demand to d; and if so,
select exactly one of its fractional paths, giving a flow path of value
f a probability of f/d} of being selected. Otherwise, remove all of
its flow paths from the system.

2. For every other request ¢ with d; > 0, we distinguish between two
cases.

(a) If d; < 1/logm, round it to a value of 0 or 1/logm in the
same way as in (1).

(b) Otherwise, cut the fractional path system of the request into
systems with flow value exactly 1/logm (here we use condi-
tion (%)) and round each of them independently to a single
path of value 1/logm, giving a flow path of value f a proba-
bility of flogm of being selected.

Simple Chernoff bounds (see [20] for a whole collection of them) suffice to
show that after this random experiment we have the following situation
with high probability:

e every request ¢ with a remaining flow path either has a single flow
path of value d; if d; < 1/logm or otherwise flow paths of value
1/logm,

e all flow paths have a length of at most 4F,

e the total flow over an edge has increased by at most some addi-
tive O(log F), but is still at least some O(log F') value below the
capacity of the edge (if v and § are sufficiently large), and

e the total amount of flow in the system has decreased by at most
some constant factor.
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All requests ¢ with a single flow path of value d; will stick to their paths
for the rest of the rounding and therefore will not be considered in the
following.

3. Intermediate rounding. The intermediate rounding now works
as follows:

vy = logm

i=0

while v; > F do
viy1 = (logv;)®
ROUND(v;41)
i=i+1

Algorithm ROUND(v) has the task to round the solution so that after-
wards

e every request with d; < 1/v either has a single path of flow value
d; or no path any more,

e every request with d; > 1/v has only flow paths of value exactly
1/v (here we will use the condition (x)),

e the flow value in each edge increased by at most some additional
O((log F)//v), and

¢ the total flow value in the system decreased by at most some factor
of 1 —O(1/v).

Suppose that these requirements can be fulfilled. Then, at the end of
the intermediate rounding,

e every request with d; < 1/F has a single path of flow value d; or
no path any more,

e every request with d; > 1/F has only flow paths of value at least
1/F,

e the flow value in each edge increased by at most an additional
©(log F) factor throughout the whole rounding process, and

e the total flow value in the system decreased by at most some
constant factor compared to the situation before the intermediate
rounding.
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This would allow us to perform some final rounding. But first we explain
how ROUND(v) can fulfill its task.

We start with some additional notation. Let 7 = {¢1,...,t,} be a
set of independent random trials, and let 4 = {A;,..., A,,} be a set of
events such that each A; is determined by the outcome of the trials in
T; C T. We say that T} intersects T; and A; intersects A; if T; NT; # (.

For any t;,,...,t; € T; and any wj,,...,w;j in the domains of
tiryse oo tjy, we define Pr*[A; | t;, = wj,,...,t;, = w;j,] to be the proba-
bility of A; conditional on the event that the outcomes of ¢;,,...,¢;, are
Wj,,...,w;,. We sometimes just say Pr*[4;] if it causes no ambiguity,
always meaning ¢;,,...,%;, to be the set of trials already carried out and
Wy, ..., W, to be their outcomes. For k = 0, we have Pr*[4;] = Pr[4,].
The following theorem will be applied (see [20, Theorem 3.84)):

Theorem 4.7 ([20]) If we have the following:

1. for each 1 <i <m, Pr[A;] < p;

2. each T; intersects less than d other T;’s;

3. for each 1 < i <m, |T;| < w;

4. p-d® < (1/2e)3;

5. prw <1y

6. for each 1 < j <n, we can carry out the random trial in time T;

7. foreach1 <i <m,tj,...t;, €T; andw;j,,...,wj, inthe domains
of tj,,...tj,, we can compute Pr*[A;] in time T2;

then there is a randomized O(n-d-(11+72)+n (7 1og® ) m+20oslos m) 2™ ))-
time algorithm which will find outcomes for ty,...,t, such that none of
the events in A holds.

We say that a request i participates in ROUND(v) if d; > 0 but it still
does not have a single path of flow value d;. For ROUND(v) we will use
the following random experiment:

1. For each participating request i with d; < 1/v, decide with proba-
bility d}/d; whether to increase its demand to d; and if so, select
exactly one of its fractional paths, giving a flow path of value f a
probability of f/d} of being selected. Otherwise, remove all of its
paths from the system.
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2. For every other participating request 7, we combine its flow paths
into sets with flow value of exactly 1/v (this is ensured by condition
(x)). Each of the sets is rounded independently of the other. For
each set, exactly one of its paths is selected and its flow value
increased to 1/v, giving a flow path of value f a probability of v- f
of being selected.

Expressing this in the framework of trials and events, each trial ¢; repre-
sents the outcome for a single set of flow paths of a participating request
and each event A; represents the bad event that the flow value in an edge
increases by more then some additional O((log F')/¥/v). In addition, we
use events B; to ensure that after the rounding the total flow in the
system decreased by at most a factor of 1 — O(1/v). To achieve this, we
group the flow paths into sets S; with a total value in [v3(1/v), 2v3(1/v)].
If this is not possible, then there can be at most v3 -2V flow paths left
at the beginning of ROUND(v) (note that for v;4; = v it holds that
v; = 2\%). In this case, a single performance of the random experiment
described above suffices to achieve the objectives with sufficiently high
probability (as one can see below when we determine the probabilities).
Hence, we can assume w.l.o.g. that there are at least v3 -2 V7 flow paths
left at the beginning of ROUND(v). For each S;, the expected amount of
flow that will remain in S; is in the interval [v®(1/v),2v3(1/v)]. B; now
represents the bad event that the total amount of flow left in S; after
performing the random experiment above is less than (1 —O(1/v)) times
the expected value. If it can be ensured that none of the events A; and
B; hold, then it is easy to check that all requirements for ROUND(v) are
fulfilled. Hence, it remains to show with the help of Theorem 4.7 that it
is possible to find outcomes for the random experiments in polynomial
time so that none of the events is fulfilled.

We start with bounding the probability for the events A; and B; to
occur. One can easily show via Chernoff-Hoeffding bounds [20] that

PI‘[Ai] < e_(a/ Yv)?-log F/(3/v) < e—az Yvlog F/3
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for a constant a > 0 that can be made as large as required (as long as
and § are sufficiently large). Furthermore, one can show that

Pr[B,] < e (B/0)7°/2 — g=B%/2

for a constant S > 0 that can be made sufficiently large. Since /v >
log F', we can therefore set p = e Ylog F ag ap upper bound for both
Pr[A;] and Pr[B;].

Next we bound the dependencies between the events. For this we
consider three cases:

1. Dependencies among A;’s: Since the edge associated with A; is
used by at most O(log F'- 2%) flow paths, each of these flow paths
belongs to a rounding set of at most 2V flow paths, and every
flow path has a length of at most 4F, an A; can intersect at most
O(Flog F - 2V7) many other 4;’s.

2. Dependencies among B;’s: Since every B; contains at most O(v® -
2V7) flow paths before the random experiment and each of these
flow paths belongs to a rounding set of at most 2V7 flow paths, a
B; can intersect at most O(v® - 22¥7) many other B;’s.

3. Dependencies among A;’s and B;’s: Since every edge associated
with an A; contains at most O(log F' - 2V7) flow paths and each
of these flow paths belongs to a rounding set of at most 2V flow
paths, an A; can intersect at most O(log F'-2%¥?) many other B;’s.
On the other hand, since every B; contains at most O(v3 - 2V7)
flow paths, each of these flow paths belongs to a rounding set of at
most 2V flow paths, and every flow path has a length of at most
4F, a B; can intersect at most O(F log F' - 2¥%) many other Aj’s.

Hence, every event intersects at most d = O((F log F + v®) - 22¥7) other
events. Since a can be chosen so that p-d® < (1/2e)? and p- |T;| < 1
for every T;, it follows from Theorem 4.7 that the task specified for
ROUND(v) can be achieved in polynomial time.
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4. Final Rounding. Finally, we want to round the flow paths of the
remaining requests so that afterwards,

e every remaining request 7 has a single flow path of value d;,

e the flow along every edge increases by at most an additive ©(log F),
and

e the total flow of the system decreased by at most some constant
factor.

This would result in the theorem. In order to achieve this, consider the
following random experiment:

Each participating request ¢ decides with probability d;/d; to increase
its demand to d; and if so, selects exactly one of its flow paths for this,
giving a flow path of value f a probability of f/d..

Let each event A; represent the bad event that the flow value of an
edge increases by more than an additive ©(log F'). In addition, we will
again use events B;. For this we group the flow paths into sets S; with
a total value in [8log F, 23 log F'| for some constant 5 > 0. Obviously,
the expected amount of flow in .S; after the random experiment is also
in [Blog F, 23 log F']. B; represents the bad event that the total amount
of flow in S; is by more than a constant factor smaller than its expected
value. If it can be ensured that none of the events A; and B; are true,
then the requirements for the final rounding would be fulfilled. We again
want to use Theorem 4.7 to show that this can be achieved in polynomial
time.

We start with bounding the probability for the events A; and B; to
occur. One can easily show via Chernoff bounds that

PI‘[Ai] < e—alogF

for a constant a > 0 that can be made as large as required (as long as v
and § are sufficiently large). Furthermore, one can show that

Pr[B;] < e #'logF

for a constant 8’ > 0 that can be made sufficiently large. We can there-
fore set p = e~*1°8 F a5 an upper bound for both Pr[4;] and Pr[B;].
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Since the edge associated with A; is only used by at most O(F log F')
flow paths and each B; contains at most O(F log F') flow paths before
the random experiment and every flow path has a length of at most 4F,
each trial set T; intersects at most d = O(F?log F') other T}’s. Since o
can be chosen so that p-d® < (1/2e)® and p- |T;| < 1 for every Tj, it
follows from Theorem 4.7 that the task specified for ROUND(v) can be
achieved in polynomial time.

Hence, altogether we obtain a feasible solution for the UFP (if v and
0 are sufficiently large) with asymptotically the same total demand as
the optimal fractional solution for the UFP, which concludes the proof.

a

4.5 The UFP without the no-bottleneck assumption

In contrast to the previous subsections here we allow cnin < 1, that is,
demands may be larger than the minimal edge capacity.

Consider the following careful BGA: Order the requests according to
their demands starting with the heaviest. Accept a request r if there
exists a feasible path p for it such that after routing r the total flow
on at most /m edges of p is larger than half of their capacity. We say
that the request r uses these edges in their upper half. Let B; denote
the solution we get. Let By denote the solution we get when running
the greedy algorithm (without any restriction) on the requests sorted in
decreasing order of their demands. As our solution we take the maximal
of these two, that is B = max (B, Bz).

Theorem 4.8 The solution of the careful BGA is a (61/m+1)—approzimation.

Proof. Let O denote the optimal unsplittable flow and O' C O its
subset consisting of requests rejected by both runs of the careful BGA
algorithm, that is of requests neither in B; nor in By. Obviously ||O —
O'|| <2-||B||. Consider a path p € O'. There are two possible reasons
why the request r corresponding to p was not routed along p by the
weighted BGA: either p was infeasible, which means the existence of
an edge e € p where r did not fit in, or there are (at least) \/m edges
€1, ", € m on p that would be used by r in their upper half, that is for
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each e; the sum of d(p) and the flow on e; in the moment of deciding
about p was larger than half of their capacity c(e;)/2.

Let us think about the first rejection reason. Since the requests were
processed according to their demands, the flow on e in the moment of re-
jecting p was more than c(e) /2. Consider the paths from B; participating
on this flow that use the edge e in the upper half. Again, due to pro-
cessing the requests according to their demands, the sum of flow values
of these paths is at least c(e)/4 (hint: distinguish between d(p) < c(e)/4
and d(p) > c(e)/4). Each of these paths ¢ is a type I witness of p and
its weight for p is d(q) - d(p)/c(e). Note that the total weight of each
path ¢ € B; as a type I witness for paths in O’ is at most d(q) - v/m,
and, on the other hand, each path p € O’ rejected for the first reason
has witnesses in B; with total weight at least d(p)/4. Thus, the total
demand of paths rejected for the first reason is at most 4/m/||B]|.

If the path p € O was rejected for the second reason then either (a)
there are more than /m/2 edges on p such that d(p) > c(e)/2 for each
of them, or (b) there are /m/2 edges each with a flow at least d(p). In
the former case, the total number of paths in the optimal solution that
use more than a half of capacity of more than /m/2 edges is less than
2y/m and their total demand is at most 2,/m||Bz||. In the latter case,
the paths on the y/m/2 edges are called type II witnesses and the weight
of ¢ which meets on e; with p is d(q) - d(p)/c(e;). Clearly, the weight of
each path ¢ € B as a type II witness is at most d(g) - m and, on the other
hand, the total weight of type II witnesses for each path in O’ rejected
for the ‘2b’ reason is at least \/m - d(p)/2. The total demand of paths
rejected for the ‘2b’ reason is at most 2,/m||By]|. o

Note that the flow number is useless without the no-bottleneck as-
sumption. For example, think about an expander network G (V, E;) on
n nodes with all edge capacities equal to 1 —¢, for some € > 0, and about
a mesh G5(V, E3) on n nodes with all edge capacities equal to one. The
flow number of a network G(V, E; U E>) is O(logn) but if all requests
have demands larger than 1 — ¢, they can only make use of the mesh
subnetwork with flow number ©(y/n). Thus, the flow number does not
help to get better algorithms in this setting.
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5 Online algorithms for the UFP

So far we only presented offline algorithms. Since in real systems requests
usually arrive in a continuous fashion, it is important to find also efficient
online algorithms. Throughout the section we will assume that the no-
bottleneck assumption is true, i.e. cpin > 1.

Our aim will be to ensure that at the end of any input sequence of
requests, the total demand of the connected paths is close to the best
possible total demand. That is, we search for algorithms with a compet-
itive ratio that is as small as possible. As a reminder, the competitive
ratio of a deterministic online algorithm is defined as

B OPT (o)
TSP ON()
where the supremum is taken over all possible sequences of requests o,
ON (o) is the profit of the online algorithm on o, and OPT (o) is the
profit of an optimal offline algorithm. In our case, the profit is the sum
of all satisfied demands. Similarly, the competitive ratio of a randomized
online algorithm is defined as

B OPT (o)
T EON ]

5.1 Online algorithms that do not cancel paths

If cin > 1, then we can use the weighted BGA presented in Section 4.3
to obtain the following result.

Theorem 5.1 For any network G with capacity cpin > 1 and flow
number F', the competitive ratio of the weighted BGA with parameters
L=4-Fand W = 5-F and cost function f.(z) = Fl*1/(cle)=1) 45
Ocain - (FM/(emin=1) 1)),

Proof. The proof works in the same way as the proof of Theorem 4.5.
The difference is that here the requests are not processed according to
their demands, which results in a weaker bound (i.e., the power 1/(cmin—
1) in the on-line case versus 1/cmin in the off-line case). |
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The next theorem shows that for constant cn;, this upper bound is
best possible by providing a matching lower bound. The proof is based
on an argument given by Awerbuch et al. [1].

Theorem 5.2 For all F' and all integral 1 < cpin < logF' there is
a network G of minimum edge capacity cmin and flow number F such

that the competitive ratio of any deterministic algorithm applied to G is
Q(Fl/(cmarl))'

Proof. We will restrict ourselves to considering a linear array with edge
capacities ¢y, consisting of n nodes numbered from 1 to n. Obviously,
in this case F' = O(n). The general case can simply be obtained by
attaching a linear array of F' nodes and edge capacities ¢, to a network
with flow number F' and minimal edge capacity cmin-

Let 7. denote the request between 1 and n with demand ¢ and r;
denote the request between 1 and n with demand one. Since any deter-
ministic algorithm must always accept the first request in any sequence
of requests, for cy;, = 1 its profit on a sequence r.r; is ¢ while the op-
timal profit is one. It follows that for ¢y, = 1 no deterministic online
algorithm can have a bounded competitive ratio, since 1/e approaches
infinity as ¢ approaches zero.

Consider now the case cyj, > 1. From similar reasons as above, given
the sequence rr;, any deterministic algorithm must accept both re-
quests. Suppose now that cy,;;, = 2 and that the input sequence consists
of rery followed by a subsequence of n—1 requests (1,2)(2,3) --- (n—1,n)
of demand one presented two times (i.e., there are 2(n — 1) further re-
quests after r.ry). The profit of any deterministic online algorithm with
bounded competitive ratio is at most 1 + € (it had to accept the second
request and there was not enough space left for the later requests) while
the optimal profit is 2(n — 1). That is, for ¢yin = 2 the lower bound on
the competitive ratio is Q(n) = Q(n!/(emin=1)),

Since now on we assume that cpi, > 3 and let k = cpin — 1. For the
purpose of the lower bound we will consider only very specific request
sequences. Let R; = {(I-n*=9)/% + 1, (14 1)-n*k=9)/k);0 <1 < ni/*} for
j =0,--- k. All our input sequences will be of the form r.UyU; --- Uy,
where U; C R; for every j and U; can be a multiset.
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Let ALG be any deterministic algorithm. We are going to show by
induction the following claim: Either,

(a) foreveryi = 1,---,k there exists an input sequence S; = r.Up - - - U;
such that ALG accepts at least one request from every U;, 0 < j <
i, and moreover, for every j, 0 < j < i — 1, every request accepted
by ALG from Uj;, overlaps with some other request accepted by
ALG from U; and every request accepted by ALG from Uj inter-
sects with some other request accepted by ALG from Uji4; or

(b) there exists an input sequence for which the solution of ALG is
Q(n'/*) times worse than the optimal solution.

The initial step, i = 1. Assume by contradiction that the claim
does not hold. Consider the input sequence r. RyR; R;. By the previous
discussion we know that ALG has to accepts the first two requests (note
that Rp = {r1}) and by the contradiction assumption it does not accept
any request from R;. But then the profit of online is 1 + ¢ only, while
the optimal profit is at least 2n!/%.

The induction step. Again, assume by contradiction that the claim
holds up to ¢ but does not hold for i + 1. Let S;+; be the following
extension of the S;: for every request r from U; accepted by ALG we
add to Si+1 n'/* new requests from R;,1 overlapping with r, and in fact,
we add each of these new requests cmin times (i.e., U1 = U7 Rit1).
Similarly as in the initial step, the ALG does not accept any of the new
requests from U;;;. Let g denote the number of requests accepted by
ALG from U;. Then the profit of ALG is at most € + 1 + i - g while the
optimal profit is at least cuiy - g - nt/%.

If the claim is true because of the part (b) we are done. Otherwise,
it is easy to extend the sequence Sj to Siy1 in the same way that was
used in the proof of the induction step and show that the profit of ALG
on Sj41 is Q(n'/*) worse than the optimal profit. a

The performance guarantee of the weighted BGA in the online setting

(Theorem 5.1) is asymptotically weaker than its performance guarantee
in the off-line setting (Theorem 4.5). Moreover, Theorem 5.2 shows that
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for small ¢y, this is the best possible. However, there are still ways to
get better algorithms even in the online setting;:

1. To use randomized algorithms. Both the elementary BGA and
weighted BGA can be easily modified into algorithms with the
same performance guarantee as their off-line counter parts. This
is considered in Theorems 5.3 and 5.4.

2. To allow the on-line algorithm to cancel previously established
paths. Subsection 5.2 deals with this setting.

For cpin = 1, the randomized elementary BGA works as follows,
using the same trick as Azar and Regev [2]: With probability 1/2 either
consider only requests of demand less than 1/2 or consider only requests
of demand at least 1/2. Use the elementary BGA with parameter L = 4F
to decide whether to accept or reject requests in the chosen group.

Theorem 5.3 The randomized elementary BGA has a competitive ratio

of O(F).

Proof. Let O be the set of paths accepted by the optimal solution.
Furthermore, let O’ be the set of paths with demands less than 1/2 and
O" be the set of paths with demands at least 1/2. The result easily
follows from the remark after Theorem 4.1. With probability 1/2 the
algorithm considers only those requests (either smaller or larger than
1/2) that compose most of the optimal profit and on this subsequence
the performance is guaranteed by Theorem 4.1. O

The same separation trick also works when applied to the weighted
BGA.

Theorem 5.4 The randomized weighted BGA has a competitive ratio
of O(Cmin - (Fl/(cmi") - 1))

5.2 Online algorithms that cancel paths

In this section we will present online algorithms that are allowed to
cancel paths. However, any request whose path has been cancelled is
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not allowed to be reestablished later. Hence, the online algorithms we
will consider are still very restricted: the requests arrive one after the
other, and for each of them the algorithm has to decide before knowing
the next requests in the input sequence whether to accept it or not. If
the request is accepted, a flow path has to be provided for it that, in
addition to the already established paths, does not exceed the capacity of
any edge. To achieve this, the algorithm is allowed to cancel previously
connected requests but cannot reconnect them later.

Consider the following online algorithm, called rude BGA with pa-
rameter L: Given a request of demand d, check whether there is a flow
path of value d and length at most L available for it after canceling pre-
viously established paths of total flow value at most d/2. If so, establish
the new request along any of these paths and cancel the corresponding
old requests (if necessary). Otherwise, reject the request.

We call paths that get cancelled due to a request r victims of r. The
rude BGA has the following performance.

Theorem 5.5 The rude BGA with parameter 4F has a competitive ratio
of O(F).

Proof. Let B be the paths used at the end by the rude BGA and O be
the paths used by an optimal offline strategy. For any path p let f, be
its flow value and d(p) be the demand of the request associated with it.
For any set of paths @ let ||Q|| = >_ o fp- Let B’ be the set of all flow
paths ever selected by the rude BGA, even if they were cancelled later
on.

Lemma 5.6

IBIl < 2-IB]|

Proof. Our strategy for proving the lemma will be to distribute the
flow values of the paths in B in a suitable way among the paths in B’.
Suppose that in a first step every path p € B moves f,; units of its flow
to each of its victims q. This is possible, since the flow value of p exceeds
the flow values of its victims by a factor of at least 2. Next, each victim
g that got a value of f; moves a value of f, to each of its victims ¢'.
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This is continued until all paths in B’ have received a flow value. Since
the rude BGA ensures that the sum of the flow values of the victims of
a path p is at most d(p)/2, it is easy to see that the values of the paths
in B are distributed by the above process among the paths in B’ so that
every path g € B’ has a value of at least d(g)/2. Thus, ||B'|| < 2-]|B||-

O

For an edge e € E let D(e) denote the sum of flow values of the paths
in B’ passing through edge e. A set of flow paths {q1,...,q;} C B’ is
a set of witnesses for a flow path p € O if ). d(q;) > d(p)/2 and for
every i, g¢; and p share at least one edge. As in the previous proofs the
goal is to show that the requests rejected by the rude BGA but accepted
by OPT have enough witnesses in B’ without using each path in B’ too
often as a witness.

According to Theorem 3.1 we can assume that all paths in O have
a length of at most 4 - F' and for every edge e the sum of the demands
of paths in O crossing e is at most 2c(e). Let O’ be the set of all
paths in O that do not correspond to requests accepted by B’. Since
[0\ O'|] < [|B'|] it remains to bound ||O’||.

First note that each p € O’ must have a set of witnesses in B’ since
otherwise the rude BGA would have been able to accept the correspond-
ing request. Let E' C E denote the set of all edges e on which some path
from O' has a witness in B’ and for which D(e) > c(e)/2. Let O" C O’
be the set of paths that contain at least one edge from E’. Then

O < Y 2¢(e) <4 > D(e) <16-F-||B]|,

ecE' ecE'’

because all paths in B’ are of length at most 4 - F'.

For each of the remaining paths p € 0"\ O" it holds that there must
be a set of edges Ej with d(p) <23 .. D(e) and d(p) > c(e) — D(e)
for all e € E, since otherwise the rude BGA would have been able to
accept the request corresponding to p. Let E" = Upeo'\o” E, be the set
of all of these edges. Since for every p € 0"\ O" we have D(e) < c(e)/2
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for all e € E,, it holds that d(p) > c(e)/2 for all of these edges. Thus,

fi
IOVl = > fy= D g ed)
peol\orr peol\ou p
f f
< > =E.23 Dle)=2) De) > =P
1 " d(p) " i n. d(p)
peO’'\O ecE, ecE peO'\O": e€E,p
< 4 D(e) > igsZD(e)gw-F-nB'n.
ecE" peEO'\O": e€E,p C( ) ecE"
Therefore, ||O'|| < 48 - F - ||B||, which completes the proof. O

Next we show that for the case that cp;, is known and cp;, > 1,
a better competitive ratio can be achieved when using the following
weighted rude BGA: Let L and W be suitably chosen parameters. Given
a request 7, accept it there is a flow path for r of length at most L and
weight at most W, with a possible cancelation of old paths with total
weight at most W/2. Otherwise, reject it.

Theorem 5.7 For any network G with capacity C' and flow number F,
the competitive ratio of the weighted rude BGA with parameters L = 4-F
and W =5 - F is O(cpp - (FY/¢min —1)).

Proof. The proof is basically a combination of the proofs of Theo-
rem 4.5 and Theorem 5.5: First, it is shown that the weighted rude
BGA ensures that @w(B') < 2w(B). Then B' (or actually the highest
total demand each edge ever reaches during the algorithm; all other
requests can be neglected) is compared with O and it is shown that

107]] < = ().

Given a flow path p associated with a request r that was accepted by
the optimal algorithm but not by the weighted rude BGA, cases (a.1)
and (b) from the proof of Theorem 4.5 go through as before. The only
problematic case is (a.2), i.e. 1/2 < d(r) < 1, namely the situation
when the minimum weight of paths that have to be cancelled in order

to be able to route the request r along the path p, exceeds half of the
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weight of p while the weight of p is still at most W. Recall that the
weight of a path ¢ is w(q) = > .., w(e). Let v(e) denote the total
weight of the paths passing through an edge e € p that would have had
to be cancelled in order to accept r along p. Since r was rejected, it
must hold that w(p) <23 . v(e). Hence, there must exist an e € p
with v(e) > w(e)/2. Let @ be the set of paths corresponding to v(e).
Since d(r) < 1, all paths ¢ € @ must have a normalized weight of at least
d(q)- f(c(e)—1). Hence, all paths ¢ € @ together must have a normalized
weight of at least v(e)- f(c(e) —1) > (w(e)/2)- f(c(e)—1) > f(c(e)—1)/4
(recall that w(e) > 1/2). This allows to show in a similar way to (a).2
that the total normalized weight of all paths in e is at least ﬁ.
Thus, the analysis goes through as before. O

6 Open Problems

In this paper we made a significant advance in proving better bounds
on the approximation ratio and the competitive ratio of algorithms for
the UFP. However, many problems remain open. For instance, are there
lower bounds on the approximation ratio for undirected graphs that are
close to those for directed graphs? Is the Shortening Lemma essentially
best possible in a sense that any rearrangement to short paths does
cause a decrease in the flow value? Can constant factor approximation
schemes also be found for ¢, = o(log )7 Also, although the presented
algorithms substantially improve the previous upper bounds, they still
do not make use of the fact that all the paths in the optimal solution for
the UFP have to be unsplittable. In fact, they only compare the offline
or online solution with an optimal fractional solution (and the fractional
solution may be significantly larger - by a v/m factor on the brick wall).
How can the unsplittability be exploited in the analysis to obtain better
bounds?
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