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Dedi
ated to the memory of Japie Vermeulen

Abstra
t. We present a �rst order formula 
hara
terizing the distributive latti
es

L whose Priestley spa
es P(L) 
ontain no 
opy of a forest T . For Heyting algebras

L, prohibiting a poset T in P(L) is 
hara
terized by equations i� T is a tree. We

also give a 
ondition 
hara
terizing the distributive latti
es whose Priestley spa
es


ontain no 
opy of a forest with a single additional point at the bottom.

1. Introdu
tion

Priestley duality provides an important link between distributive latti
es and (spe-


ial) ordered topologi
al spa
es. Some properties of distributive latti
es L are well-

known to be expressed in forbidden 
on�gurations in the order stru
ture of the 
or-

responding spa
es P(L). Thus, for instan
e, L is a Boolean algebra i� P(L) has just

one layer, that is, if it 
ontains no non-trivial 
hain. Or L is relatively normal i�

P (L) is a forest, that is, if it 
ontains no 
opy of the three element set ft

0

; t

1

; t

2

g,

where t

0

< t

1

; t

2

and t

1

and t

2

are unrelated. Or there are the distributive latti
es of

Adams and Beazer 
hara
terized by non-existen
e of an n-
hain in P(L).

The question naturally arises as to whether, given a �nite poset T , the latti
es L for

whi
h P(L) does not 
ontain a 
opy of T 
an be 
hara
terized by a �rst order 
ondition

in the language of latti
e theory. In this arti
le we answer this question in the positive

for trees and forests T , and for their duals. Moreover, for Heyting algebras L we show

that trees are pre
isely the forbidden 
on�gurations whi
h determine subvarieties (or,

equivalently, subquasivarieties) of the variety of Heyting algebras.

The authors 
ontinue to investigate the general problem: to �nd \ni
e" 
onditions


hara
terizing those latti
es whose Priestley spa
es admit no 
opy of a given poset.

In this arti
le, the te
hniques developed for forests are modi�ed to treat forests with a

single additional point at the bottom; this is Theorem 5.6. The 
ondition that arises,

however, is not �rst order on its fa
e, and we do not know if a �rst order 
ondition

exists. Many more types of posets 
an be handled similarly, and in fa
t a solution
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to the general problem seems possible. But these results 
onstitute another arti
le in

preparation.

2. Preliminaries

A Priestley spa
e is an ordered 
ompa
t spa
e (X; �;�) su
h that for any two

x; y 2 X with x � y there is a 
losed open in
reasing U � X su
h that x 2 U

and y =2 U . The 
ategory of Priestley spa
es and monotone 
ontinuous maps will be

denoted by

PSp:

There is the famous Priestley duality (see, e.g., [10℄, [11℄) between PSp and the


ategory

DLat

of bounded distributive latti
es. The equivalen
e fun
tors

P : DLat! PSp

op

; D : PSp! DLat

op


an be give as

P(L) = fx j x is a proper prime ideal on Lg; P(h)(x) = h

�1

[x℄;

D(X) = fU j U is a 
lopen de
reasing subset of Xg; D(f)(U) = f

�1

[U ℄;

P(L) is endowed with a suitable topology and partially ordered by in
lusion; in this

arti
le we will be 
on
erned solely with the partial order.

Finite Priestley spa
es are the �nite partially ordered sets (with the dis
rete topolo-

gies). Note that, however, the fun
tor D asso
iates with a �nite (X;�) the (lower)

Alexandro� topology (not the dis
rete one) and that thus the restri
tion of D to the �-

nite 
ase 
oin
ides with the restri
tion of the open-set-latti
e fun
tor 
 : Top! Frm

to �nite T

0

-spa
es. (Frm is the 
ategory of frames, that is, 
omplete latti
es with the

distributivity (

W

a

i

) ^ b =

W

(a

i

^ b).)

The full sub
ategory of DLat 
onsisting of the Heyting latti
es, i.e., those latti
es

of DLat admitting the Heyting operation, will be denoted by

HLat:

We will also 
onsider the variety of Heyting algebras with Heyting homomorphisms

and denote it by

Hey:

The letters a; b; 
 and d, often de
orated by subs
ripts or primes, will be reserved for

the elements of the distributive latti
es. The prime ideals on su
h latti
es L (elements

of P(L)) will be typi
ally denoted by x; y; z. For a subset A � L we use

Idl(A) =fa j a �

_

A

0

for some �nite A

0

� Ag and

Fltr(A) =fa j a �

^

A

0

for some �nite A

0

� Ag
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to designate the ideal and �lter, respe
tively, generated by A

0

. The set of all proper

ideals on L (ordered by in
lusion) will be denoted by

J(L):

De�nition 2.1. If A is an ideal and B a �lter on L we set

A # B � f
 : 9a 2 A; b 2 B (b ^ 
 � a)g ;

A " B � f
 : 9a 2 A; b 2 B (b ^ 
 � a)g :

Obviously, A # B is an ideal and A " B is a �lter. For general subsets A;B � L

we write A # B meaning Idl(A) # Fltr(B). For elements a; b 2 L we write a # B and

A # b for fag # B and A # fbg. Thus for instan
e a # b = f
 j b ^ 
 � ag. The dual


onventions apply to A " B and a " b.

Lemma 2.2. Let A;B � L. Then the following, and their duals, hold.

1. A � A # B.

2. (A # B) # B = A # B.

3. A # B is proper i� A \B = ;.

4. For an ideal A and a �lter B su
h that A # B is proper (that is, A \ B = ;)

there is an x 2 P(L) su
h that A � x and x \ B = ;.

Proof. We leave the proofs of the dual statements to the reader. (1) 1^ a � a. (2) If


 2 (A # B) # B there is a d 2 A # B and a b 2 B su
h that b ^ 
 � d. There is an

a 2 A and a b

0

2 B su
h that b

0

^ d � a; hen
e (b ^ b

0

) ^ 
 � a. (3) A # B is proper

i� 1 =2 A # B i� b � a for any a 2 A and b 2 B.

(4) Using Zorn's lemma we obtain an ideal J maximal with respe
t to J � A

and J \ B = ;. J is prime, for if 


1

; 


2

=2 J it 
an only be be
ause there exist

b

i

2 Idl (


i

; J) \ B, from whi
h we get

b

1

^ b

2

2 Idl (


1

; J) \ Idl (


2

; J) \ B = Idl (


1

^ 


2

; J) \ B;

and this implies that 


1

^ 


2

=2 J . Put x � J .

The symbol T will designate a �nite poset.

De�nition 2.3. A map m : T ! J(L) (resp. m : T ! P(L)) is said to monotone if

� � t =) m (�) � m (t) ;

and m is said to be a 
opy of T if it is monotone and

� � t =) m(�) * m(t):

A mapping a : T ! L is a separator of a monotone map m : T ! J(L) (resp.

m : T ! P(L)) provided that for all t; � 2 T ,

a (�) 2 m (t)() t � �:

We say that a separates m.

We introdu
e a handy notation.
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De�nition 2.4. For a map a : T ! L de�ne an asso
iated map a

0

: T ! L by the

rule

a

0

(t) �

_

t��

a (�) ; t 2 T:

Then a separates the monotone map m i� a

0

(t) 2 m (t) and a (t) =2 m (t) for all

t 2 T .

Obviously a monotone map with a separator is a 
opy, whether in I (L) or P (L).

The 
onverse holds for monotone maps into P (L).

Lemma 2.5. Ea
h 
opy x : T ! P(L) has a separator.

Proof. Fix t 2 T . For ea
h � � t 
hoose a b(�) 2 x(�)rx(t) and set a(t) =

V

��t

b(�).

Sin
e x(t) is prime, a(t) =2 x(t), and of 
ourse a(t) 2 x(�) for all the � � t.

3. Prohibiting forests

In a poset we will write

� � t

and say that � is a des
endent of t, or that t is an as
endent of � , if � < t and if for

every s, � � s � t implies that either s = � or s = t. Denote by

� max(T ) the set of all maximal elements of T , and by

� min(T ) the set of all minimal elements of T .

A �nite poset T is said to be a forest if ea
h t 2 T has at most one as
endent. A

forest T with exa
tly one maximal element is 
alled a tree, and its maximal element

will be denoted by e

T

, or simply by e. Obviously, forests are pre
isely the disjoint

unions of trees. From this point until Theorem 4.1 we assume T to be a forest.

Without this assumption the next result, whi
h is 
ru
ial for our purposes, does not

hold.

Proposition 3.1. Let a : T ! L separate the 
opy J : T ! J(L). If

J(t) # a(t) = J(t); t 2 T;

then there is a 
opy x : T ! P(L), separated by the same a, su
h that x(t) � J(t)

for all t.

Proof. First, for maximal elements t of T 
hoose x(t) 2 P(L) su
h that x(t) � J(t)

and x(t) \ Fltr(a(t)) = ;, by Lemma 2.2(4). Then a(t) =2 x(t), and for any other

maximal t

0

we have a(t

0

) 2 J(t) � x(t).

Now suppose J has already been extended as desired on an in
reasing subset T

0

of

T 
ontaining max (T ). Let T

00

be T

0

augmented by all the des
endents � of elements

t minimal in T

0

. For � 2 T

00

r T

0

with as
endent t we have

J(�) \ Fltr((Lr x(t)) [ fa(�)g) = ;:

Indeed, otherwise we would have b ^ a (�) 2 J(�) for some b =2 x(t) and hen
e

b 2 J(�) # a(�) = J(�) � J(t) � x(t), a 
ontradi
tion. Choose by Lemma 2.2(4)
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an x(�) in P(L) su
h that x(�) � J(�) and x(�) \ Fltr((L r x(t)) [ fa(�)g = ;. In

parti
ular, a(�) =2 x(�) and a

0

(�) 2 J (�) � x (�) by 
onstru
tion. When this pro
ess

is 
omplete, it is 
lear that we have a monotone map x : T ! P (L) separated by

a.

De�nition 3.2. Let T be a forest and a : T ! L any mapping. De�ne I

a

: T ! J(L)

indu
tively by setting

I

a

(t) �

 

[

�<t

I

a

(�); a

0

(t)

!

# a(t):

A 
ouple of remarks about De�nition 3.2 are in order. We subs
ribe to the 
on-

vention that a union over an empty index set is empty, so that for t 2 min (T ) the

de�nition redu
es to I

a

(t) � a

0

(t) # a(t). And in the presen
e of this equation, it is

enough to require in addition only that

I

a

(t) =

 

[

��t

I

a

(�); a

0

(t)

!

# a(t)

for t 2 T nmin (T ).

Lemma 3.3. If a separates a 
opy x : T ! P(L) then I

a

(t) � x(t) for all t 2 T .

Proof. We indu
t on T from the bottom up. It t 2 min (T ) then any 
 2 I

a

(t) satis�es


 ^ a(t) � a

0

(t) 2 x(t). Sin
e a(t) =2 x(t) and x(t) is prime, 
 2 x(t). Assume that

I

a

(�) � x(�) for all � < t. If 
 2 I

a

(t) we have


 ^ a(t) �

_

�<t

b

�

_ a

0

(t)

for some b

�

2 I

a

(�) � x(�) � x(t), � < t. But then sin
e a

0

(t) 2 x (t) we see that


 ^ a(t) 2 x(t), and be
ause x (t) is prime and a(t) =2 x(t), 
 must therefore lie in

x(t).

Lemma 3.4. Let a : T ! L be any map. Then the following hold for all t; � 2 T .

1. If � � t then I

a

(�) [ fa(�)g � I

a

(t).

2. I

a

(t) # a(t) = I

a

(t).

Proof. (1) follows from Lemma 2.2(1) and (2) follows from Lemma 2.2(2).

Theorem 3.5. P(L) does not 
ontain a 
opy of a forest T i� for ea
h a : T ! L

there is a t 2 max (T ) su
h that I

a

(t) is improper.

Proof. Let P(L) 
ontain a 
opy x : T ! L separated by a : T ! L. Then by Lemma

3.3 ea
h I

a

(t) lies in the proper ideal x(t). On the other hand, if there is an a : T ! L

su
h that I

a

(t) is proper for all t then from Lemmas 2.2(3) and 3.4(2) we 
an 
on
lude

that for all t 2 T , a(t) =2 I

a

(t) sin
e otherwise I

a

(t) would be improper. Furthermore,

Lemma 3.4(1) shows that a

0

(t) 2 I

a

(t) for all t. Sin
e I

a

is monotone there is a 
opy

x : T ! P(L) separated by a by Proposition 3.1.



6 RICHARD N. BALL AND ALE

�

S PULTR

Our next obje
tive is to show that the absen
e of a 
opy of T in P (L) 
an be


hara
terized by the satisfa
tion in L of a spe
i�
 �rst order senten
e  

T

in the

language of latti
e theory (Corollary ??). This requires that we take a 
loser look

at exa
tly how the ideals I

a

(t), t 2 T , are built up. The key insight is 
ontained in

Lemma 3.9.

De�nition 3.6. Let a : T ! L be any fun
tion. A T -supplement of a is a fun
tion


 : T ! L su
h that for all t 2 T ,

a(t) ^ 
(t) �

_

�<t


(�) _ a

0

(t) :

A T -
omplement of a is a T -supplement 
 for whi
h 
 (t) = 1 for some t 2 max (T ).

A 
ouple of remarks about De�nition 3.6 are in order. We subs
ribe to the 
onven-

tion that a join over an empty index set is 0, so that for t 2 min (T ) the de�nition

redu
es to a(t) ^ 
(t) � a

0

(t). And in the presen
e of this 
ondition it is enough to

require in addition only that

a(t) ^ 
(t) �

_

��t


(�) _ a

0

(t) :

for t 2 T rmin(T ).

Example 3.7. Denote by n the 
hain

f0 < 1 < � � � < ng:

An n-
omplement of a system (a

0

; a

1

; : : : ; a

n

) is a (


0

; 


1

; : : : ; 


n

) su
h that

a

0

^ 


0

= 0;

a

k

^ 


k

� a

k�1

_ 


k�1

for 0 < k � n; and




n

= 1:

Thus, (a; 1) has exa
tly one 1-
omplement, namely the (
; 1) with 
 the 
omplement

of a in L.

Observe that if (


0

; : : : ; 


n�1

; 


n

) is an n-
omplement of a system of the form (a

0

; : : : ; a

n�1

; 1)

then it is also an n-
omplement of (a

0

; : : : a

n�1

; a

n

) for any a

n

. Thus every system

(a

0

; : : : ; a

n

) has an n-
omplement i� for every smaller system (a

0

; : : : a

n�1

) there is

some (


0

; : : : ; 


n�1

) su
h that

a

0

^ 


0

= 0;

a

k

^ 


k

� a

k�1

_ 


k�1

for 0 < k < n; and

a

n�1

_ 


n�1

= 1:

Example 3.8. Let T be an anti
hain. Then a : T ! L has a T -
omplement i� there

is a t 2 T su
h that

a(t) �

_

t6=�

a(�):
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Theorem 3.5 
an now be reformulated as Theorem 3.10, whose proof follows dire
tly

from the following lemma.

Lemma 3.9. Let a : T ! L be any monotone map. Then for all t 2 T ,

I

a

(t) = f
 (t) : 
 is aT -supplement of ag :

Proof. Let us abbreviate the set on the right of the displayed equality by I

t

. A simple

indu
tion on T , based on De�nitions 3.2 and 3.6, is enough to show that I

t

� I

a

(t)

for all t 2 T . A simple indu
tion also suÆ
es to establish the opposite 
ontainment.

For if b 2 I

a

(t) then there are elements b

�

2 I

a

(�), � < t, for whi
h

b ^ a (t) �

_

�<t

b

�

_ a

0

(t) :

By the indu
tive hypothesis ea
h b

�

is of the form 


�

(�) for some T -supplement 


�

of

a. If we 
ombine these into a single T -supplement 
, de�ned by the rule


 (s) �

8

<

:

W

�<t




�

(s) if s < t;

b if s = t;

0 if s � t

;

we get a T -supplement to a with the feature that 
 (t) = b. This 
ompletes the

proof.

Theorem 3.10. P(L) does not 
ontain a 
opy of T i� ea
h mapping a : T ! L

has a T -
omplement. If T is a tree this in turn is equivalent to requiring that ea
h

a : T ! L su
h that a(e

T

) = 1 has a T -
omplement.

Corollary 3.11. 12For any forest T there is a senten
e  

T

in the �rst order language

of latti
e theory su
h that for any bounded distributive latti
e L, P (L) 
ontains no


opy of T i�  

T

holds in L. Moreover,  

T

is of the form 89�, where � is quanti�er-

free and built up from atomi
 formulas by 
onjun
tion and disjun
tion. If T is a tree

then � is a 
onjun
tion of atomi
 formulas.

Proof. Let x

t

; y

t

, t 2 T , be synta
ti
 variables. We think of maps a; 
 : T ! L as

assigning values a (t) to variables x

t

and 
 (t) to variables y

t

, t 2 T . Furthermore,

a look at De�nition 3.6 reveals that most of the inequalities whi
h make 
 a T -


omplement of a are 
ombined by 
onjun
tion, with the only disjun
tion being

y

t

1

= 1 or y

t

2

= 1 or : : : or y

t

n

= 1;

where max (T ) = ft

1

; t

2

; : : : ; t

n

g. If T is a tree there is only a single disjun
t, i.e., the

formula is atomi
. The result follows from Theorem 3.10.

Example 3.12 (Example 3.7 revisited). We obtain the 
hara
terization of Adams

and Beazer [1℄ stating that P(L) 
ontains no 
hain of length n i� for any a

0

; a

1

; : : : ; a

n�1

in L there are 


0

; 


1

; : : : ; 


n�1

in L su
h that

a

0

^ 


0

= 0;

a

k

^ 


k

� a

k�1

_ 


k�1

for 0 < k < n; and

a

n�1

_ 


n�1

= 1:
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In parti
ular, the order in P(L) is trivial i� L is a Boolean algebra.

Example 3.13 (Example 3.8 revisited). Ea
h anti
hain in P(L) has at most n � 1

elements i� for any a

1

; : : : ; a

n

in L there is a k su
h that

a

k

�

_

j 6=k

a

j

:

Example 3.14. No anti
hain with at least n elements, n �xed and � 2, has an upper

bound in P(L) i� for any a

1

; : : : ; a

n

2 L there are 


0

1

; : : : ; 


0

n

2 L su
h that for all k,

a

k

^ 


0

k

�

W

j 6=k

a

j

, and

W

j

a

j

_

W

j




0

j

= 1. Repla
ing the 


0

k

by 


k

= 


0

k

_

W

j 6=k

a

j

, we

see that no anti
hain with at least n elements, n �xed and � 2, has an upper bound

in P(L) i� for any a

1

; : : : ; a

n

2 L there are 


1

; : : : ; 


n

2 L su
h that for all k,

a

k

^ 


k

�

_

j 6=k

a

j

; and

_

j




j

= 1:

Example 3.15. P(L) has no independent system of n 1-
hains i� for any a

1

; : : : ; a

n

and b

1

: : : ; b

n

in L there are 


1

; : : : ; 


n

in L and a k

0

su
h that

8k; a

k

^ 


k

�

_

j 6=k

a

j

_

_

j 6=k

b

j

; and k

0

; b

k

0

� a

k

0

_ 


k

0

:

The 
hara
terizations in the theorems above 
an be easily modi�ed for dual trees

and dual forests. Denote by jP(L)j the poset stru
ture of P(L). A prime ideal in L

is a prime �lter in L

op

, and vi
e versa. Thus we have an anti-isomorphism

(J 7! Lr J) : jP(L)j ! jP(L

op

)j

and

jP(L)j

op

�

=

jP(L

op

)j:

Hen
e, T

op

is forbidden in P(L) i� T is forbidden in P(L

op

). For example, sin
e T

is isomorphi
 to T

op

in Examples 3.12 and 3.13, the 
onditions that arise there must

be equivalent to their duals. In fa
t, they are self-dual. This is obvious in the 
ase

of Exer
ise 3.12; to see that the 
ondition of Example 3.13 is self dual, suppose that

for any subset fa

i

: 1 � i � ng � L there is a k su
h that a

k

�

W

j 6=k

a

j

. Apply this


ondition to

n

V

i 6=j

a

i

: 1 � i � n

o

to get a k for whi
h

^

i 6=k

a

i

�

_

j 6=k

^

i 6=j

a

i

=

_

j 6=k

 

a

k

^

^

i 6=j;k

a

i

!

= a

k

^

_

j 6=k

^

i 6=j;k

a

i

;

whi
h shows that a

k

�

V

i 6=k

a

i

, i.e., L satis�es the dual 
ondition.

We 
lose this se
tion with a brief dis
ussion of normal and relatively normal latti
es.

Re
all that a distributive latti
e L is normal if for any two a

1

; a

2

2 L su
h that

a

1

_a

2

= 1 there are 


1

; 


2

2 L su
h that a

1

_


1

� a

2

, a

1

_


2

� a

1

, and 


1

^


2

= 0. This

is an extrapolation of the homonymous notion from topology: a spa
e is normal i� the

latti
e of open sets is normal in the sense just de�ned. The following 
hara
terization

of normal latti
es in terms of their Priestley spa
es is well known and is essentially
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due to Monteiro ([8℄, [9℄), who proved it in the 
ontext of the open set latti
e of a

spa
e. We o�er a proof here only be
ause the ideas are very 
lose in spirit to those

of the rest of this arti
le.

Proposition 3.16. The following are equivalent.

1. L is normal.

2. Every point of P (L) lies below a unique maximal point.

3. In P (L), any pair of elements with a 
ommon lower bound must have a 
ommon

upper bound.

Proof. The equivalen
e of (2) and (3) is 
lear upon re
e
ting on a general fa
t about

Priestley spa
es: every point lies below a maximal point and above a minimal point.

That is be
ause the family of prime ideals of a distributive latti
e is 
losed under

both the union and interse
tion of 
hains.

Suppose that L is normal, and assume for the sake of argument that P (L) 
ontains

a point x

3

whi
h lies below two distin
t maximal points x

1

and x

2

. Sin
e Idl (x

1

; x

2

)

is improper, there are a

1

2 x

1

n x

2

and a

2

2 x

2

n x

1

su
h that a

1

_ a

2

= >. Find




1

; 


2

2 L for whi
h a

1

_ 


2

= 


1

_ a

2

= 1 and 


1

^ 


2

= 0. Then be
ause x

3

is prime,

it 
ontains either 


1

or 


2

. But if 


1

2 x

3

then 1 = 


1

_ a

2

2 x

2

and if 


2

2 x

3

then

1 = a

1

_ 


2

2 x

1

, a 
ontradi
tion in either 
ase. We 
on
lude that every point of

P (L) lies below a unique maximal point.

Now suppose that L is not normal; this means we have elements a

1

and a

2

for

whi
h a

1

_a

2

= 1 but Fltr (a

1

" a

2

; a

2

" a

1

) is proper. Let F designate the set of pairs

(F

1

; F

2

) of �lters on L with the following properties.

� a

1

" a

2

� F

1

and a

2

" a

1

� F

2

.

� Fltr (a

1

" F

1

; a

2

" F

2

) is proper.

Note that F is nonempty be
ause it 
ontains (a

1

" a

2

; a

2

" a

1

) by hypothesis. Also

note that, when ordered by the rule

(F

1

; F

2

) � (K

1

; K

2

)() F

1

� K

1

and F

2

� K

2

;

F is 
losed under joins of 
hains and so 
ontains a maximal element (K

1

; K

2

). Observe

that K

1

= a

1

" K

1

and K

2

= a

2

" K

2

by maximality, so that a

1

=2 K

1

and a

2

=2 K

2

lest the �lters be improper. We 
laim that K

1

and K

2

are prime. To verify this 
laim


onsider b; b

0

=2 K

1

. This implies that there are elements k

1

; k

0

1

2 K

1

and k

2

; k

0

2

2 K

2

su
h that

b ^ k

1

^ k

2

= b

0

^ k

0

1

^ k

0

2

= 0:

But if we set k

00

1

� k

1

^ k

0

1

2 K

1

and k

00

2

� k

2

_ k

0

2

2 K

2

we get

(b _ b

0

) ^ k

00

1

^ k

00

2

= 0;

whi
h implies b _ b

0

=2 K

1

. The proof that K

2

is prime is similar.

Let x

1

; x

2

be maximal elements of P (L) 
ontaining the prime ideals L n K

1

and

L n K

2

, respe
tively. Then a

1

2 x

1

n x

2

and a

2

2 x

2

n x

1

, so the maximal elements

are distin
t. Let x

2

be maximal among ideals disjoint form Fltr (K

1

; K

2

). Then x

3

is

a 
ommon lower bound for x

1

and x

2

in P (L).
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A latti
e L is relatively normal if for any two a

1

; a

2

2 L there are 


1

; 


2

su
h that

a

1

_ 


1

� a

2

, a

1

_ 


2

� a

1

, and 


1

^ 


2

= 0. In topology this 
orresponds to the

requirement that ea
h open subspa
e of the spa
e in question is normal. Relative

normality plays a fundamental, though sometimes una
knowledged, role in several

areas of mathemati
s. For example, the latti
e of 
ozero sets of a topologi
al spa
e

is always relatively normal [7℄, and it is no a

ident that relative normality is the

key ingredient in the 
onstru
tion of what are 
alled Wallman 
overs of topologi
al

spa
es [5℄. A se
ond example is the penetrating and beautiful stru
ture theory of

latti
e-ordered groups (`-groups for short), developed by Conrad and his students

([3℄ is the best general referen
e), based on the latti
e of 
onvex `-subgroups. This

latti
e is algebrai
, i.e., 
omplete and generated by its 
ompa
t elements, and the


ompa
t elements themselves form a relatively normal sublatti
e. The 
lass of just

su
h latti
es, devoid of any group stru
ture, was subsequently extensively investigated

by Tsinakis and his students ([4℄, [12℄, [13℄). Their work shows that a large part of

the `-group stru
ture theory 
omes dire
tly from the latti
e theory, and in fa
t from

the relative normality of the sublatti
e of 
ompa
t elements of the latti
e of 
onvex

`-subgroups.

We 
ontent ourselves here with the observation that the relative normality of L is

equivalent to P (L) being a forest. This is essentially due to Monteiro ([8℄, [9℄), who

proved it in the 
ontext of the open set latti
e of a spa
e.

Proposition 3.17. L is relatively normal i� P (L) is a forest.

Proof. The de�nition of relative normality is the dual of the 
ondition of Example

3.14 for n = 2. Thus L is relatively normal i� no two unrelated elements of P (L)

have a 
ommon lower bound, i.e., i� P (L) is a forest.

4. Equations forbidding trees

We show that if L is a Heyting algebra then ea
h map a : T ! L has a largest

T -supplement, whi
h we will designate a

T

. (We order maps a; b : T ! L by de
laring

that a � b if a (t) � b (t) for all t 2 T .) Thus any su
h map a will have a T -


omplement i� a

T

is a T -
omplement. This fa
t eliminates the existential quanti�er

in the senten
e  

T

of Corollary ??. Consequently the Heyting algebra whose Priestley

spa
es 
ontain no 
opy of a given �xed tree form a variety. The surprise is that only

trees have this property; this is the 
ontent of Theorem 4.9.

For the rest of this se
tion we assume that L is a Heyting latti
e, i.e., that L is a

bounded distributive latti
e whi
h admits the Heyting impli
ation operation !. When

a
tually equipped with this operation, L be
omes a Heyting algebra and the maps

are required to preserve ! as well as the latti
e stru
ture. We ask the reader to keep

in mind the de�ning feature of !, namely that for a; b; 
 2 L,

a � b! 
() a ^ 
 � b:(�)

De�nition 4.1. Let L be a Heyting algebra. For a : T ! L de�ne a

T

: T ! L

indu
tively as follows.
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� for t 2 min (T ),

a

T

(t) � a(t)!

_

t��

a(�);

� for t 2 T nmin (T ),

a

T

(t) � a(t)!

 

_

��t

a

T

(�) _

_

��t

a(�)

!

:

Lemma 4.2. Let L be a Heyting algebra. For any map a : T ! L, a

T

is the largest

T -supplement of a.

Proof. Compare De�nitions 3.6 and 4.1 in light of (�).

Corollary 4.3. Let L be a Heyting algebra. Then a map a : T ! L has a T -


omplement i� a

T

is a T -
omplement.

Corollary 4.4. Let L be a Heyting algebra. For any map a : T ! L,

I

a

(t) = Idl

�

a

T

(t)

�

for all t 2 T .

Corollary 4.5. Let L be a Heyting algebra. P (L) 
ontains no 
opy of T i� for every

map a : T ! L we have a

T

(t) = 1 for some t 2 max (T ).

Corollary 4.6. Let L be a Heyting algebra and T be a tree with top element e. Then

P (L) 
ontains no 
opy of T i� a

T

(e) = 1 for every map a : T ! L.

Corollary 4.7. For every tree T there is a �nite set � of equations in the �rst

order language of Heyting algebra, just one of whi
h mentions !, with the following

property. For any Heyting algebra L, the Priestley spa
e of (the underlying latti
e of)

L 
ontains no 
opy of T i� the equations of � all hold in L.

We need a te
hni
al lemma and a little notation. Let f : S ! R be a monotone

map between �nite posets S and R. Regarded as a map between Priestley spa
es, f

dualizes to the latti
e map f

�1

: D (R) ! D (S), where D (R) and D (S) designate

the latti
es of de
reasing subsets of R and S, respe
tively, and where f

�1

(U) is simply

fs : f (s) 2 Ug for U 2 D (R). Now D (R) and D (S) are 
ertainly Heyting latti
es;

in fa
t, for U; V 2 D (R)

U ! V = fr : D (r) \ U � V g ;

where D (r) designates the de
reasing subset of R generated by r, i.e., D (r) �

fr

0

: r

0

� rg. We need to know whi
h maps have Priestley duals whi
h preserve this

Heyting operation.

Lemma 4.8. The morphisms f : S ! R between �nite posets whose Priestley duals

preserve the Heyting operation are the monotone maps satisfying

f(D (s)) = D (f(s))
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for all s 2 S. Su
h a map has a dual whi
h is an embedding of �nite Heyting algebras

i� it is a surje
tion.

Proof. A proof may be re
overed from the literature: by [6℄ the (
omplete) Heyting

homomorphisms 
oin
ide with the open homomorphisms; by [2℄, open homomor-

phisms 
orrespond under 
 to open maps f : S ! R if (and only if) the spa
e S is

T

D

; f : (S;�) ! (R;�) is open in the Alexandro� topologies (they are always T

D

)

i� f(D (s)) = D (f(s)) for all s 2 S.

We also o�er a dire
t proof for the reader's 
onvenien
e. Suppose that f

�1

preserves

!, that s 2 S, and that r � f (s). Then

D (s) \ f

�1

(D (r)) � f

1

(D (r) n frg) =) s 2 f

�1

(D (r))! f

�1

(D (r) n frg)

=) s 2 f

�1

(D (r)! (D (r) n frg))

=) f (s) 2 D (r)! (D (r) n frg)

=) D (f (s)) \D (r) � D (r) n frg :

The �rst 
ontainment fails be
ause the last one does (
onsider r), and this shows that

r = f (s

0

) for some s

0

� s, whi
h is to say that D (f (s)) = f (D (s)).

Now suppose D (f (s)) = f (D (s)) for all s 2 S, and 
onsider U; V 2 D (R). That

f

�1

(U ! V ) � f

�1

(U)! f

�1

(V )

follows from the fa
t that f

�1

preserves interse
tions, so 
onsider s 2 f

�1

(U) !

f

�1

(V ), i.e., D (s) \ f

�1

(U) � f

�1

(V ). We 
laim that f (s) 2 U ! V , i.e., that

D (f (s)) \ U � V . For if r 2 D (f (s)) \ U then, sin
e D (f (s)) = f (D (s)),

r = f (s

0

) for some s

0

� s. But then s

0

2 D (s)\ f

�1

(U) hen
e s

0

2 f

�1

(V ), meaning

r = f (s

0

) 2 V . This proves the 
laim, and the 
laim shows that f

�1

preserves !.

Finally, f

�1

is obviously one-to-one i� f is onto.

For the rest of this arti
le we suspend the 
onvention that T is a a forest, and

assume hen
eforth only that T is a �nite poset.

Theorem 4.9. Let T be a �nite poset, and let X be the 
lass of Priestley spa
es

X su
h that the Priestley dual of X is a Heyting latti
e, and su
h that X 
ontains

no 
opy of T . Let V be the 
lass of Heyting algebras with Priestley spa
es (of the

underlying latti
es) in X. Then the following statements are equivalent.

1. T is a tree.

2. V is a subvariety of Hey determined by one extra equation in _ and !.

3. V is a subquasivariety of Hey, i.e., V is 
losed under produ
ts and subobje
ts.

Proof. The impli
ation from (1) to (2) is Proposition 4.7, and from (2) to (3) is trivial.

So assume (3) to prove (1). Sin
e V is 
losed under produ
ts, X is 
losed under sums

and hen
e T has to be 
onne
ted. Now de�ne

~

T as the set of all words w = t

1

t

2

: : : t

n

in verti
es t

i

of T su
h that t

n

is maximal and t

i

� t

i+1

for all i < n. Order

~

T by

de
laring

w � w

0

i� w = w

00

w

0

for some w

00

:



FORBIDDEN FORESTS 13

De�ne f :

~

T ! T by setting

f(t

1

: : : t

n

) = t

1

:

Then

(a) f is monotone and onto,

(b) f(D (w)) = D (f(w)), and

(
) if w � w

0

then w

0

is uniquely determined.

If

~

L and L are the Heyting algebras with Priestley spa
es

~

T and T , we have L

isomorphi
 to a subalgebra of

~

L by Lemma 4.8. Hen
e

~

L =2 V sin
e otherwise L 2 V

and T 2 X . Thus

~

T 
ontains a 
opy of T , and by (
) and the 
onne
tedness we see

that T is a tree.

Restri
ting ourselves to the �nite 
ase we similarly obtain the following.

Theorem 4.10. Let T be a �nite poset, let X be the 
lass of �nite posets 
ontaining

no 
opy of T , and let V be the 
lass of Heyting algebras with Priestley duals (of the

underlying latti
es) lying in X . Then the following statements are equivalent.

1. T is a tree.

2. V is the 
lass of �nite algebras of a subvariety V of Hey determined by one extra

equation in _ and !.

3. V is the 
lass of �nite algebras of a subquasivariety of Hey.

5. Forests with a bottom point

The general problem we would like to solve is to �nd, for any �nite poset T , a

\ni
e" 
ondition on a latti
e L whi
h is both ne
essary and suÆ
ient to insure that

P (L) admits no 
opy of T . In this se
tion we make use of our te
hniques to provide a

small step in the dire
tion of the general problem by treating the 
ase of a forest with

one additional point at the bottom. The result is Theorem 5.6, and the reader may

judge whether the 
ondition on L whi
h arises there is ni
e. However, this 
ondition

is not �rst order on its fa
e, and we do not know if a �rst-order 
ondition exists.

Throughout this se
tion T designates a �nite poset with least element t

0

su
h that

T

0

� T n ft

0

g is a nonempty forest. We retain some of the notation used heretofore;

for example, the map a

0

: T ! L asso
iated with the map a : T ! L is still given by

the rule

a

0

(t) =

_

t��

a (�) :

Note in parti
ular that a

0

(t

0

) = 0, and that as before, a separates a 
opy I : T ! I (L)

i� a

0

(t) 2 I (t) and a (t) =2 I (t) for all t 2 T . We must, however, modify slightly the

notion of a T -supplement of a map a : T ! L.

De�nition 5.1. Let a : T ! L be any fun
tion. A T -supplement of a is a fun
tion


 : T ! L su
h that for all t 2 T

0

,

a(t) ^ 
(t) �

_

�<t


(�) _ a

0

(t) :
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A T -
omplement of a is a T -supplement 
 for whi
h 
 (t) = 1 for some t 2 max (T ).

We let

F (a) � Fltr f
 (t

0

) ^ a (t

0

) : 
 is a T -
omplement of ag :

The distin
tion between the two notions of T -supplement, i.e., between De�nitions

3.6 and 5.1, is subtle. The 
ru
ial di�eren
e is that, although 
 (t

0

) appears on the

right-hand-side of some of the inequalities displayed in De�nition 5.1, it never appears

on the left-hand-side of su
h an inequality. Thus these inequalities are expli
itly of

two types:

a(t) ^ 
(t) � 
(t

0

) _ a

0

(t) ; t 2 min (T

0

) ;

a(t) ^ 
(t) �

_

��t


(�) _ a

0

(t) ; t 2 T

0

nmin (T

0

) :

Lemma 5.2. Let x : T ! P (L) be a 
opy and let 
 : T ! L be a T -
omplement of

a separator a of x. Then 
 (t

0

) =2 x (t

0

).

Proof. Put S � fs 2 T : 
 (s) =2 x (s)g. Sin
e 
 (t) = 1 for some t 2 max (T ), we see

that t 2 S\max (T ) 6= ;. And sin
e for every s 2 S\T

0

we have

W

�<s


 (�)_a

0

(s) �

a (s) ^ 
 (s) =2 x (s) and a

0

(s) 2 x (s), it follows that there is some � < s su
h that

� 2 S. We 
on
lude that t

0

2 S.

Corollary 5.3. If a separates a 
opy x : T ! P (L) then F (a) is a proper �lter.

Proof. Sin
e 
 (t

0

) =2 x (t

0

) for any T -
omplement 
 of a by Lemma 5.6, and sin
e

a (t

0

) =2 x (t

0

) by de�nition of separator, the generators of F (a) all lie in the proper

�lter L n x (t

0

).

Proposition 5.4. Suppose a : T ! L is su
h that F (a) is a proper �lter. Then for

any I 2 I (L) su
h that I \ F (a) = ; there is a 
opy x : T ! L separated by a su
h

that I � x (t

0

).

Proof. First use Lemma 2.2(4) to �nd a point y in P (L) su
h that I � y and y \

F (a) = ;. Then de�ne J : T

0

! I (L) indu
tively as follows.

� For t 2 min (T

0

), J (t) � (y; a

0

(t)) # a (t).

� For t 2 T

0

nmin (T

0

), J (t) �

�

S

��t

J (�) ; a

0

(t)

�

# a (t).

We 
laim that J (t) is proper for all t 2 T

0

. For if not, then be
ause J is monotone

there are elements t 2 max (T ) for whi
h J (t) is improper. In this 
ase we 
an

de�ne a T -
omplement 
 for a as follows. For t 2 max (T ) 
hoose 
 (t) to be any

member of J (t), subje
t only to the proviso that 
 (t) is 
hosen to be 1 whenever

J (t) 
ontains 1. Suppose now that 
 (t) has been de�ned for some t 2 T

0

nmin (T

0

)

in su
h a way that 
 (t) 2 J (t). Sin
e J (t) =

�

S

��t

J (�) ; a

0

(t)

�

# a (t), there exist




�

2 J (�), � � t, su
h that a

0

(t) _

W

��t




�

� a (t) ^ d (t). Put 
 (�) � 


�

for � � t.

Finally, suppose that 
 (t) has been de�ned for all t 2 min (T

0

) in su
h a way that


 (t) 2 J (t) = (y; a

0

(t)) # a (t), say a (t) ^ 
 (t) � b

t

_ a

0

(t) for b

t

2 y. De�ne


 (t

0

) �

W

min(T

0

)

b

t

2 y. The resulting map 
 : T ! L is 
learly a T -
omplement for a
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su
h that 
 (t

0

) 2 y, 
ontrary to the hypothesis that y\F (a) = ;. This 
ontradi
tion

establishes the 
laim that J (t) is proper for all t 2 T

0

.

The 
laim shows that a (t) =2 J (t) for any t 2 T

0

, sin
e otherwise J (t) = J (t) # a (t)

would be improper. But then a separates J , sin
e a

0

(t) 2 J (t) for any t 2 T

0

by


onstru
tion. Proposition 3.1 then supplies a 
opy x : T

0

! P (L) of T

0

separated by

the restri
tion of a to T

0

su
h that J (t) � x (t) for all t 2 T

0

. If we simply extend

this map to T by de�ning x (t

0

) � y, we get a 
opy x : T ! P (L) of T separated

by a su
h that I � y � x (t

0

). That a separates this extension of x is be
ause

a

0

(t

0

) = 0 2 y = x (t

0

) and a (t

0

) =2 y = x (t

0

).

Corollary 5.5. Let a : T ! L be a map and I an ideal on L. Then there is a 
opy

x : T ! L separated by a su
h that I � x (t

0

) i� I \ F (a) = ;.

We 
ome to the major result of this se
tion.

Theorem 5.6. P (L) admits no 
opy of T i� F (a) is improper for every map a :

T ! L.

The de�nition of T -
omplement of a map a : T ! L is 
ertainly �rst order in the


onstants a (t), t 2 T . But the 
ondition that F (a) be improper is not �rst order on

its fa
e be
ause there seems to be no intrinsi
 bound on the number of generators b

whi
h this �lter requires.

We 
lose with a simple appli
ation of Theorem 5.6.

Example 5.7. Figure 1 shows the diamond T = f0; 1; 2; 3g.

k

k k

k

0

1 2

3

�

�

�

�

�

�

�

�

�

�

�

�

Figure 1. The diamond

Proposition 5.8. P (L) 
ontains no diamond i�

F (a

1

; a

2

) � Fltr fb : 9


1

; 


2

(


1

_ 


2

= 1; 


1

^ a

1

� b _ a

2

; 


2

^ a

2

� b _ a

1

)g

is an improper �lter for every pair a

1

; a

2

2 L.

Proof. Suppose F (a

1

; a

2

) is proper for some a

1

; a

2

2 L. De�ne a : T ! L by setting

a (1) � a

1

, a (2) � a

2

, a

0

� a

1

^ a

2

, and a (3) � 1. We 
laim that F (a) � F (a

1

; a

2

).

To establish this 
laim, 
onsider an arbitrary T -
omplement 
 of a. By de�nition of

T -
omplement we have these inequalities.

a (3) ^ 
 (3) � 
 (1) _ 
 (2) _ a

0

(3) = 
 (1) _ 
 (2) _ a

1

_ a

2

a (2) ^ 
 (2) � 
 (0) _ a

0

(2) = 
 (0) _ a

1

a (1) ^ 
 (1) � 
 (0) _ a

0

(1) = 
 (0) _ a

2
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If we set 


1

� 
 (1) _ a

2

, 


2

� 
 (2) _ a

1

, and b � 
 (0), we get the inequalities whi
h

de�ne b as a generator of F (a

1

; a

2

). This shows that 
 (0) 2 F (a

1

; a

2

). Sin
e it is


lear that a

1

2 F (a

1

; a

2

) (set 


1

= 1 and 


2

= 0) and that a

2

2 F (a

1

; a

2

) likewise,

we see that a (0) 2 F (a

1

; a

2

) and hen
e that F (a) � F (a

1

; a

2

). Theorem 5.6 then

produ
es a 
opy of T in P (L).

Now suppose that P (L) admits a 
opy of T . Then by Theorem 5.6 there is some

a : T ! L for whi
h F (a) is proper. Put a

1

� a (0)_ a (1) and a

2

� a (0)_ a (2). We


laim that F (a

1

; a

2

) � F (a). To verify this 
laim 
onsider a generator b of F (a

1

; a

2

),

say 


1

and 


2

satisfy 


1

_


2

= 1, 


1

^a

1

� b_a

2

, and 


2

^a

2

� b_a

1

. De�ne 
 : T ! L

by setting 
 (0) � b, 
 (1) � 


1

, 
 (2) � 


2

, and 
 (3) � 1. Then it is routine to verify

that 
 is a T -
omplement of a, so that b � 
 (0)^ a (0) 2 F (a) hen
e b 2 F (a). This

proves the 
laim and the proposition.
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