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Prefa
e

These are notes to a le
ture taught by J. Matou�sek at Charles University

in Prague for several years. The audien
e were students of mathemati
s or


omputer s
ien
e, usually with interest in 
ombinatori
s and/or theoreti
al


omputer s
ien
e.

Generally speaking, an introdu
tory text on the probabilisti
 method

is rather super
uous, sin
e at least two ex
ellent sour
es are available: the

beautiful thin book

J. Spen
er: Ten le
tures on the probabilisti
 method, CBMS-NSF,

SIAM, Philadelphia, PA, 1987

and the more modern and more extensive but no less readable

N. Alon and J. Spen
er: The Probabilisti
 Method, J. Wiley and

Sons, New York, NY, 2nd edition, 2000.

The le
ture was indeed based on these. However, these books were not ge-

nerally available to students in Prague, and this was the main reason for

starting with the present notes. For students, the notes may have another

advantage too: they 
over the material usually presented in the 
ourse re-

latively 
on
isely.

Our presentation is slightly more formal in some 
ases and in
ludes a

brief review of the relevant probability theory notions. This keeps with the

Prague mathemati
al tradition and should be 
loser to the presentation

the students are used to from other math 
ourses. Tea
hing experien
e also

shows that the students' pro�
ien
y in appli
ation of the notions learned in

probability theory is limited and that it is useful to demonstrate 
on
rete

appli
ations of abstra
t probabilisti
 notions in some detail.

The te
hniques are usually illustrated with 
ombinatorial examples. The

notation and de�nitions not introdu
ed here 
an be found in the book
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J. Matou�sek and J. Ne�set�ril: Invitation to Dis
rete Mathemati
s,

Oxford University Press, Oxford 1998

(Cze
h version: Kapitoly z diskr�etn�� matematiky, Nakladatelstv Karolinum

2000).

A large part of the material is taken dire
tly from the Alon{Spen
er book


ited above, sometimes with a little di�erent presentation. Readers wishing

to pursue the subje
t in greater depth are 
ertainly advised to 
onsult that

book. A more advan
ed sour
e is

S, Janson, T.  Lu
zak, A. Ru
i�nski: Topi
s in random graphs, J.

Wiley and Sons, New York, NY, 2000.

A very ni
e book on probabilisti
 algorithms, also in
luding a 
hapter on

the probabilisti
 method per se, is

R. Motwani and P. Raghavan: Randomized Algorithms, Cam-

bridge University Press, Cambridge, 1995.

Two journals in whose s
ope the probabilisti
 method o

upies a 
entral

pla
e are Random Stru
tures & Algorithms and Combinatori
s, Probability

& Computing . Papers with appli
ations of the probabilisti
 method are

abundant and 
an be found in many other journals too.

A note for Cze
h students. Teorie pravdpodobnosti, podobn jako jin

matemati
k dis
iplny, m ustlenou zkladn eskou terminologii, kter se v mnoha

ppade
h neshoduje s doslovnm pekladem terminologie angli
k. Do textu

jsme zahrnuli nkter esk termny jako poznmky pod arou, aby
hom nepodpo-

rovali bujen obrat typu \oekvan hodnota", 
o je doslovn peklad angli
kho

\expe
tation", msto sprvnho stedn hodnota.
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Preliminaries

1.1 Probability Theory

This se
tion summarizes the fundamental notions of probability theory and

some results whi
h we will need in the following 
hapters. In no way is it

intended to serve as a substitute for a 
ourse in probability theory.

1.1.1 De�nition. A probability spa
e

1

is a triple (
;�;P) where 
 is

a set, � � 2




is a �-algebra on 
 (a 
olle
tion of subsets 
ontaining 
 and


losed on 
omplements, 
ountable unions and 
ountable interse
tions) and

P is a 
ountably additive measure

2

on � with P[
℄ = 1. The elements of �

are 
alled events

3

and the elements of 
 are 
alled elementary events.

For an event A, P[A℄ is 
alled the probability of A.

In this text, we will 
onsider mostly �nite probability spa
es where the set

of elementary events 
 is �nite and � = 2




. Then the probability measure is

determined by its values on elementary events; in other words by spe
ifying

a fun
tion p : 
 ! [0; 1℄ with

P

!2


p(!) = 1. Then the probability measure

is given by P[A℄ =

P

!2A

p(!).

The basi
 example of a probability measure is the uniform distribution

4

on 
 where

P[A℄ =

jAj

j
j

for all A � 


1

probability spa
e=pravdpodobnostn prostor

2

measure=mra

3

event = jev

4

uniform distribution = rovnomrn rozloen
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Su
h a distribution represents the situation where any out
ome of an ex-

periment (su
h as rolling a die)

5

is equally likely.

1.1.2 De�nition (Random graphs).

6

The probability spa
e of random

graphs G

n;p

is a �nite probability spa
e whose elementary events are all

graphs on a �xed set of n verti
es and the probability of a graph with m

edges is

p(G) = p

m

(1� p)

(

n

2

)

�m

:

This 
orresponds to generating the random graph by in
luding every

potential edge independently with probability p. For p =

1

2

, we toss a fair


oin

7

for ea
h pair fu; vg of verti
es and 
onne
t them by an edge if the

out
ome is heads.

8 9

Here is an elementary fa
t whi
h is used all the time:

1.1.3 Lemma. For any 
olle
tion of events A

1

; : : : ; A

n

,

P

�

n

[

i=1

A

i

�

�

n

X

i=1

P[A

i

℄:

Proof. For i = 1; : : : ; n, we de�ne

B

i

= A

i

n (A

1

[ A

2

[ : : : [ A

i�1

):

Then

S

B

i

=

S

A

i

, P[B

i

℄ � P[A

i

℄ and the events B

1

; : : : ; B

n

are disjoint.

By additivity of the probability measure,

P

�

n

[

i=1

A

i

�

= P

�

n

[

i=1

B

i

�

=

n

X

i=1

P[B

i

℄ �

n

X

i=1

P[A

i

℄:

2

1.1.4 De�nition. Events A;B are independent

10

if

P[A \B℄ = P[A℄ P[B℄ :

5

rolling a die =hod kostkou

6

random graph=nhodn graf

7

toss a fair 
oin=hodit spravedlivou min


8

heads= l
 (hlava)

9

tails = rub (orel)

10

independent events =nezvisl jevy
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More generally, events A

1

; A

2

; : : : ; A

n

are independent if for any subset of

indi
es I � [n℄

P

�

\

i2I

A

i

�

=

Y

i2I

P[A

i

℄:

We use the 
onvenient notation [n℄ for the set f1; 2; : : : ; ng.

The independen
e of A

1

; A

2

; : : : ; A

n

is not equivalent to all the pairs A

i

,

A

j

being independent. Exer
ise: �nd three events A

1

, A

2

and A

3

whi
h are

pairwise independent but not mutually independent.

Intuitively, the property of independen
e means that the knowledge of

whether some of the events A

1

; : : : ; A

n

o

urred does not provide any in-

formation regarding the remaining events.

1.1.5 De�nition (Conditional probability). For events A and B with

P[B℄ > 0, we de�ne the 
onditional probability

11

as

P[AjB℄ =

P[A \ B℄

P[B℄

:

Note that ifA and B are independent, the 
onditional probability P[AjB℄

is equal to P[A℄.

1.1.6 De�nition (Random variable). A real random variable

12

on a

probability spa
e (
;�;P) is a fun
tion X : 
 ! R that is P-measurable.

(That is, for any a 2 R, f! 2 
: X(!) � ag 2 �.)

We 
an also 
onsider random variables with other than real values; for

example, a random variable 
an have 
omplex numbers or n-
omponent

ve
tors of real numbers as values. In su
h 
ases, a random variable is a

measurable fun
tion from the probability spa
e into the appropriate spa
e

with measure (
omplex numbers or R

n

in the examples mentioned above).

In this text, we will mostly 
onsider only real random variables.

1.1.7 De�nition. The expe
tation

13

of a (real) random variable X is

E [X ℄ =

Z




X(!) dP:

11


onditional probability =podmnn pravdpodobnost

12

random variable =nhodn promnn

13

expe
tation = stedn hodnota!!!
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Any real fun
tion on a �nite probability spa
e is a random variable. Its

expe
tation 
an be expressed as

E [X ℄ =

X

!2


p(!)X(!):

1.1.8 De�nition (Independen
e of variables). Real random variables

X;Y are independent if for all a; b 2 R,

P[X � a and Y � b℄ = P[X � a℄ P[Y � b℄

Note the shorthand notation for the events in the previous de�nition:

for example, P[X � a℄ stands for P[f! 2 
: X(!) � ag℄.

As we will 
he
k in Chapter 3, E [X + Y ℄ = E [X ℄ +E [Y ℄ holds for any

two random variables (provided that the expe
tations exist). On the other

hand, E [XY ℄ is generally di�erent from E [X ℄E [Y ℄. But we have

1.1.9 Lemma. If X and Y are independent random variables then

E [XY ℄ = E [X ℄ �E [Y ℄ :

Proof (for �nite probability spa
es). If X and Y are random variables

on a �nite probability spa
e, the proof is espe
ially simple. Let V

X

, V

Y

be the (�nite) sets of values attained by X and by Y , respe
tively. By

independen
e, we have P[X = a and Y = b℄ = P[X = a℄ P[Y = b℄ for any

a 2 V

X

and b 2 V

Y

. We 
al
ulate

E [XY ℄ =

X

a2V

X

;b2V

Y

ab � P[X = a and Y = b℄

=

X

a2V

X

;b2V

Y

ab � P[X = a℄ P[Y = b℄

=

�

X

a2V

X

aP[X = a℄

��

X

b2V

Y

bP[Y = b℄

�

= E [X ℄E [Y ℄ :

For in�nite probability spa
es, the proof is formally a little more 
ompli
ated

but the idea is the same. 2
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1.2 Useful Estimates

In the probabilisti
 method, many problems are redu
ed to showing that


ertain probability is below 1, or even tends to 0. In the �nal stage of su
h

proofs, we often need to estimate some 
ompli
ated-looking expressions.

The golden rule here is to start with the roughest estimates, and only if

they don't work, one 
an try more re�ned ones. Here we des
ribe the most

often used estimates for basi
 
ombinatorial fun
tions.

For the fa
torial fun
tion n!, we 
an often do with the obvious upper

bound n! � n

n

. More re�ned bounds are

�

n

e

�

n

� n! � en

�

n

e

�

n

(where e = 2:718281828 : : : is the basis of natural logarithms), whi
h 
an be

proved by indu
tion. The well-known Stirling formula is very seldom needed

in its full strength.

For the binomial 
oeÆ
ient

�

n

k

�

, the basi
 bound is

�

n

k

�

� n

k

, and sharper

ones are

�

n

k

�

k

�

�

n

k

�

�

�

en

k

�

k

:

For all k, we also have

�

n

k

�

� 2

n

. Sometimes we need better estimates of the

middle binomial 
oeÆ
ient

�

2m

m

�

; we have

2

2m

2

p

m

�

�

2m

m

�

�

2

2m

p

2m

(also see Se
tion 5.2 for a derivation of a slightly weaker lower bound).

Very often we need the inequality 1 + x � e

x

, valid for all real x. In

parti
ular, for bounding expressions of the form (1� p)

m

from above, with

p > 0 small, one uses

(1� p)

m

� e

�mp

almost automati
ally. For estimating su
h expressions from below, whi
h is

usually more deli
ate, we 
an often use

1� p � e

�2p

;

whi
h is valid for 0 � p �

1

2

.
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The Probabilisti
 Method

The probabilisti
 method is a remarkable te
hnique based on the theory of

probability whi
h, surprisingly, serves as a tool in proofs of theorems whi
h

have nothing to do with probability. The usual approa
h 
an be des
ribed

as follows.

We would like to prove the existen
e of a 
ombinatorial obje
t with

spe
i�ed properties. Unfortunately, an expli
it 
onstru
tion of su
h a \good"

obje
t does not seem feasible, and maybe we do not even need a spe
i�


example; we just want to prove that something \good" exists. Then we 
an


onsider a random obje
t from a suitable probability spa
e and 
al
ulate the

probability that it satis�es our 
onditions. If we prove that this probability

is stri
tly positive, then we 
on
lude that a \good" obje
t must exist; if all

obje
ts were \bad", the probability would be zero.

Let us start with an example illustrating how the probabilisti
 method

works in its basi
 form.

2.1 Ramsey Numbers

The Ramsey theorem states that any suÆ
iently large graph 
ontains either

a 
lique or an independent set of a given size. (A 
lique

1

is a set of verti
es

indu
ing a 
omplete subgraph and an independent set

2

is a set of verti
es

indu
ing an edgeless subgraph.)

1


lique =klika (pln podgraf)

2

independent set=nezvisl mnoina
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2.1.1 De�nition. The Ramsey number R(k; `) is

R(k; `) = min fn: any graph on n verti
es 
ontains a 
lique

of size k or an independent set of size `g:

The Ramsey theorem guarantees that R(k; `) is always �nite. Still, the

pre
ise values of R(k; `) are unknown but for a small number of 
ases and

it is desirable at least to estimate R(k; `) for large k and `. Here we use the

probabilisti
 method to prove a lower bound on R(k; k).

2.1.2 Theorem. For any k � 3,

R(k; k) > 2

k=2

:

Proof. Let us 
onsider a random graph G

n;1=2

on n verti
es where every

pair of verti
es forms an edge with probability

1

2

, independently of the other

edges. (We 
an imagine 
ipping a 
oin for every potential edge to de
ide

whether it should appear in the graph.) For any �xed set of k verti
es, the

probability that they form a 
lique is

p = 2

�

(

k

2

)

:

The same goes for the o

urren
e of an independent set, and there are

�

n

k

�

k-tuples of verti
es where a 
lique or an independent set might appear.

Now we use the fa
t that the probability of a union of events is at most the

sum of their respe
tive probabilities (Lemma 1.1.3), and we get

P

�

G

n;1=2


ontains a 
lique or an indep. set of size k

�

� 2

�

n

k

�

2

�

(

k

2

)

:

If we 
hoose n = b2

k=2


, we have

2

�

n

k

�

2

�

(

k

2

)

� 2

n

k

k!

2

k=2�k

2

=2

=

�

n

2

k=2

�

k

2

k=2+1

k!

�

2

k=2+1

k!

:

The last fra
tion tends to 0 as k ! 1 and as the reader 
an 
he
k, for

k = 3 it is already less than 1. Thus for k � 3, the probability that a random

graph on b2

k=2


 verti
es 
ontains either a 
lique or an independent set of

size k is stri
tly less than 1. This implies that in some graphs on b2

k=2




verti
es neither of the two appears, i.e.

R(k; k) > n = b2

k=2


:
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2

One might obje
t that the use of a probability spa
e is arti�
ial here

and the same proof 
an be formulated in terms of 
ounting obje
ts. In

e�e
t, we are 
ounting the number of bad obje
ts and trying to prove that

it is less than the number of all obje
ts, so the set of good obje
ts must

be nonempty. In simple 
ases, it is indeed possible to phrase the proof in

terms of 
ounting bad obje
ts. However, in more sophisti
ated proofs, the

probabilisti
 formalism be
omes mu
h simpler than 
ounting arguments.

Furthermore, the probabilisti
 framework allows us to use many results of

probability theory|a mature mathemati
al dis
ipline.

For many important problems, the probabilisti
 method has provided

the only known solution, and for others, it has provided a

essible proofs in


ases where 
onstru
tive proofs are extremely diÆ
ult.

2.2 Hypergraph Coloring

2.2.1 De�nition. A k-uniform hypergraph is a pair (X;S) where X is the

set of verti
es and S �

�

X

k

�

is the set of edges (k-tuples of verti
es).

2.2.2 De�nition. A hypergraph is 
-
olorable if its verti
es 
an be 
olored

with 
 
olors so that no edge is mono
hromati
 (at least two di�erent 
olors

appear in every edge).

This is a generalization of the notion of graph 
oloring. Note that graphs

are 2-uniform hypergraphs and the 
ondition of proper 
oloring requires that

the verti
es of every edge get two di�erent 
olors.

Now we will be interested in the smallest possible number of edges in a

k-uniform hypergraph that is not 2-
olorable.

2.2.3 De�nition. Let m(k) denote the smallest number of edges in a k-

uniform hypergraph that is not 2-
olorable.

For graphs, we have m(2) = 3, be
ause the smallest non-bipartite graph

is a triangle. However, the problem be
omes mu
h more diÆ
ult for larger

k. As we shall prove, m(3) = 7, but the exa
t value of m(k) is unknown for

k > 3.

Again, we 
an get a lower bound by probabilisti
 reasoning.

2.2.4 Theorem. For any k � 2,

m(k) � 2

k�1

:
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Proof. Let us 
onsider a k-uniform hypergraph H with less than 2

k�1

edges. We will prove that it is 2-
olorable.

We 
olor every vertex of H independently red or blue, with probability

1

2

. The probability that the verti
es of a given edge are all red or all blue is

p = 2 � (

1

2

)

k

. Supposing H has jSj < 2

k�1

edges, the probability that there

exists a mono
hromati
 edge is at most pjSj < p2

k�1

= 1. So there is a

non-zero probability that no edge is mono
hromati
 and a proper 
oloring

must exist. 2

Note that for k = 3, we get m(3) � 4. On the other hand, the smallest

known 3-uniform hypergraph that is not 2-
olorable is the �nite proje
tive

plane with 7 points, the Fano plane.

2.2.5 De�nition. The Fano plane is the hypergraph H = (X;S), where

X = f1; 2; 3; 4; 5; 6; 7g

are the points and

S = ff1; 2; 3g; f3; 4; 5g; f5; 6; 1g; f1; 7; 4g; f2; 7; 5g; f3; 7; 6g; f2; 4; 6gg

are the edges.

1

2

3

4

5

6

7

2.2.6 Lemma. m(3) � 7.

Proof. We prove that the Fano plane is not 2-
olorable. We give a qui
k

argument using the fa
t that H is a proje
tive plane, and thus for any two

points, there is exa
tly one edge (line) 
ontaining both of them.

Suppose that we have a 2-
oloring A

1

[A

2

= X;A

1

\A

2

= ;, where A

1

is the larger 
olor 
lass.

If jA

1

j � 5 then A

1


ontains at least

�

5

2

�

= 10 pairs of points. Ea
h pair

de�nes a unique line, but as there are only 7 lines in total, there must be
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two pairs of points de�ning the same line. So we have three points of the

same 
olor on a line.

If jA

1

j = 4 then A

1


ontains

�

4

2

�

= 6 pairs of points. If two pairs among

them de�ne the same line, that line is mono
hromati
 and we are done. So

suppose that these 6 pairs de�ne di�erent lines `

1

; : : : ; `

6

. Then ea
h point

of A

1

is interse
ted by 3 of the `

i

. But sin
e ea
h point in the Fano plane lies

on exa
tly 3 lines and there are 7 lines in total, there is a line not interse
ting

A

1

at all. That line is 
ontained in A

2

and thus mono
hromati
. 2

Now we will improve the lower bound to establish that m(3) = 7.

2.2.7 Theorem. Any system of 6 triples is 2-
olorable; i.e. m(3) � 7.

Proof: Let us 
onsider a 3-uniform hypergraph H = (X;S); jSj � 6. We

want to prove that H is 2-
olorable. We will distinguish two 
ases, depending

on the size of X .

If jX j � 6, we apply the probabilisti
 method. We 
an assume that

jX j = 6, be
ause we 
an always add verti
es whi
h are not 
ontained in any

edge and therefore do not a�e
t the 
oloring 
ondition. Then we 
hoose a

random subset of 3 verti
es whi
h we 
olor red and the remaining verti
es

be
ome blue. The total number of su
h 
olorings is

�

6

3

�

= 20. For any edge

(whi
h is a triple of verti
es), there are two 
olorings that make it either


ompletely red or 
ompletely blue, so the probability that it is mono
hro-

mati
 is

1

10

. We have at most 6 edges, and so the probability that any of

them is mono
hromati
 is at most

6

10

< 1.

For jX j > 6, we pro
eed by indu
tion. Suppose that jX j > 6 and jSj � 6.

It follows that there exist two verti
es x; y 2 X whi
h are not \
onne
ted"

(a pair of verti
es is 
onne
ted if they appear together in some edge). This

is be
ause every edge produ
es three 
onne
ted pairs, so the number of


onne
ted pairs is at most 18. On the other hand, the total number of

vertex pairs is at least

�

7

2

�

= 21, so they 
annot be all 
onne
ted.

Now if x; y 2 X are not 
onne
ted, we de�ne a new hypergraph by

merging x and y into one vertex:

X

0

= X n fx; yg [ fzg;

S

0

= fM 2 S: M \fx; yg = ;g[fM nfx; yg[fzg: M 2 S;M \fx; yg 6= ;g:

(X

0

; S

0

) is a 3-uniform hypergraph as well, jS

0

j = jSj � 6 and jX

0

j =

jX j � 1, so by the indu
tion hypothesis it is 2-
olorable. If we extend the


oloring of X

0

to X so that both x and y get the 
olor of z, we obtain a

proper 2-
oloring for (X;S). 2
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2.3 The Erd}os{Ko{Rado Theorem

2.3.1 De�nition. A family F of sets is interse
ting if for all A;B 2 F ,

A \ B 6= ;.

2.3.2 Theorem (The Erd}os{Ko{Rado Theorem). If jX j = n, n � 2k,

and F is an interse
ting family of k-element subsets of X then

jFj �

�

n� 1

k � 1

�

:

Clearly, this is tight, be
ause a family of all the k-element subsets 
on-

taining a parti
ular point is interse
ting and the number of su
h subsets is

�

n�1

k�1

�

. (This 
on�guration is sometimes 
alled a sun
ower and the theo-

rem is referred to as the Sun
ower Theorem.) The probabilisti
 proof of the

theorem we give here is due to G. Katona (1972).

2.3.3 Lemma. Consider X = f0; 1; : : : ; n�1g with addition modulo n and

de�ne A

s

= fs; s + 1; : : : ; s + k � 1g � X for 0 � s < n. Then for n � 2k,

any interse
ting family F �

�

X

k

�


ontains at most k of the sets A

s

.

Proof. If A

i

2 F then any other A

s

2 F must be one of the sets

A

i�k+1

; : : : ; A

i�1

or A

i+1

; : : : ; A

i+k�1

. These are 2k � 2 sets whi
h 
an be

divided into k � 1 pairs of the form (A

s

; A

s+k

). As n � 2k, A

s

\A

s+k

= ;,

and only one set from ea
h pair 
an appear in F . 2

Proof of the theorem. We 
an assume that X = f0; 1; : : : ; n � 1g and

F �

�

X

k

�

is an interse
ting family. For a permutation � : X ! X , we de�ne

�(A

s

) = f�(s); �(s + 1); : : : ; �(s + k � 1)g

addition again modulo n. The sets �(A

s

) are just like those in the lemma,

only with the elements relabeled by the permutation �, so by the lemma at

most k of these n sets are in F . Therefore, if we 
hoose random s and �

independently and uniformly,

P[�(A

s

) 2 F ℄ �

k

n

(the underlying probability spa
e here is the produ
t [n℄ � S

n

with the

uniform measure, where S

n

is the set of all permutations on [n℄). But this
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hoi
e of �(A

s

) is equivalent to a random 
hoi
e of a k-element subset of

X , so

P[�(A

s

) 2 F ℄ =

jFj

�

n

k

�

and

jFj =

�

n

k

�

P[�(A

s

) 2 F ℄ �

�

n

k

�

k

n

=

�

n� 1

k � 1

�

:

2

2.4 Pairs of Sets

Let k and ` be �xed natural numbers. We are interested in the maximum

n = n(k; `) su
h that there exist sets A

1

; A

2

; : : : ; A

n

and B

1

; B

2

; : : : ; B

n

satisfying the following 
onditions

(C0) jA

i

j = k, jB

i

j = ` for all i = 1; 2; : : : ; n.

(C1) A

i

\ B

i

= ; for all i = 1; 2; : : : ; n.

(C2) A

i

\ B

j

6= ; for all i 6= j, i; j = 1; 2; : : : ; n.

An example shows that n(k; `) �

�

k+`

k

�

: let A

1

; : : : ; A

n

be all the k-element

subsets of f1; 2; : : : ; k+`g and let B

i

be the 
omplement of A

i

. An ingenious

probabilisti
 argument shows that this is in fa
t best possible (note that at

�rst sight, it is not at all obvious that n(k; `) is �nite!).

2.4.1 Theorem (Bollob�as). For any k; ` � 1, we have n(k; `) =

�

k+`

k

�

.

Before we prove this theorem, we explain a motivation for this (perhaps

strange-looking) problem. It is related to the transversal number of set sy-

stems, one of the 
entral issues in 
ombinatori
s. Re
all that a set T � X

is a transversal of a set system S � 2

X

if S \ T 6= ; for all S 2 S. The

transversal number �(S) is the size of the smallest transversal of S.

In order to understand a 
ombinatorial parameter, one usually studies

the 
riti
al obje
ts. In our 
ase, a set system S is 
alled �-
riti
al if �(S n

fSg) < �(S) for ea
h S 2 S. A question answered by the above theorem was

the following: what is the maximum possible number of sets in a � -
riti
al

system S, 
onsisting of k-element sets and with �(S) = ` + 1? To see the


onne
tion, let S = fA

1

; A

2

; : : : ; A

n

g, and let B

i

be an `-element transversal
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of S n fA

i

g. Note that by the � -
riti
ality of S, the B

i

exist and satisfy the


onditions above. Thus jSj � n(k; `).

Proof of Theorem 2.4.1. Let X =

S

n

i=1

(A

i

[ B

i

) be the ground set.

Arrange the elements of X in a random linear order (all the jX j! orderings

having the same probability). Let U

i

be the event \ea
h element of A

i

pre
edes ea
h element of B

i

". We have P [U

i

℄ =

�

k+`

k

�

�1

.

Cru
ially, we note that U

i

and U

j


annot o

ur simultaneously for i 6= j.

Indeed, sin
e A

i

\B

j

6= ; 6= A

j

\B

i

, we have maxA

i

� minB

j

and maxA

j

�

minB

i

. If both U

i

and U

j

o

urred, then maxA

i

< minB

i

and maxA

j

<

minB

j

, and we get a 
ontradi
tion: maxA

i

� minB

j

> maxA

j

� minB

i

>

maxA

i

. Therefore

1 � P

�

n

[

i=1

U

i

�

=

n

X

i=1

P[U

i

℄ =

n

�

k+`

`

�

and the theorem follows. 2

The same proof shows that if A

1

; A

2

; : : : ; A

n

and B

1

; B

2

; : : : ; B

n

are �-

nite sets satisfying (C1) and (C2) then

P

n

i=1

�

jA

i

j+jB

i

j

jA

i

j

�

�1

� 1. This implies,

among others, the famous Sperner theorem: if F is a family of subsets of

[m℄ with no two distin
t sets A;B 2 F satisfying A � B then jSj �

�

m

bm=2


�

.

To see this, set S = fA

1

; A

2

; : : : ; A

n

g and B

i

= [m℄ n A

i

, and use the fa
t

that

�

m

k

�

�

�

m

bm=2


�

for all k = 0; 1; : : : ;m.
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Linearity of Expe
tation

3.1 Computing Expe
tation Using Indi
ators

The proofs in this 
hapter are based on the following lemma:

3.1.1 Lemma. The expe
tation is a linear operator; i.e., for any two ran-

dom variables X , Y and 
onstants �; � 2 R:

E [�X + �Y ℄ = �E [X ℄ + �E [Y ℄ :

Proof. E [�X + �Y ℄ =

R




(�X + �Y ) dP = �

R




X dP + �

R




Y dP =

�E [X ℄ + �E [Y ℄ : 2

This implies that the expe
tation of a sum of random variables X =

X

1

+ X

2

+ � � �+ X

n

is equal to

E [X ℄ = E [X

1

℄ +E [X

2

℄ + � � �+E [X

n

℄ :

This fa
t is elementary, yet powerful, sin
e there is no restri
tion whatsoe-

ver on the properties of X

i

, their dependen
e or independen
e.

3.1.2 De�nition (Indi
ator variables). For an event A, we de�ne the

indi
ator variable I

A

:

� I

A

(!) = 1, if ! 2 A.

� I

A

(!) = 0, if ! =2 A.

3.1.3 Lemma. For any event A, we have E [I

A

℄ = P[A℄.
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Proof.

E [I

A

℄ =

Z




I

A

(!) dP =

Z

A

dP = P[A℄ :

2

In many 
ases, the expe
tation of a variable 
an be 
al
ulated by ex-

pressing it as a sum of indi
ator variables

X = I

A

1

+ I

A

2

+ � � �+ I

A

n

of 
ertain events with known probabilities. Then

E [X ℄ = P[A

1

℄ + P[A

2

℄ + � � �+ P[A

n

℄ :

Example. Let us 
al
ulate the expe
ted number of �xed points of a random

permutation � on f1; : : : ; ng. If

X(�) = jfi: �(i) = igj;

we 
an express this as a sum of indi
ator variables:

X(�) =

n

X

i=1

X

i

(�)

where X

i

(�) = 1 if �(i) = i and 0 otherwise. Then

E [X

i

℄ = P[�(i) = i℄ =

1

n

and

E [X ℄ =

1

n

+

1

n

+ � � �+

1

n

= 1:

So a random permutation has 1 �xed point (or \loop") on the average.

3.2 Hamiltonian Paths

We 
an use the expe
tation of X to estimate the minimum or maximum

value of X , be
ause there always exists an elementary event ! 2 
 for whi
h

X(!) � E [X ℄ and similarly, we have X(!) � E [X ℄ for some ! 2 
.

We re
all that a tournament is an orientation of a 
omplete graph (for

any two verti
es u; v, exa
tly one of the dire
ted edges (i; j) and (j; i) is

present). A Hamiltonian path in a tournament is a dire
ted path passing

through all verti
es. The following result of Szele (1943) shows the existen
e

of a tournament with very many Hamiltonian paths.
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3.2.1 Theorem. There is a tournament on n verti
es that has at least

n!

2

n�1

Hamiltonian paths.

Proof. Let us 
al
ulate the expe
ted number of Hamiltonian paths in a

random tournament T (every edge has a random orientation, 
hosen in-

dependently with probability

1

2

). For a given permutation � on f1; : : : ; ng,


onsider the sequen
e f�(1); �(2); : : : ; �(n)g and denote by X

�

the indi
ator

of the event that all the edges (�(i); �(i + 1)) appear in T with this orien-

tation. Be
ause the orientation of di�erent edges is 
hosen independently,

E [X

�

℄ = P[(�(i); �(i + 1)) 2 T for i = 1; 2; : : : ; n� 1℄ =

1

2

n�1

:

The total number of Hamiltonian paths X equals the sum of these indi
ator

variables over all potential Hamiltonian paths, i.e. permutations, and so

E [X ℄ =

X

�

E [X

�

℄ =

n!

2

n�1

:

whi
h implies that there is a tournament with at least

n!

2

n�1

Hamiltonian

paths. 2

3.3 Splitting Graphs

3.3.1 Theorem. Any graph with m edges 
ontains a bipartite subgraph

with at least

m

2

edges.

Proof. Let G = (V;E) and 
hoose a random subset T � V by inserting

every vertex into T independently with probability

1

2

. For a given edge

e = fu; vg, let X

e

denote the indi
ator variable of the event that exa
tly

one of the verti
es of e is in T . Then we have

E [X

e

℄ = P[(u 2 T & v =2 T ) or (u =2 T & v 2 T )℄ =

1

4

+

1

4

=

1

4

:

If X denotes the number of edges having exa
tly one vertex in T ,

E [X ℄ =

X

e2E

E [X

e

℄ =

m

2

:

Thus for some T � V , there are at least

m

2

edges 
rossing between T and

V n T , forming a bipartite graph. 2
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Alterations

Sometimes the �rst attempt to �nd a \good" obje
t by random 
onstru
tion

fails but we prove that there exists an obje
t whi
h almost satis�es our


onditions. Often it is possible to modify it in a deterministi
 way so that

we get what we need.

Before we begin with examples, let us mention one simple tool whi
h

is useful when we need to estimate the probability that a random variable

ex
eeds its expe
tation signi�
antly.

4.0.2 Lemma (Markov's inequality). If X is a non-negative random

variable and a > 0 then

P[X � a℄ �

E [X ℄

a

:

Proof. If X is non-negative then obviously

E [X ℄ � a � P[X � a℄ :

2

4.1 Independent Sets

4.1.1 De�nition (Independen
e number). For a graph G, �(G) deno-

tes the size of the largest independent set in G (a set of verti
es su
h that

no two of them are joined by an edge).
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The independen
e number of a graph is one of its basi
 parameters. We

would like to know how it depends on the number of edges in the graph;

spe
i�
ally, how small the independen
e number 
an be for a given average

degree.

4.1.2 Theorem (A weak Tur�an theorem). If n is the number of verti
es

of G, m is the number of edges, and d =

2m

n

� 1 is the average degree then

�(G) �

n

2d

:

Note. By Tur�an's theorem, we a
tually have �(G) �

n

d+1

, and this is best

possible in general. For d integral, the extremal graph is a union of disjoint


liques of size d + 1.

Proof. First, let us sele
t a random subset of verti
es S � V in su
h a way

that we insert every vertex into S independently with probability p (we will


hoose a suitable value of p later). If X denotes the size of S and Y denotes

the number of edges in G[S℄ (the subgraph indu
ed by S),

E [X ℄ = np

(this follows immediately by the method of indi
ators; see Se
tion 3.1) and

E [Y ℄ = mp

2

=

1

2

ndp

2

(be
ause the probability that both verti
es of a given edge are in S is p

2

).

We get

E [X � Y ℄ = np(1�

1

2

dp)

so there exists S � V where the di�eren
e of the number of verti
es and

edges is at least A(p) = np(1�

1

2

dp).

Now observe that we 
an modify S by removing one vertex from ea
h

edge inside S. We obtain an independent set whi
h 
ontains at least A(p)

verti
es. It remains to 
hoose the value of p so as to maximize A(p); the

optimal value is p =

1

d

whi
h yields

A(p) =

n

2d

:

2
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4.2 High Girth and High Chromati
 Number

Now we turn to a famous problem whi
h was solved by Paul Erd}os. The

question was whether the non-existen
e of short 
y
les in a graph implies

that it 
an be 
olored with a small number of 
olors. The answer is negative:

there are graphs that do not 
ontain any short 
y
les and yet their 
hromati


number is arbitrarily large.

We re
all that a (proper) k-
oloring of a graph G is a mapping 
:V (G) !

[k℄ su
h that 
(u) 6= 
(v) whenever fu; vg 2 E(G), and the 
hromati
 num-

ber

1

of G, denoted by �(G), is the smallest k su
h that G has a proper

k-
oloring. The girth

2

of a graph G, denoted by g(G), is the length of its

shortest 
y
le.

4.2.1 Theorem. For any k; ` > 0, there exists a graph G su
h that �(G) >

k and g(G) > `.

Proof. Set " =

1

2`

, p = n

"�1

, and 
onsider the random graph G

n;p

. First,

we estimate the number of 
y
les of length at most `, whi
h we denote by

X . Sin
e the number of potential 
y
les of length i is

1

2

(i� 1)!

�

n

i

�

� n

i

and

ea
h of them is present with probability p

i

, we get

E [X ℄ �

`

X

i=3

n

i

p

i

=

`

X

i=3

n

"i

:

Be
ause n

"i

= o(n) for all i � `, E [X ℄ = o(n). If we 
hoose n so large that

E [X ℄ <

n

4

, we get by the Markov inequality

P

�

X �

n

2

�

<

1

2

:

Now we estimate the 
hromati
 number of G

n;p

by means of its inde-

penden
e number. If we set a = d

3

p

lnne,

P[�(G

n;p

) � a℄ �

�

n

a

�

(1� p)

(

a

2

)

� n

a

e

�p

(

a

2

)

= e

(lnn�p(a�1)=2)a

whi
h tends to zero as n!1. Thus again, for n suÆ
iently large, we have

P[�(G

n;p

) � a℄ <

1

2

:

1


hromati
 number=barevnost

2

girth=obvod
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Consequently, there exists a graph G with X <

n

2

and �(G) < a. If

we remove one vertex from ea
h of the X short 
y
les, at least

n

2

verti
es

remain and we get a graph G

�

with g(G

�

) > ` and �(G

�

) < a. Sin
e in any

proper 
oloring of G

�

, the 
olor 
lasses are independent sets of size at most

a� 1,

�(G

�

) �

n=2

a� 1

�

pn

6 lnn

=

n

"

6 lnn

:

It remains only to 
hoose n suÆ
iently large so that �(G

�

) > k. 2
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The Se
ond Moment

5.1 Varian
e and the Chebyshev Inequality

Besides the expe
tation, the other essential 
hara
teristi
 of a random va-

riable is the varian
e.

1

It des
ribes how mu
h the variable 
u
tuates around

its expe
tation. (For a 
onstant random variable, the varian
e is zero.)

5.1.1 De�nition. The varian
e of a real random variable X is

Var [X ℄ = E

�

(X �E [X ℄)

2

�

= E

�

X

2

�

� (E [X ℄)

2

:

(The �rst equality is a de�nition, and the se
ond one follows by an easy


omputation.) The standard deviation

2

of X is � =

p

Var [X ℄:

Unlike the expe
tation, the varian
e is not a linear operator. If we want

to 
al
ulate the varian
e of a sum of random variables, we need to know

something about their pairwise dependen
e.

5.1.2 De�nition. The 
ovarian
e

3

of two random variables is

Cov [X;Y ℄ = E [(X �E [X ℄)(Y �E [Y ℄)℄ = E [XY ℄�E [X ℄E [Y ℄ :

5.1.3 Lemma. The varian
e of a sum of random variables is equal to

Var

�

n

X

i=1

X

i

�

=

n

X

i=1

Var [X

i

℄ +

X

i 6=j

Cov [X

i

; X

j

℄:

1

varian
e = rozptyl

2

standard deviation = smrodatn od
hylka

3


ovarian
e =kovarian
e
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Proof.

Var

�

n

X

i=1

X

i

�

= E

�

n

X

i=1

X

i

n

X

j=1

X

j

�

�E

�

n

X

i=1

X

i

�

E

�

n

X

j=1

X

j

�

=

=

n

X

i=1

E

�

X

2

i

�

+

X

i 6=j

E [X

i

X

j

℄�

n

X

i=1

(E [X

i

℄)

2

�

X

i 6=j

E [X

i

℄E [X

j

℄ =

=

n

X

i=1

Var [X

i

℄ +

X

i 6=j

Cov [X

i

; X

j

℄:

2

Note. If X

1

; : : : ; X

n

are independent, the 
ovarian
e of ea
h pair is 0. In

this 
ase, the varian
e of X 
an be 
al
ulated as the sum of varian
es of the

X

i

. On the other hand, Cov [X;Y ℄ = 0 does not imply independen
e of X

and Y !

On
e we know the varian
e, we 
an apply the Chebyshev inequality

4

to

estimate the probability that a random variable deviates from its expe
ta-

tion at least by a given number.

5.1.4 Lemma (Chebyshev inequality). Let X be a random variable

with a �nite varian
e. Then for any t > 0

P[jX �E [X ℄ j � t℄ �

Var [X ℄

t

2

:

Proof.

Var [X ℄ = E

�

(X �E [X ℄)

2

�

� t

2

P[jX �E [X ℄ j � t℄ :

2

This simple tool gives the best possible result when X is equal to � with

probability p and equal to � � t with probability

1�p

2

. In Chapter 7, we

will examine stronger methods giving better bounds for 
ertain 
lasses of

random variables. In this se
tion, though, the Chebyshev inequality will be

suÆ
ient.

4

Chebyshev inequality = ebyevova nerovnost
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5.2 Estimating the Middle Binomial CoeÆ
ient

Among the binomial 
oeÆ
ients

�

2m

k

�

, k = 0; 1; : : : ; 2m,

�

2m

m

�

is the largest

and it often appears in various formulas (e.g. in the Catalan numbers, whi
h


ount binary trees and many other things). The se
ond moment method pro-

vides a simple way of bounding

�

2m

m

�

from below. There are several other

approa
hes, some of them yielding mu
h more pre
ise estimates, but the

simple tri
k with the Chebyshev inequality gives the 
orre
t order of mag-

nitude.

5.2.1 Proposition. For all m � 1, we have

�

2m

m

�

� 2

2m

=4

p

m.

Proof. Consider the random variable X = X

1

+X

2

+ � � �+X

2m

, where the

X

i

are independent and ea
h of them attains values 0 and 1 with probability

1

2

. We have E [X ℄ = m and Var [X ℄ =

m

2

. The Chebyshev inequality with

t =

p

m gives

P

�

jX �mj <

p

m

�

�

1

2

:

The probability of X attaining a spe
i�
 value m + k, where jkj <

p

m, is

�

2m

m+k

�

2

�2m

�

�

2m

m

�

2

�2m

(be
ause

�

2m

m

�

is the largest binomial 
oeÆ
ient).

So we have

1

2

�

X

jkj<

p

m

P[X = m + k℄ � 2

p

m

�

2m

m

�

2

�2m

and the proposition follows. 2

5.3 Threshold Fun
tions

Now we return to random graphs and we 
onsider the following question:

What is the probability that G

n;p


ontains a triangle? Note that this is a

monotone property; that means, if it holds for a graph G and G � H , it

holds for H as well. It is natural to expe
t that for very small p, G

n;p

is

almost surely triangle-free, whereas for large p, the appearan
e of a triangle

is very likely.

Let T denote the number of triangles in G

n;p

. For a given triple of

verti
es, the probability that they form a triangle is p

3

. By linearity of
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expe
tation, the expe
ted number of triangles is

E [T ℄ =

�

n

3

�

p

3

whi
h approa
hes zero if p(n) <<

1

n

(the notation f(n) << g(n) is equiva-

lent to f(n) = o(n) and f(n) >> g(n) means g(n) = o(f(n))). Therefore,

the probability that G

n;p(n)


ontains a triangle tends to zero for p(n) = o(

1

n

).

On the other hand, let us suppose that p(n) >>

1

n

. Then the expe
ted

number of triangles goes to in�nity with in
reasing n, yet this does not

imply that G

n;p


ontains a triangle almost surely! It might be the 
ase that

there are a few graphs abounding with triangles (and boosting the expe
ted

value) while with a large probability the number of triangles is zero. This


an also be illustrated with the following real-life s
enario.

Example: �re insuran
e. The annual 
ost of insuran
e against �re, per

household, is in
reasing. This re
e
ts the growing damage in
i
ted by �re

every year to an average household. But does this mean that the probability

of a �re a

ident is rising, or even that in the limit, almost every household

will be stri
ken by �re every year? Hardly. The rise in the expe
ted damage


osts is due to a few �re a

idents every year whi
h, however, are getting

more and more expensive.

Fortunately, our triangles do not behave as errati
ally as �re a

idents.

Most random graphs have a \typi
al" number of triangles whi
h is relati-

vely 
lose to the expe
tation. It is exa
tly the se
ond moment method that

allows us to 
apture this property and prove that if the expe
ted number

of triangles is suÆ
iently large, the random graph 
ontains some triangle

almost surely.

5.3.1 Lemma. Consider a sequen
eX

1

; X

2

; : : : of non-negative random va-

riables su
h that

lim

n!1

Var [X

n

℄

(E [X

n

℄)

2

= 0:

Then

lim

n!1

P[X

n

> 0℄ = 1:

Proof. We 
hoose t = E [X

n

℄ in the Chebyshev inequality:

P[jX

n

�E [X

n

℄ j � E [X

n

℄℄ �

Var [X

n

℄

(E [X

n

℄)

2
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and we get

lim

n!1

P[X

n

� 0℄ � lim

n!1

Var [X

n

℄

(E [X

n

℄)

2

= 0:

2

Thus we need to estimate the varian
e of the number of triangles in

G

n;p

. We have T =

P

T

i

where T

1

; T

2

; : : : are indi
ator variables for all the

�

n

3

�

possible triangles in G

n;p

. The varian
e of a sum of random variables is

Var [T ℄ =

X

i

Var [T

i

℄ +

X

i 6=j

Cov [T

i

; T

j

℄:

For every triangle

Var [T

i

℄ � E

�

T

2

i

�

= p

3

and for a pair of triangles sharing an edge

Cov [T

i

; T

j

℄ � E [T

i

T

j

℄ = p

5

sin
e T

i

T

j

is the indi
ator variable of the appearan
e of 5 �xed edges.

The indi
ator variables 
orresponding to edge-disjoint triangles are in-

dependent and then the 
ovarian
e is zero. So we only sum up over the pairs

of triangles sharing an edge; the number of su
h (ordered) pairs is 12

�

n

4

�

. In

total, we get

Var [T ℄ �

�

n

3

�

p

3

+ 12

�

n

4

�

p

5

� n

3

p

3

+ n

4

p

5

Var [T ℄

(E [T ℄)

2

�

n

3

p

3

+ n

4

p

5

(

�

n

3

�

p

3

)

2

= O

�

1

n

3

p

3

+

1

n

2

p

�

whi
h tends to zero if p(n) >>

1

n

. Lemma 5.3.1 implies that in su
h a 
ase,

the probability that G

n;p


ontains a triangle approa
hes 1 as n tends to

in�nity.

As the reader 
an observe, the transition between random graphs that


ontain a triangle almost never or almost always is quite sharp. In order to

des
ribe this phenomenon more generally, Erd}os and R�enyi introdu
ed the

notion of a threshold fun
tion.

5.3.2 De�nition. A fun
tion r: N ! R is a threshold fun
tion for a

monotone graph property A, if for any p: N! [0; 1℄
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� p(n) = o(r(n)) ) lim

n!1

P

�

A holds for G

n;p(n)

�

= 0

� r(n) = o(p(n)) ) lim

n!1

P

�

A holds for G

n;p(n)

�

= 1

(a property A is monotone if for any two graphs G and H with V (H) =

V (G), E(H) � E(G), and H having property A, G has property A as well).

Note that a threshold fun
tion may not exist and if it exists, it is not

unique. For our property \G

n;p


ontains a triangle", the threshold fun
tion

is r(n) =

1

n

, but r(n) =




n

(for any 
 > 0) 
ould serve as well.

More generally, we 
an study the threshold fun
tions for the appearan
e

of other subgraphs (not ne
essarily indu
ed; the question of indu
ed subg-

raphs would be mu
h more diÆ
ult). It turns out that our approa
h 
an be

extended to any subgraph H that is balan
ed.

5.3.3 De�nition. Let H be a graph with v verti
es and e edges. We de�ne

the density of H as

�(H) =

e

v

:

We 
all H balan
ed if no subgraph of H has stri
tly greater density that

H itself.

5.3.4 Theorem. Let H be a balan
ed graph with density �. Then

r(n) = n

�1=�

is the threshold fun
tion for the event that H is a subgraph of G

n;p

.

Proof. Let H have v verti
es and e edges, � =

e

v

. Denote the verti
es of H

by fa

1

; a

2

; : : : ; a

v

g. For any ordered v-tuple � = (b

1

; b

2

; : : : ; b

v

) of distin
t

verti
es b

1

; : : : ; b

v

2 V (G

n;p

), let A

�

denote the event that G

n;p


ontains

an appropriately ordered 
opy of H on (b

1

; : : : ; b

v

). That is, A

�

o

urs if

fb

i

; b

j

g 2 E(G

n;p

) whenever fa

i

; a

j

g 2 E(H); in other words, whenever the

mapping a

i

7! b

i

is a graph homomorphism.

Let X

�

denote the indi
ator variable 
orresponding to A

�

and let X =

P

�

X

�

be the sum over all the ordered v-tuples �. Note that due to the

possible symmetries of H , some 
opies of H may be 
ounted repeatedly,

and so X is not exa
tly the number of 
opies of H in G

n;p

. However, the


onditions X = 0 and X > 0 are equivalent to the absen
e and appearan
e

of H in G

n;p

.
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The probability of A

�

is 
learly p

e

. By linearity of expe
tation,

E [X ℄ =

X

�

P[A

�

℄ = �(n

v

p

e

)

(note that v and e are 
onstants, while p is a fun
tion of n).

If p(n) << n

�v=e

then

lim

n!1

E [X ℄ = 0

whi
h 
ompletes the �rst part of the proof.

Now assume p(n) >> n

�v=e

and apply the se
ond moment method:

Var [X ℄ =

X

�

Var [X

�

℄ +

X

� 6=


Cov [X

�

; X




℄:

Note that Var [X

�

℄ = Cov [X

�

; X

�

℄, so we 
an also write

Var [X ℄ =

X

�;


Cov [X

�

; X




℄:

The 
ovarian
es are non-zero only for the pairs of 
opies that share some

edges. Let � and 
 share t � 2 verti
es; then the two 
opies of H have at

most t� edges in 
ommon (be
ause H is balan
ed), and their union 
ontains

at least 2e� t� edges. Thus

Cov [X

�

; X




℄ � E [X

�

X




℄ � p

2e�t�

:

The number of pairs �; 
 sharing t verti
es is O(n

2v�t

) be
ause we 
an


hoose the base set of 2v � t verti
es in

�

n

2v�t

�

ways and there are only


onstantly many ways to 
hoose � and 
 from this base set. For a �xed t,

we get

X

j�\
j=t

Cov [X

�

; X




℄ = O(n

2v�t

p

2e�t�

) = O((n

v

p

e

)

2�t=v

):

For the varian
e of X , we get

Var [X ℄ = O

�

v

X

t=2

(n

v

p

e

)

2�t=v

�
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and

lim

n!1

Var [X ℄

(E [X ℄)

2

= lim

n!1

O

�

v

X

t=2

(n

v

p

e

)

�t=v

�

= 0

sin
e lim

n!1

n

v

p

e

= 1. This 
ompletes the se
ond part of the proof be-


ause by Lemma 5.3.1,

lim

n!1

P[X > 0℄ = 1

and there is almost always a 
opy of H in G

n;p

. 2

The question of a general subgraph H was solved by Erd}os and R�enyi:

The threshold fun
tion for H is determined by the subgraph H

0

� H with

maximal density �(H

0

). We give here only the result without a proof.

5.3.5 Theorem. Let H be a graph and H

0

� H a subgraph of H with

maximal density �(H

0

). Then

r(n) = n

�1=�(H

0

)

is a threshold fun
tion for the event that H is a subgraph of G

n;p

.

5.4 The Clique Number

Now we 
onsider the 
lique number of a random graph. For simpli
ity,

suppose that the probability of ea
h edge is p =

1

2

. Let us 
hoose a number

k and 
ount the number of 
liques of size k. For ea
h set S of k verti
es,

let X

S

denote the indi
ator variable of the event \S is a 
lique". Then

X =

P

jSj=k

X

S

is the number of k-
liques in the graph. The expe
ted

number of k-
liques is

E [X ℄ =

X

jSj=k

E [X

S

℄ =

�

n

k

�

2

�

(

k

2

)

:

This fun
tion drops below 1 approximately at k = 2 log

2

n and, indeed, this

is the typi
al size of the largest 
lique in G

n;1=2

.

5.4.1 Lemma.

lim

n!1

P

�

!(G

n;1=2

) > 2 log

2

n

�

= 0:
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Proof. We set k(n) = d2 log

2

ne and 
al
ulate the average number of 
liques

of this size:

E [X ℄ =

�

n

k

�

2

�

(

k

2

)

�

(2

k=2

)

k

k!

2

�k(k�1)=2

=

2

k=2

k!

whi
h tends to 0 as n!1. Therefore

lim

n!1

P

�

!(G

n;1=2

) > 2 log

2

n

�

= 0:

2

However, it is more 
hallenging to argue that there will almost always be

a 
lique of size near the threshold of 2 log

2

n. We prove the following result.

5.4.2 Theorem. Let k(n) be a fun
tion su
h that

lim

n!1

�

n

k(n)

�

2

�

(

k(n)

2

)

= 1:

Then

lim

n!1

P

�

!(G

n;1=2

) � k(n)

�

= 1:

Proof. Here the 
al
ulations are somewhat more demanding than usual.

For brevity, let us write E(n; k) =

�

n

k

�

2

�

(

k

2

)

. First we note that we may

assume n to be suÆ
iently large and

3

2

log

2

n � k < 2 log

2

n

(where

3

2


an be repla
ed by any 
onstant smaller than 2). As for the se
ond

inequality, we already know that E(n; 2 log

2

n) ! 0. For the �rst inequality,

we have log

2

E(n; k) � log

2

h

(

n

k

)

k

2

�k

2

=2

i

= k log

2

n� k log

2

k �

k

2

2

, and so

log

2

E(n;

3

2

log

2

n) �

3

2

log

2

2

n� o(log

2

n) +

9

8

log

2

n!1 as n!1.

For 
onvenien
e, we also suppose that k = k(n) is even.

Let X =

P

jSj=k(n)

X

S

denote the number of 
liques of size k(n) in

G

n;1=2

. The 
ondition on k(n) guarantees that lim

n!1

E [X ℄ = 1. It re-

mains to estimate the varian
e of X :

Var [X ℄ =

X

jSj=jT j=k

Cov [X

S

; X

T

℄
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(note that this in
ludes the terms where S = T , whi
h are equal to Var [X

T

℄).

The variables X

S

; X

T

are independent whenever S and T share at most

one vertex (and therefore the 
orresponding 
liques have no edges in 
ommon).

So we are interested only in those pairs S; T with jS \ T j � 2 and we 
an

write

Var [X ℄ =

k

X

t=2

C(t)

where

C(t) =

X

jS\T j=t

Cov [X

S

; X

T

℄:

For a �xed t = jS \ T j, the 
liques on S and T have 2

�

k

2

�

�

�

t

2

�

edges in

total, so we have

Cov [X

S

; X

T

℄ � E [X

S

X

T

℄ = 2

(

t

2

)

�2

(

k

2

)

and sin
e a pair of subsets (S; T ) with jSj = jT j = k and jS \ T j = t 
an be


hosen in

�

n

k

��

k

t

��

n�k

k�t

�

ways,

C(t) �

�

n

k

��

k

t

��

n� k

k � t

�

2

(

t

2

)

�2

(

k

2

)

:

We need to prove that

Var [X ℄

(E [X ℄)

2

=

k

X

t=2

C(t)

(E [X ℄)

2

! 0

(see Lemma 5.3.1). We split the sum over t into two ranges.

In the �rst range, 2 � t �

k

2

, we show that the sum goes to 0 for

k < 2 log

2

n. When dealing with a produ
t of several binomial 
oeÆ
ients,

it is often a good idea to expand them, as many terms usually 
an
el out

or 
an be mat
hed 
onveniently. We have

C(t)

(E [X ℄)

2

�

�

k

t

��

n�k

k�t

�

�

n

k

�

2

(

t

2

)

�

k

t

t!

�

(n�k)(n�k�1)���(n�2k+t+1)

(k�t)!

�

k!

n(n�1)���(n�k+1)

� 2

(

t

2

)

� k

2t

�

1

n(n�1)���(n�t+1)�t!

� 2

t

2

=2

� k

2t

n

�t

2

t

2

=2

� k

2t

(2

�k=2

)

t

2

t

2

=2

� (k

2

2

�k=2

2

t=2

)

t

:
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Sin
e t �

k

2

, the expression in parentheses is at most k

2

2

�k=4

= o(1). We


an thus bound

P

k=2

t=2

C(t)=(E [X ℄)

2

by the sum of the geometri
 series,

P

1

t=2

q

t

, with q = k

2

2

�k=4

= o(1) and so the sum tends to 0.

For the se
ond range,

k

2

< t � k, we show that

P

k

t=k=2

C(t)=E [X ℄ = o(1)

for k �

3

2

log

2

n. Consequently, sin
e E [X ℄ ! 1 by the 
ondition in the

theorem, we have

P

k

t=k=2

C(t)=(E [X ℄)

2

! 0 as well. This time we 
an

a�ord to bound the binomial 
oeÆ
ients quite roughly:

C(t)

E [X ℄

�

�

k

t

��

n� k

k � t

�

2

(

t

2

)

�

(

k

2

)

=

�

k

k � t

��

n

k � t

�

2

(

t

2

)

�

(

k

2

)

� k

k�t

n

k�t

2

(t

2

�k

2

�t+k)=2

� (kn)

k�t

2

�(k�t)(k+t�1)=2

= (kn2

�(k+t�1)=2

)

k�t

� (2

log

2

k+(2=3)k�(k+t�1)=2

)

k�t

� (2

log

2

k+(2=3)k�(3=4)k

)

k�t

as t >

k

2

. The expression in parentheses is o(1). Bounding by a geometri


series again, it follows that

P

k

t=k=2

C(t)=E [X ℄ ! 0 as 
laimed. Altogether

we have proved lim

n!1

Var [X ℄ =(E [X ℄)

2

= 0. 2

Remark. If we 
hoose k(n) = (2� ") log

2

n, the 
ondition of the theorem

holds for any " > 0. This means that the 
lique number !(G

n;1=2

) almost

always lies between (2 � ") log

2

n and 2 log

2

n. However, the 
on
entration

of the 
lique number is even stronger. In 1976, Bollob�as, Erd}os and Matula

proved that there exists a fun
tion k(n) su
h that

lim

n!1

P

�

k(n) � !(G

n;1=2

) � k(n) + 1

�

= 1:
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The Lov�asz Lo
al Lemma

6.1 Statement and Proof

The typi
al goal of the probabilisti
 method is to prove that the probability

that nothing \bad" happens is greater than zero. Usually, we have a 
olle
-

tion of bad events A

1

; A

2

; : : : ; A

n

that we are trying to avoid. (These may

be, for example, the o

urren
es of a mono
hromati
 edge in a hypergraph,

as in Theorem 2.2.4.) If the sum of their probabilities

P

P[A

i

℄ is stri
tly less

than 1, then 
learly there is a positive probability that none of them o

urs.

However, in many 
ases this approa
h is not powerful enough, be
ause the

sum of probabilities of the bad events

P

P[A

i

℄ may be substantially larger

than the probability of their union P[

S

A

i

℄.

One 
ase where we 
an do better is when the events A

1

; : : : ; A

n

are

independent (and non-trivial). Then their 
omplements are independent as

well and we have

P

�

A

1

\ A

2

\ : : : \ A

n

�

= P

�

A

1

�

P

�

A

2

�

� � �P

�

A

n

�

> 0

even though the probabilities P[A

i

℄ 
an be very 
lose to 1 and their sum


an be arbitrarily large.

It is natural to expe
t that something similar holds even if the events

are not entirely independent. The following de�nitions 
onveniently express

\limited dependen
e" of events using a dire
ted graph.

6.1.1 De�nition. An event A is independent of events B

1

; : : : ; B

k

if

for any nonempty J � [k℄,

P

�

A \

\

j2J

B

j

�

= P[A℄ P

�

\

j2J

B

j

�

:
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6.1.2 De�nition. Let A

1

; A

2

; : : : ; A

n

be events in a probability spa
e. A

dire
ted graph D = (V;E) with V = [n℄ is a dependen
y digraph for

A

1

; : : : ; A

n

if ea
h event A

i

is independent of all the events A

j

with (i; j) 62

E.

Note that a dependen
y digraph need not be determined uniquely.

The lo
al lemma, dis
overed by Lov�asz, is a powerful tool whi
h allows

us to ex
lude all bad events, provided that their probabilities are relatively

small and their dependen
y digraph does not have too many edges. We

begin with a simple symmetri
 form of the lo
al lemma, the one used most

often.

6.1.3 Lemma (Symmetri
 Lov�asz Lo
al Lemma). Let A

1

; : : : ; A

n

be

events su
h that P[A

i

℄ � p for all i and all outdegrees in a dependen
y

digraph of the A

i

are at most d; that is, ea
h A

i

is independent of all but at

most d of the other A

j

. If ep(d + 1) � 1 (where e = 2:71828 : : : is the basis

of natural logarithms) then

P

�

n

\

i=1

A

i

�

> 0:

If some of the events A

i

have 
onsiderably larger probability than the

others, then the following general version 
an be useful:

6.1.4 Lemma (Lov�asz Lo
al Lemma). Let A

1

; A

2

; : : : ; A

n

be events,

D = (V;E) their dependen
y digraph and x

i

2 [0; 1) real numbers assigned

to the events, in su
h a way that

P[A

i

℄ � x

i

Y

(i;j)2E

(1� x

j

):

Then

P

�

n

\

i=1

A

i

�

�

n

Y

i=1

(1� x

i

) > 0:

If all the P[A

i

℄ are below

1

6

, say, then a good 
hoi
e in appli
ations is

usually x

i

= 3P[A

i

℄ (the exa
t value 3 is not important). Then it is easy

to show that if

P

j: (i;j)2E

P[A

j

℄ �

1

6

for all i then the assumption of the

Lov�asz Lo
al Lemma hold.
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In the rest of the se
tion, we prove both versions of the lo
al lemma. It

seems that at �rst reading, the proof does not give mu
h insight why the

lemma holds. The reader not parti
ularly interested in the proof may safely


ontinue with the examples in the next se
tions and perhaps return to the

proof later.

Proof of Lemma 6.1.4. The 
omplementary events A

i

have positive

probabilities but we want them all to o

ur simultaneously. This would be

impossible if the o

urren
e of a 
ombination of A

j

for
ed some other A

i

to

hold. Therefore, we need to bound the probability of A

i

on the 
ondition of

the other events not o

urring , and this is where the parameters x

i


ome

into play. First we prove that for any subset S � f1; : : : ; ng and i =2 S

P

�

A

i

�

�

�

�

\

j2S

A

j

�

� x

i

:

We pro
eed by indu
tion on the size of S. For S = ;, the statement

follows dire
tly from the assumption of the lemma:

P[A

i

℄ � x

i

Y

(i;j)2E

(1� x

j

) � x

i

:

Now suppose it holds for any S

0

; jS

0

j < jSj and set S

1

= fj 2 S: (i; j) 2

Eg; S

2

= S n S

1

. We 
an assume S

1

6= ;, otherwise A

i

is independent of

T

j2S

A

j

and the statement follows trivially. We have

P

�

A

i

�

�

�

�

\

j2S

A

j

�

=

P

h

A

i

\

T

j2S

1

A

j

�

�

�

T

l2S

2

A

l

i

P

h

T

j2S

1

A

j

�

�

�

T

l2S

2

A

l

i

Sin
e A

i

is independent of the events fA

l

: l 2 S

2

g, we 
an bound the nu-

merator as follows:

P

�

A

i

\

\

j2S

1

A

j

�

�

�

�

\

l2S

2

A

l

�

� P

�

A

i

�

�

�

�

\

l2S

2

A

l

�

= P[A

i

℄ � x

i

Y

(i;j)2E

(1� x

j

):

To bound the denominator, suppose S

1

= fj

1

; : : : ; j

r

g and use the indu
tion

hypothesis:

P

�

A

j

1

\ � � � \ A

j

r

�

�

�

�

\

l2S

2

A

l

�

= P

�

A

j

1

�

�

�

�

\

l2S

2

A

l

�

P

�

A

j

2

�

�

�

�

A

j

1

\

\

l2S

2

A

l

�
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� � � � P

�

A

j

r

�

�

�

�

A

j

1

\ � � � \ A

j

r�1

\

\

l2S

2

A

l

�

� (1� x

j

1

)(1� x

j

2

) � � � (1� x

j

r

)

�

Y

(i;j)2E

(1� x

j

):

We 
on
lude that P

h

A

i

j

T

j2S

A

j

i

� x

i

and now the lemma follows easily,

be
ause

P

�

n

\

i=1

A

i

�

= P

�

A

1

�

P

h

A

2

�

�

�

A

1

i

� � �P

h

A

n

�

�

�

A

1

\ � � � \ A

n�1

i

�

n

Y

i=1

(1� x

i

):

2

Proof of the symmetri
 version (Lemma 6.1.3). For d = 0 the events

are mutually independent and the result follows easily. Otherwise set x

i

=

1

d+1

< 1. In the dependen
y digraph, the outdegree of any vertex is at most

d, so

x

i

Y

(i;j)2E

(1� x

j

) �

1

d + 1

�

1�

1

d + 1

�

d

�

1

e(d + 1)

� p

and we 
an apply the general lo
al lemma. 2

Algorithmi
 remark. In the basi
 probabilisti
 method, we usually prove

that almost all of the 
onsidered obje
ts are good. So if we want to �nd a

good obje
t, we 
an sele
t an obje
t at random, and we have a very good


han
e of sele
ting a good one (of 
ourse, verifying that an obje
t is good 
an

still be diÆ
ult, but this is another matter). In 
ontrast, the Lov�asz Lo
al

Lemma guarantees that the probability of avoiding all bad events is positive,

but this probability is typi
ally very small! For example, if A

1

; : : : ; A

n

are

independent events, with probability

1

3

ea
h, say, in whi
h 
ase the Lo
al

Lemma applies, then the probability of none A

i

o

urring is only (

2

3

)

n

.

So good obje
ts guaranteed by the Lo
al Lemma 
an be extremely rare.

Nevertheless, algorithmi
 versions of the Lo
al Lemma, where a good obje
t


an be found eÆ
iently, are known; the �rst one, for a parti
ular appli
ation,

was dis
overed by Be
k, and for quite general re
ent results the reader may


onsult

M. Molloy, B. Reed: Further algorithmi
 aspe
ts of the Lo
al

Lemma, Pro
. of the 30th ACM Symposium of Theory of Com-

puting, 1998, pages 524{530.
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Now we present several 
ombinatorial results whi
h 
an be obtained with

the help of the Lo
al Lemma.

6.2 Hypergraph Coloring Again

In se
tion 2.2, we proved that any k-uniform hypergraph with less than

2

k�1

edges is 2-
olorable. By applying the Lo
al Lemma, we prove a similar

result whi
h holds for a hypergraph with arbitrarily many edges provided

that they do not interse
t too mu
h.

6.2.1 Theorem. Let H be a hypergraph in whi
h every edge has at least

k verti
es and interse
ts at most d other edges. If e(d + 1) � 2

k�1

then H

is 2-
olorable.

Proof. Let us 
olor the verti
es of H independently red or blue, with pro-

bability

1

2

. For every edge f , let A

f

denote the event that f is mono
hro-

mati
. As any edge has at least k elements, the probability of A

f

is at most

p = 2

1�k

. Clearly, the event A

f

is independent of all A

g

but those (at most

d) events where f interse
ts g. Sin
e ep(d + 1) � 1, we 
an use the Lo
al

Lemma whi
h implies that there is a non-zero probability that no edge is

mono
hromati
. 2

6.3 Dire
ted Cy
les

6.3.1 Theorem. LetD = (V;E) be a dire
ted graph with minimumoutdeg-

ree Æ and maximum indegree �. Then for any k 2 N su
h that

k �

Æ

1 + ln(1 + Æ�)

;

D 
ontains a dire
ted 
y
le of length divisible by k.

Proof. Consider a subgraph of D where every outdegree is exa
tly Æ. Let

f :V ! f0; 1; : : : ; k � 1g be a random 
oloring obtained by 
hoosing f(v)

for ea
h v 2 V independently and uniformly. Let N

+

(v) denote the set of

verti
es fw: (v; w) 2 Eg and A

v

the event that no vertex in N

+

(v) is 
olored

by f(v) + 1 (mod k).
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The probability of A

v

is p = (1 �

1

k

)

Æ

. We 
laim that ea
h A

v

is inde-

pendent of all the events A

w

where N

+

(v) \ (N

+

(w) [ fwg) = ;. That is,

w is not a su

essor of v and w and v have no 
ommon su

essor:

v

6= w

6= w

6= w

6= w

: : :


ould be w

Note that v may be a su

essor of w (as indi
ated by the dashed arrow). In

this 
ase, the independen
e is not so obvious, but it still holds: the reason

is that even if the 
olor is �xed for all verti
es ex
ept for N

+

(v) and it is


hosen randomly on N

+

(v), the probability of A

v

is still (1�

1

k

)

Æ

.

The number d of verti
es w not satisfying the above 
onditions is at

most Æ + Æ(�� 1) = Æ�. Hen
e

ep(d + 1) � e(1�

1

k

)

Æ

(Æ� + 1) � e

1�Æ=k

(Æ� + 1) � 1

and by the Lo
al Lemma, there is a 
oloring su
h that for every v 2 V ,

there is a w 2 N

+

(v) su
h that f(w) = f(v) + 1 (mod k). Now starting at

any vertex v

0

, we 
an generate a sequen
e of verti
es v

0

; v

1

; v

2

; : : : su
h that

(v

i

; v

i+1

) 2 E and f(v

i+1

) = f(v

i

) + 1 (mod k), until we �nd a dire
ted


y
le in D. The 
oloring s
heme guarantees that the length of the 
y
le is

divisible by k. 2

6.4 Ridi
ulous Inje
tions

This is a silly example whi
h, nonetheless, shows how strong the Lo
al

Lemma is, 
ompared to an elementary probabilisti
 argument. Let us 
onsi-

der two �nite sets M and N ; jM j = m; jN j = n. We will attempt to prove

by the probabilisti
 method that under favorable 
ir
umstan
es, there exi-

sts an inje
tive mapping from M to N . The �rst result is based only on

elementary probabilisti
 reasoning, and it is also relatively weak. :{)

6.4.1 Theorem. If n >

�

m

2

�

then there exists an inje
tive mapping f :M !

N .
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Proof. Consider a random mapping f :M ! N where the image of ea
h

element of M is 
hosen from N at random, uniformly and independently.

Let A

xy

denote the event that, for x; y 2 M , f(x) = f(y). The probability

of A

xy

is p =

1

n

. Sin
e there are

�

m

2

�

su
h events A

xy

whi
h must be avoided

in order for f to be inje
tive, we have

P

�

\

x;y2M

A

xy

�

� 1�

�

m

2

�

1

n

> 0

and therefore an inje
tive mapping exists. 2

Now, with the Lo
al Lemma at hand, we are ready for a substantial

improvement. Instead of n >

�

m

2

�

, we will need only a linear number of

elements!

6.4.2 Theorem. If n > 6m then there exists an inje
tive mapping f :M !

N .

Proof. Again, we de�ne the events A

xy

for x 6= y as f(x) = f(y) and we

observe that p = P[A

xy

℄ <

1

6m

and A

xy

is independent of all but the d < 2m

events A

x

0

y

0

where fx; yg \ fx

0

; y

0

g 6= ;. So we have ep(d + 1) < 1 and the

Lo
al Lemma says that

P

�

\

x;y2M

A

xy

�

> 0:

2

6.5 Coloring of Real Numbers

This is a problem whi
h appeared in the original paper 
ontaining the Lo
al

Lemma by Erd}os and Lov�asz. They asked whether it is possible, for a given

�nite set S � R, to 
olor the real numbers with k 
olors in su
h a way that

every translation (shifted 
opy) of S 
ontains all the k 
olors.

6.5.1 De�nition. Let 
:R ! [k℄ be a 
oloring of the real numbers. A set

T � R is 
alled 
olorful if 
(T ) = [k℄.

6.5.2 Theorem. For any k there ism su
h that for anym-point set S � R,

the real numbers 
an be 
olored with k 
olors so that any translation of S

is 
olorful.
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Proof. First, we prove a result about �nite sets of translates.

Statement F: For any k, there exists m = m(k) su
h that

for any m-point S � R and �nite X � R, there is a 
oloring


 of the set T =

S

x2X

(S + x) with k 
olors under whi
h ea
h

translation S + x with x 2 X is 
olorful.

Let 
:T ! [k℄ be a random 
oloring obtained by 
hoosing 
(y) for ea
h

y 2 T independently and uniformly at random. For ea
h x 2 X , let A

x

denote the event that 
(S +x) does not 
ontain all the k 
olors. The proba-

bility of A

x

is at most p = k(1�

1

k

)

m

. Moreover, ea
h A

x

is independent of

all the other events but those A

x

0

where (S+x)\ (S +x

0

) 6= ;. The number

of su
h events is at most d = m(m� 1). If we 
hoose m suÆ
iently large so

that

ep(d + 1) = ek

�

1�

1

k

�

m

(m(m� 1) + 1) � 1

then the Lo
al Lemma implies that there is a 
oloring su
h that all the sets

S + x, x 2 X , are 
olorful. Statement F is proved.

Here it should be noted that the Lo
al Lemma itself 
annot take us any

further, be
ause it requires that the number of events in question is �nite.

The proper 
oloring of all real numbers 
an be obtained by a 
ompa
tness

argument (whi
h requires the axiom of 
hoi
e).

First, we will show a weaker result by an elementary argument. (This

weaker result is in
luded just for illustration and it is not needed in the proof

of Theorem 6.5.2 that will be presented later.) Let Q = fq

1

; q

2

; q

3

; : : :g � R

be a 
ountable set, for example the rationals. We are going to 
olor the set

T =

S

q2Q

(S + q). Let T

i

=

S

i

j=1

(S + q

j

). For every T

i

, using Statement F

above, we �x a 
oloring 


i

:T

i

! [k℄ su
h that all the sets S + q

j

, j � i,

are 
olorful. We are going to de�ne a 
oloring 
:T ! [k℄ by a diagonal

argument.

There are �nitely many ways of 
oloring the set S + q

1

, and we have the

in�nite sequen
e (


1

; 


2

; : : :) of 
olorings, so there is an in�nite subsequen
e

(


i

1

; 


i

2

; : : :) all of whose 
olorings 
oin
ide on S + q

1

(and S + q

1

is 
olorful

under them). For simpler notation, let us write 


(1)

j

= 


i

j

, so we have the

in�nite sequen
e (


(1)

1

; 


(1)

2

; 


(1)

3

; : : :). All of these 
olorings, ex
ept possibly

for 


(1)

1

, are de�ned on S + q

2

, and 
an have only �nitely many patterns

there, so we 
an sele
t an in�nite subsequen
e (


(2)

1

; 


(2)

2

; 


(2)

3

; : : :), all of

whose 
olorings 
oin
ide on S+q

2

. Continuing in this manner, after ` steps,

we get an in�nite sequen
e (


(`)

1

; 


(`)

2

; : : :) whose 
olorings 
oin
ide on T

`

=
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S

`

i=1

(S + q

i

) and su
h that ea
h S + q

i

, i = 1; 2; : : : ; ` is 
olorful. Note that

the 
oloring of T

`

remains �xed after the `th step, and ea
h 


(r)

j

, r � `,


oin
ides with 


(`)

1

on T

`

.

Now we de�ne a \diagonal" 
oloring 
:T ! [k℄ by letting 
(x) = 


(`)

1

(x),

where ` is the smallest index su
h that x 2 T

`

. Note that we also have


(x) = 


(r)

1

for all r su
h that x 2 T

r

. Sin
e ea
h S + q

r

is 
olorful under




(r)

1

by the 
onstru
tion, it follows that it is 
olorful under 
 as well.

Finally, we prove the existen
e of the desired 
oloring of the real num-

bers. We need to re
all two fa
ts about 
ompa
t topologi
al spa
es. First, if

C is a system of 
losed subsets in a 
ompa
t spa
e su
h that

T

C2F

C 6= ; for

any �nite subsystem F � C, then

T

C2C

C 6= ;. And se
ond, an arbitrary

Cartesian produ
t of 
ompa
t topologi
al spa
es is 
ompa
t (Ty
hono�'s

theorem),

1

and in parti
ular, the spa
e M of all mappings f :R ! [k℄ is


ompa
t. The topology on this spa
e is that of the Cartesian power [k℄

R

;

expli
itly, any set of mappings of the form

ff 2M : f(i) = g(i) for all i 2 Ig; (6.1)

where I � R is �nite and g: I ! [k℄ is arbitrary, is 
losed in M .

Coming ba
k to our 
oloring problem, let C

x

�M denote the set of all


olorings for whi
h S + x is 
olorful. Ea
h C

x

is a �nite union of sets of

the form (6.1) and so it is 
losed in M . Statement F implies that for any

�nite set X � R,

T

x2X

C

x

6= ;. From the 
ompa
tness of M , we obtain the

existen
e of a 
 2

T

x2R

C

x

, and su
h a 
oloring 
 makes all the sets S + x

(x 2 R) 
olorful. 2

1

Ty
hono�'s theorem=Ti
honovova vta (te se s )
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Strong 
on
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expe
tation

What is typi
ally the maximum degree of the random graph G(n;

1

2

)? This

maximum degree is a quite 
ompli
ated random variable, and it is not even


lear how to 
ompute its expe
tation. For ea
h vertex, the expe
ted degree

is d =

1

2

(n � 1), but this alone does not tell us mu
h about the maximum

over all verti
es. But suppose that we 
an show, for some suitable number t

mu
h smaller than n, that the degree of any given vertex ex
eeds d+ t with

probability smaller than n

�2

, say (as we will see later, the appropriate value

of t is about 
onst �

p

n logn ). Then we 
an 
on
lude that the maximum

degree is below d + t with probability at least 1�

1

n

, i.e. almost always.

In this 
ase, and in many other appli
ations of the probabilisti
 method,

we need to bound probabilities of the form P[X � E [X ℄ + t℄ for some ran-

dom variables X (and usually also probabilities of negative deviations from

the expe
tation, i.e. P[X � E [X ℄� t℄). Bounds for these probabilities are


alled tail estimates .

1

In other words, we want to show that X almost always

lives in the interval (E [X ℄ � t;E [X ℄ + t); we say that X is 
on
entrated

around its expe
tation.

The Chebyshev inequality is a very general result of this type, but usually

it is too weak, espe
ially if we need to deal with many random variables

simultaneously. It tells us that

P[jX �E [X ℄ j � ��℄ � �

�2

;

where � =

p

Var [X ℄ and � � 0 is a real parameter. If X is the degree of a

�xed vertex in G(n;

1

2

), we have � =

1

2

p

n� 1. Sin
e the largest deviations

1

tail estimate = odhad pravdpodobnosti velk
h od
hylek
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we may ever want to 
onsider in this 
ase are smaller than

1

2

(n � 1), �

�2

is never below

1

n

, and the Chebyshev inequality is useless for the above


onsideration of the maximum degree. But as we will see below, for our

parti
ular X , a mu
h better inequality holds, with �

�2

repla
ed by the

exponentially small bound 2e

��

2

=2

. This is already suÆ
ient to 
on
lude

that, for example, the maximum degree of G(n;

1

2

) almost never ex
eeds

n

2

+ O(

p

n logn ).

7.1 Sum of Independent Uniform �1 Variables

We will start with the simplest result about strong 
on
entration, whi
h

was mentioned in the above dis
ussion of the maximum degree of G(n;

1

2

).

We note that the degree of a given vertex v in G(n;

1

2

) is the sum of the

indi
ators of the n�1 potential edges in
ident to v. Ea
h of these indi
ators

attains values 0 and 1, both with probability

1

2

, and they are all mutually

independent.

For a more 
onvenient notation in the proof, we will deal with sums of

variables attaining values �1 and +1 instead of 0 and 1. One advantage

is that the expe
tation is now 0. Results for the original setting 
an be

re
overed by a simple re-s
aling.

7.1.1 Theorem. LetX

1

; X

2

; : : : ; X

n

be independent random variables, ea
h

attaining the values +1 and �1, both with probability

1

2

. Let X = X

1

+

X

2

+ � � �+ X

n

. Then we have, for any real t � 0,

P[X � t℄ < e

�t

2

=2�

2

and P[X � �t℄ < e

�t

2

=2�

2

;

where � =

p

Var [X ℄ =

p

n.

This estimate is often 
alled Cherno�'s

2

inequality in the literature (al-

though Cherno� proved a more general and less handy inequality in 1958,

and the above theorem goes ba
k to Bernstein's paper from 1924).

Note that in this 
ase, we 
an write down a formula for P[X � t℄, whi
h

will involve a sum of binomial 
oeÆ
ients. We 
ould try to prove the in-

equality by estimating the binomial 
oeÆ
ients suitably. But we will use an

ingenious tri
k from probability theory (due to Bernstein) whi
h also works

for sums of more general random variables, where expli
it formulas are not

available.

2

Cherno�= ernov
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Proof. We only prove the �rst inequality; the se
ond one follows by

symmetry. The key step is to 
onsider the auxiliary random variable Y =

e

uX

, where u > 0 is a (yet undetermined) real parameter, and apply Mar-

kov's inequality to Y .

We have P[X � t℄ = P[Y � e

ut

℄. By Markov's inequality, we obtain

P[Y � q℄ � E [Y ℄ =q. So

E [Y ℄ = E

h

e

u(

P

n

i=1

X

i

)

i

= E

"

n

Y

i=1

e

uX

i

#

=

n

Y

i=1

E

�

e

uX

i

�

(by independen
e of the X

i

)

=

�

e

u

+ e

�u

2

�

n

� e

nu

2

=2

:

The last estimate follows from the inequality (e

x

+ e

�x

)=2 = 
oshx � e

x

2

=2

valid for all real x (this 
an be established by 
omparing the Taylor series

of both sides). We obtain

P

�

Y � e

ut

�

�

E [Y ℄

e

ut

� e

nu

2

=2�ut

:

The last expression is minimized by setting u = t=n, whi
h yields the value

e

�t

2

=2n

= e

�t

2

=2�

2

. Theorem 7.1.1 is proved. 2

Combinatorial dis
repan
y. We show a ni
e appli
ation. Let X be an

n-point set, and let S be a system of subsets of X . We would like to 
olor

the points of X red and blue, in su
h a way that ea
h set of S 
ontains app-

roximately the same number of red and blue points (we want a \balan
ed"


oloring). The dis
repan
y of the set system S measures how well this 
an

be done. We assign the value +1 to the red 
olor and value �1 to the blue


olor, so that a 
oloring 
an be regarded as a mapping �:X ! f�1;+1g.

Then the imbalan
e of a set S 2 S is just �(S) =

P

x2S

�(x). The dis-


repan
y dis
(S; �) of S under the 
oloring � is max

S2S

j�(S)j, and the

dis
repan
y of S is the minimum of dis
(S; �) over all �.

If we take S = 2

X

(all sets), then dis
(S) =

n

2

. Using the Cherno�

inequality, we show that the dis
repan
y is mu
h smaller, namely at most

about

p

n, if the number of sets in S is not too large.

7.1.2 Proposition. Let jX j = n and jSj = m. Then dis
(S) �

p

2n ln(2m).

If the maximum size of a set in S is at most s, then dis
(S) �

p

2s ln(2m).
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Proof. Let �:X ! f�1;+1g be a random 
oloring, the 
olors of points

being 
hosen uniformly and independently. For any �xed set S � X , the

quantity �(S) =

P

x2S

�(x) is a sum of jSj independent random �1 variab-

les. Theorem 7.1.1 tells us that

P[j�(S)j > t℄ < 2e

�t

2

=2jSj

� 2e

�t

2

=2s

:

For t =

p

2s ln(2m), 2e

�t

2

=2s

be
omes

1

m

. Thus, with a positive probability,

a random 
oloring satis�es j�(S)j � t for all S 2 S simultaneously. 2

7.2 Sums of Bounded Independent Random Va-

riables

Estimates like that in Theorem 7.1.1 hold in mu
h greater generality. For

understanding su
h results, it is useful to keep in mind a marvelous re-

sult of probability theory: the Central Limit Theorem. We remark that the

following dis
ussion, up until Theorem 7.2.1, is not ne
essary for understan-

ding the subsequent results, and so a reader who does not feel at ease with


ontinuous distributions, say, 
an skip this part.

First we re
all that a real random variable Z has the standard normal

distribution N(0; 1) if its density is given by the fun
tion

1

p

2�

e

�x

2

=2

:

-4
-2 2

4

0.1

0.2

0.3

0.4

(so P[Z � t℄ =

R

t

�1

1

p

2�

e

�x

2

=2

dx). We have E [Z℄ = 0 and Var [Z℄ = 1,

and Z is 
on
entrated around its expe
tation: the probability of deviating

from 0 by more than � is roughly proportional to e

��

2

=2

for large �.
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The Central Limit Theorem asserts that if S is the sum of many in-

dependent random variables, none of them with unreasonably large va-

rian
e 
ompared to the others, then the normalized random variable (S �

E [S℄)=

p

Var [S℄ has approximately the standard normal distributionN(0; 1).

This looks like magi
 sin
e the distributions of the summands 
an be rather

arbitrary and have nothing to do with the normal distribution. One sim-

ple formulation of the Central Limit Theorem is as follows. Let X

1

; X

2

; : : :

be a sequen
e of independent random variables with E [X

i

℄ = 0, let S

n

=

P

n

i=1

X

i

, and suppose that for all i, Var [X

i

℄ =Var [S

n

℄ ! 0 as n ! 1.

Then the distribution fun
tion of the normalized random variable Z

n

=

S

n

=

p

Var [S

n

℄ 
onverges to the distribution fun
tion of N(0; 1), i.e. for any

real t, P[Z

n

� t℄ ! P[Z � t℄ as n ! 1. (The 
ondition on the Var [X

i

℄,


alled Feller's 
ondition, 
an be 
onsiderably weakened|see a probability

theory textbook.)

This theorem as stated doesn't tell us anything about the speed of the


onvergen
e to the normal distribution, and so it 
annot be used for obtai-

ning 
on
rete tail estimates for sums of �nitely many random variables. But

it is a useful heuristi
 guide, suggesting what behavior of a sum of indepen-

dent random variables we should expe
t. Here we state a useful and quite

general 
on
entration result.

7.2.1 Theorem. LetX

1

; X

2

; : : : ; X

n

be independent random variables, ea
h

of them attaining values in [0; 1℄, let X = X

1

+ X

2

+ � � � + X

n

, and let

�

2

= Var [X ℄ =

P

n

i=1

Var [X

i

℄. (In parti
ular, if X

i

= 1 with probability p

and X

i

= 0 with probability 1� p then Var [X ℄ = np(1� p) and so we 
an

use � �

p

np.) Then, for any t � 0,

P[X � E [X ℄ + t℄ < e

�t

2

=2(�

2

+t=3)

and P[X � E [X ℄� t℄ < e

�t

2

=2(�

2

+t=3)

:

This theorem 
an be proved along the same lines as Theorem 7.1.1, only

the estimates be
ome more 
ompli
ated. Note that in a wide range of t,

say up to t = �

2

, the estimate is 
lose to e

�t

2

=2�

2

, and this is approxi-

mately the value predi
ted by the approximation of the distribution of X

by the appropriately s
aled normal distribution. For larger t, though, the


orre
tion fa
tor t=3 gradually makes the estimate weaker than e

�t

2

=2�

2

.

Some 
orre
tion like this is a
tually ne
essary in general for these very large

deviations.

Let us remark that many other estimates of this kind 
an be found in

the literature (asso
iated with the names of Bernstein, Hoe�ding, and some

others), and sometimes they are slightly sharper.
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Randomized rounding. This is a general te
hnique in 
ombinatorial op-

timization whi
h in many 
ases allows us to 
ompute approximate solutions

for NP-hard problems. The analysis is based on Theorem 7.2.1. Here we pre-

sent one spe
i�
 example: randomized rounding applied to the k-mat
hing

problem. Let V = fv

1

; v

2

; : : : ; v

n

g be a set and let S = fS

1

; S

2

; : : : ; S

m

g be

a system of subsets of V . A subsystem M � S is 
alled a k-mat
hing

3

(or

sometimes a k-pa
king

4

) if no point of V is 
ontained in more than k sets

of M. Given V , S, and k, we would like to �nd a k-mat
hing M with as

many sets as possible.

Let A denote the n � m in
iden
e matrix of the system S, with rows


orresponding to points and 
olumns to sets; that is, a

ij

= 1 if v

i

2 S

j

and a

ij

= 0 otherwise. Let 1 denote the (
olumn) ve
tor of 1's (of approp-

riate length). Then the k-mat
hing problem for S 
an be expressed as the

following integer program:

maxf1

T

x: x 2 f0; 1g

m

; Ax � k1g:

The 
orresponden
e to the original problem is simple: the set S

j

is put into

the k-mat
hing M exa
tly when x

j

= 1.

With the restri
tion x 2 f0; 1g

m

, this is an NP-hard problem (sin
e the

k-mat
hing problems is known to be NP-hard). But eÆ
ient algorithms for

linear programming allow us to solve the linear relaxation in polynomial

time: 
ompute an optimal solution x

�

of the linear program

maxf1

T

x: x 2 [0; 1℄

m

; Ax � k1g:

Let OPT

�

= 1

T

x

�

denote the optimal value. We note that OPT

�

� OPT ,

where OPT is the optimal value of the integer program, i.e. the number of

sets in a largest k-mat
hing.

In order to get an approximate solution to the k-mat
hing problem, we

want to round ea
h 
omponent of x

�

to 0 or 1. The idea of randomized

rounding is to use the real number x

�

j

as the probability of rounding the jth


omponent to 1. We begin with a preliminary 
onsideration, whi
h does not

yet quite work.

Let us de�ne a random ve
tor y 2 f0; 1g

m

by 
hoosing y

j

= 1 with

probability x

�

j

and y

j

= 0 with probability 1� x

�

j

, the 
hoi
es for various j

being mutually independent. By linearity of expe
tation, we have E

�

1

T

y

�

=

3

mat
hing =provn

4

pa
king =pakovn
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1

T

x

�

= OPT

�

and E [(Ay)

i

℄ = (Ax

�

)

i

� k for all i. Moreover, the quantity

1

T

y =

P

m

j=1

y

j

is the sum of 0/1 independent random variables, and the

tail estimates in Theorem 7.2.1 show that with high probability, its value is


lose to OPT

�

. Similarly, for ea
h i, (Ay)

i

is likely to be near (Ax

�

)

i

and

thus not mu
h larger than k.

In this way, we would get a solution whi
h is \nearly" a k-mat
hing but

some points are typi
ally 
ontained in somewhat more than k sets. In order

to get an a
tual k-mat
hing by the rounding pro
edure, we slightly lower

the probabilities of 1's. Namely, now we set y

j

to 1 with probability only

(1�

"

2

)x

�

j

.

7.2.2 Proposition. Suppose that k �

"

2

10

ln(2n+2). Then with probability

at least

1

2

, the ve
tor y obtained by the just des
ribed randomized rounding

pro
edure de�nes a k-mat
hing with at least (1� ")OPT sets.

So approximate k-mat
hings 
an be 
omputed if k is reasonably large.

Proof. Let us write X =

P

m

j=1

y

j

= 1

T

y. First we estimate the probability

P[X < (1� ")OPT

�

℄. We note that OPT

�

� k, sin
e any 0/1 ve
tor x with

k ones satis�esAx � k1. We haveE [X ℄ = (1�

"

2

)OPT

�

and Var [X ℄ � E [X ℄

(this is always true for a sum of independent random 0/1 variables). So we

use the se
ond inequality in Theorem 7.2.1 with t =

"

2

OPT

�

and �

2

�

OPT

�

. This yields P[X < (1� ")OPT

�

℄ � e

�("

2

=10)OPT

�

� e

�("

2

=10)k

�

1

2n+2

.

Next, we write Y

i

= (Ay)

i

and we estimate P[Y

i

> k℄ in a very similar

way. This time E [Y

i

℄ = (1 �

"

2

)(Ax

�

)

i

� (1 �

"

2

)k, and we 
an set t =

"

2

k

and �

2

= k in the �rst inequality in Theorem 7.2.1. We obtain P[Y

i

> k℄ �

1

2n+2

. Therefore, with probability at least

1

2

, we have Ay � k1 as well as

1

T

y � (1� ")OPT

�

� (1� ")OPT . 2

The same approa
h 
an be used for many other problems expressible as

integer programs with 0/1 variables. These in
lude problems in VLSI design

(routing), multi
ommodity 
ows, and independent sets in hypergraphs, to

name just a few. Some re
ent results in this dire
tion 
an be found, for

example, in

A. Srinivasan: Improved approximation guarantees for pa
king

and 
overing integer programs, SIAM J. Computing 29(1999)

648{670.
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7.3 A Lower Bound For the Binomial Distribution

Sometimes we need a lower bound for probabilities like P[X � E [X ℄ + t℄,

i.e. that the probability of deviation t is not too small. The Central Limit

Theorem suggests that the distribution of the sum of many independent

random variables is approximately normal, and so the bounds as in Theo-

rems 7.1.1 and 7.2.1 should not be far from the truth. It turns out that this

is a
tually the 
ase, under quite general 
ir
umstan
es. Su
h general and

pre
ise bounds 
an be found in

W. Feller: Generalization of a probability limit theorem of Cram�er,

Trans. Am. Math. So
, 54:361{372, 1943.

For example, the following is an easy 
onsequen
e of Feller's results:

7.3.1 Lemma. Let X be a sum of independent random variables, ea
h

attaining values in [0; 1℄, and let � =

p

Var [X ℄ � 200. Then for all t 2

[0;

�

2

100

℄, we have

Pr[X � E [X ℄ + t℄ � 
e

�t

2

=3�

2

for a suitable 
onstant 
 > 0.

Here we will prove just a 
ounterpart of Theorem 7.1.1:

7.3.2 Proposition. For n even, letX

1

; X

2

; : : : ; X

n

be independent random

variables, ea
h attaining the values 0 and 1, both with probability

1

2

. Let

X = X

1

+ X

2

+ � � �+ X

n

. Then we have, for any integer t 2 [0;

n

4

℄,

P

�

X �

n

2

+ t

�

�

1

30

e

�16t

2

=n

:

Proof. A good exer
ise in elementary estimates. Write n = 2m. For t �

m

2

,

we have

P[X � m + t℄ = 2

�2m

m

X

j=t

�

2m

m + j

�

� 2

�2m

2t

X

j=t

�

2m

m + j

�

:

Using

�

2m

m

�

� 2

2m

=4

p

m (Proposition 5.2.1) and 1�x � e

�2x

for 0 � x �

1

2

we get

�

2m

m + j

�

=

�

2m

m

�

m

m + j

�

m� 1

m + j � 1

� � �

m� j + 1

m + 1

�

2

2m

4

p

m

�

1�

j

m

�

j

�

2

2m

4

p

m

� e

�2j

2

=m

:
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So

P[X � m + t℄ �

1

4

p

m

t e

�8t

2

=m

:

For t �

1

4

p

m, the right-hand side is at least

1

16

e

�16t

2

=n

. For 0 � t <

1

4

p

m,

we have P[X � m + t℄ � P

�

X � m +

1

4

p

m

�

�

1

16

e

�1=2

�

1

30

. Thus, the


laimed bound holds for all t �

m

2

. The 
onstants in the estimate 
ould be

improved, of 
ourse. 2

A lower bound for dis
repan
y. We show that the upper bound of

O(

p

n log(2m) ) for the dis
repan
y of m sets on n points (Proposition 7.1.2)

is nearly the best possible in a wide range of values of m.

7.3.3 Proposition. For all m, 30n � m � 2

n

, there are systems of m sets

on n points with dis
repan
y at least 
(

p

n ln(m=30n) ).

For m � n

2

, say, the lower and upper bounds in Propositions 7.1.2 and

7.3.3 are the same up to a 
onstant. For m 
lose to n, there is a gap. It

turns out that it is the upper bound whi
h 
an be improved (by a very

sophisti
ated probabilisti
 argument, due to Spen
er). The 
orre
t bound

for the maximum dis
repan
y of m sets on n points, m � n, is of the order

p

n ln(2m=n).

Proof. Consider a random set system S = fS

1

; S

2

; : : : ; S

m

g on the ground

set [n℄, n even, where the S

i

are independent random subsets of [n℄; that is,

ea
h x 2 [n℄ is in
luded in S

i

independently with probability

1

2

.

Let �: [n℄ ! f�1;+1g be an arbitrary �xed 
oloring, and suppose that

the number of �1's is a and the number of +1's is n�a. A point x 2 [n℄ with

�(x) = 1 
ontributes 1 to �(S

i

) if x 2 S

i

and 0 if x 62 S

i

. Sin
e x 2 S

i

has

probability

1

2

, the 
ontribution of x to �(S

i

) is a random variable attaining

values 0 and 1 with probability

1

2

. Similarly, the 
ontribution of an x with

�(x) = �1 attains values 0 and �1 with probability

1

2

. Therefore, �(S

i

) is

a sum of n independent random variables, a of them attaining values �1

and 0 with probability

1

2

and n � a of them attaining values 0 and 1 with

probability

1

2

. Then �(S

i

)+a is the sum of n independent random variables,

ea
h with values 0 and 1. For a �

n

2

, we have

P[j�(S

i

)j � t℄ � P[�(S

i

) + a � t + a℄ � P

�

�(S

i

) + a �

n

2

+ t

�

:

By Proposition 7.3.2, the last probability is at least

1

30

e

�16t

2

=n

, provided

that t �

n

4

. For a >

n

2

, we get the same bound by symmetry (
onsider the
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oloring ��). Therefore, for any of the possible 2

n


olorings �, we have

P[dis
(S; �) � t℄ �

�

1�

1

30

e

�16t

2

=n

�

m

� e

�me

�16t

2

=n

=30

:

For t =

1

4

p

n ln(m=30n) (whi
h is below

n

4

for m � 2

n

), the last expression

be
omes e

�n

< 2

�n

, and we 
an 
on
lude that with a positive probability,

the dis
repan
y of our random S is at least

1

4

p

n ln(m=30n) under any


oloring �. 2

A deterministi
 bound using Hadamard matri
es. Proposition 7.3.3

allows us to 
on
lude the existen
e of n sets on n points with dis
repan
y

at least 


p

n for some 
onstant 
 > 0 (
an you see how?). Here we show a

beautiful deterministi
 argument proving this result.

We �rst re
all the notion of an Hadamard matrix . This is an n � n

matrix H with entries +1 and �1 su
h that any two distin
t 
olumns are

orthogonal; in other words, we have H

T

H = nI , where I stands for the

n� n identity matrix. Moreover, we assume that the �rst row and the �rst


olumn 
onsist of all 1's.

Hadamard matri
es do not exist for every n. For example, it is 
lear that

for n � 2, n has to be even, and with a little more e�ort one 
an see that

n must be divisible by 4 for n � 4. The existen
e problem for Hadamard

matri
es is not yet fully solved, but various 
onstru
tions are known. We

re
all only one simple re
ursive 
onstru
tion, providing a 2

k

�2

k

Hadamard

matrix for all natural numbers k. Begin with the 1 � 1 matrix H

0

= (1),

and, having de�ned a 2

k�1

� 2

k�1

matrix H

k�1

, 
onstru
t H

k

from four

blo
ks as follows:

�

H

k�1

H

k�1

H

k�1

�H

k�1

�

:

Thus, we have

H

1

=

�

1 1

1 �1

�

; H

2

=

0

B

B

�

1 1 1 1

1 �1 1 �1

1 1 �1 �1

1 �1 �1 1

1

C

C

A

:

The orthogonality is easy to verify by indu
tion.

Let H be a 4n� 4n Hadamard matrix. Ea
h 
olumn ex
ept for the �rst

one is orthogonal to the 
olumn of all 1's and so the number of 1's in it is 2n,

as well as the number of �1's. Moreover, the ith and jth 
olumns, 1 < i < j,
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are orthogonal too, and it follows that they have exa
tly n 
ommon 1's, n


ommon �1's, and 2n positions where one of them has 1 and the other has

�1 (
he
k).

Let A be the (4n� 1)� (4n� 1) matrix arising from H by deleting the

�rst row and �rst 
olumn and 
hanging the �1's to 0's. By the above, we

�nd that A

T

A = nI + (n� 1)J , where I is the (4n� 1)� (4n� 1) identity

matrix and J is the (4n� 1)� (4n� 1) matrix of all 1's.

Consider the system of sets S

1

; S

2

; : : : ; S

4n�1

on [4n� 1℄, where S

i

has

the ith row of A as the 
hara
teristi
 ve
tor. Let �: [4n� 1℄ ! f�1;+1g be

any 
oloring of the ground set, and let x 2 f�1;+1g be � interpreted as the


olumn ve
tor, i.e. x

i

= �(i). By the de�nition of matrix multipli
ation, we

have

Ax =

�

�(S

1

); �(S

2

); : : : ; �(S

4n�1

)

�

T

:

Therefore,

4n�1

X

i=1

�(S

i

)

2

= kAxk

2

= (Ax)

T

(Ax) = x

T

(A

T

A)x

= x

T

(nI + (n� 1)J)x = nx

T

Ix + (n� 1)x

T

Jx

= nkxk

2

+ (n� 1)

�

4n�1

X

i=1

x

i

�

2

� n(4n� 1):

So for any �, the average �(S

i

)

2

is at least n, and there exists an i with

j�(S

i

)j �

p

n. We have proved that the dis
repan
y of the set system

fS

1

; : : : ; S

4n�1

g is at least

p

n. 2

7.4 Sums of Moderately Dependent Indi
ator Va-

riables

Here we present, without a proof, a powerful tail estimate for a sum X =

X

1

+ � � �+ X

n

, where X

i

attains values 0 and 1 and where some of the X

i

may be dependent but the amount of dependen
e is suitably bounded.

We will need the notion of a dependen
y graph for a family of random

variables. Note that it is slightly di�erent from the one used in Se
tion 6.1

where we 
onsidered only random events and the dependen
y graph was

dire
ted!
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7.4.1 De�nition. Families of random variables fX

i

: i 2 Ag and fX

i

: i 2

Bg are mutually independent if for any 
hoi
e of a

i

2 R, i 2 A [ B,

P[8i 2 A [ B;X

i

� a

i

℄ = P[8i 2 A;X

i

� a

i

℄ P[8i 2 B;X

i

� a

i

℄ :

7.4.2 De�nition. A graph G is a dependen
y graph for a family of

random variables fX

i

: i 2 Ig, if V (G) = I and for any two sets of verti
es

A;B � V , A \ B = ;, if there are no edges between A and B then the

families fX

i

: i 2 Ag and fX

i

: i 2 Bg are mutually independent.

7.4.3 Theorem (Janson{Suen inequality). Let X = X

1

+ � � � + X

n

,

where the X

i

are random variables with P[X

i

= 1℄ = p

i

and P[X

i

= 0℄ =

1� p

i

. Let E be the edge set of a dependen
y graph of the X

i

, and de�ne

� = E [X ℄ +

X

fi;jg2E

p

i

p

j

; Æ = max

i2[n℄

X

j: fj;ig2E

p

j

:

Then for any t � 0, we have

P[X � E [X ℄� t℄ � e

�min(t

2

=4�;t=6Æ)

:

Remarks. Note that the tail estimate is only one-sided; an exponen-

tially small upper bound for P[X � E [X ℄ + t℄ need not hold in general.

The theorem is mostly used for showing that P[X = 0℄ is very small, i.e.

with t = E [X ℄.

The quantity � is an upper bound for Var [X ℄: we have

Var [X ℄ =

n

X

i=1

Var [X

i

℄ +

X

(i;j)2E

Cov [X

i

; X

j

℄ ;

and Var [X

i

℄ � E [X

i

℄ and Cov [X

i

; X

j

℄ � E [X

i

X

j

℄ sin
e X

i

2 f0; 1g. Su
h

estimates for Var [X ℄ were 
al
ulated in Se
tion 5.3 in showing that G(n; p)

almost surely 
ontains a 
opy of a given graph H . Theorem 7.4.3, too, has

been developed with this appli
ation in mind.

Example. Let H = K

3

be the triangle. We know from Se
tion 5.3 that if

p =

'

n

with ' = '(n) ! 1 then P[K

3

6� G(n; p)℄ ! 0 as n ! 1. Theo-

rem 7.4.3 shows that this probability is even exponentially small in '. To

see this, let

�

X

T

: T 2

�

[n℄

3

�

�

be the indi
ators of all possible triangles that


an appear in G(n; p), and let X =

P

T

X

T

. We have p

T

= P[X

T

= 1℄ = p

3

.
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The edges of a dependen
y digraph 
onne
t triangles T and T

0

sharing at

least two verti
es. The same 
al
ulations as in Se
tion 5.3 gives E [X ℄ �

n

3

p

3

= '

3

and � << n

3

p

3

+ n

4

p

5

� '

3

. A simple 
al
ulation also shows

that Æ � np

3

� '

3

=n

2

, whi
h is very small. For t = E [X ℄ � '

3

, we have

min(t

2

=4�; t=6Æ) � min('

3

; n

2

), and so

P[X = 0℄ � e

�
(min('

3

;n

2

))

:

A similar bound 
an be derived for the 
ontainment of any �xed balan
ed

graph H in G(n; p). Su
h results have been obtained earlier with the aid

of less powerful tools (Janson's inequality dealing with the probabilities of

monotone events). But Theorem 7.4.3 yields similar bounds for 
ontainment

of balan
ed graphs H in G(n; p) in the indu
ed sense, with 
al
ulation very

similar to the non-indu
ed 
ase. Su
h a result appears 
onsiderably harder

than the non-indu
ed 
ase, be
ause of non-monotoni
ity, and illustrates the

strength of Theorem 7.4.3.

Balls in urns: hypergeometri
 distribution. In 
on
lusion, we mention

another useful 
on
entration result without a proof. We haveN urns, labeled

1 through N , and we put m balls into m di�erent urns at random (draws

without repla
ement). Some n of the urns are \distinguished," and we let

X denote the number of balls in the distinguished urns (n;m � N).

We have E [X ℄ =

nm

N

and �

2

= Var [X ℄ =

nm(N�n)(N�m)

N

2

(N�1)

�

nm

N

=

E [X ℄. This X 
an obviously be written as the sum of n indi
ator variab-

les (X

i

= 1 if the ith distinguished urn re
eives a ball), but these are not

independent. Nevertheless, it is known that the tail estimates as in Theo-

rem 7.2.1 and in Lemma 7.3.1), hold for this parti
ular X (with � and n as

above). Knowing this 
an save many desperate 
al
ulations.


