COLORINGS AND HOMOMORPHISMS OF MINOR
CLOSED CLASSES

JAROSLAV NESETRIL AND PATRICE OSSONA DE MENDEZ

ABSTRACT. We relate acyclic (and star) chromatic number of
a graph to the chromatic number of its minors and as a conse-
quence we show that the set of all triangle free planar graphs is
is homomorphism bounded by a triangle free graph. This solves
a problem posed in [14] and completes results of [13] where a
similar result has been proved for Kj-free graphs for k = 4,5.
It also improves the best known bound for the star chromatic
number of planar graphs from 80 to 30. Our method generalize
to all minor closed classes and puts Hadwiger conjecture in yet
another context.

1. INTRODUCTION

Denote by x,(G) the acyclic chromatic number of a graph G, i.e.
the minimal number of colors which are sufficient for a (proper) col-
oring of the vertices of G so that every cycle in G gets at least 3
colors. It is known that x, is bounded for graphs of bounded genus
and also for bounded degree graphs, see [3, 2] for the best known
bounds. Similarly, let xg(G) denotes the star chromatic number of a
graph G, i.e. the minimal number of colors which are sufficient for a
(proper) coloring of the vertices of G so that 4 vertices of every path
of length 3 in G get at least 3 colors. Clearly x«(G) > xa(G). It
is known that yg is bounded whenever x, is bounded (folklore, see
e.g.[6]).

It is also well known that y, differs arbitrarily from x as it is
unbounded for bipartite graphs and even for bipartite 2-degenerated
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graphs: It suffices to consider the graph K} which we get from K,
by subdividing every edge by a single vertex. We complement these
results by the following result. (We denote by < the minor relation
for graphs: G < H if G can be obtained from a subgraph of H by
a sequence of edge-contractions. We consider only loopless simple
graphs.)

Theorem 1.1. There exists a function f : N — N such that for any
graph G holds

Xa(G) < Xst(G) < f (max x(H))
where mazimum is taken over all minors H of G. In fact f(n) < cn?.

It follows that for any minor closed class C, {xq(G),G € C} is
bounded iff {x(G), G € C} is bounded. By the results of [11, 18, 1] we
know that this is equivalent to bounded oriented chromatic number ¥
and colorings of graphs with colored and mixed edges, see Theorem
6.1.

We shall make use of the following two (we believe) well known
results. We sketch a proof of Lemma 2 for completeness.

Lemma 1 (Mader, 1967). For each k, there exists some natural num-
ber h(k) < ckv/logk (for some constant c) such that every graph of
minimum degree at least h(k) contains Ky as a minor.

Lemma 2. For any minor closed graph C, {x(G),G € C} is bounded
if and only if C is different from the set of all graphs.

Proof. If {x(G),G € C} is unbounded then the vertex critical graphs
in C have unbounded minimal degree. Mader’s theorem (i.e. previous
Lemma 1) applies. O

We discovered Theorem 1.1 in the context of graphs and their
homomorphisms. Recall: A homomorphism f : G — H is a mapping
f:V(G) = V(H) satisfying {f(z), f(y)} € E(H) whenever {z,y} €
E(G). We also write G < H if there exists a homomorphism G —
H. This quasiorder is called homomorphism or coloring order. 1t is
well known Grétsch’ s Theorem (see e.g. [10] and [19] for the best
proof) that every triangle free planar graph is 3-colorable. Using
homomorphism order this means that G < K3 for any triangle free
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planar graph G. In yet another way we can also say that the class P
of all K3-free graphs is bounded by K3. The following problem has
been formulated in [14]:

Problem 1. Does there exists a triangle free graph H such that G <
H for any triangle free planar graph? In other words, is the class Ps
bounded by a triangle free graph H?

Here we give an affirmative answer to this problem. In fact one
can prove that the class P3 is bounded by a 3-colorable triangle free
graph and we also prove an analogous result for any minor closed
class C with bounded chromatic number:

Theorem 1.2. Let C be a minor closed class of graphs all of which
are k-colorable. Then the class Cs of all triangle free graphs in C s
bounded by a k-colorable triangle free graph.

Similar results (for planar graphs) were obtained recently in [13]
for the class Py (of all K4-free planar graphs) and for the class P
of all planar graphs. However the case of planar triangle-free graphs
was left open. Here we treat the problem in a more general con-
text. All results may be seen as an evidence for the following general
conjecture.

Let A, B be classes of graphs, A C B. We say that the class A is
bounded in B if there exists a graph H € B such th at G < H for
any G € A. Thus A is bounded in A iff A has the greatest element
(with respect to <). The study of boundednes phenomena is one of
the basic problems and we are pleased that in our setting it relates
questions like Hadwiger conjecture to the mainstream mathematics
(see Remarks).

Given a finite set F of graphs we denote by Forby, (F) the class of all
graphs G with no homomorphism F' — G for an F' € F. Equivalently
and more formally, Forb,(F) = {G;F € F = F £ G}. As an
example, note that Forb,{K3} is the class of all triangle free graphs.

Conjecture 1. Let F be any finite set of graphs. Then for any mi-
nor closed class of graphs C the class C N Forby(F) is bounded in
Forby, (F).
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It has been proved in [9] (see also [4] and [13] for a different proof)
that for the class Cq4 of all graphs with all their vertices bounded by
d and for any finite set of graphs F the analogous conjecture holds.
The results of this paper and [13] verify the conjecture for 7 = { Ky}
(for £ > 4 for planar graphs only). Note that for graphs in general
and even degenerated classes of graphs the analogous statement fails
to be true: For F = {K3} consider graphs K}* formed from K,
by subdividing each edge by two new vertices. All the graphs K*
are 2-degenerated yet they are not bounded by a finite triangle-free
graph. Note also that this cannot be saved by (large) girth: Let G
be a graph of girth ¢ with chromatic number k. Then the graph G**
has girth 3¢ and there is no homomorphism of G into a triangle free
graph with at most k vertices.

This paper is organized as follows: In Section 1 we prove Theorem
1.1. In Section 2 we prove the following result which is perhaps of an
independent interest:

Theorem 1.3. For any minor closed class C with bounded chromatic
number there exists k = k(C) such that any graph G € C has a proper
k-coloring with the property that any cycle of length > 5 get at least
4 different colors.

Note that, again, an analogous statement fails to be true in general:
In any k-coloring of the graph K*, n sufficiently large, there exists
cycles of length > 6 which are colored by at most 3 colors. Also the
graphs G** (see above) have girth 3¢ and in any k-coloring contain
cycles colored by at most 3 colors.(More complicated examples are
provided by Ramsey theory.)

The key notion for the proof of Theorem 1.3 is the notion of folding
and using that we prove in Section 4 Theorem 1.2 by an universal
construction similar to those given in [13, 18, 1]. Section 5 contains
concluding remarks and open problemms.

2. STAR CHROMATIC NUMBER BOUNDED BY DENSITY

Theorem 2.1. Let G be a simple graph with density a, and let f > «
be the mazimum density over the minors of G which are simple (in-
cluding G itself). Then, the star chromatic number xst(G) is bounded
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by:
Xst(G) < [e]2[B] + [a] = 1) + [20] +1

Proof. First, we shall find an acyclic orientation G in such a way
that each vertex has indegree at most [3]. (It is well known that a
graph G with density 8 = maxpycq % may be oriented in such a
way that any vertex v of G has indegree d~ (v) at most [/3] (see for
instance, Hakimi [8].) Furthermore, we color each arc e of G with a
color c(e) € {1,...,[f]}, in such a way that all the arcs incoming a
same vertex have different colors.
Then, let G be the graph (V (G), E(G)U E, U E,), where (denoting
(z,y) an arc and {z,y} an edge):
o (z,y) € By if {z,y} & E(G) and 3z € V(G),{(=,2),(2,y)} C
E(G),
o (z,y) € By if {z,y} ¢ E(G) and 3z € V(G),{(z,2),(y,2)} C
E(G) with ¢((z,2)) < c((y, 2)).
Thus the graph G is the graph G together with potentially conflicting
pairs of vertices for a star coloring. We now estimate the density of

G. Let A be any subset of V(G) and let B be the set of neighbors of
A. Formally, B is the subset of V(G) \ A defined by:

B={zeV(G)\4; FveA{v,z}ecEG)}

The edges of the subgraph G 4 of G induced by A may be partitioned
as follows: E(G4) = E(Ga) U E} U E$ U EL U ES, where:
€ B if {z,y} ¢ E(Ga) and 3z € A, {(z,2),(2,9)} C

[}
)

=
2 Qe Qe Q)
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3|
=

if {z,y} & E(Ga) and 3z € B,{(z,z),(z,y)} C

€ Ei if {z,y} ¢ E(Ga) and 3z € A, {(,2),(y,2)} C
with ¢((z, 2)) < ¢((y, 2)).
€ ES if {z,y} ¢ E(Ga) and 3z € B,{(z,2),(y,2)} C
G) with ¢((z, 2)) < ¢((y, 2)).
Let H be the graph obtained from G 4 p by deleting any edges having
both incidences in B, and let H; be the graph obtained from H by

[}
)

[}
=0
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deleting all the vertices of B having no incoming edge of color ¢ and

contracting all the arcs (z,y),y € B of color i. Moreover, V(H;) may

be identified with A and the edge set of H; is given by:

E(H;) = E(Ga) U{(z,y) € EY,3z € B,{(x,2),(2,9)} € E(H) and ¢((z,2)) = i}
U{(z,y) € £5,3z € B,{(z,2), (y,2)} C E(H) and ¢((z, 2)) = i}

Hence, we have, as H; being a minor of H an thus a minor of G, has

density at most S (and order |A|):

AlIAl = ZIE al|[E(Ga)| + [E7] + | Es|

It follows that
[ [B1IA] = [a]|E(Ga)| > |ET] + |ES|

Moreover, we obviously have |Ei| < [«]|E(G4)| and |EL| < (191)]4].
Summarizing, we get:

5@ <15+ (11 + (5] 14

and thus, the density of G is at most:

|E(G4)|

[o]
2 a5 v

It follows that x(G) < 2[e][8] + [a]([a] — 1) + 2] + 1.

Now, consider a coloring of G with x(G) colors and think of this
as a coloring of G. Then, for any path P of length 3 in G , P either
contains a subpath of length 2 which internal vertex is a sink or it
contains a directed subpath of length 2. In both cases, according to
the definition of G this path induces a triangle in G and thus is 3-
colored. As a consequence, no bi-colored subgraph of G may include a
path of length 3 and, as the coloring is obviously a proper coloring of
G (G is a partial graph of G), we get x5t (G) < x(G), which concludes
the proof. O

Corollary 1. The star chromatic number of a planar graph is at
most 30.
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This improves bounds given in [?, 6].

Proof. For any planar graph G of order n > 3, we get a < 8 <
3-8 <3
n

O

As an example where o # f:

Corollary 2. The star chromatic number of a bipartite planar graph
is at most 18, the one of a 4-reqular planar graph is at most 19.

Proof. For any bipartite planar graph G of order n > 3, we get a <

2 — % < 2 and B < 3 (as any minor of a bipartite planar graph
is planar). For a 4-regular planar graph, @ = 2 and 8 < 3 (as
previously). O

Let us remark that the above proof of Theorem 2.1 gives a struc-
tural characterization of star chromatic number in terms of chromatic
number. Given an orientation G of G we define graph G similarly
as in the above proof: V(G) = V(G) with the edges of E(G) be-
ing all edges of G together with all pairs {z,y} for which there

—

exists a vertex z € V(@) such that either (x,z),(z,y) € E(G) or
(z,2), (y,2) € E(G).

Corollary 3. xs:(G) = min x(G) where minimum is taken over all
orientations G of G.

Proof. Clearly any orientation G of G and any coloration of € gives
a star coloring of G. Conversely, given any star coloring ¢ of G define
orientation G as follows: for an edge e = {z,y} of G with colors
c(x) = i,c¢(y) = j the subgraph induced by all the vertices with
colors ¢ and j is a star forest and we orient e from the center of the
star (in the case that the star has 2 vertices we take any orientation).
One can check that c is a proper coloring of the graph G defined using
this orientation. O
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3. ACYCLIC CHROMATIC NUMBER BOUNDED BY CHROMATIC
NUMBER

In this section we prove Theorem 1.1. First, we shall relate the
density of a graph with the maximum value of the chromatic numbers
of its minors.

Lemma 3. There exists a function g : N — N, such that any graph
G has a density bounded as follows:

1) o ) < 9 ()

Proof. According to Lemma 1, there exists a natural number h(k),
such that every graph of minimum degree at least h(k) contains Ky,
as a minor.

Thus, assume G has density @ = maxycg % Then, it includes
as a subgraph a graph H with minimum degree at least « and thus
G has K, as a minor with h(p) > a. Thus,

=
3

(2) mAX [ W (max x (H))

Now we can apply
Xa < Xxst < |20] +3[a]® —[a] +1

and we get Theorem 1.1.

4. FOLDINGS

Definition 1. Let G and H be two graphs and let f : V(G) — V(H)
be a homomorphism from G to H. Then f is a folding of G in H if

3)
Va,y,2 € V(G), ((z,2) € B(G)A(y,2) € B(G)) = f(z) # f(y)

The following result generalizes [17] where a similar result was
obtained for (no partially colored) degree 3 planar graphs.
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Proposition 1. Let G be an undirected graph with acyclic chromatic
number xq(G). Assume G is partially oriented and let A~ be the
mazimum indegree of the partial orientation. Then, there exists an
extension of the partial orientation of G into a full orientation and
a folding, with respect to this orientation, from G to K, (with some

orientation), where p < xo(G)(A~ + 2)Xa(G)—1,

Proof. Consider an acyclic coloring of G with x,(G) colors {1,..., x.(G)}.

Let 1 <4 < j < xo(G). According to the definition of an acyclic
coloring, the subgraph G;; induced by the vertices colored ¢ or j
is a forest. Consider an extension of the orientation of the edges
of G j such that the originally non-oriented edges of any tree not
reduced to an isolated vertex is oriented from a root. Then, each
vertex has indegree at most A~ 4+ 1. Then, compute a function
pij: V(Gij) —{0,1,...,A™ +1} as follows: For any isolated vertex
v, pij(v) = 0. For any non trivial tree Y, let  be a vertex of the tree
of color 7 and let X = {r}. While X # Y, we consider a vertex v in
Y \ X having a neighbor v in X. Then, we compute p(v) as follows:

e if {u,v} is oriented from u to v and u has color i, then p; j(v) =
i (w);

e if {u,v} is oriented from u to v and u has color j, then p; j(v) =
pij(u) +1 (mod A~ + 2);

e if {u,v} is oriented from v to u and u has color i, then choose
pij(v) # i j(w) (mod A~ 4 2) while avoiding the values given
to the predecessors of u (that is: the neighbors z of u, such that
{z,u} is oriented from z to u) already in X (at most A~ such
vertices exist);

e if {u,v} is oriented from v to u and u has color j, then choose
pij(v) Z pij(u) + 1 (mod A~ + 2) while avoiding the values
given to the predecessors of u already in X (at most A~ such
vertices exist).

If we consider the union of the preceding partial orientations for
all the possibles values of i and j (1 < i < j < x,4(G)) and if we recolor

any vertex v of color ¢ with the t-uple (¢, pt1,¢(v), . .. pre—1,¢(v), pre,e+1(0), . ..

we obtain a natural folding of G'in K, q)a-42)xa(@-1- U

y Me,xa(G) (IU))7
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We prove Theorem 1.3 in the following more technical form. Together
with the previous Proposition and Theorem 1.1 this implies Theorem
1.3.

Theorem 4.1. Let G be a graph and f a folding of G in a complete
graph K,. Then, there exists a coloring of G with at most g colors,
such that any cycle of G of length at least 5 has vertices of at least 4

colors, where ¢ < (maxp<q X(H))(g), where H < G stands for “H
is a loop-less minor of G”.

Proof. Consider any numbering of the vertices of K, with integers
1,...,pandlet i,5,k € {1,...,p} be three distinct integers. Then, f
induces a folding of the subgraph G ;x of G induced by the vertices
mapped by f into one of ¢, 7,k in a directed triangle, which vertices
1,7, k. Two case may then occur:

e The triangle (7, j, k) is directed as a circuit.

In such a case, any vertex in G;; has at most one incom-
ing edge and any cycle of G, is thus oriented as a circuit.
Moreover, no vertex may belong to more than one circuit and
every circuit has a length which is a multiple of 3, with vertices
successively colored 4, j, k. Then, we assign a mark from {0,1}
to the vertices: 0 for all the vertices, but one in each circuit.
This way, in each cycle of length bigger than 3 there exists at
least 3 vertices of different colors with mark 0 and one vertex
with mark 1.

e The triangle (7,7, k) is acyclically oriented.

Then, we may also assume it is directed as 1+ — 7 — k. In
such a case, no cycle of G; ;; may be directed as a circuit and
hence every cycle v of G; ; includes at least one sink v. As
the sink has to have at least two incoming edges, it is colored &
and its neighbors have respectively color ¢ and j. Let H be the
minor of G obtained by contracting all the edges incident to a
vertex colored ¢ and call g : V(G) — V(H) the identification
mapping of the contraction. The loops in H then correspond to
initial cycles of length 3. Let H be the graph obtained from G
by removing these loops (we identify V(H) with V (H)) and let
x(H) be its chromatic number. Color H with x(H) colors and
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call pn: V(H) — {1,...,x(H)} the coloring. Then, it is easily
checked that any cycle of length at least 5 of G contains at least
four vertices vy, v9,v3,v4 with distinct (f(v), u o g(v)) pairs.

O

5. TRIANGLE FREE BOUNDS

In this section we prove Theorem 1.2. We proceed analogously
as in [13]. Let C be a minor closed class of graphs. We assume that
X(G), G € C is a bounded set. By Theorems 1.1 and 1.3 we know that
there exists a positive ¢ such that any graph G € C may be proper
colored by ¢ colors in such a way that any cycle of G of length > 5
gets at least 4 colors. We construct graph H = (V, E) as follows: The
vertices V are all pairs of the form (i,¢) where 1 <7 < ¢ and ¢ is a
function which assigns to every triple T'= {i,j,k}; 1 <j <k <l <q
value ¢(T') € {0,1} with ¢(T) = 1 whenever ¢ ¢ T. The edges E
are all pairs of the vertices of the form {(i, ), (i',¢')} where i # ¢’
and ¢(T') # ¢'(T') whenever triple T' contains both 7 and i’. We shall
prove that the graph H has all the properties claimed by Theorem
1.2.

The graph H has clearly no triangle as if (7, ¢), (i, ¢'), (i, ¢") are
3 vertices of H then considering the triple T' = {i,',i"} we see that
at least two of the values ¢(T),¢'(T),d"(T) coincide and thus the
corresponding vertices do not form an edge of H. Next we prove that
H is a bound for the class C3 of all triangle free graphs in C . Towards
this end let G € C3 and let ¢: V(G) — {1, ...q} be a proper coloring
of G guaranteed by Theorem 1.3. Given a triple 7' C {1,...q} the
subgraph G7 of G induced by the set ¢ !(T") is bipartite and thus
there exists a homomorphism (coloring) ¢ : Gy — Kjy. Define
the mapping f : V(G) — V(H) as follows: f(v) = (c(v),$) where
d(T)(v) = ¢r(v) providing v € T and ¢(T')(v) = 1 otherwise. It is
easy to check that this is a homomorphisms G — H. Finally suppose
that all graphs from the class C are k-colorable. Then the graph
H x Ky, is k-colorable triangle free bound for C3. This completes the
proof of Theorem 1.2. O

i From Theorem 1.2, one can deduce the following;:
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Corollary 4. There exists a function f: N — N such that, for any
manor closed class of graph C with mazimum chromatic number k,
any triangle free graph G € C may be properly colored in f(k) colors,
i such a way that any subgraph H of G gets a number of colors at
least equal to the minimum number of vertices of a triangle free graph
with chromatic number x(H).

Proof. According to Theorem 1.2, there exists a triangle free graph
U with order f(k), such that G < U, for any G € C. Color the
vertices of G according to their image by a homomorphism from G
to U. Then, any subgraph H of G is mapped into a subgraph of
Ug of U. The graph H has |V (Upg)| colors and chromatic number
x(H) < x(Un). O

Corollary 5. There exists a constant c, such that, for any triangle
free graph G, there ezists a coloration of G with f(maxg~q x(H))
colors, such that any subgraph H of G with chromatic number k gets
at least ck®logk colors.

Proof. According to Erdés and Hajnal (1985)[5], a triangle free graph
with chromatic number k has order at least ck?logk. O

6. REMARKS

1. The notion of folding is an interesting notion as it is sandwiched
between locally injective homomorphisms (studied e.g. in [15] and
[7] from complexity point of view) and homomorphisms of bounded
degree graphs. Because of this we formulated Proposition 1 in a
greater generality (than necessary for our proof of Theorem 1.2. More
results are going to appear in our forthcoming paper [16].

2. Our Conjecture 1 may be seen as a finitary approximation to
Hadwiger conjecture, see e.g. [10]. In our language Hadwiger conjec-
ture may be expressed as follows:

Conjecture 2. (Hadwiger)
Any minor closed class C with bounded chromatic number has great-
est element which is a complete graph.
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In the other words, if a minor closed class C is bounded (by a finite
graph, for example by a large complete graph) then it has the greatest
element which is

a complete graph. In this context one may see our Conjecture 1 as
an approximation to Hadwiger conjecture: instead of asking for the
greatest element of class C we ask for a bound with local properties
similar to those in C (such as not containing a given complete graph).
On the other hand the following naturally arises as a weaker form of
Hadwiger conjecture:

Conjecture 3. Any minor closed class C with bounded chromatic
number has greatest element.

3. The following is a consequence of Theorem 1.1

Theorem 6.1. (Characterization of bounded minor closed classes)

Let C be a a minor closed class of graphs. The following statements
are equivalent

i. the acyclic chromatic number xq(G) is bounded for G € C;

ii. the oriented chromatic number X(G) is bounded for G € C;

iii. the star chromatic number xs(G) is bounded for G € C;

1. colored mized graphs in C may be colored by a fixed number of
colors (in the sense of [1, 18]);

v. the chromatic number x(G) is bounded for all G € C;

vi. the cliqgue number w(QG) is bounded for all G € C;

vit. the edge density of all graphs G is bounded for all G € C.

vii. C is proper minor closed class of graphs (i.e. C is not the class
of all graphs).

We shall comment on this more extensively in [16].

4. The following is an interesting consequence of Theorem 1.2 pre-
sented as a problem in [13]: For a graph G = (V, E) and a posi-
tive integer t define the graph G) = (V, E®) by {z,y} € E® iff
da(z,y) =t (dg(z,y) is the distance of x and y in G). Note that for
an even ¢ the graph G(Y) may contain an arbitrarily large complete
graph even for a simple graph G (consider subdivision of a star).
However for ¢ = 3 we have the following, perhaps surprising, general
result:
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Corollary 6. For every minor closed class C the following two state-
ments are equivalent:
1. The chromatic number of triangle free graphs from C is bounded;
ii. The chromatic number of graphs x(G®), G € C, G triangle free
15 bounded.

Proof. Any homomorphism f : G — H for a triangle free graph H
may be viewed as a coloring of G by |V (G)| colors. Thus i. implies
1. by Theorem 1.2. In the reverse direction suppose contrary: let
X(G(3) < k for any triangle free G € C and assume that there exists a
triangle free graph G in C with x(G) > 3k. Let V(G) =V1 U... UV
be a coloring of the graph G®). It follows that there exists i,1 <
¢ < k such that the subgraph G; of G induced by the set V; is not
bipartite. As G, is triangle free and as V; is color class of a coloring
of G3) G; does not contain an induced copy of the path of length 3.
However it is well known that then G; is a perfect graph which is a
contradiction. O

(Note that the implication ii. = 4. holds for any class of graphs.
The reverse implication does not hold generally. This proposition
may be formulated in terms of multiplication of incidence matrices.)
Clearly many further questions may be asked. We decided to stop
here (and continue in [16]).

5. It is a bit surprising that in order to prove the main Theorem
1.2 for planar graphs one can proceed in purely combinatorial way
for all minor closed classes. Presently, this is an exception and we do
not know how to extend the geometrical techniques of [13] to minor
closed classes. Particularly, the following is presently open:

Conjecture 4. For any k > 3 there exists a function fi such that
every graph G has a proper coloring with at most fi(max{x(H); H <
G}) colors such that any k-color critical subgraph G of G is either
1somorphic to Ky or gets at least k + 1 colors.

This is true for k¥ = 3 (by Theorem 1.2) and for k = 4 for the
class of planar graphs ([13]). It is proved in [13] that the the validity
of Conjecture 4 implies the existence of a Kj-free bound. For the
completeness we give here a simple proof of this particular case.
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Lemma 4. LetC be a minor closed class of graphs, such that x(G),G €
C is bounded by q. Let 3 < k < q be an integer. Assume there exists a
function f such that any graph G € C has a coloring with f(q) colors
such that any k color-critical subgraph of G is either isomorphic to
K. or gets at least k + 1 colors.

Then, the class Cy of all Ky, free graphs in C is bounded by a q-
colorable Ky, free graph.

Proof. We construct graph U = (V, E) as follows: The vertices V are
all pairs of the form (7, ¢) where 1 < i < f(g) and ¢ is a function which
assigns to every k-uple X = {iy,...,ix};1 < i3 < -+ < i < f(q)
value ¢(X) € {1,...,k—1}. The edges E are all pairs of the vertices
of the form {(4,¢), (i, ¢')} where i # i’ and $(X) # ¢'(X) whenever
k-uple X contains both 4 and i’. We shall prove that the graph U
has all the properties claimed by Lemma, 4.

The graph U has clearly no subgraph isomorphic to Kj as if
(i1,¢1), .., (ig, ¢x) are k vertices of U, then considering the k-uple
X = {i1,...,ix} wesee that at least two of the values ¢ (X), ..., ¢r(X)
coincide and thus the corresponding vertices do not form an edge of
U. Next we prove that U is a bound for the class C. Towards this
end let G € C and let ¢ : V(G) — {1,... f(¢)} be a proper col-
oring of G guaranteed by the assumptions of the lemma. Given a
k-tuple X C {1,... f(¢q)} the subgraph Gx of G induced by the set
¢ '(X) may not have chromatic number k. Otherwise, Gx would
have a k color-critical subgraph isomorphic to Kj. Hence, Gx is
(k — 1)-colorable and thus there exists a homomorphism (coloring)
¢x : Gx — Kji_1. Define the mapping g : V(G) — V(U) as fol-
lows: g(v) = (¢(v),¢) where ¢(X)(v) = ¢px(v) providing v € X and
#(X)(v) = 1 otherwise. It is easy to check that this is a homomor-
phisms G — U. Then the graph U x K is g-colorable K}, free bound
for C. This completes the proof of Theorem 4. O
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