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Abstra
t. We relate a
y
li
 (and star) 
hromati
 number of

a graph to the 
hromati
 number of its minors and as a 
onse-

quen
e we show that the set of all triangle free planar graphs is

is homomorphism bounded by a triangle free graph. This solves

a problem posed in [14℄ and 
ompletes results of [13℄ where a

similar result has been proved for K

k

-free graphs for k = 4; 5.

It also improves the best known bound for the star 
hromati


number of planar graphs from 80 to 30. Our method generalize

to all minor 
losed 
lasses and puts Hadwiger 
onje
ture in yet

another 
ontext.

1. Introdu
tion

Denote by �

a

(G) the a
y
li
 
hromati
 number of a graph G, i.e.

the minimal number of 
olors whi
h are suÆ
ient for a (proper) 
ol-

oring of the verti
es of G so that every 
y
le in G gets at least 3


olors. It is known that �

a

is bounded for graphs of bounded genus

and also for bounded degree graphs, see [3, 2℄ for the best known

bounds. Similarly, let �

st

(G) denotes the star 
hromati
 number of a

graph G, i.e. the minimal number of 
olors whi
h are suÆ
ient for a

(proper) 
oloring of the verti
es of G so that 4 verti
es of every path

of length 3 in G get at least 3 
olors. Clearly �

st

(G) � �

a

(G). It

is known that �

st

is bounded whenever �

a

is bounded (folklore, see

e.g.[6℄).

It is also well known that �

a

di�ers arbitrarily from � as it is

unbounded for bipartite graphs and even for bipartite 2-degenerated
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graphs: It suÆ
es to 
onsider the graph K

?

n

whi
h we get from K

n

by subdividing every edge by a single vertex. We 
omplement these

results by the following result. (We denote by � the minor relation

for graphs: G � H if G 
an be obtained from a subgraph of H by

a sequen
e of edge-
ontra
tions. We 
onsider only loopless simple

graphs.)

Theorem 1.1. There exists a fun
tion f : N! N su
h that for any

graph G holds

�

a

(G) � �

st

(G) � f(max�(H))

where maximum is taken over all minors H of G. In fa
t f(n) � 
n

2

.

It follows that for any minor 
losed 
lass C, f�

a

(G); G 2 Cg is

bounded i� f�(G); G 2 Cg is bounded. By the results of [11, 18, 1℄ we

know that this is equivalent to bounded oriented 
hromati
 number ~�

and 
olorings of graphs with 
olored and mixed edges, see Theorem

6.1.

We shall make use of the following two (we believe) well known

results. We sket
h a proof of Lemma 2 for 
ompleteness.

Lemma 1 (Mader, 1967). For ea
h k, there exists some natural num-

ber h(k) < 
k

p

log k (for some 
onstant 
) su
h that every graph of

minimum degree at least h(k) 
ontains K

k

as a minor.

Lemma 2. For any minor 
losed graph C, f�(G); G 2 Cg is bounded

if and only if C is di�erent from the set of all graphs.

Proof. If f�(G); G 2 Cg is unbounded then the vertex 
riti
al graphs

in C have unbounded minimal degree. Mader's theorem (i.e. previous

Lemma 1) applies.

We dis
overed Theorem 1.1 in the 
ontext of graphs and their

homomorphisms. Re
all: A homomorphism f : G! H is a mapping

f : V (G)! V (H) satisfying ff(x); f(y)g 2 E(H) whenever fx; yg 2

E(G). We also write G � H if there exists a homomorphism G !

H. This quasiorder is 
alled homomorphism or 
oloring order. It is

well known Gr�ots
h' s Theorem (see e.g. [10℄ and [19℄ for the best

proof) that every triangle free planar graph is 3-
olorable. Using

homomorphism order this means that G � K

3

for any triangle free
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planar graph G. In yet another way we 
an also say that the 
lass P

3

of all K

3

-free graphs is bounded by K

3

. The following problem has

been formulated in [14℄:

Problem 1. Does there exists a triangle free graph H su
h that G �

H for any triangle free planar graph? In other words, is the 
lass P

3

bounded by a triangle free graph H?

Here we give an aÆrmative answer to this problem. In fa
t one


an prove that the 
lass P

3

is bounded by a 3-
olorable triangle free

graph and we also prove an analogous result for any minor 
losed


lass C with bounded 
hromati
 number:

Theorem 1.2. Let C be a minor 
losed 
lass of graphs all of whi
h

are k-
olorable. Then the 
lass C

3

of all triangle free graphs in C is

bounded by a k-
olorable triangle free graph.

Similar results (for planar graphs) were obtained re
ently in [13℄

for the 
lass P

4

(of all K

4

-free planar graphs) and for the 
lass P

of all planar graphs. However the 
ase of planar triangle-free graphs

was left open. Here we treat the problem in a more general 
on-

text. All results may be seen as an eviden
e for the following general


onje
ture.

Let A; B be 
lasses of graphs, A � B. We say that the 
lass A is

bounded in B if there exists a graph H 2 B su
h th at G � H for

any G 2 A. Thus A is bounded in A i� A has the greatest element

(with respe
t to �). The study of boundednes phenomena is one of

the basi
 problems and we are pleased that in our setting it relates

questions like Hadwiger 
onje
ture to the mainstream mathemati
s

(see Remarks).

Given a �nite set F of graphs we denote by Forb

h

(F) the 
lass of all

graphs G with no homomorphism F ! G for an F 2 F . Equivalently

and more formally, Forb

h

(F) = fG;F 2 F ) F 6� Gg. As an

example, note that Forb

h

fK

3

g is the 
lass of all triangle free graphs.

Conje
ture 1. Let F be any �nite set of graphs. Then for any mi-

nor 
losed 
lass of graphs C the 
lass C \ Forb

h

(F) is bounded in

Forb

h

(F).
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It has been proved in [9℄ (see also [4℄ and [13℄ for a di�erent proof)

that for the 
lass C

d

of all graphs with all their verti
es bounded by

d and for any �nite set of graphs F the analogous 
onje
ture holds.

The results of this paper and [13℄ verify the 
onje
ture for F = fK

k

g

(for k � 4 for planar graphs only). Note that for graphs in general

and even degenerated 
lasses of graphs the analogous statement fails

to be true: For F = fK

3

g 
onsider graphs K

??

n

formed from K

n

by subdividing ea
h edge by two new verti
es. All the graphs K

??

n

are 2-degenerated yet they are not bounded by a �nite triangle-free

graph. Note also that this 
annot be saved by (large) girth: Let G

be a graph of girth ` with 
hromati
 number k. Then the graph G

??

has girth 3` and there is no homomorphism of G into a triangle free

graph with at most k verti
es.

This paper is organized as follows: In Se
tion 1 we prove Theorem

1.1. In Se
tion 2 we prove the following result whi
h is perhaps of an

independent interest:

Theorem 1.3. For any minor 
losed 
lass C with bounded 
hromati


number there exists k = k(C) su
h that any graph G 2 C has a proper

k-
oloring with the property that any 
y
le of length � 5 get at least

4 di�erent 
olors.

Note that, again, an analogous statement fails to be true in general:

In any k-
oloring of the graph K

??

n

, n suÆ
iently large, there exists


y
les of length � 6 whi
h are 
olored by at most 3 
olors. Also the

graphs G

??

(see above) have girth 3` and in any k-
oloring 
ontain


y
les 
olored by at most 3 
olors.(More 
ompli
ated examples are

provided by Ramsey theory.)

The key notion for the proof of Theorem 1.3 is the notion of folding

and using that we prove in Se
tion 4 Theorem 1.2 by an universal


onstru
tion similar to those given in [13, 18, 1℄. Se
tion 5 
ontains


on
luding remarks and open problems.

2. Star 
hromati
 number bounded by density

Theorem 2.1. Let G be a simple graph with density �, and let � � �

be the maximum density over the minors of G whi
h are simple (in-


luding G itself). Then, the star 
hromati
 number �

st

(G) is bounded
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by:

�

st

(G) � d�e(2d�e + d�e � 1) + b2�
 + 1

Proof. First, we shall �nd an a
y
li
 orientation

~

G in su
h a way

that ea
h vertex has indegree at most d�e. (It is well known that a

graph G with density � = max

H�G

jE(H)j

jV (H)j

may be oriented in su
h a

way that any vertex v of G has indegree d

�

(v) at most d�e (see for

instan
e, Hakimi [8℄.) Furthermore, we 
olor ea
h ar
 e of

~

G with a


olor 
(e) 2 f1; : : : ; d�eg, in su
h a way that all the ar
s in
oming a

same vertex have di�erent 
olors.

Then, let

e

G be the graph (V (G); E(G)[E

1

[E

2

), where (denoting

(x; y) an ar
 and fx; yg an edge):

� (x; y) 2 E

1

if fx; yg 62 E(G) and 9z 2 V (G); f(x; z); (z; y)g �

E(

~

G),

� (x; y) 2 E

2

if fx; yg 62 E(G) and 9z 2 V (G); f(x; z); (y; z)g �

E(

~

G) with 
((x; z)) < 
((y; z)).

Thus the graph

e

G is the graph G together with potentially 
on
i
ting

pairs of verti
es for a star 
oloring. We now estimate the density of

e

G. Let A be any subset of V (G) and let B be the set of neighbors of

A. Formally, B is the subset of V (G) n A de�ned by:

B = fx 2 V (G) n A; 9v 2 A; fv; xg 2 E(G)g

The edges of the subgraph

e

G

A

of

e

G indu
ed by A may be partitioned

as follows: E(

e

G

A

) = E(G

A

) [E

i

1

[E

e

1

[E

i

2

[E

e

2

, where:

� (x; y) 2 E

i

1

if fx; yg 62 E(G

A

) and 9z 2 A; f(x; z); (z; y)g �

E(

~

G),

� (x; y) 2 E

e

1

if fx; yg 62 E(G

A

) and 9z 2 B; f(x; z); (z; y)g �

E(

~

G),

� (x; y) 2 E

i

2

if fx; yg 62 E(G

A

) and 9z 2 A; f(x; z); (y; z)g �

E(

~

G) with 
((x; z)) < 
((y; z)).

� (x; y) 2 E

e

2

if fx; yg 62 E(G

A

) and 9z 2 B; f(x; z); (y; z)g �

E(

~

G) with 
((x; z)) < 
((y; z)).

Let H be the graph obtained from G

A[B

by deleting any edges having

both in
iden
es in B, and let H

i

be the graph obtained from H by
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deleting all the verti
es of B having no in
oming edge of 
olor i and


ontra
ting all the ar
s (x; y); y 2 B of 
olor i. Moreover, V (H

i

) may

be identi�ed with A and the edge set of H

i

is given by:

E(H

i

) = E(G

A

) [ f(x; y) 2 E

e

1

;9z 2 B; f(x; z); (z; y)g � E(H) and 
((x; z)) = ig

[ f(x; y) 2 E

e

2

;9z 2 B; f(x; z); (y; z)g � E(H) and 
((x; z)) = ig

Hen
e, we have, as H

i

being a minor of H an thus a minor of G, has

density at most � (and order jAj):

d�ed�ejAj �

d�e

X

i=1

jE(H

i

)j � d�ejE(G

A

)j+ jE

e

1

j+ jE

e

2

j

It follows that

d�ed�ejAj � d�ejE(G

A

)j � jE

e

1

j+ jE

e

2

j

Moreover, we obviously have jE

i

1

j � d�ejE(G

A

)j and jE

i

2

j �

�

d�e

2

�

jAj.

Summarizing, we get:

jE(

e

G

A

)j � jE(G

A

)j+

�

d�ed�e +

�

d�e

2

��

jAj

and thus, the density of

e

G is at most:

max

A�V (G)

jE(

e

G

A

)j

jAj

� d�ed�e +

�

d�e

2

�

+ �

It follows that �(

e

G) � 2d�ed�e + d�e(d�e � 1) + b2�
 + 1.

Now, 
onsider a 
oloring of

e

G with �(

e

G) 
olors and think of this

as a 
oloring of G. Then, for any path P of length 3 in

~

G, P either


ontains a subpath of length 2 whi
h internal vertex is a sink or it


ontains a dire
ted subpath of length 2. In both 
ases, a

ording to

the de�nition of

e

G, this path indu
es a triangle in

e

G and thus is 3-


olored. As a 
onsequen
e, no bi-
olored subgraph of Gmay in
lude a

path of length 3 and, as the 
oloring is obviously a proper 
oloring of

G (G is a partial graph of

e

G), we get �

st

(G) � �(

e

G), whi
h 
on
ludes

the proof.

Corollary 1. The star 
hromati
 number of a planar graph is at

most 30.
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This improves bounds given in [?, 6℄.

Proof. For any planar graph G of order n � 3, we get � � � �

3�

6

n

< 3.

As an example where � 6= �:

Corollary 2. The star 
hromati
 number of a bipartite planar graph

is at most 18, the one of a 4-regular planar graph is at most 19.

Proof. For any bipartite planar graph G of order n � 3, we get � �

2 �

4

n

< 2 and � < 3 (as any minor of a bipartite planar graph

is planar). For a 4-regular planar graph, � = 2 and � < 3 (as

previously).

Let us remark that the above proof of Theorem 2.1 gives a stru
-

tural 
hara
terization of star 
hromati
 number in terms of 
hromati


number. Given an orientation

~

G of G we de�ne graph

e

G similarly

as in the above proof: V (G) = V (

e

G) with the edges of E(

e

G) be-

ing all edges of G together with all pairs fx; yg for whi
h there

exists a vertex z 2 V (G) su
h that either (x; z); (z; y) 2 E(

~

G) or

(x; z); (y; z) 2 E(

~

G).

Corollary 3. �

st

(G) = min�(

e

G) where minimum is taken over all

orientations

~

G of G.

Proof. Clearly any orientation

~

G of G and any 
oloration of

e

G gives

a star 
oloring of G. Conversely, given any star 
oloring 
 of G de�ne

orientation

~

G as follows: for an edge e = fx; yg of G with 
olors


(x) = i; 
(y) = j the subgraph indu
ed by all the verti
es with


olors i and j is a star forest and we orient e from the 
enter of the

star (in the 
ase that the star has 2 verti
es we take any orientation).

One 
an 
he
k that 
 is a proper 
oloring of the graph

e

G de�ned using

this orientation.
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3. A
y
li
 
hromati
 number bounded by 
hromati


number

In this se
tion we prove Theorem 1.1. First, we shall relate the

density of a graph with the maximum value of the 
hromati
 numbers

of its minors.

Lemma 3. There exists a fun
tion g : N ! N, su
h that any graph

G has a density bounded as follows:

max

H�G

jE(H)j

jV (H)j

� g(max

H�G

�(H))(1)

Proof. A

ording to Lemma 1, there exists a natural number h(k),

su
h that every graph of minimum degree at least h(k) 
ontains K

k

as a minor.

Thus, assume G has density � = max

H�G

jE(H)j

jV (H)j

. Then, it in
ludes

as a subgraph a graph H with minimum degree at least � and thus

G has K

p

as a minor with h(p) � �. Thus,

max

H�G

jE(H)j

jV (H)j

� h

�1

(max

H�G

�(H))(2)

Now we 
an apply

�

a

� �

st

� b2�
 + 3d�e

2

� d�e + 1

and we get Theorem 1.1.

4. Foldings

De�nition 1. Let G and H be two graphs and let f : V (G)! V (H)

be a homomorphism from G to H. Then f is a folding of G in H if

8x; y; z 2 V (G);

�

(x; z) 2 E(G) ^ (y; z) 2 E(G)

�

=) f(x) 6= f(y)

(3)

The following result generalizes [17℄ where a similar result was

obtained for (no partially 
olored) degree 3 planar graphs.
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Proposition 1. Let G be an undire
ted graph with a
y
li
 
hromati


number �

a

(G). Assume G is partially oriented and let �

�

be the

maximum indegree of the partial orientation. Then, there exists an

extension of the partial orientation of G into a full orientation and

a folding, with respe
t to this orientation, from G to K

p

(with some

orientation), where p � �

a

(G)(�

�

+ 2)

�

a

(G)�1

.

Proof. Consider an a
y
li
 
oloring ofGwith �

a

(G) 
olors f1; : : : ; �

a

(G)g.

Let 1 � i < j � �

a

(G). A

ording to the de�nition of an a
y
li



oloring, the subgraph G

i;j

indu
ed by the verti
es 
olored i or j

is a forest. Consider an extension of the orientation of the edges

of G

i;j

su
h that the originally non-oriented edges of any tree not

redu
ed to an isolated vertex is oriented from a root. Then, ea
h

vertex has indegree at most �

�

+ 1. Then, 
ompute a fun
tion

�

i;j

: V (G

i;j

)! f0; 1; : : : ;�

�

+1g as follows: For any isolated vertex

v, �

i;j

(v) = 0. For any non trivial tree Y , let r be a vertex of the tree

of 
olor i and let X = frg. While X 6= Y , we 
onsider a vertex v in

Y nX having a neighbor u in X. Then, we 
ompute �(v) as follows:

� if fu; vg is oriented from u to v and u has 
olor i, then �

i;j

(v) =

�

i;j

(u);

� if fu; vg is oriented from u to v and u has 
olor j, then �

i;j

(v) �

�

i;j

(u) + 1 (mod �

�

+ 2);

� if fu; vg is oriented from v to u and u has 
olor i, then 
hoose

�

i;j

(v) 6� �

i;j

(u) (mod �

�

+ 2) while avoiding the values given

to the prede
essors of u (that is: the neighbors z of u, su
h that

fz; ug is oriented from z to u) already in X (at most �

�

su
h

verti
es exist);

� if fu; vg is oriented from v to u and u has 
olor j, then 
hoose

�

i;j

(v) 6� �

i;j

(u) + 1 (mod �

�

+ 2) while avoiding the values

given to the prede
essors of u already in X (at most �

�

su
h

verti
es exist).

If we 
onsider the union of the pre
eding partial orientations for

all the possibles values of i and j (1 � i < j � �

a

(G)) and if we re
olor

any vertex v of 
olor 
 with the t-uple (
; �

1;


(v); : : : �


�1;


(v); �


;
+1

(v); : : : ; �


;�

a

(G)

(v)),

we obtain a natural folding of G in K

�

a

(G)(�

�

+2)

�

a

(G)�1

.
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We prove Theorem 1.3 in the following more te
hni
al form. Together

with the previous Proposition and Theorem 1.1 this implies Theorem

1.3.

Theorem 4.1. Let G be a graph and f a folding of G in a 
omplete

graph K

p

. Then, there exists a 
oloring of G with at most q 
olors,

su
h that any 
y
le of G of length at least 5 has verti
es of at least 4


olors, where q �

�

max

H<G

�(H)

�

(

p

3

)

, where H < G stands for \H

is a loop-less minor of G".

Proof. Consider any numbering of the verti
es of K

p

with integers

1; : : : ; p and let i; j; k 2 f1; : : : ; pg be three distin
t integers. Then, f

indu
es a folding of the subgraph G

i;j;k

of G indu
ed by the verti
es

mapped by f into one of i; j; k in a dire
ted triangle, whi
h verti
es

i; j; k. Two 
ase may then o

ur:

� The triangle (i; j; k) is dire
ted as a 
ir
uit.

In su
h a 
ase, any vertex in G

i;j;k

has at most one in
om-

ing edge and any 
y
le of G

i;j;k

is thus oriented as a 
ir
uit.

Moreover, no vertex may belong to more than one 
ir
uit and

every 
ir
uit has a length whi
h is a multiple of 3, with verti
es

su

essively 
olored i; j; k. Then, we assign a mark from f0; 1g

to the verti
es: 0 for all the verti
es, but one in ea
h 
ir
uit.

This way, in ea
h 
y
le of length bigger than 3 there exists at

least 3 verti
es of di�erent 
olors with mark 0 and one vertex

with mark 1.

� The triangle (i; j; k) is a
y
li
ally oriented.

Then, we may also assume it is dire
ted as i ! j ! k. In

su
h a 
ase, no 
y
le of G

i;j;k

may be dire
ted as a 
ir
uit and

hen
e every 
y
le 
 of G

i;j;k

in
ludes at least one sink v. As

the sink has to have at least two in
oming edges, it is 
olored k

and its neighbors have respe
tively 
olor i and j. Let H be the

minor of G obtained by 
ontra
ting all the edges in
ident to a

vertex 
olored i and 
all g : V (G) ! V (H) the identi�
ation

mapping of the 
ontra
tion. The loops in H then 
orrespond to

initial 
y
les of length 3. Let

^

H be the graph obtained from G

by removing these loops (we identify V (

^

H) with V (H)) and let

�(

^

H) be its 
hromati
 number. Color

^

H with �(

^

H) 
olors and
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all � : V (H) ! f1; : : : ; �(

^

H)g the 
oloring. Then, it is easily


he
ked that any 
y
le of length at least 5 of G 
ontains at least

four verti
es v

1

; v

2

; v

3

; v

4

with distin
t (f(v); � Æ g(v)) pairs.

5. Triangle free bounds

In this se
tion we prove Theorem 1.2. We pro
eed analogously

as in [13℄. Let C be a minor 
losed 
lass of graphs. We assume that

�(G); G 2 C is a bounded set. By Theorems 1.1 and 1.3 we know that

there exists a positive q su
h that any graph G 2 C may be proper


olored by q 
olors in su
h a way that any 
y
le of G of length � 5

gets at least 4 
olors. We 
onstru
t graph H = (V;E) as follows: The

verti
es V are all pairs of the form (i; �) where 1 � i � q and � is a

fun
tion whi
h assigns to every triple T = fi; j; kg; 1 � j < k < l � q

value �(T ) 2 f0; 1g with �(T ) = 1 whenever i 62 T . The edges E

are all pairs of the verti
es of the form f(i; �); (i

0

; �

0

)g where i 6= i

0

and �(T ) 6= �

0

(T ) whenever triple T 
ontains both i and i

0

. We shall

prove that the graph H has all the properties 
laimed by Theorem

1.2.

The graph H has 
learly no triangle as if (i; �); (i

0

; �

0

); (i

00

; �

00

) are

3 verti
es of H then 
onsidering the triple T = fi; i

0

; i

00

g we see that

at least two of the values �(T ); �

0

(T ); �

00

(T ) 
oin
ide and thus the


orresponding verti
es do not form an edge of H. Next we prove that

H is a bound for the 
lass C

3

of all triangle free graphs in C . Towards

this end let G 2 C

3

and let 
 : V (G)! f1; : : : qg be a proper 
oloring

of G guaranteed by Theorem 1.3. Given a triple T � f1; : : : qg the

subgraph G

T

of G indu
ed by the set 


�1

(T ) is bipartite and thus

there exists a homomorphism (
oloring) �

T

: G

T

! K

2

. De�ne

the mapping f : V (G) ! V (H) as follows: f(v) = (
(v); �) where

�(T )(v) = �

T

(v) providing v 2 T and �(T )(v) = 1 otherwise. It is

easy to 
he
k that this is a homomorphisms G! H. Finally suppose

that all graphs from the 
lass C are k-
olorable. Then the graph

H �K

k

is k-
olorable triangle free bound for C

3

. This 
ompletes the

proof of Theorem 1.2.

>From Theorem 1.2, one 
an dedu
e the following:
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Corollary 4. There exists a fun
tion f : N ! N su
h that, for any

minor 
losed 
lass of graph C with maximum 
hromati
 number k,

any triangle free graph G 2 C may be properly 
olored in f(k) 
olors,

in su
h a way that any subgraph H of G gets a number of 
olors at

least equal to the minimum number of verti
es of a triangle free graph

with 
hromati
 number �(H).

Proof. A

ording to Theorem 1.2, there exists a triangle free graph

U with order f(k), su
h that G < U , for any G 2 C. Color the

verti
es of G a

ording to their image by a homomorphism from G

to U . Then, any subgraph H of G is mapped into a subgraph of

U

H

of U . The graph H has jV (U

H

)j 
olors and 
hromati
 number

�(H) � �(U

H

).

Corollary 5. There exists a 
onstant 
, su
h that, for any triangle

free graph G, there exists a 
oloration of G with f(max

H�G

�(H))


olors, su
h that any subgraph H of G with 
hromati
 number k gets

at least 
k

2

log k 
olors.

Proof. A

ording to Erd�os and Hajnal (1985)[5℄, a triangle free graph

with 
hromati
 number k has order at least 
k

2

log k.

6. Remarks

1: The notion of folding is an interesting notion as it is sandwi
hed

between lo
ally inje
tive homomorphisms (studied e.g. in [15℄ and

[7℄ from 
omplexity point of view) and homomorphisms of bounded

degree graphs. Be
ause of this we formulated Proposition 1 in a

greater generality (than ne
essary for our proof of Theorem 1.2. More

results are going to appear in our forth
oming paper [16℄.

2: Our Conje
ture 1 may be seen as a �nitary approximation to

Hadwiger 
onje
ture, see e.g. [10℄. In our language Hadwiger 
onje
-

ture may be expressed as follows:

Conje
ture 2. (Hadwiger)

Any minor 
losed 
lass C with bounded 
hromati
 number has great-

est element whi
h is a 
omplete graph.
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In the other words, if a minor 
losed 
lass C is bounded (by a �nite

graph, for example by a large 
omplete graph) then it has the greatest

element whi
h is

a 
omplete graph. In this 
ontext one may see our Conje
ture 1 as

an approximation to Hadwiger 
onje
ture: instead of asking for the

greatest element of 
lass C we ask for a bound with lo
al properties

similar to those in C (su
h as not 
ontaining a given 
omplete graph).

On the other hand the following naturally arises as a weaker form of

Hadwiger 
onje
ture:

Conje
ture 3. Any minor 
losed 
lass C with bounded 
hromati


number has greatest element.

3: The following is a 
onsequen
e of Theorem 1.1

Theorem 6.1. (Chara
terization of bounded minor 
losed 
lasses)

Let C be a a minor 
losed 
lass of graphs. The following statements

are equivalent

i: the a
y
li
 
hromati
 number �

a

(G) is bounded for G 2 C;

ii: the oriented 
hromati
 number ~�(G) is bounded for G 2 C;

iii: the star 
hromati
 number �

st

(G) is bounded for G 2 C;

iv: 
olored mixed graphs in C may be 
olored by a �xed number of


olors (in the sense of [1, 18℄);

v: the 
hromati
 number �(G) is bounded for all G 2 C;

vi: the 
lique number !(G) is bounded for all G 2 C;

vii: the edge density of all graphs G is bounded for all G 2 C.

vii: C is proper minor 
losed 
lass of graphs (i.e. C is not the 
lass

of all graphs).

We shall 
omment on this more extensively in [16℄.

4: The following is an interesting 
onsequen
e of Theorem 1.2 pre-

sented as a problem in [13℄: For a graph G = (V;E) and a posi-

tive integer t de�ne the graph G

(t)

= (V;E

(t)

) by fx; yg 2 E

(t)

i�

d

G

(x; y) = t (d

G

(x; y) is the distan
e of x and y in G). Note that for

an even t the graph G

(t)

may 
ontain an arbitrarily large 
omplete

graph even for a simple graph G (
onsider subdivision of a star).

However for t = 3 we have the following, perhaps surprising, general

result:
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Corollary 6. For every minor 
losed 
lass C the following two state-

ments are equivalent:

i: The 
hromati
 number of triangle free graphs from C is bounded;

ii: The 
hromati
 number of graphs �(G

(3)

); G 2 C; G triangle free

is bounded.

Proof. Any homomorphism f : G ! H for a triangle free graph H

may be viewed as a 
oloring of G

(3)

by jV (G)j 
olors. Thus i: implies

ii: by Theorem 1.2. In the reverse dire
tion suppose 
ontrary: let

�(G

(3)

� k for any triangle free G 2 C and assume that there exists a

triangle free graph G in C with �(G) � 3k. Let V (G) = V

1

[ : : : [ V

k

be a 
oloring of the graph G

(3)

. It follows that there exists i; 1 �

i � k su
h that the subgraph G

i

of G indu
ed by the set V

i

is not

bipartite. As G

i

is triangle free and as V

i

is 
olor 
lass of a 
oloring

of G

(3)

G

i

does not 
ontain an indu
ed 
opy of the path of length 3.

However it is well known that then G

i

is a perfe
t graph whi
h is a


ontradi
tion.

(Note that the impli
ation ii: ) i: holds for any 
lass of graphs.

The reverse impli
ation does not hold generally. This proposition

may be formulated in terms of multipli
ation of in
iden
e matri
es.)

Clearly many further questions may be asked. We de
ided to stop

here (and 
ontinue in [16℄).

5: It is a bit surprising that in order to prove the main Theorem

1.2 for planar graphs one 
an pro
eed in purely 
ombinatorial way

for all minor 
losed 
lasses. Presently, this is an ex
eption and we do

not know how to extend the geometri
al te
hniques of [13℄ to minor


losed 
lasses. Parti
ularly, the following is presently open:

Conje
ture 4. For any k � 3 there exists a fun
tion f

k

su
h that

every graph G has a proper 
oloring with at most f

k

(maxf�(H);H �

Gg) 
olors su
h that any k-
olor 
riti
al subgraph G of G is either

isomorphi
 to K

k

or gets at least k + 1 
olors.

This is true for k = 3 (by Theorem 1.2) and for k = 4 for the


lass of planar graphs ([13℄). It is proved in [13℄ that the the validity

of Conje
ture 4 implies the existen
e of a K

k

-free bound. For the


ompleteness we give here a simple proof of this parti
ular 
ase.
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Lemma 4. Let C be a minor 
losed 
lass of graphs, su
h that �(G); G 2

C is bounded by q. Let 3 � k � q be an integer. Assume there exists a

fun
tion f su
h that any graph G 2 C has a 
oloring with f(q) 
olors

su
h that any k 
olor-
riti
al subgraph of G is either isomorphi
 to

K

k

or gets at least k + 1 
olors.

Then, the 
lass C

k

of all K

k

free graphs in C is bounded by a q-


olorable K

k

free graph.

Proof. We 
onstru
t graph U = (V;E) as follows: The verti
es V are

all pairs of the form (i; �) where 1 � i � f(q) and � is a fun
tion whi
h

assigns to every k-uple X = fi

1

; : : : ; i

k

g; 1 � i

1

< � � � < i

k

� f(q)

value �(X) 2 f1; : : : ; k� 1g. The edges E are all pairs of the verti
es

of the form f(i; �); (i

0

; �

0

)g where i 6= i

0

and �(X) 6= �

0

(X) whenever

k-uple X 
ontains both i and i

0

. We shall prove that the graph U

has all the properties 
laimed by Lemma 4.

The graph U has 
learly no subgraph isomorphi
 to K

k

as if

(i

1

; �

1

); : : : ; (i

k

; �

k

) are k verti
es of U , then 
onsidering the k-uple

X = fi

1

; : : : ; i

k

g we see that at least two of the values �

1

(X); : : : ; �

k

(X)


oin
ide and thus the 
orresponding verti
es do not form an edge of

U . Next we prove that U is a bound for the 
lass C. Towards this

end let G 2 C

k

and let 
 : V (G) ! f1; : : : f(q)g be a proper 
ol-

oring of G guaranteed by the assumptions of the lemma. Given a

k-tuple X � f1; : : : f(q)g the subgraph G

X

of G indu
ed by the set




�1

(X) may not have 
hromati
 number k. Otherwise, G

X

would

have a k 
olor-
riti
al subgraph isomorphi
 to K

k

. Hen
e, G

X

is

(k � 1)-
olorable and thus there exists a homomorphism (
oloring)

�

X

: G

X

! K

k�1

. De�ne the mapping g : V (G) ! V (U) as fol-

lows: g(v) = (
(v); �) where �(X)(v) = �

X

(v) providing v 2 X and

�(X)(v) = 1 otherwise. It is easy to 
he
k that this is a homomor-

phisms G! U . Then the graph U �K

q

is q-
olorable K

k

free bound

for C

k

. This 
ompletes the proof of Theorem 4.
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