
Foreword

It has already be
ome a tradition to organize one day meetings for

Cze
h and Slovak graph theorists. DIMATIA Graph Thoery Days, as the

title says, are organized by DIMATIA Charles University and we see it as

a way to ful�ll one of the goals of DIMATIA - to foster the resear
h in

Dis
rete Mathemati
s and Graph Theory in our 
ountries and to support

the links among the Cze
h and Slovak groups. These meetings bring

our resear
hers together, enable them to present their most re
ent results

in
luding work-in-progress reports and the informal atmosphere stimulates

their 
ollaboration.

This is the growing list of GTD's:

� Graph Theory Day I - Prague January 29, 1999

� Graph Theory Day II - Ne�
tiny O
tober 8-10, 1999 (organized by

DIMATIA partner institution West Bohemia University)

� Graph Theory Day III - Prague January 31, 2000 - in honor of Ivan

Havel who passed away in the fall of 1999

� Graph Theory Day IV - Prague February 6, 2001

� Graph Theory Day V - Prague Mar
h 12 - 
elebrating 55th birthday

of Jaroslav Ne�set�ril

Sin
e 2001, the workshops are 
o-organized by ITI (Institute for The-

oreti
al Computer S
ien
e Charles University, supported by the Ministry

of Edu
ation of the Cze
h Republi
 as proje
t LN00A056).

We are more than happy to see that DIMATIA Graph Theory Day's

really bring our people together and hope that the so far short list of

GTD's will keep expanding.

Jan Krato
hv��l
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On the Cy
li
 Chromati
 Number of

3{
onne
ted plane graphs

Mirko Hor�n�ak

P. J.

�

Saf�arik University, Ko�si
e

The 
y
li
 
hromati
 number of a plane graph G, in symbol �




(G), is a

minimum number of 
olours in su
h a vertex 
olouring of G that distin
t

verti
es in
ident with a 
ommon fa
e re
eive distin
t 
olours. Clearly,

�




(G) � �

�

(G), where �

�

(G) is the maximum fa
e degree of G. On the

other hand, no 3-
onne
ted plane graph G is known with �




(G) > �

�

(G)+

2. Plummer and Toft in Cy
li
 
oloration of 3-polytopes, J. Graph Theory

11 (1987), 507{515, proved that �




(G) � �

�

(G) + 9 and 
onje
tured

(PTC) that �




(G) � �

�

(G) + 2 for any 3-
onne
ted plane graph G. It is

known that PTC is true for �

�

(G) � 4 and �

�

(G) � 24. A general upper

bound has been lowered so far only to �

�

(G) + 8.

Theorem 1. If G is a 3-
onne
ted plane graph, then �




(G) � �

�

(G)+ 5.
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Light Subgraphs of Planar Graphs

Stanislav Jendrol'

P. J.

�

Saf�arik University, Ko�si
e

The existen
e of subgraphs of low degree sum of their verti
es in planar

graphs is investigated. Let K

1;3

, a subgraph of a graph G, be an (x; a; b; 
)-

star, a star with a 
entral vertex of degree x and three leaves of degrees

a, b, and 
 in G. The main results of the paper are:

1. Every planar graph G of minimum degree at least 3 
ontains an

(x; a; b; 
) star with (i) x = 3; a � 10 and a � b � 
, or (ii) x = 4; a =

4; 4 � b � 9, and 
 � b, or (iii) x = 4; a = 5; 5 � b � 9, and 
 � b, or

(iv) x = 4; a = 6 � b � 8, and 
 � b, or (v) x = 4; a = 7 � b � 8, and


 � b, or (vi) x = 5; a = 5 � b � 6, and 5 � 
 � 7, or (vii) x = 5, and

a = b = 
 = 6.

Moreover, the bounds are best possible ex
ept possibly for 
ases (iii) and

(v).

In these ex
eptional 
ases the exa
t values di�er at most by one from the

mentioned bounds.

2. Every 3-
onne
ted planar graph G that 
ontains a k-path, a path

on k verti
es, also 
ontains a k-path P su
h that for its weight (the sum

of degrees of its verti
es) in G

w

G

(P ) :=

X

A2V (P )

deg

G

(A) � k

2

+ 13k:

Moreover, there exists a 3-
onne
ted planar graphH in whi
h every k-path

P has weight

w

H

(P ) � k log

2

k:

3. Let G be a 
onne
ted planar graph of minimum vertex degree Æ,

minimum fa
e size � and 
ir
umferen
e 
(G). If 
(G) � �jV (G)j for some


onstant � > 0 then for any k; 1 � k � 
(G), G 
ontains a k-path P su
h

that

w

G

(P ) =

X

A2V (P )

deg

G

(A) <

��

2�

�� 2

� Æ

�

1

�

+ Æ

�

k:
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OnHamiltonian Cy
les in Strong

Produ
ts of Graphs

Daniel Kr�al'

Charles University, Prague

Let the vertex set of the graph G be denoted by V (G) and let its edge

set be denoted by E(G). The strong produ
t of two graphs G and H is the

graph G�H with the vertex set V (G)� V (H). Its two distin
t verti
es

[u

1

; v

1

℄ and [u

2

; v

2

℄ are joined by an edge i� u

1

= u

2

_ u

1

u

2

2 E(G) and

v

1

= v

2

_ v

1

v

2

2 E(H). A 
y
le 
ontaining all the verti
es of the graph is


alled a hamiltonian 
y
le; ea
h vertex is 
ontained in su
h a 
y
le exa
tly

on
e. We write G

k

for the strong produ
t of k 
opies of G and we 
all

graphs 
ontaining a hamiltonian 
y
le hamiltonian graphs for the brevity.

Zaks asked in [3℄ whether there exists k(G) for any 
onne
ted graph

G with at least two verti
es su
h that G

k(G)

is hamiltonian. Bermond,

Germa and Heydemann proved in [1℄ the existen
e of the number k(G)

and they proved that if G

k

is hamiltonian, then also G

h

is hamiltonian for

all k � h using some results of Rosehfeld and Barnette 
ontained in [2℄;

let the smallest possible k(G) be denoted as h(G). Bermond et al. did

not give any upper bound on h(G) in terms of maximum degree of the

graph G, but they 
onje
tured that h(G) � �(G) holds for all 
onne
ted

graphs G with at least two verti
es where �(G) is the maximum degree

of G. We 
an prove this 
onje
ture, but we fo
us here our attention to

the problem of �nding the smallest possible value of h(G). Let h

max

(�)

be maxfh(G)j�(G) � �g; we prove that h

max

(�) < � for large value of

�. On the other hand Zaks in [3℄ proved the following inequality (S

n

is

K

1;n

, see the next se
tion):

h(S

n

) �

&

ln 2

ln

�

1 +

1

n

�

'

Thus it is impossible to prove sublinear upper bounds for h

max

(�).

Theorem 1. The produ
t of any at least b

19

24

�
+ dlog

2

�e+ 3 
onne
ted

graphs of maximum degree at most � is hamiltonian for 32 < �.

Theorem 2. For ea
h 
 > ln

25

12

+

1

60

there exists 


0

su
h that the produ
t

of any at least b
�
 + dlog

2

�e + 


0


onne
ted graphs of maximum degree

at most � is hamiltonian for 32 < �.
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The question of pre
ise determining of h

max

(�) remains open; it seems

that stars are in some sense the worst graphs and that the lower bound

given by Zaks 
ould be tight. The more interesting task is to des
ribe the

linear behaviour of h

max

. The lower bound proved by Zaks and our upper

bound gives:

lim inf

�!1

h

max

(�)

�

� ln 2 � 0:6931

lim sup

�!1

h

max

(�)

�

� ln

25

12

+

1

60

� 0:7506

We 
onje
ture that:

lim

�!1

h

max

(�)

�

= ln 2

Referen
es

[1℄ J. C. Bermond, A. Germa, M. C. Heydemann: Hamiltonian Cy
les in

Strong Produ
ts of Graphs, Canad. Math. Bull. Vol. 22 (3), 1979, pp.

305{309.

[2℄ M. Rosehfeld , D. Barnette: Hamiltonian Cir
uits in Certain Prisms,

Dis
rete Math. 5, 1973, pp. 389{394.

[3℄ J. Zaks: Hamiltonian 
y
les in produ
ts of graphs, Canadian Math.

Bull. vol. 17 (5), 1975, pp. 763{765.
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Cayley Snarks and Almost Simple

Groups

Martin

�

Skoviera

Comenius University, Bratislava

A Cayley snark is a 
ubi
 Cayley graph whi
h is not 3-edge-
olourable.

We dis
uss the problem of the existen
e of Cayley snarks. This problem

is 
losely related to the problem of the existen
e of hamiltonian 
y
les in

Cayley graphs and to the question whether every Cayley graph admits a

nowhere-zero 4-
ow.

So far, no Cayley snarks have been found. On the other hand, we prove

that the smallest example of a Cayley snark, if it exists, 
omes either from

a non-abelian �nite simple group or from a group whi
h has a single non-

trivial proper normal subgroup. The subgroup must have index two and

must be either non-abelian simple or the dire
t produ
t of two isomorphi


non-abelian simple groups. Several other properties of the group 
an also

be derived.

The details 
an be found in

R. Nedela and M. Skoviera, Cayley snarks and almost simple groups, Com-

binatori
a, to appear.
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A SuÆ
ient Condition for the

Existen
e of Large Empty Convex

Polygons

Pavel Valtr

Charles University, Prague

Let P be a set of points in general position in the plane. We say that

P is k-
onvex, if no triangle determined by P 
ontains more than k points

of P in the interior. We say that a subset A of P forms an empty polygon

(in P ), if the points of A are the verti
es of a 
onvex polygon 
ontaining

no other points of P . Then for any k; n there is an N = N(k; n) su
h

that any k-
onvex set of at least N points in general position in the plane


ontains an empty n-gon. An analogous statement also holds in IR

d

for

ea
h odd d � 3. We also dis
uss some related questions, e.g. the so-
alled

modular version of the Erd}os{Szekeres theorem.
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Presented Open Problems

Computational Complexity of

k{sub
oloring

Ji�r�� Fiala

Charles University, Prague

We 
onsider 
oloring of verti
es of a graph G s.t. ea
h 
olor 
lass

indu
es in G a disjoint union of 
omplete graph, or | in other words |

a graph without indu
ed path of length two. Let �

s

(G) be the minimum

k for whi
h su
h 
oloring with k 
olor 
lasses exists.

We know that �

s

(G) �

�(G)

2

and we know that for all �xed k � 2

the problem to de
ide whether �

s

(G) � k is NP-hard for graphs with

�(G) � k

2

.

We pose the following problem: What is the 
omputational 
omplexity

of de
iding �

s

(G) � k for the 
lass graphs of maximum degree l where l

varies from 2k + 1 to k

2

� 1?

Observability ofQ

n

Mirko Hor�n�ak

P. J.

�

Saf�arik University, Ko�si
e

Problem (posed by Mirko Hor�n�ak and Roman Sot�ak.) Let G be

a graph with no 
omponent K

2

and with at most one 
omponent K

1

.

Given an edge 
olouring of G, a 
olour set of a vertex x of G is the set

of 
olours of edges in
ident with x. An edge 
olouring of G is vertex-

distinguishing if, for any two distin
t verti
es of G, their 
olour sets are

distin
t. The observability of G, denoted by obs(G), is a smallest number

of 
olours in a proper vertex-distinguishing edge 
olouring ofG. We proved

in Asymptoti
 behaviour of the observability of Q

n

, Dis
rete Math. 176

(1997), 139{148, that lim

n!1

obs(Q

n

)=n exists and is equal to 1+q

�

, where

q

�

= 0:293815::: is the unique solution of the equation (x + 1)

(x+1)

= 2x

x

in the interval (0;1). Quite surprisingly, lo
ally we have no result that


ould 
orrespond to the above asymptoti
 statement.

Conje
ture 1. The sequen
e fobs(Q

n

)g

1

n=2

is non-de
reasing.
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Tree Colorings with a Forbidden

Pattern

Martin Klazar

Charles University, Prague

Let T (abba; n) be the maximum number of verti
es in a tree T that


an be vertex-
olored by at most n 
olors so that

1. the 
oloring is proper, whi
h means that no edge is mono
hromati
,

2. no subgraph of T is a subdivision of the 2-
olored 4-vertex path

��Æ�Æ�� , and

3. no subgraph of T is a subdivision of the properly 2-
olored 4-vertex

star ��Æ��

�

.

Problem. Determine the fun
tion T (abba; n).

In [M. Klazar, Combinatorial aspe
ts of Davenport{S
hinzel sequen
es,

Ph.D. thesis, Charles University, Prague, 1995℄ and [M. Klazar, Combina-

torial aspe
ts of Davenport{S
hinzel sequen
es, Dis
rete Math., 165/166

(1997), 431{445℄ I posed as a problem to show that T (abba; n) = O(n).

This was a

omplished by P. Valtr [On an extremal problem for 
olored

trees, Eur. J. Comb., 20 (1999), 115{121℄ who proved more generally that

T (a

i

b

i

a

i

; n) � 24in (the power a

i

denotes the sequen
e aa : : : a of length i

and T (a

i

b

i

a

i

; n) is de�ned analogously to T (abba; n)). On the other hand

it is not diÆ
ult to show that T (abba; n) � 5n � 8. So at present it is

known only that

5n� 8 � T (abba; n) � 48n:

For abba Valtr's upper bound 
an probably be improved but it would be

interesting to know T (abba; n) exa
tly.
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Gap{freeness of Feasible Sets of

Mixed Hypergraphs

Jan Krato
hv��l

Charles University, Prague

A mixed hypergraph is a triple H = (V; C;D), where V is the vertex

set of H and C and D are sets of subsets of V . A vertex 
oloring of H is

proper if every edge e 2 C 
ontains two distin
t verti
es of the same 
olor

and every edge e 2 D 
ontains two verit
es of di�erent 
olors. A proper


oloring is a stri
t k-
oloring if it uses exa
tly k 
olors. The feasible set

F(H) of H is the set of k's su
h that H has a stri
t k-
oloring.

Examples of mixed hypergraphs whose feasible sets are not intervals

(i.e., 
ontain gaps) are known. On the other hand, large 
lasses of mixed

hypergraphs were identi�ed, whose feasible sets are gap-free. We propose

the following approa
h.

For a graph G, denote by H(G) the set of all mixed hypergraphs H =

(V; C;D) for whi
h V = V (G) and G[e℄ (the subgraph of G indu
ed by the

verti
es of e) is 
onne
ted for every edge e 2 C[D. LetM be the 
lass of

graphs G for whi
h the feasible set F(H) is gap-free for every H 2 H(G).

Problem Chara
terize graphs of M.

It is known that M 
ontains all forests and uni
y
li
 graphs.

SuÆ
ient Condition forWeak

Pan
y
li
ity

Zden�ek Ryj�a�
ek

Z

�

CU Plze�n

Let G be a �nite simple undire
ted graph and let g(G) and 
(G) be the

girth and the 
ir
umferen
e of G (i.e. the length of a shortest 
y
le of G

and the length of a longest 
y
le of G), respe
tively. We say that G is

weakly pan
y
li
 if G 
ontains 
y
les of all lengths ` for g(G) � ` � 
(G).

The graph G is lo
ally 
onne
ted if the neighborhood of every vertex of G

indu
es a 
onne
ted graph.

Conje
ture 1. Every 
onne
ted lo
ally 
onne
ted graph is weakly pan-


y
li
.

11



Conje
ture on Snarks, Cy
li
 Edge

Conne
tivity

Martin

�

Skoviera

Comenius University, Bratislava

I. A map is a 2-
ell embedding of a 
onne
ted graph on a 
losed sur-

fa
e. An automorphism of a map is a permutation of darts (oriented

edges) of the graph whi
h 
an be a

omplished by a self-homeomorphism

of the surfa
e. An orientable map is said to be regular if the group of all

orientation-preserving map automorphisms a
ts transitively (and hen
e

regularly) on the darts.

Problem 1. Is the underlying graph of any orientable 
ubi
 regular

map whose automorphism group is simple non-abelian ne
essarily 3-edge-


olourable?

The answer NO would imply the existen
e of somewhat strange Cayley

snarks of girth 3 (
f. [1, Theorem 3 and Theorem 4℄). The graph obtained

by 
onta
ting the triangles in su
h a graph would still be a snark, in fa
t a

dart-transitive one, but not ne
essarily Cayley. No example of this sort is

known, however. On the other hand, a 
onje
ture of B. Gr�unbaum 
laims

that the dual of every orientable triangulation is 3-edge-
olourable. If this

is true, then the answer to Problem 1 is YES.

II. The 
y
li
 edge-
onne
tivity of a graph is the smallest number of

edges whose removal from the graph produ
es at least two 
omponents


ontaining 
y
les. If no su
h set exists, the 
y
li
 edge-
onne
tivity is set

to be the 
y
le rank of the graph. (For 
ubi
 graphs, the largest graph

where the latter part of the de�nition applies is K

3;3

.)

Problem 2. Is there a polynomial time algorithm whi
h determines

the 
y
li
 edge-
onne
tivity of every 
ubi
 graph?

The expe
ted answer is YES.

REFERENCES

[1℄ R. Nedela and M.

�

Skoviera, Whi
h generalized Petersen graphs are

Cayley graphs?, J. Graph Theory 19 (1995), 1{11.

12



Drawings ofQ

n

in the Plane

Pavel Valtr

Charles University, Prague

Is it possible to draw the graph of the n-dimensional 
ube Q

n

(having

2

n

verti
es and n2

n�1

edges) in the plane so that verti
es are represented

by points and edges by segments (resp. by Jordan 
urves) so that there

are no 100 (say) pairwise 
rossing edges? (Two edges meeting in a vertex

are not 
onsidered as 
rossing edges.) This is trivially true for small values

of n but we would like to �nd the drawing for any n. For large n, Q

n

is

not planar and therefore we 
annot repla
e 100 by 2.

It is known that every drawing of a graph with n verti
es and at least




k

n logn edges has k pairwise 
rossing edges. The graph Q

n

seems to be

a good 
andidate to show that the bound 


k

n logn 
annot be improved

(up to the value of 


k

), whi
h motivates the above problem.
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