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Abstra
t

Let C be a 
lass of graphs. A graph H is C-universal if it ad-

mits a homomorphism from every graph in C. For 
ertain 
lasses of

graphs{whi
h we designate �nitely 
onstru
tible 
lasses{we derive an

algorithm to test a given graph H for C-universality. This algorithm

also works in the 
ategory of (n;m)-mixed 
olored graphs, whi
h in-


lude (for di�erent values of m and n) oriented and edge 
oloured

graphs.

The algorithm uses a �nite 
ategory related to C, whose obje
ts

are sets of fun
tions and whose arrows are relations with 
omposition.

We study how this algorithm works for two sorts of �nitely 
on-

stru
tible 
lasses of oriented graphs, grids of �xed width and 
ertain

sub
lasses of the planar graphs.

1 Introdu
tion

A mixed graph is a triple G = (V;E;A) where V is a set and E and A are

respe
tively sets of unordered pairs and ordered pairs from V . We refer to

the V , E and A as, respe
tively, the verti
es edges and ar
s of G. We assume

that the underlying graph of G is always simple, that is, there are no loops

and, if (u; v) is an ar
, then (v; u) is not and fu; vg is not an edge (digraphs

with this property are also often referred to as an oriented graphs).
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An (n;m)-mixed 
olored graph (for brevity an (n;m)-graph) is a mixed

graph with ar
s 
oloured from the set of 
olours f1; 2; : : : ; ng and edges


oloured from the set f1

0

; 2

0

; : : : ; m

0

g. We in
lude the possibility that n or m

is zero, in whi
h 
ase (n;m)-graph are (edge-
oloured) undire
ted graphs and

digraphs respe
tively. Further, (0; 1)-graphs (1; 0)-graphs may be regarded

as ordinary un
oloured graphs and digraphs respe
tively, indeed our main

motivation in 
onsidering mixed graphs is that it allows these two 
ases to

be dealt with at on
e. Most literature about homomorphisms 
onsiders only

un
oloured graphs and digraphs. Homomorphisms of 
oloured undire
ted

graphs were introdu
ed by Alon and Marshall in [1℄ and of mixed graphs by

Ne�set�ril and Raspaud in [7℄.

A homomorphism between two (n;m)-graphs G

1

and G

2

is de�ned to be

a mapping � : V

1

7�! V

2

with the property that if fu; vg (resp. (u; v)) is an

edge (resp. ar
) of a given 
olour then f�(u); �(v)g (resp. (�(u); �(v))) is an

edge (resp. ar
) of the same 
olour.

Let C be a 
lass of (un
oloured undire
ted simple) graphs. An (n;m; C)-

universal graph is an (n;m)-graphG into whi
h every (n;m)-graph whose un-

derlying graph lies in C maps homomorphi
ally (there is no requirement that

G itself have underlying graph in C). We may abbreviate to \C-universal" or

just \universal" when the parameters are 
lear from the 
ontext.

Given some 
lass C, the most fundamental question about C-universal

graphs is: do they exist? For unoriented un
oloured graphs this is 
learly

the 
ase exa
tly when the 
hromati
 numbers of graphs in C are bounded. In

the other 
ases, Ne�set�ril and Raspaud [7℄ have shown that, if there is a bound

on the a
y
li
 
hromati
 numbers of the graphs in C, then (n;m; C)-universal

graphs exist for all (n;m). Conversely Kosto
hka, Sopena and Zhu [5℄ show

that the existen
e of a (1; 0; C)-universal graph bounds the a
y
li
 
hromati


numbers of the graphs in C.

Given that C-universal graphs do exist, two further problems follow natu-

rally; what is the smallest possible order of a C-universal graph and whether

or not there is an algorithm to test a given oriented graph for C-universality.

The �rst question has been the subje
t of mu
h re
ent work, mostly for ori-

ented graphs (see for example [1℄, [3℄, [6℄, [7℄, [8℄ and [9℄). The problem of

testing a given graph for C-universality has been mu
h studied only in the


ase where C is a singleton, that is the problem, given oriented graphs G

and H, of de
iding whether or not there a homomorphism from G to H. Of


ourse this question is trivially de
idable and the interesting problem is to
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�nd the 
omplexity of the de
ision pro
edure. In the undire
ted 
ase this

problem has been 
ompletely solved by Hell and Ne�set�ril [4℄. In the dire
ted


ase only partial answers are known ([9℄ and referen
es therein).

If C is in�nite the initial question is no longer one of 
omplexity but

whether or not there exists an algorithm to test C-universality at all. In

general this appears to be a very diÆ
ult problem. If P is the 
lass of

planar graphs then, even in the undire
ted 
ase, an algorithmi
 test for P-

universality is equivalent to a proof of the four 
olour theorem (By the 4CT,

a graph is P-universal pre
isely when it 
ontains an imbedded K

4

.). We

study this relationship more 
losely in Se
tion 5.

In the dire
ted 
ase there is no obvious algorithm even for su
h a simple

sub
lass of P as the 
lass of grids. The diÆ
ulties appear to be related to the

fa
t that, for all these 
lasses the treewidth of the graphs in C is unbounded.

For 
lasses of bounded treewidth we have some more positive results. For

example, if C is the 
lass of trees then it is an easy exer
ise to see that U is

(1; 0; C)-universal if and only if it 
ontains a dire
ted 
y
le. In this paper we

des
ribe an algorithm (Theorem 3.2) to test for (n;m; C)-universality when,

C is �nitely 
onstru
tible. Roughly speaking this means that the graphs in C

are those whi
h 
an be built up by progressively \glueing" together graphs

from a given �nite 
olle
tion of a

ording to spe
i�ed rules.

Examples of su
h 
lasses in
lude the grids of �xed width k and the 
lasses

P

k

where fP

k

g (k � 3) is a 
ertain in
reasing sequen
e of sub
lasses of the

planar graphs P whose union is P. These are de�ned pre
isely in the next

se
tion. The property of P

n

-universality is a useful approximation of P-

universality. In [6℄ we prove that a 
ertain graph is not P-universal, by

showing that it is not P

5

-universal.

The algorithm is most easily formulated in terms of 
ategories, although

we use the language rather than the theory. The ne
essary terminology is

given in the next se
tion. In Se
tion 3 we derive the algorithm itself and for

the remainder of the paper 
onsider examples and spe
ial 
ases.

The following notation and 
onventions will be used in the paper. If

� : G

1

! G

2

is a homomorphism and G is a subgraph of G

1

the image �(G)

of G under � is de�ned to be the subgraph of G

2

whose verti
es are the

images of those of G with two verti
es �(u) and �(v) being joined if u and v

are. Hen
e �(G) is not generally an indu
ed subgraph.

We let h(G;H) denote the set of homomorphisms from G to H, � the


lass of plane grids and �

k

the 
lass of plane grids of width k.
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2 Relation 
ategories

A relation 
ategory is a 
ategory whose obje
ts are sets and for whi
h ea
h

Hom(X; Y ) is a set of relations from X to Y .

Let S be a 
olle
tion of sets and R a 
olle
tion fR(X; Y )jX; Y 2 Sg,

where ea
h R(X; Y ) is a set of relations between X and Y . The relation 
at-

egory C(S;R) generated by (S;R) is the 
ategory whose obje
ts are the sets

in S, for whi
h ea
h Hom(X; Y ) is minimal, subje
t to 
ontaining R(X; Y ).

Expli
itly the Hom(X; Y ) are the sets generated indu
tively as follows

1. The identity relation I

X

is in Hom(X;X) 8X 2 S

2. R(X; Y ) � Hom(X; Y ) 8X; Y 2 S

3. If X, Y and A are in S, R 2 Hom(X;A), S 2 Hom(A; Y ) then S ÆR 2

Hom(X; Y )

4. Hom(X; Y ) is as small as possible subje
t to the above 
onditions.

An important spe
ial 
ase of the above is when S 
ontains only one set,

in whi
h 
ase Hom(X;X) is just the semigroup of relations generated by

R(X;X). In fa
t we 
an always redu
e to this 
ase just by taking the disjoint

union of the vertex sets and the union of all the R(X; Y ) though in pra
ti
e

it is usually easier not to.

We will 
onsider only 
ases where the sets in S are �nite, though S itself

may be in�nite.

A number of problems 
on
erning graph homomorphisms redu
e to the

following question: given a relation 
ategory generated by some given (S;R),

does any Hom(X; Y ) 
ontain the empty relation? A more spe
i�
 question is

this; given a subset A of some X, is it true that R[A℄ is nonempty for every

R in every H(X; Y ). If so the set A is persistent. Note, in parti
ular, that a

persistent set must be nonempty.

These questions 
an also be formulated in terms of homomorphisms of

dire
ted 
oloured paths. Given a relation 
ategory C(S;R), where S 
ontains

n sets, whi
h we may take to be mutually disjoint, form an edge 
oloured

n-partite digraph whose vertex set is the union of the sets in S. For ea
h

relation � in ea
h R(X; Y ), let there be an ar
 
oloured � from v to w if

(v; w) 2 � . Of 
ourse the n-partition of this digraph 
orresponds to the sets

in S.
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A 
oloured dire
ted path P of length k is 
ompatible with S 2 S, if there

is a sequen
e of sets S = S

1

, S

2

, : : :, S

k+1

in S and relations �

i

2 R(S

i

; S

i+1

),

for whi
h the edges of P are 
oloured su

esively �

1

; �

2

: : : �

k

.

Now a subset T � S 2 S is persistent if and only if for any 
oloured

dire
ted path P , 
ompatible with S, this digraph admits at least one (
olour

and dire
tion preserving) homomophism from P with the initial point mapped

into T .

When jSj = 1 every path is 
ompatible with the set in S.

For �nite S and given R, the question of whether or not a given set is

persistent in C(S;R) is of 
ourse 
omputably solvable, but presumably NP-

hard. When S is in�nite this question may be very diÆ
ult, but sometimes


an be \approximated" by using a �nite sub
ategory of C(S;R). In Se
tion

5 we show that the four 
olour theorem is equivalent to the statement that

a 
ertain set is persistent in an in�nite relation 
ategory.

We de�ne fun
tions in the 
ategori
al sense, that is with an impli
it

dependen
e on a stru
tured domain and a stru
tured 
odomain. For example

the set of fun
tions from the vertex set of a graph G to that of a graph H,

is really a triple 
omprising the set of fun
tions together with G, H.

Sin
e all graphs we 
onsider are �nite, we assume the vertex sets are all

subsets of some �xed 
ountable set su
h as the integers. Thus the 
ategories

we 
onsider are all genuine sets.

3 Constru
tion of Graphs

De�nition An (n;m)-pair (brie
y a pair) is an ordered pair (G;A)

�

of

(n;m)-graphs where � is an inje
tive homomorphism of A into G. An (n;m)-

triple (brie
y a triple) is an ordered triple (G;A;B)

 ; 

0

of (n;m)-graphs where

 and  

0

are inje
tive homomorphisms of A and B respe
tively into G. When

writing pairs and triples we will often omit subs
ripts.

Next we de�ne a \glueing" operation between a pair and a triple. If

(G;A)

�

and (G

1

; A; B)

 ; 

0

are respe
tively a pair and a triple, then let

~

G

be the quotient graph obtained from the disjoint union of G and G

1

by

identifying �(a) with  (a) for ea
h a 2 A. If this graph has multiple edges

then (G;A)℄(G

1

; A; B) is not de�ned. Otherwise it is the pair (

~

G;B)

�

, where

� = � Æ  

0

, where � is the 
anoni
al inje
tion of G

1

into

~

G.
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The \sum" p℄t of a pair and a triple is thus de�ned provided that glueing

in the triple t does not join any two verti
es whi
h are already joined in p.

When we 
onsider a (non-indu
ed) subgraph H of a graph G it will some-

times be ne
essary to \remember" whi
h pairs of H were joined in G by an

edge or ar
, without being 
on
erned about its 
olour or orientation. For

this purpose we de�ne auxiliary edges, whi
h, for any given graph, will be

an extra set of ordered pairs of verti
es (whi
h we refer to as being \joined"

by auxiliary edges). We will require that a homomorphism of a graph with

auxiliary edges does not map two verti
es joined by an auxiliary edge to the

same image. (In 
ontrast to ordinary edges and ar
s, there is no requirement

that these images be joined by an auxiliary, or any, edge).

De�nition:- For any pair p = (G;A)

�

, 
(p) is the subgraph �(A) of G

with auxiliary edges joining pairs of verti
es of �(A) whi
h are joined in G.

De�nition:- Let U be obtained from A by adding (possibly) some auxil-

iary edges and let t = (G;A;B)

�; 

be a triple. We say that U is t-
ompatible

if whenever verti
es u and v of U are joined by an auxiliary edge in U , their

images under � are not joined in G.

De�nition:- Let U , be t-
ompatible. We de�ne a fun
tion R

t;U

on fUg

by letting R

t;U

(U) be the graph B with auxiliary edges joining verti
es u

and v whenever  (u) and  (v) are joined in G or are the images under � of

verti
es joined by an auxiliary edge in U .

The following lemma is now an easy 
onsequen
e of de�nitions.

Lemma 3.1 For p = (G;A) and t = (G

1

; A; B) be respe
tively a pair and a

triple , p℄t is de�ned if and only if 
(p) is t-
ompatible. In this 
ase 
(p℄t) =

R

t;
(p)

(
(p)).

De�nition:- Let D and T be respe
tively 
lasses of pairs and of triples.

Let B(D; T ), the 
lass of pairs built from D and T , be de�ned indu
tively as

follows:

� If p 2 D then p 2 B(D; T ).

� If p 2 B(D; T ) and t 2 T then p℄t 2 B(D; T ) whenever it is de�ned.
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The 
lass of graphs G(D; T ) is de�ned by

G(D; T ) = fG : 9G

1

; G is a subgraph of G

1

; (G

1

; A) 2 B(D; T )g

In other words graphs in G(D; T ) are obtained from pairs in B(D; T ) by

\forgetting" the homomorphi
 imbedding and then (possibly) taking a sub-

graph.

Examples

1. Let D 
ontain the pairs of the form (L; L)

I

where L is a path of length k

and I is the identity homomorphism on L and let T 
ontain the triples

of the form (H;L

1

; L

2

)

�

1

;�

2

where H is a ladder of length k, L

1

and L

2

are paths of length k and �

1

, �

2

are inje
tions of L

1

and L

2

respe
tively

into opposite sides of H (Figure 1).

In this 
ase B(D; T ) 
omprises pairs of the form (G;L) where G 2 �

k

and L is a path of length k imbedded into one of its ends and G(D; T ) =

�

k

.

�

 

L

1

G

L

2

Fig. 1

2. Let D = f(�;�)

I

g where � is a triangle and I is the identity homo-

morphism on �. Let T

k

(3 � n � 1) 
ontain the triples of the form

(G;C

1

; C

2

)

�

1

;�

2

, where C

1

is a 
y
le of length at most k, G 
onsists

of the image �

1

(C

1

) along with either a path of length 2 joining two
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adja
ent verti
es of �

1

(C

1

) or an edge joining two verti
es at distan
e

two in �(C

1

). Apart from �

1

(C

1

) there are thus two 
y
les in G. We

require that C

2

is a 
y
le mapped by �

2

into the longer of these (or

either if both are equal).

For 3 � k � 1, let Q

k

= B(D; T

k

) and P

k

= G(D; T

k

).

Sin
e the graphs in P

1

are subgraphs of those obtained from a triangle

by repeatedly subdividing a fa
e, these graphs are all planar. The 
onverse

is also true.

Theorem 3.1 If G is a plane graph with at most one nontriangular fa
e and

C is this nontriangular fa
e or, if none exists, any fa
e of G then (G;C) 2

Q

1

.

Proof:- Let G be a plane graph with at most one nontriangular fa
e.

We prove the theorem by indu
tion on the number of edges in G. If G is a

triangle then we are done. If not, then let C be the largest fa
e of G (or any

fa
e if they are all triangles) and let C

1

be adja
ent to C. If C and C

1

have

one 
ommon edge e, remove it to obtain a plane graph G

1

, whi
h has one

nontriangular fa
e C

2

obtained by removing e. By the indu
tion hypothesis

(G

1

; C

2

) 2 Q and we re
over (G; f) by glueing in a 
y
le with 
hord.

If C and C

1

have two 
ommon edges a similar argument shows that there

is a (G

3

; C

3

) 2 Q from whi
h (G; f) is obtained by glueing in a 
y
le with

path of length two. 2

Clearly

P

3

� P

4

� P

5

� : : :P

1

;

and the proof of the previous theorem shows that ea
h planar graph is in

some P

k

(k < 1). The 
lasses P

k


an thus be 
onsidered as a sequen
e of

bounded treewidth approximations to P, ea
h graph in P

k

having treewidth

at most k � 1.

De�nition:- If (G;A) is a pair then �

1

(G;A) = G and �

2

(G;A) = A.

Similarly for a triple (G

1

; A; B), �

1

(G

1

; A; B) = G

1

, �

2

(G

1

; A; B) = A and

�

3

(G

1

; A; B) = B.

Let D and T be given. Let Y

1

= �

2

(D) [ �

3

(T ): Let Y be the mixed

graphs obtained from graphs in Y

1

by adding zero or more auxiliary edges.
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If y 2 Y let �(y) be the graph in Y

1

obtained by omitting auxiliary edges.

We now derive two 
ategories and a fun
tor between them from D and T .

De�nition:-

R = ffR

t;U

j t 2 T , U is t-
ompatible and R

t;U

(U) = V gj U; V 2 Y g and

M =M(D; T ) = C(Y;R).

Let H be a 
hosen and �xed (n;m)-graph. The following de�nitions

depend impli
itly on H. For K 2 Y let K

0

= h(K;H).

If U; V 2 Y , A = �(U), B = �(V ), t = (G;A;B)

�; 

and U is t-
ompatible,

let R

0

t;U

be the relation between U

0

and V

0

given by (�; �) 2 R

0

t;U

if � = 
 Æ 

and 
 is an extension to G of the homomorphism � Æ �

�1

de�ned on �(A).

Roughly speaking � is the restri
tion to V of an extension of �.

De�nition:-

R

0

= ffR

0

t;U

j t 2 T , U is t-
ompatible and R

t;U

(U) = V gj U; V 2 Y g

and N = N (D; T ) = C(Y

0

;R

0

), where Y

0

= fX

0

j X 2 Y g.

Let F = F (D; T ) be the fun
tor from M to N de�ned by mapping

U 2 Y to U

0

and the morphism R

t;U

to R

0

t;U

and extending the map to other

morphisms in su
h a way as to make F a fun
tor.

De�nition:- Let p = (G;A)

�

be a pair, h(p) is the set of homomorphisms

from 
(p) to H whi
h are restri
tions of homomorphisms from G to H.

Theorem 3.2 Let I = fh(p) j p 2 Pg. Then H is B(D; T )-universal if and

only if ea
h set in I is persistent in N .

The theorem follows by an easy indu
tion from the following lemma

Lemma 3.2 If p 2 B(D; T ), t 2 T and 
(p) is t-
ompatible, then

h(p℄t) = R

0

t;
(p)

[h(p)℄

Proof:-. Let p = (G;A)

�

, t = (X;A;A

1

)

�

1

; 

and p℄t = (G

1

; A

1

)

 

.

� 2 R

0

t;
(p)

[f� Æ � : � 2 h(G;H)g℄

, 9� 2 h(G;H); � = 
 Æ  : 
 an extension to X of �j

A

, 9� 2 h(G;H); � = 
 Æ  : 
 an extension to G

1

of �

, 
 2 h(G

1

; H) 2

9



De�nition:- A 
lass C of (n;m)-graphs is �nitely 
onstru
tible If C =

�

1

(B(D; T )) = �

1

(B(D; T )) := f�

1

(p)j p 2 B(D; T )g for some �nite D and

T . Sin
e, in this 
ase the 
ategory N (D; T ) of Theorem 3.2 is also �nite, we

have

Corollary 3.1 If C is a �nitely 
onstru
tible 
lass of graphs then Theorem

3.2 gives an e�e
tive algorithm to determine whether or not a given (n;m)-

graph H is C-universal.

Sin
e the 
lasses �

k

and P

k

given in examples 1 and 2 above are �nitely


onstru
tible for ea
h k, we have

Corollary 3.2 Theorem 3.2 gives e�e
tive algorithms to test a given (n;m)-

graph H for P

k

-universality and for �

k

-universality.

Observe that the graphs in any �nitely 
onstru
tible 
lass G(D; T ) have

treewidth at most maxf�

1

(t)jt 2 T g � 1.

4 An example: testing P

5

-universality

In pra
ti
e the algorithm of Theorem 3.2 requires only the 
omponent ofM


ontaining the obje
ts in �

2

(D) and the image of this sub
ategory under F

rather than M and N themselves. In the 
ase of B(D; T ) = Q

k

, �

2

(D)


ontains only a triangular 
y
le. The 
omponent of M 
ontaining this is

shown in the diagram below for k = 5, (n;m) = (0; 1), that is the oriented

un
oloured 
ase. (To keep thing manageable, we have ignored labelling of

arrows and orientations of graphs. The obje
ts in the 
ategory are really all

the orientations of those pi
tured). Auxiliary edges are depi
ted by broken

lines. (Figure 2)

As a detailed example of one morphism in this 
ategory, let U and t =

(G;A;B)

�; 

be as shown. We let a

0

= �(a) =  (a) et
. (Figure 3)

Be
ause of the enormous number of homomorphisms involved, the algo-

rithm of Theorem 3.2 seems 
omputationally feasible only for testing highly

symmetri
H. (In this 
ase we 
an use equivalen
e 
lasses of homomorphisms

under the automorphism group of H rather than the homomorphisms them-

selves). Examples of su
h graphs are the oriented tournaments QR

p

and
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Fig. 2

the Tromp graphs T

2p+2

de�ned in [2℄, (where in both 
ases p is a prime

p � 3 mod 4 and the subs
ript indi
ates the order of the graph).

Sopena [9℄ has proved that the Tromp graph T

16

on 16 verti
es is T

3

-

universal, where T

3

represents the 
lass of 3-trees, and hen
e that it is P

4

-

universal. On the other hand T

16

is not P

5

-universal nor is any oriented

graph of order at most 16 P-universal [6℄.

5 The four 
olour theorem

If we are 
on
erned only with undire
ted graphs all of the foregoing 
an

be 
onsiderably simpli�ed. In this 
ase we 
an allow (G;A)℄(G;A;B) to

be de�ned whether or not this 
reates multiple edges, sin
e the problem of

two verti
es being joined by edges or ar
s of di�erent 
olour or orientation

does not arise. We thus dispense with auxiliary edges and set 
(p) = A for

p = (G;A), R

t;A

(A) = B when t = (G;A;B) and Y = Y

1

.

We now 
onsider the spe
i�
 problem of testing undire
ted graphs for P-

universality. Here of 
ourse the four 
olour theorem gives us prior knowledge

of the answer, but the undire
ted version of theorem 3.2 gives a restatement

of the four 
olour theorem in terms of persistent sets whi
h raises some

interesting new problems.

11



a

b




d

A

a

0

b

0




0

d

0

e

0

�

 

a

b




e

d

B
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R

t;u

(u) =

Fig. 3

When testing undire
ted graphs for P (resp. P

n

) universality, the obje
ts

of M are just the 
y
les (resp. 
y
les of length at most n). If C is a


y
le then R

t;C

(C) is obtained from C either by repla
ing a path of length

two by an edge or vi
e versa. We refer to the appli
ation of these two

kinds of morphism as 
utting a 
orner and adding a 
orner respe
tively and


olle
tively as subdivisions.

By Theorem 3.2, the following is a version of the four 
olour theorem.

Theorem 5.1 If D and T

1

are de�ned as in Example 2 and T is a triangle,

then h(T;K

4

) is persistent in N (D; T

1

).

If C is a 
y
le (with verti
es, say, 1; 2; 3; : : : n), it is 
onvenient to represent

a homomorphism � in h(C;K

4

) by listing the values of �(1); �(2); : : : in a row.

A set of homomorphisms 
an then be represented by listing these rows in a

matrix, (with the order of the rows being immaterial). Thus if C has order n

then every subset of h(C;K

4

) gives rise to a matrix with n 
olumns su
h that

no two adja
ent entries in a row are the same (here and subsequently the �rst

and last 
olumns of a matrix are understood to be \adja
ent"). Conversely

every su
h matrix determines a subset of h(C;K

4

). We refer to a matrix as

\persistent" if its 
orresponding set of homomorphisms is.

12



Corresponding the operations of 
utting and adding 
orners to the 
y
le

we have operations of deletion and insertion, respe
tively, de�ned on ma-

tri
es. The deletion operation D

i

is de�ned (on matri
es with at least four


olumns) by deleting the ith 
olumn of the matrix and then dis
arding re-

peated rows and rows in the new matrix where two adja
ent elements are

the same. The insertion operations I

i

are de�ned by repla
ing ea
h row of

the matrix (a

1

; a

2

; : : : a

n

) by the two rows that 
an be obtained by putting a

new entry between a

i

and a

i+1

, whi
h is di�erent to both of these. A matrix

is thus persistent if and only if it 
annot be annihilated by any sequen
e of

deletions and insertions.

Call �;  2 h(C;K

4

) equivalent if � = � for some permutation � of K

4

.

There is an obvious 
orresponding equivalen
e between rows of matri
es.

Clearly the persisten
e or otherwise of a matrix is determined only by the

equivalen
e 
lasses of the rows so we may ta
itly use equivalen
e 
lasses of

homomorphisms rather than the homomorphisms themselves. (Thus after a

deletion operation one removes all but one representative of ea
h equivalen
e


lass). For the 
y
le of length 3 there is a single equivalen
e 
lass in h(C;K

4

).

Thus the four 
olour theorem is equivalent to the statement that

M = (
1 2 3

)

is persistent. We now derive some more persistent matri
es by performing

deletions and insertions on this one. For example

I

3

(M) =

 

1 2 3 4

1 2 3 2

!

Other insertions just give (modulo equivalen
e) 
y
li
 permutations of the


olumns of this one so we ignore them. Any deletion performed on I

3

(M)

gives M (again modulo equivalen
e). Note that neither of the rows of I

3

(M)

is persistent, D

3

annihilates the se
ond row while I

4

D

4

and D

3

applied to

the top row give in turn

 

1 2 3 4 2

1 2 3 4 3

!

;

�

1 2 3 2

�

and the empty matrix. We refer to a matrix as minimal persistent if it is

persistent but no submatrix obtained by removing rows is. Thus both M

13



and I

3

(M) are minimal persistent. Insertions I

1

-I

4

applied to I

3

(M) give in

turn,

I

1

=

0

B

B

B

�

1 3 2 3 4

1 4 2 3 4

1 3 2 3 2

1 4 2 3 2

1

C

C

C

A

I

2

=

0

B

B

B

�

1 2 1 3 4

1 2 4 3 4

1 2 1 3 2

1 2 4 3 2

1

C

C

C

A

I

3

=

0

B

B

B

�

1 2 3 1 4

1 2 3 2 4

1 2 3 1 2

1 2 3 4 2

1

C

C

C

A

I

4

=

0

B

B

B

�

1 2 3 4 2

1 2 3 4 3

1 2 3 2 3

1 2 3 2 4

1

C

C

C

A

One 
an verify that ea
h of these matri
es is also minimal. These 
om-

putations suggest some natural questions.

� What is the minimum possible number of rows in a persistent matrix

with k 
olumns?

� Can every minimal persistent matrix be obtained by applying a se-

quen
e of insertions and deletions to M = (
1 2 3

)?

The answer to the �rst question is at most 2

k�3

, sin
e every matrix ob-

tained by applying k� 3 su

essive insertions on M has k 
olumns and 2

k�3

rows. An aÆrmative answer to the se
ond question would show that equality

holds.

A simple 
riterion to determine whether or not a matrix is persistent

would give a proof of the four 
olour theorem, so is presumably going to

be diÆ
ult to �nd. It is not hard however to �nd some simple ne
essary


onditions for persisten
y. These allow us to derive some results asserting

the existen
e of a four 
olouring of a planar graph whi
h satisfy some extra


onditions.

Proposition 5.1 A matrix is persistent only if at least one of its rows has

at most three distin
t entries.

Proof:- Suppose every row of a matrix M in
ludes ea
h of the numbers

1; 2; 3; 4. Insert a new 
olumn somewhere in M and then su

esively delete


olumns starting from the left of the new one. Sin
e every row 
ontains at

least one other entry the same as in the new 
olumn, after some sequen
e

14



of deletions there must be two adja
ent entries the same in any given row.

Thus every row is eventually eliminated and the matrix is not persistent. 2

This result is equivalent to the observation that, for every planar graph

P and C a 
y
le bounding a fa
e of P , there exists a four 
olouring of P in

whi
h the verti
es of C take at most three 
olours (whi
h is easily proved

dire
tly by joining a new vertex to all the verti
es of C).

Here is a slightly more elaborate ne
essary 
ondition for persisten
y. Let

B be a partition of f1; 2; : : : ng into k \blo
ks" fB

i

j1 � i � kg, where ea
h

B

i

is of the form fa

i

; a

i

+ 1; a

i

+ 2; : : : a

i+1

� 1g (where addition is modulo

n). De�ne a fun
tion �

B

from rows of length n with entries in f1; 2; 3; 4g to

a set of rows of length k by

�

B

([m

1

; m

2

; : : :m

n

℄) = f[n

1

; n

2

; : : : n

k

℄j n

i

2 f1; 2; 3; 4g � fm

j

j j 2 B

i

gg

De�ne �

B

on a matrix by applying it rowwise.

The following is proved in essentially the same way as Proposition 5.1.

Proposition 5.2 Let Let B be a partition of f1; 2; : : : ng into at least 3 blo
ks

as above and let M be a matrix with n 
olumns. The matrix M is persistent

only if �

B

(M) is.

Proof (sket
h):- It suÆ
es to redu
e M by a series of insertions and

deletions to a matrix whose rows are all in �

B

(M). This 
an be done by, for

ea
h i, inserting new 
olumns between a

i�1

� 1 and a

i

and then deleting all

the original 
olumns, starting from the immediate left of ea
h new 
olumn

and working from right to left. 2

6 Oriented 
hromati
 numbers of grids

The oriented 
hromati
 number of a oriented graph G is de�ned to be the

minimum order of a homomorphi
 image of G, and of an unoriented graph H

as the maximum oriented 
hromati
 number of its orientations. The following

question was raised by Andr�e Raspaud (personal 
ommuni
ation): What is

the largest possible oriented 
hromati
 number of an oriented grid? This

number is known to be at least 7 and at most 11.

Let QR

7

be the tournament with vertex set Z

7

and an ar
 from u to

v if v � u 2 f1; 2; 4g{the nonzero quadrati
 residues in Z

7

. It is easy to
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he
k that this is a well de�ned tournament and it is highly symmetri
al, the

automorphisms being of the form v ! av + b, where a 2 f1; 2; 4g.

If QR

7

is (1; 0;�)-universal then of 
ourse every grid has oriented 
hro-

mati
 number at most 7 and the original problem is settled.

This, apparently diÆ
ult, question 
an be approximated by substituting

the 
lass �

k

for �, that is we 
onsider the question of whether or not, for

a given k, QR

7

is �

k

-universal. Using Theorem 3.2, we formulate this as a

question about relation 
ategories and prove that it is true at least for n = 2.

Re
all that �

k

= G(D; T ) where D and T are as de�ned in Example 1

(the dependen
e on k is impli
it). The appli
ation of Theorem 3.2 is fairly

simple in this 
ase. Auxiliary edges never appear and the obje
ts of M are

just the 2

n

oriented paths of length n. Between any two of these obje
ts

there are 2

n+1

relations of the form R

t;L

(
orresponding to the 2

n+1

possible

orientations of the rungs in �

1

(L)). The set I of Theorem 3.2, in this 
ase


omprises all the sets in N so we have

Proposition 6.1 Let D and T be as de�ned in Example 1. A graph H is

�

k

-universal if and only if, for ea
h oriented path L of length k, ea
h h(L;H)

is persistent in N (D; T ).

For �xed H this test for �

k

-universality is exponential time in n but it should

be feasible using a 
omputer to test the �

k

-universality of QR

7

for small

values of n with a view to �nding either either a 
ounterexample to the

assertion that QR

7

is �-universal or some eviden
e to believe that it is true

(and perhaps some raw material for a proof). For double ladders (n = 2) the

assertion is easily proved with virtually no 
omputation required. In fa
t we

have the stronger statement

Proposition 6.2 Let T be as de�ned in Example 1 for n = 2. For any

oriented path L of length 2, � 2 h(L;QR

7

) and triple t = (G;L; L

1

) 2 T ,

R

0

t;L

(�) 6= ;

hen
e QR

7

is �

2

-universal

The proof requires a very simple lemma.

Lemma 6.1 Let P be any oriented path of length two with endpoints a and

b, and let u and v be distin
t verti
es in QR

7

, then there is a homomorphism

from P to QR

7

whi
h maps a to u and b to v.
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Proof:- By symmetry we may assume u = 0 and v = 1 or vi
e versa. It is

now easy to verify the lemma. 2

Proof of proposition 6.2 :- Let G be a grid with vertex set f0; 1; 2g�

f0; 1g, where (i; j) is adja
ent to (i

0

; j

0

) exa
tly when ji� i

0

j+ jj � j

0

j = 1.

We must show that, any homomorphism � of the path indu
ed by the

verti
es f(0; i)j0 � i � 2g to QR

7

extends to G. We extend � to the points

(0; 1), (1; 1) and (2; 1) in turn. First there are three 
hoi
es of image for (0; 1),

whi
h extend � to the subgraph indu
ed by the verti
es of P and (0; 1). At

least two of these points are distin
t from �(1; 0) so, by the pre
eding lemma,

there are least two 
hoi
es of image for (1; 1), whi
h extend � to in
lude this

vertex. The same argument applies again to show that there is at least one


hoi
e of image for (2; 1) whi
h extends � to the whole grid. 2
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