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Abstra
t

We des
ribe some observations on how degenera
y of

toroidal and 3-dimensional spin glasses depends on frustra-

tion.

1 Introdu
tion

In this paper we investigate the maximum ground state degenera
y

of 2D and 3D Ising models. The general Ising model is de�ned
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by an undire
ted graph G = (V;E) and a 
oupling 
onstant J

ij

assigned to ea
h edge fi; jg. A physi
al state of the system is given

by a spin assignment � : V ! f�1g whi
h has the 
orresponding

energy

E(�) = �

X

fi;jg2E

J

ij

�

i

�

j

:

A state with the minimum possible energy is 
alled a ground state.

The question we study is how many di�erent ground states there

are for a given model. The number of ground states determines

the ground state degenera
y. Note that the ground states exa
tly


orrespond to minimum edge-
uts of G and so the ground state

degenera
y determines the number of minimum edge-
uts of G.

In parti
ular, we study square toroidal latti
es (whi
h we will


all simply square latti
es) and 
ubi
 latti
es, both with the re-

stri
tion that the 
oupling 
onstants are �1. We investigate how

the maximum degenera
y depends on frustration of basi
 building

blo
ks of these latti
es, plaquettes (unit squares) and (unit) 
ubes.

We will 
all these basi
 buiding blo
ks stones. Our approa
h is

similar for square and 
ubi
 latti
es.

Let the edges of a (square, 
ubi
) latti
e be 
overed by edge-

disjoint stones P

1

; :::; P

n

. Then the 
olle
tion P

1

; :::; P

n

is 
alled a


over of the latti
e. A 
over is satis�able if there exists a spin as-

signment S

0

su
h that in S

0

, ea
h P

i

is in its ground state (the lo
al

energy 
al
ulated for the Ising model restri
ted to P

i

is minimum

possible).

Then S

0

is 
learly a ground state of the whole latti
e, and if S

is another ground state then restri
tion of S to ea
h P

i

must be

a ground state of P

i

. A latti
e will be 
alled extremal if it has a

satis�able 
over.

Covers exist for both square toroidal and 
ubi
 latti
es of even

size: for square latti
es, the plaquettes in the 
over form a 
he
ker-

board pattern (and there are two distin
t 
overs), while for 
ubi


latti
es, there are four 
overs ea
h 
ontaining one fourth of the 
ubi



ells.

The origin of our resear
h was a question of Bruno Na
htergaele
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[1℄, who asked whether the maximum degenera
y (the number of

distin
t ground states) for the square latti
es is attained when all

the plaquettes are frustrated (a plaquette is frustrated if it has an

odd number of negative bonds, and happy otherwise), and what

the maximum degenera
y is. Note that the latti
e where all the

plaquettes are frustrated is extremal.

We will show that the answer to the �rst question is negative:

higher degenera
y is obtained when one 
over of the square latti
e


onsists of frustrated plaquettes and the 
omplementary 
over 
on-

sists of happy plaquettes. We will also give upper and lower bounds

for the maximum degenera
y of extremal latti
es, both square and


ubi
. We 
onje
ture that the maximum degenera
y for general

square and 
ubi
 latti
es is the same as for extremal ones. Our


omputer experiments so far support this.

Pure States: At the end of introdu
tion let us illustrate the

usefulness of the notion of 
overs by an observation 
on
erning in�-

nite square grids with 
oupling 
onstants �1 distributed uniformly

at random. Let us 
all these grids RIS grids. A state of an RIS grid

is 
alled pure if its energy 
annot be lo
ally de
reased by 
hanging

one spin. Observe that RIS grids have an unbounded number of

pure states.

Indeed, let L be a RIS grid and let C be its 
over. Any state

of L whi
h indu
es a pure state in ea
h plaquette of C is a pure

state of L. Cover C may be built up starting from a row of disjoint

plaquettes by atta
hing the remaining plaquettes one by one to the

already 
onstru
ted part by two verti
es 
onne
ted by an edge. We

will 
onstru
t pure states along with this 
onstru
tion of C. Assume

an initial part W of C is given together with a set S of states of W

whi
h indu
e a pure state in ea
h plaquette of W . Let plaquette

P be added to W . Observe that any spin assignment to a pair of

verti
es of P 
onne
ted by an edge may be extended into a pure

state of P . Hen
e any state of S may be extended into a state of

W [ P so that ea
h plaquette is in its pure state. Moreover if P is

frustrated and the atta
hing edge is satis�ed by a state s of S then

s may be extended in 3 ways so that P is in a pure state. This

3



situation happens with non-zero probability, and so L must have

an unbounded number of pure states.

2 Square latti
es

Any happy plaquette has 2 ground states. For example, the ground

states on a plaquette with four positive bonds are the two spin

assigments where all the spins are either up or down. In general,

for any ground state there is a 
omplementary ground state whi
h

is obtained by reversing all the spins.

Any frustrated plaquette has 8 ground states. Due to the spin-


ipping symmetry, we 
an 
hoose one spin arbitrarily and the ground

state 
an be extended to the other 3 spins in 4 ways. However, if

we 
hoose 2 spins independently, the possible extensions depend on

our 
hoi
e of the spins.

Assume we 
hoose spin values for verti
es i; j where fi; jg is an

edge of the frustrated plaquette. If fi; jg is a positive edge and

the spins of i; j are equal, then there are 3 ground states, and if

the spins are di�erent then there is 1 ground state. If fi; jg is a

negative edge and the spins of i; j are the same, there is 1 ground

state, and if the spins are di�erent then there are 3 ground states.

In other words, a satis�ed edge 
an be extended in 3 ways, while a

non-satis�ed edge 
an be extended in only 1 way.

However, if we 
hoose spin values for verti
es i; j where fi; jg is

not an edge ("diagonal" verti
es), the ground state 
an be always

extended to the other two verti
es in 2 di�erent ways, regardless of

the �rst two spin values.

We observe that among the extremal latti
es, maximum degen-

era
y is attained when all the plaquettes in the 
over (whi
h is

satis�able) are frustrated. Indeed, let P

i

be a happy plaquette in

the 
over. Then we 
an 
hange it into a frustrated plaquette by

altering one of its edges and it holds that any ground state on the

original latti
e remains a ground state on the new one. Therefore,

the number of ground states on an extremal latti
e 
an only in-
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rease if we turn all the happy plaquettes in the satis�able 
over

into frustrated ones.

We 
onsider a 
over of frustrated plaquettes and we try to es-

timate the number of ground states. In order to do so, we intro-

du
e an algebrai
 formalismwhi
h transforms the number of ground

states into the tra
e of a 
ertain linear operator.

2.1 A frustrated strip

In order to explain our formalism let's �rst 
onsider a simpler sit-

uation where we have only a single 
olumn of plaquettes P

1

; :::; P

n

.

Let's 
onstru
t the spin assignments that satisfy all these plaquettes

(whi
h we will 
all optimal assignments). Note that a groundstate

of a single 
olumn of plaquettes doesnot need to be an optimal

assignment. We are 
ounting the number of optimal assignments

rather than the number of groundstates in order to introdu
e our

method.

We start from the topmost pair of spins (a

1

; b

1

) and 
hoose ar-

bitrary values for them. There are several ways in whi
h we 
an


hoose the values for the next pair of spins (a

2

; b

2

), so that we get

a ground state for plaquette P

1

= (a

1

; b

1

; b

2

; a

2

). As mentioned

above, we have 3 options if the edge fa

1

; b

1

g has been satis�ed and

only 1 option otherwise. However, it will be important how the

optimal assignments to (a

2

; b

2

) depend on (a

1

; b

1

). We en
ode this

dependen
e in a 4� 4 matrix A whi
h is indexed by the spin assig-

ments to � = (a

1

; b

1

) and � = (a

2

; b

2

). There are four possibilities

for ea
h pair of spins and we will 
onsider them as indi
es, in the

order (++;�+;+�;��). We de�ne

� a

��

= 1 if [�; �℄ satis�es the plaquette

� a

��

= 0 otherwise

For example, 
onsider a plaquette P where the bond fb

1

; b

2

g is

negative while the other 3 bonds are positive. The 
orresponding
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matrix would be

A =

0

B

B

B

�

1

0

1

1

0

0

0

1

1

0

0

0

1

1

0

1

1

C

C

C

A

It is important to realize how this matrix works as a linear

operator. If we take the unit ve
tor e

�

then the ve
tor x = Ae

�

is

the �-
olumn of the matrix whi
h des
ribes the optimal assignments

to spins (a

2

; b

2

), on the 
ondition that the values of spins (a

1

; b

1

) are

given by �. We 
an also say that the �-
omponent of the ve
tor

x = Ae

�

equals the number of optimal assignments of plaquette

P

1

= P where � = (a

1

; b

1

) and � = (a

2

; b

2

).

Let A = A

1

and let A

2

be the matrix des
ribing plaquette P

2

.

Let (a

3

; b

3

) be the edge of P

2

disjoint with P

1

. Then we analogously

get that the �-
omponent of the ve
tor y = A

2

A

1

e

�

equals the

number of optimal assignments of the 
olumn of two plaquettes

P

1

; P

2

where � = (a

1

; b

1

) and � = (a

3

; b

3

).

Now suppose we have 
onstru
ted all the optimal assignments

up to spins (a

k

; b

k

), the number of these assignments is en
oded in

a optimal ve
tor y (whose �-
oordinate is the number of optimal

assignments with the spin values of (a

k

; b

k

) given by �), and A

k

is

the matrix 
orresponding to plaquette P

k

. Then multiplying the

ve
tor y by A

k

realizes the extension of our optimal assignments

to P

k

- the ve
tor A

k

y en
odes the number of optimal assignments

with respe
t to the spin values of (a

k+1

; b

k+1

).

Indu
tively, for a strip of n plaquettes we get that

g(�; �) = e

T

�

A

n

A

n�1

:::A

1

e

�

is the number of optimal assignments on plaquettes P

1

; :::; P

n

, with

value � on the topmost pair (a

1

; b

1

) and value � on the bottom

pair (a

n+1

; b

n+1

). In 
ase the strip of plaquettes is periodi
, we just

identify the top with the bottom and we get that the total number

of optimal assignments is

g =

X

�

e

T

�

A

n

A

n�1

:::A

1

e

�

= Tr(A

n

:::A

1

):
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For example, let's 
onsider a periodi
 strip of n equal frustrated

plaquettes 
hara
terized by the matrix A above. Then the number

of optimal assignments is

g = Tr(A

n

) =

4

X

i=1

�

n

i

where �

1

; �

2

; �

3

; �

4

are the eigenvalues of A. Sin
e the largest eigen-

value of A is �

1

= 1 +

p

2 (and the other eigenvalues are �1 and

1 �

p

2), the number of optimal assignments grows approximately

as (1 +

p

2)

n

.

2.2 Square latti
es

Now let's extend this formalism to square latti
es. Let L be L� L

square latti
e and let C be its 
over whi
h is satis�able. Sin
e C is

satis�able, any groundstate of L is an optimal assignment for C and

vi
e versa. The approa
h will be similar to the previous 
ase of a

single 
olumn of plaquettes but here we will need mu
h ri
her ve
-

tor spa
e be
ause the ve
tor 
omponents will 
ount ground states

with a given 
on�guration on the entire boundary of an area par-

tially 
overing the latti
e. Spe
i�
ally, we will need to en
ode the


on�gurations of L independent spins.

How do we 
onstru
t the ground states? We start from a hori-

zontal row of L verti
es and pro
eed downward by adding edge-

disjoint plaquettes of C whi
h always share 2 verti
es with the

area 
overed so far. We are keeping tra
k of the 
on�guration

on the "bottom" boundary B of the presently 
overed area. The

initial boundary is the "top" row and it grows downward. Let

S = f�1; 1g

L

. Ea
h element of S 
orresponds to a spin assignment

of a row B = (v

1

; :::; v

L

) of L verti
es. Any non-negative integer

ve
tor indexed by the elements of S will be 
alled a ground state

ve
tor. A ground state ve
tor has 2

L


omponents ea
h of whi
h


orresponds to a �xed spin 
on�guration on B. The �-
omponent

des
ribes how many times the 
on�guration � appears on B as the

boundary of a ground state on the area bounded by B.
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Now how does adding a new plaquette a�e
t the boundary B

and a given ground state ve
tor? Two verti
es on B are repla
ed by

two new verti
es and the ground states 
an be extended in di�erent

ways depending on the two relevant spin values.

Spe
i�
ally, let P = (a

1

; b

1

; b

2

; a

2

) be a plaquette of C lo
ated

horizontally at position i (that is, its left-hand vertex a

1

is i and

its right-hand vertex b

1

is j = i+1, or j = 1 if i = L). Let Con(P )

denote the graph 
onsisting of B and plaquette P glued by a

1

; b

1

to

v

i

; v

j

. Adding the plaquette P modi�es B so that v

i

is repla
ed by

a

2

and v

j

is repla
ed by b

2

. Let's denote the modi�ed boundary by

B

0

.

Next, we want to asso
iate with P a linear operator A

P

su
h

that for any ground state ve
tor z des
ribing the possible assign-

ments to B (with multipli
ities), (A

P

z)

�

equals the number of

ground states on Con(P ) (extensions of the pres
ribed 
on�gura-

tions on B) where the spin assignment on B

0

is �. As before, we

have a 4� 4 matrix A asso
iated with P , but here we must modify

in into a 2

L

�2

L

matrix that 
an operate on the ve
tor z. Therefore

we asso
iate with P a linear operator A

P

su
h that

� A

P

��

= a

�(i;j)�(i;j)

, if � and � are equal in the all their 
ompo-

nents beside those 
orresponding to spins i and j

� A

P

��

= 0 otherwise

In other words, we take the original plaquette operator, pla
e it

in the appropriate dimension, and extend it (tensor-wise) by iden-

tity in the other dimensions. This is exa
tly what we need, be
ause

if z is the ground state ve
tor for an area with a given bottom

boundary, A

P

z is the ground state ve
tor for the area with the new

plaquette P added at the bottom.

Finally, we 
an repeat the argument from the previous se
tion.

We start from any 
on�guration of spins and we keep adding pla-

quettes until we arrive at the bottom row of verti
es, whi
h we

identify with the top row, so we require that the top and bottom


on�gurations are the same. If the plaquette operators are A

1

; :::A

p

8



(in the order as they have been added), the total number of ground

states is

g = Tr(A

p

A

p�1

:::A

1

):

2.3 Upper Bound

Now we apply the expression of ground state degenera
y by means

of linear operators to bound the maximum possible degenara
y. We

normalize the degenera
y with respe
t to latti
e size and we study

the ground state entropy

� =

log

2

g

n

where n is the number of latti
e verti
es and g is the number of

ground states. Note that the number of ground states 
an range

between 1 and 2

n

so we always have � 2 [0; 1℄ and the parameter

gives an impression of what portion of all the states are ground

states.

We use the following 
hara
teristi
 of a matrix.

De�nition 2.1 The �rst singular value of a matrix is de�ned as

�

1

(A) = maxfjjAxjj; jjxjj = 1g:

The following well-known lemma des
ribes how �

1

(A) 
an be

evaluated eÆ
iently.

Lemma 2.2

�

1

(A) =

q

�

1

(A

T

A)

where �

1

(A

T

A) is the largest eigenvalue of A

T

A (whose eigenvalues

are real and non-negative).

Lemma 2.3 If A

1

; :::;A

p

are linear operators of dimension d then

Tr(A

p

A

p�1

:::A

1

) � d �

1

(A

p

A

p�1

:::A

1

):

9



Proof: The tra
e of a linear operator is the sum of its d eigen-

values. If the eigenvalues of A

p

A

p�1

:::A

1

are �

1

; :::; �

d

, we have

jTr(A

p

A

p�1

:::A

1

)j �

d

X

i=1

j�

i

j � d �

1

(A

p

A

p�1

:::A

1

):

The elements ofA

1

; :::;A

p

are natural numbers, though, so the tra
e

is real and non-negative and we 
an omit the absolute value. 2

Lemma 2.4 For any two matri
es A;B:

�

1

(AB) � �

1

(A)�

1

(B):

Proof: Let jjxjj = 1 and y =

Bx

jjBxjj

:

jjABxjj = jjAyjjjjBxjj � �

1

(A)�

1

(B):

2

Corollary 2.5

Tr(A

p

A

p�1

:::A

1

) � d �

1

(A

p

):::�

1

(A

1

):

Now we just need to 
al
ulate �

1

(A) for the operators 
orre-

sponding to frustrated plaquettes. As the operator has been 
on-

stru
ted by tensor multipli
ation of a 4� 4 matrix A with identity,

its singular value is the same as that of the matrix A. By ele-

mentary 
al
ulation, the reader 
an verify that for any frustrated

plaquette,

�

1

(A) = 1 +

p

2:

Thus we obtain (for an L � L latti
e, we have n = L

2

verti
es

and p =

n

2

plaquettes in the 
over):

Tr(A

p

:::A

1

) � 2

L

�

1

(A

p

):::�

1

(A

1

) = 2

L

(1 +

p

2)

p

:

10



For the entropy we get

� =

log

2

Tr(A

p

:::A

1

)

n

�

1

L

+

1

2

log

2

(1 +

p

2) < 0:636

(for L large enough).

This is already a non-trivial upper bound but we 
an do better

than this. So far, we have not taken advantage of the dependen
ies

between neighboring plaquettes, and our approa
h is based only on

the fa
t that the plaquettes in the 
over are frustrated. Now we

will improve on this.

The idea is to group the operators in the produ
t A

p

:::A

1

into

uniform "gadgets" of �xed size whose eigenvalues 
an be obtained

numeri
ally. The most 
onvenient gadget proves to be the "pyra-

mid" operator whi
h is organized as follows.

De�nition 2.6 The pyramid operator P

(k)

is a produ
t of

k(k+1)

2

plaquette operators of the form

P

(k)

= A

(1;2)

A

(3;4)

:::A

(2k�1;2k)

A

(2;3)

A

(4;5)

:::A

(2k�2;2k�1)

:::A

(k;k+1)

where A

(i;i+1)

is a plaquette operator lo
ated at the spin position

as indi
ated. This 
orresponds to a pyramid of plaquettes pointed

upward. Similarly, the transpose operator to P

(k)


orresponds to a

pyramid pointed downward.

If the horizontal size of the latti
e is divisible by 2k and the

verti
al size is divisible by k+1, the latti
e 
over 
an be de
omposed

exa
tly into a union of q =

n

k(k+1)

pyramids P

(k)

. Then the number

of ground states 
an be written as

g = Tr(P

(k)

q

P

(k)

q�1

:::P

(k)

1

)

where half of the operators are "transposed pyramids" but this does

not a�e
t the eigenvalues. Nonetheless, the pyramid operators are

not all the same, depending on the spe
i�
 
hoi
e of frustrated

plaquettes, and in order to �nd the maximum singular values we

11



have to test all the 
ombinations. This is too tedious to do by

hand and we have used a 
omputer to 
al
ulate the largest possible

singular value for the pyramid operator P

(k)

, whi
h we denote by

s(k). Here are the values of s(k) as far as we have been able to


ompute them:

� s(1) = 2:414

� s(2) = 11:597

� s(3) = 114:14

� s(4) = 2368:2

� s(6) = 9501461:5

� s(8) = 745550617441:5

For the entropy, we get

� �

log

2

s(k)

k(k + 1)

:

In 
ase the latti
e 
annot be 
overed entirely by the pyramids, we


over as large a portion as possible and leave the remaining plaque-

ttes as individual operators. As the number of remaining individual

plaquettes is O(L) = o(n), this will not a�e
t the asymptoti
 be-

havior of the entropy.

The pyramids of in
reasing size yield de
reasing upper bounds.

We obtain the best result for P

(8)

whi
h yields

� � 0:548:

Let us repeat here that this is the upper bound for all square latti
es

with a satis�able 
over. It is not known whether it 
an be ex
eeded

by a latti
e whi
h does not have a satis�able 
over but it does not

seem very likely.

It is also worth mentioning that the maximum value is not

a
hieved for a latti
e where all the plaquettes are frustrated, as

12



one might have guessed. We get the optimum when the plaque-

ttes in the satis�able 
over are frustrated while the plaquettes in

the 
omplementary 
over are all happy! Thus we 
onje
ture that

the square latti
e with maximum degenera
y is the one with one

frustrated 
over and one happy 
over. We 
all this latti
e semifrus-

trated.

2.4 Lower bound

Now we are going to present a lower bound as well whi
h is based

on the same method as the upper bound. We express the number

of ground states again as the tra
e of a linear operator whi
h is a

produ
t of operators 
orresponding to plaquettes in the 
over. This

time, we group the plaquette operators in a di�erent way, so that

we are able to estimate the tra
e from below.

De�nition 2.7 The "double-row" operator R is the produ
t of op-

erators 
orresponding to two 
onse
utive rows of plaquettes in the


over.

The "bri
k" operator Q

(k)

is the produ
t of k plaquettes in one

row and k � 1 plaquettes in the next row:

Q

(k)

= A

(1;2)

A

(3;4)

:::A

(2k�1;2k)

A

(2;3)

A

(4;5)

:::A

(2k�2;2k�1)

:

Now let's 
onsider a latti
e of width 2kl where one 
over is

frustrated and the 
omplement is happy. Instead of the double-row

operator R, we take the tensor produ
t of l "bri
ks" Q

(k)

. (This


orresponds to laying the bri
ks next to ea
h other horizontally.)

Note that there is one plaquette missing at the end of ea
h bri
k.

Equivalently, we 
an imagine virtual plaquettes in these pla
es; a

virtual plaquette is in its ground state if its top and bottom pairs of

spins are the same (i.e., the plaquette only 
opies the two spin values

to the next row). Note that if we repla
e the virtual plaquettes by

suitable frustrated plaquettes (whose set of ground states 
omprises

those of a virtual plaquette), the existing ground states will be

preserved. Thus for the sake of a lower bound, we 
an assume that
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the double-row operator R for our latti
e is the tensor produ
t of

l bri
ks Q

(k)

and we 
an ignore the missing plaquettes.

Finally, we estimate the tra
e of an operator by applying this

lemma.

Lemma 2.8 Let � denote the largest eigenvalue of a matrix A and

assume that the other eigenvalues are stri
tly smaller in the absolute

value. Then for any m � 1:

Tr(A

m

) = �

m

(1 + o(1)):

Proof: Denote the eigenvalues of A by �; �

2

; :::�

n

. Then

Tr(A

m

) = �

m

+

n

X

i=2

�

m

i

= �

m

+ (n� 1)o(�

m

) = �

m

(1 + o(1))

(n is 
onstant here while m tends to in�nity). 2

The purpose of this lemma is that if the largest eigenvalue is

unique, we 
an approximate the tra
e of A

m

simply by �

m

. Here A

stands for the double-row operator, � for its largest eigenvalue and

m =

L

2

is the number of double rows we have to multiply. Sin
e we


onsider the double-row operator as a tensor produ
t of l "bri
ks"

Q

(k)

, its eigenvalues are produ
ts of the respe
tive eigenvalues of

Q

(k)

and the largest eigenvalue is simply � = �

l

where � is the

largest eigenvalue of Q

(k)

. It only remains to 
he
k that the other

eigenvalues of Q

(k)

are stri
tly smaller whi
h implies the same for

A as well. If that holds, we 
an write

g � Tr(A

m

) = �

lm

(1 + o(1)):

On
e we know the value of � for a spe
i�
 bri
k operator Q

(k)

,

we 
an estimate the ground state entropy for a latti
e 
omposed

of su
h bri
ks. Re
all that we have a latti
e of size L � L where

L = 2kl and L = 2m. So we get

� =

log

2

g

L

2

�

log

2

�(Q

(k)

)

4k

+ o(

1

L

2

):
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The error term 
an be made arbitrarily small by 
hoosing a large

enough latti
e.

By numeri
al 
al
ulation, we have obtained

� �(Q

(2)

) = 10:225

� �(Q

(4)

) = 200:02

� �(Q

(8)

) = 76862:9

� �(Q

(10)

) = 1503611:1

We have also veri�ed that the remaining eigenvalues are stri
tly

smaller so we 
an use these �ndings for a lower bound on the ground

state entropy. Again, the best bound has been obtained for the

largest bri
k operator Q

(10)

:

� � 0:513

We summarize our results 
on
erning the maximum degenera
y

in the following theorem.

Theorem 2.9 The maximum ground state entropy of an extemal

square latti
e satis�es

0:513 � � � 0:548

where both bounds hold for semifrustrated latti
es as well.

2.5 Degenera
y of a Fully Frustrated Latti
e

The degenera
y of a latti
e where all plaquettes are frustrated 
an

be estimated more pre
isely by means of perfe
t mat
hings. We

explain the method brie
y here so we 
an 
ompare the result with

our bounds.

Let L = (V;E) be a square (L � L) latti
e where all the pla-

quettes are frustrated. Hen
e both 
omplementary 
overs of L are

satis�able simultaneously and a spin assignment is a ground state

15



if and only if it satis�es exa
tly 3 edges of ea
h plaquette of L. Let

L

�

= (V

�

; E

�

) be the geometri
 dual of L, i.e. the vertex set V

�

of

L

�


orresponds to the fa
es of the toroidal embedding of L, and if

e 2 E is an edge on the boundary of fa
es F

1

; F

2

then its dual edge

e

�


onne
ts verti
es F

1

; F

2

of L

�

.

The square grid has a well-known property that it is self-dual,

i.e. L

�

is isomorphi
 to L. Let s be a ground state of L and

let D(s) be the set of edges whi
h are not satis�ed by s. Then

D

�

= fe

�

; e 2 Dg forms a perfe
t mat
hing of L

�

. Hen
e we get

that the number of ground states of L is bounded from above by

the number of perfe
t mat
hings of L.

In fa
t, it may be shown that the number of perfe
t mat
hings

of L equals the sum of the numbers of ground states of four latti
es

L

0

, L

1

, L

2

, L

3

, su
h that L

0

= L and L

1

;L

2

;L

3

are obtained from

L by 
ipping the signs of the 
oupling 
onstants on a horizontal

boundary H and/or a verti
al boundary V . Clearly, su
h a 
ipping

does not alter the frustration of any plaquette so the four latti
es are

still fully frustrated. The number of ground states of one of these

latti
es is at least one fourth of the number of perfe
t mat
hings

whi
h implies that the two quantities are equal up to a fa
tor of 4

(at least for one of the four latti
es).

The number of perfe
t mat
hings of L was 
al
ulated analyti-


ally by Kasteleyn [2℄ and that gives us the following:

Theorem 2.10 The ground state entropy of a square (L�L) latti
e

where ea
h plaquette is frustrated is approximately 0.4206336 (as L

tends to in�nity).

Note that the degenera
y of a fully frustrated latti
e is substan-

tially lower than that of a semifrustrated latti
e. However, there

are still two important questions left unsolved:

� What is the pre
ise degenera
y of the semifrustrated latti
e?

� Can it be ex
eeded by the degenera
y of non-extremal lat-

ti
es?
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3 Cubi
 latti
es

Now we move to 
ubi
 (3-dimensional) latti
es. Here many of the

methods for planar or toroidal latti
es fail as they rely on planar

embeddings and the 
on
ept of duality. Cubi
 latti
es 
annot be

embedded in any surfa
e of bounded genus and there is no obvious

way to transform the ground states into a more 
onvenient 
ombi-

natorial stru
ture su
h as perfe
t mat
hings.

But surprisingly, most of the tools developed in this paper work

without mu
h modi�
ation for 
ubi
 latti
es as well. Let's see how

we extend our 
on
epts to the 3D latti
e. First, let's de�ne a peri-

odi
 
ubi
 latti
e.

De�nition 3.1 A periodi
 
ubi
 latti
e of size L�L�L is a graph

(V;E) where

� V = f[x; y; z℄; 0 � x; y; z < Lg

� E = ff[x; y; z℄; [x+1; y; z℄g; f[x; y; z℄; [x; y+1; z℄g; f[x; y; z℄; [x; y; z+

1℄g: 0 � x; y; z < Lg (addition modulo L)

We 
over this latti
e by elementary 
ells whi
h are edge-disjoint.

Instead of a plaquette, the basi
 element of our 
over is an elemen-

tary 
ube. This is a well-known graph 
ontaining 8 verti
es and 12

edges. The 
ubes 
an be indexed by 3 
oordinates just like the ver-

ti
es; we adopt the 
onvention that 
ube C

x;y;z


ontains the verti
es

[x; y; z℄; [x+1; y; z℄:::; [x+1; y+1; z+1℄. Observe that if we have a

periodi
 
ubi
 latti
e of size 2L�2L�2L, its edges 
an be 
overed by

2L

2


ubes, for example fC

2x;2y;2z

; C

2x+1;2y+1;2z+1

: 0 � x; y; z < Lg.

There are four su
h 
overs, every 
ube belongs to exa
tly one 
over.

Now we turn to the possible ways of frustration of a single 
ube.

The 
ubes 
an be 
ategorized by the frustration of their 6 fa
es

(whi
h is de�ned in the same way as in the 2D 
ase):

� All 6 fa
es are happy - then the 
ube has only 2 ground states

(with all the edges satis�ed); if one spin is �xed, the ground

state is uniquely determined.
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� 4 fa
es are happy, 2 adja
ent fa
es are frustrated - then there

are 2 ground states (with 1 unsatis�ed edge); if one spin is

�xed, the ground state is determined.

� 4 fa
es are happy, 2 opposite fa
es are frustrated - then there

are 8 ground states (with 2 unsatisi�ed edges); any spin as-

signement to one of the frustrated fa
es that satis�es 3 of its

edges determines a ground state.

� 2 fa
es are happy, 4 fa
es are frustrated - then there are 4

ground states (with 2 unsatis�ed edges); any assignment to

one of the happy fa
es that satis�es all its edges 
an be ex-

tended in 2 ways to obtain a ground state.

� All 6 fa
es are frustrated - then there are 16 ground states

(with 3 unsatis�ed edges); any assignment to a fa
e that sat-

is�es 3 of its edges 
an be extended in 2 ways to obtain a

ground state.

3.1 Upper Bound

Again, we employ the formalism of linear algebra. However, here we

need a ground state ve
tor that 
aptures the 
on�gurations of the

whole layer of L

2

verti
es. The ve
tor spa
e we use has dimension

2

L

2

and the basi
 operators A

C


orrespond to elementary 
ubes of

the latti
e. We 
an envision the verti
es relevant to the ground

state ve
tor as a horizontal layer of L

2

verti
es. Multiplying the

ground state ve
tor by A

C

means extending the ground states to

a 
ube atta
hed by 4 verti
es to the layer and ex
hanging the 4

verti
es in the layer for 4 new verti
es. The layer moves gradually

downward until it wraps around and rea
hes its initial position.

The result is the same as in the 2D 
ase:

g = Tr(A

C

p

A

C

p�1

:::A

C

1

):

When we study the �rst singular value of ea
h of the di�erent

operators A

C

, we �nd that it is maximal for the fully frustrated

18




ube F where

�

1

(A

F

) = 2:

Therefore we get

g � 2

p

and as the number of verti
es is n = 4p,

� =

log

2

g

4p

� 0:25:

We improve this estimate when we study "pyramid operators"

(analous to 2D pyramids) 
onsisting of 5 
ubes: a base of 4 disjoint


ubes and a top 
ube in the 
enter, 
onne
ted to ea
h of the base


ubes in one vertex. The optimal pyramid operator is a 
ombination

of 5 fully frustrated 
ubes with the respe
tive linear operator P and

its �rst singular value

�

1

(P ) = 20:078:

When a 
ubi
 latti
e is 
overed by su
h pyramids (and their

reversed 
opies), we get q pyramids for n = 20q verti
es. The

number of ground states is then

g � 20:078

q

In general, the latti
e 
annot be 
overed by pyramids entirely, but

the portion of the latti
e that has to be 
overed by individual 
ubes

is asymptoti
ally irrelevant. This yields the following upper bound:

� =

log

2

g

20q

� 0:222:

3.2 Lower bound

Unfortunately, here we 
annot apply the method of "bri
k laying"

be
ause it always leaves some holes in the 
over. In the 2D 
ase,

we 
alled them "virtual plaquettes" and we argued that substitut-

ing them with real plaquettes does not destroy any ground states.
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Figure 1: Latti
e 
ell with a free spin

However, in 3D we would need an elementary 
ube that satis�es

the 
onditions of a "virtual 
ube". That is, any state su
h that

the assignments to the top and bottom fa
es are equal should be

a ground state. There is no su
h 
ube: It would have to have 16

di�erent ground states whi
h is true for the fully frustrated 
ube,

but the stru
ture of its ground states is di�erent.

The best lower bound we 
ould �nd is the following:

Consider a 
ubi
 latti
e of even size in ea
h dimension, built up

from a 2 � 2 � 2 
ell whi
h is repeated periodi
ally. Every vertex

with all 3 
oordinates even is a "free spin" whi
h is in
ident with 3

negative edges and 3 positive edges (see Fig. 1; the thi
k edges are

negative). All other edges are positive. It 
an be seen that a state

with all spins equal is a ground state, be
ause any 2�2�2 
ell must


ontain at least 3 unsatis�ed edges. (This is demonstrated by the 3

disjoint frustrated 
y
les in ea
h 
ell, marked by dotted lines in the

pi
ture.) Therefore a state with all spins positive is a ground state.

Furthermore, when we 
ip any "free spin", the energy of the state

remains the same, be
ause these spins are in
ident with 3 satis�ed

and 3 unsatis�ed edges. Therefore we 
an 
hoose the value of every

free spin arbitrarily and still obtain a ground state.
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If we build up a latti
e by repeating this gadget k times in ea
h

dimension, we get a 2k � 2k � 2k latti
e. This latti
e has g � 2

k

3

ground states and for the ground state entropy, we get

� =

log

2

g

(2k)

3

� 0:125:

To summarize, we have proved

Theorem 3.2 The maximum ground state entropy of an extremal


ubi
 latti
e satis�es

0:125 � � � 0:222:
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