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1 Tools

1.1 Basi
 de�nitions

De�nition 1.1.1 A probability spa
e is a nonempty set X together with a

fun
tion � : X ! [0; 1℄ su
h that the set fx 2 X j �(x) 6= 0g is �nite, and

X

x2X

�(x) = 1:

A uniform probability spa
e over a nonempty set X is a spa
e (X; �), where

�(x) = jXj

�1

for ea
h x 2 X.

The de�nition is mu
h weaker than the usual de�nition of a probability

spa
e be
ause of the 
ondition of �niteness of 
arrier of the probability fun
-

tion �, but quite suÆ
ient for our purposes. The advantage of the �niteness

assumption is that we 
an avoid most diÆ
ult (though rather te
hni
al) parts

of the theory of probability. What remains is essentially the art of 
ounting,

based on a very limited number of probability theory theorems.

The 
lass of real (natural, resp.) numbers will be denoted by R (N, resp.).

De�nition 1.1.2 Given a probability spa
e S = (X; �), a random variable

on S is a real-valued fun
tion f : X !R.

�

Le
ture held at Universit�at des Saarlandes, Saarbr�u
ken in winter semester 1992/93
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The k-th moment of f is the sum

X

x2X

f

k

(x)�(x):

The �rst moment of f is usually denoted by E(f) and 
alled the expe
-

tation of f .

Note that the k-th moment of f is the expe
tation E(f

k

) of the k-th

power of f . It is also 
lear that

Lemma 1.1.3 If 
 is a real 
onstant, and f; C are random variables su
h

that C(x) = 
 for ea
h x, then

E(
f) = 
E(f); E(C) = 
:

De�nition 1.1.4 A predi
ate on a probability spa
e S = (X; �) is a random

variable with values in the set f0; 1g.

A predi
ate P on (X; �) is usually viewed as a 
ertain property, that is

veri�ed for x 2 X su
h that P (x) = 1. E.g. if X is a 
olle
tion of all graphs

with a given n element vertex set, P might be equal to 1 for those graphs

that 
an be 
olored by 4 
olors. Values 0; 1 are often identi�ed with boolean

values false, true, and therefore we 
an say that P (x) holds if P (x) = 1, and

P (x) is not veri�ed if P (x) = 0.

Instead of speaking about the expe
tation of predi
ate P , we use words

probability of P , i.e. if P is a predi
ate on (X; �), then

Prob(P ) = E(P ) =

X

x2X

P (x)�(x) =

X

P (x)=1

�(x):

De�nition 1.1.5 We say that random variables f

1

; : : : ; f

n

de�ned on a prob-

ability spa
e S = (X; �) are independent, if

E(f

1

f

2

: : : f

n

) = E(f

1

)E(f

2

) : : : E(f

n

):

De�nition 1.1.6 We say that a probability spa
e (Y; �) is a subspa
e of a

probability spa
e (X; �) if Y � X,

P

y2Y

�(y) > 0, and

�(y) = �(y)=

X

y2Y

�(y) for ea
h y 2 Y:
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Note that a subspa
e (Y; �) of (X; �) is uniquely determined by the set

Y .

Essentially a subspa
e of (X; �) is obtained by taking a subset Y of X,

and a restri
tion � of � to Y . However, sin
e the sum of probabilities of all

elements of a probability spa
e should be 1, the fun
tion �must be normalized

by dividing by

P

y2Y

�(y) (whi
h also implies the 
ondition in the de�nition).

De�nition 1.1.7 Let P , Q be two predi
ates on a probability spa
e (X; �)

su
h that Prob(Q) > 0. The (
onditional) probability of P , 
onditioned on

Q, denoted as Prob(P jQ), is de�ned as

Prob(P jQ) =

Prob(PQ)

Prob(Q)

:

Note that the 
onditional probability Prob(P jQ) is a probability of the

restri
tion of P to the probability spa
e that is a subspa
e of (X; �), deter-

mined by those elements of X that Q(x) is veri�ed.

De�nition 1.1.8 Let S

1

= (X

1

; �

1

); : : : ; S

n

= (X

n

; �

n

) be probability spa
es.

Their produ
t S

1

: : : S

n

is a probability spa
e (X; �), where X = X

1

�: : :�X

n

,

and �((x

1

; : : : ; x

n

)) = �

1

(x

1

) : : : �

n

(x

n

) for ea
h element (x

1

; : : : ; x

n

) 2 X

1

�

: : :�X

n

.

Note that random variables �

i

, i = 1; : : : ; n, de�ned on the produ
t of

(X

1

; �

1

); : : : ; (X

n

; �

n

) by �

i

((x

1

; : : : ; x

n

)) = �

i

(x

i

) are independent random

variables.

1.2 Inequalities of Markov and Cheby
hev

In this 
hapter we prove three simple but very important theorems.

Theorem 1.2.1 Let f

1

; : : : ; f

n

be random variables on a probability spa
e

S = (X; �). Then

E(f

1

+ � � �+ f

n

) = E(f

1

) + � � �+ E(f

n

):
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Remark: It is very important that the theorem requires no 
onditions on

random variables f

1

; : : : ; f

n

, e.g. their independen
e.

Proof:

E(f

1

(x)+� � �+f

n

(x)) =

X

x2X

(f

1

+� � �+f

n

)�(x) =

X

x2X

(f

1

�(x)+� � �+f

n

�(x)) =

=

X

x2X

f

1

�(x) + � � �+

X

x2X

f

n

�(x) = E(f

1

) + � � �+ E(f

n

):

|

Theorem 1.2.2 [Markov℄ Let f be a non-negative integer valued random

variable on a probability spa
e S = (X; �). Then

Prob(f 6= 0) � E(f):

Proof:

Prob(f 6= 0) =

X

f(x)6=0

�(x) =

X

f(x)�1

�(x) �

�

X

f(x)�1

f(x)�(x) =

X

x2X

f(x)�(x) = E(f):

|

Theorem 1.2.3 [Cheby
hev℄ Let f be a non-negative integer valued random

variable on a probability spa
e S = (X; �), t > 0 be a real number. Then

Prob(jf(x)� E(f)j � t) �

E(f

2

)� E

2

(f)

t

2

:

Proof: Given x 2 X, de�ne '(x) = 1 if jf(x) � E(f)j � t, '(x) = 0

otherwise,  (x) = t

�2

(f(x)� E(f))

2

. Clearly ' �  .

Prob(jf(x)�E(f)j � t) = E(') � E( ) =

E(f

2

)� 2E(fE(f)) + E(E

2

(f))

t

2

=

=

E(f

2

)� 2E(f)E(f) + E

2

(f)

t

2

=

E(f

2

)� E

2

(f)

t

2

:

|
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Corollary 1.2.4

Prob(f = 0) �

E(f

2

)� E

2

(f)

E

2

(f)

Proof: It is suÆ
ient to realize that f(x) = 0 implies jf(x)�E(f)j � E(f),

and put t = E(f). |

We see that knowledge of the �rst two moments of f(x) makes it possible

to give an upper and a lower bound to the probability that f(x) is not equal

to 0. This is espe
ially important if f(x) is the number of some obje
ts,

be
ause in this 
ase f(x) 6= 0 means that su
h an obje
t exists.

We give an example that gives a standard way of 
omputing moments in

many pra
ti
al situations.

Example

LetG

n

be the 
olle
tion of all graphs with the n-element vertex set f1; : : : ; ng,

G

n

be the uniform probability spa
e over G

n

. We want to know how large


liques are likely to appear in graphs in G

n

.

Given a graph G 2 G

n

and a non-negative integer k, denote by Y

k

(G) the

number of di�erent 
liques with k elements in the graph G. Therefore Y

k

is

a random variable on G

n

, and Y

k

(G) 6= 0 means that the graph G posses a


lique of size k.

Let us �rst 
ompute the �rst moment of Y

k

: Denote f1; : : : ; ng by X, the

set of k-element subsets of X by

�

X

k

�

, if A 2

�

X

k

�

then Y

A

(G) denotes the

number of 
liques of G that are equal to A. The last de�nition is tri
ky, the

only 
lique that is equal to A might be A only, i.e. Y

A

= 1 if A is a 
lique,

and Y

A

= 0 if A is not a 
lique.

Note that

Y

k

=

X

A2

(

X

k

)

Y

A

;

and therefore the expe
tation of Y

k

is the sum of expe
tations of predi
ates

Y

A

. What is the value of Prob(Y

A

)? Sin
e our probability spa
e is uniform,

it is suÆ
ient to determine the ratio of the number of graphs G su
h that

A is a 
lique of G (i.e. Y

A

(G) = 1) and the number of all graphs with the

vertex set X.

The number of all graphs is 2

(

n

2

)

, be
ause there are

�

n

2

�

pairs of verti
es

that might be edges. However, if we suppose that A is a 
lique, then

�

k

2

�
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pairs that are 
ontained in A must be edges, and we have free 
hoi
e for

�

n

2

�

�

�

k

2

�

pairs only, therefore Y

A

(G) is 1 for 2

(

n

2

)

�

(

k

2

)

graphs, whi
h implies

that

Prob(Y

A

= 1) = 2

�

(

k

2

)

;

and therefore

E(Y

k

) =

 

n

k

!

2

�

(

k

2

)

:

We will give more detailed analysis of the last equation later, but now we

mention that if k = 1 + 2(1 + ") log

2

n, where " > 0 is a 
onstant, then it

follows from Markov inequality that

Prob(G

n

has a 
lique of size k) = Prob(Y

k

6= 0) � E(Y

k

) =

 

n

k

!

2

�

(

k

2

)

�

�

h

n2

�(k�1)=2

i

k

= n

�"k

! 0

as n tends to in�nity, i.e. 
liques larger than 2(1 + ") log

2

n are unlikely.

Now to the se
ond moment: It is important to realize that Y

2

k

(G) is the

number of ordered pairs < A;B >, where A, B are 
liques of B. Similarly

as above, put Y

A;B

(G) = 1 for A;B 2

�

X

k

�

if both A and B are 
liques of G,

Y

A;B

(G) = 0 otherwise. Now

Prob(Y

A;B

= 1) = 2

�2

(

k

2

)

+

(

j

2

)

;

where j is the size of the interse
tion of A and B, and therefore

E(Y

2

k

) =

X

A;B2

(

X

2

)

Prob(Y

A;B

) =

k

X

j=0

 

n

k

! 

n� k

k � j

! 

k

j

!

2

�2

(

k

2

)

+

(

j

2

)

;

whi
h implies that

Prob(G

n

has no 
lique of size k) = Prob(Y

k

= 0) �

E(Y

2

k

)

E

2

(Y

k

)

� 1 =

=

k

X

j=1

�

n�k

k�j

��

k

j

�

�

n

k

�

2

(

j

2

)

:

We will prove later that if k � 2(1 � ") log

2

n, then the probability that G

n

has a 
lique with k elements tends to 1 as n tends to in�nity. Thus, most

graphs with n verti
es have the largest 
lique of size 2(1 + o(1)) log

2

n.

6



1.3 Bounds of Cherno� and Azuma

Let X

1

; : : : ; X

n

be a sequen
e of real-valued random variables. We will sup-

pose that values of any X

i

are always 
lose to its expe
tation, e.g. jX

i

�

E(X

i

)j � 1, and we ask about 
on
entration of their sum S = X

1

+ � � �+X

n

around its expe
tation. In the simplest 
ase, when the variables are indepen-

dent, the Cherno� bound says that jS�E(S)j is likely to be of order O(

p

n).

A generalization of a sequen
e of independent variables is a martingale, and

Azuma's inequality says exa
tly the same for martingales as the Cherno�

bound in the independent 
ase. However, we will start with what 
ould be


alled an upper semi-martingale, prove a generalization of Azuma bound to

this 
ase, and give the inequalities of Cherno� and Azuma as 
orollaries.

On
e again we are going to show that the appli
ations of the (dis
rete)

probability theory are more art than a s
ien
e, be
ause the tools are quite

simple (though powerful), but the way they are used is often quite nontrivial.

Theorem 1.3.1 Let 0 = X

0

; : : : ; X

n

be random variables su
h that jX

i

j � 1

for i = 0; : : : ; n. Denote Y

i

= X

0

+ � � �+X

i

. If

E(X

i

j Y

i�1

= �) � 0

for i = 1; : : : ; n and for all � su
h that Prob(Y

i�1

= �) > 0, then

Prob(Y

0

; : : : ; Y

n

> "

p

n) < e

"

2

=2

for arbitrary number " > 0.

Proof: Denote "=

p

n by �. Put

f(x) =

e

�

+ e

��

2

+

x

�

e

�

� e

��

2

:

Sin
e e

��

= f(��), e

�

= f(�), and the fun
tion e

x

is 
onvex, the inequality

e

x

� f(x) is true for all �� � x � �.

Suppose that � is su
h that Prob(Y

i�1

= �) > 0.

E(e

�X

i

j Y

i�1

= �) � E(f(�X

i

) j Y

i�1

= �) = f(E(�X

i

j Y

i�1

= �)) =

= f(�E(X

i

j Y

i�1

= �)) � f(0) =

e

�

+ e

��

2

� e

�

2

=2

;
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where the last inequality follows from 
omparing the 
orresponding terms of

the Taylor expansions of both expressions.

Let 0 < i � n.

E(e

�Y

i

) = E(e

�(Y

i�1

+X

i

)

) = E(e

�Y

i�1

e

�X

i

) =

=

X

�

E(e

�Y

i�1

e

�X

i

j Y

i�1

= �)Prob(Y

i�1

= �) =

=

X

�

E(e

��

e

�X

i

j Y

i�1

= �)Prob(Y

i�1

= �) �

�

X

�

e

��

E(e

�X

i

j Y

i�1

= �)Prob(Y

i�1

= �) �

�

X

�

e

��

e

�

2

=2

Prob(Y

i�1

= �) =

= e

�

2

=2

X

�

e

��

Prob(Y

i�1

= �) = e

�

2

=2

E(e

�Y

i�1

);

whi
h gives by indu
tion

E(e

�Y

n

) � e

�

2

n=2

E(e

�Y

0

) = e

�

2

n=2

:

Finally, the Markov inequality implies that

Prob(Y

i

> "

p

n) = Prob(e

�S

> e

�"

p

n

) � E(e

�S

)e

��"

p

n

�

� e

�

2

n=2

e

��

2

n

= e

��

2

n=2

= e

�"

2

=2

:

|

Now let us go to the spe
ial 
ases.

De�nition 1.3.2 A sequen
e Y

0

; : : : ; Y

n

of real-valued random variables is


alled a martingale if

E(Y

i

j Y

i�1

= �) = �

for i = 1; : : : ; n and for all � su
h that Prob(Y

i�1

= �) > 0.
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It is 
lear that if Y

0

; : : : ; Y

n

is a martingale su
h that Y

0

= 0 and jY

i

�

Y

i�1

j � 1 for i = 1; : : : ; n, then the sequen
e Y

0

; Y

1

�Y

0

; Y

2

�Y

1

; : : : ; Y

n

�Y

n�1

veri�es the assumptions of Theorem /refsumbound, and thereforeProb(Y

n

>

"

p

n) � e

"

2

=2

. If the theorem is applied to the sequen
e �Y

0

;�Y

1

; : : : ;�Y

n

,

whi
h is obviously a martingale as well, we obtain a lower bound Prob(Y

n

<

�"

p

n) � e

"

2

=2

, whi
h implies that the probability that jY

n

j is greater than

"

p

n is at most 2e

"

2

=2

. Well known Azuma inequality is nothing else than

Theorem 1.3.1 applied to martingales.

If 0 = X

0

; : : : ; X

n

are independent random variables verifying jX

i

j � 1,

E(X

i

) = 0, then both this sequen
e and its negation verify the assumption

of Theorem 1.3.1, and we obtain a variant of the Cherno� bound.

We will use the Cherno� bound so often that we will give no examples

of its use here. However, we are going to show a nontrivial example of a

martingale, that has been used with a great su

ess in the random graph

theory.

Theorem 1.3.3 Let (X; p) be a probability spa
e, f be a real-valued fun
tion

on X, and E

0

; : : : ; E

n

be equivalen
es on X su
h that E

i

is �ner than E

i�1

for

i = 1; : : : ; n, E

k

is the identity relation and xE

0

y for any x; y 2 X. De�ne

Y

i

(x) = E(f(y) j yE

k

x):

Then the sequen
e Y

0

; : : : ; Y

n

forms a martingale.

Proof: Suppose without loss of generality that p(x) > 0 for ea
h x 2 X.

We will denote

P

x2C

p(x) by k C k. Given an equivalen
e 
lass C of E

j

, the

fun
tion Y

j

is 
onstant on C, and therefore

E(Y

j

jC) = Y

j

(x) = E(f(y) j yE

j

x) = E(f jC) for any x 2 C:

Let � is su
h that Y

i�1

(x) = � for some x 2 X. Denote be A the set of all

x 2 X su
h that Y

i�1

= �. It is 
lear that Y

j

is 
onstant on any equivalen
e


lass of Y

j

for arbitrary j. Therefore A is a disjoint union of some 
lasses of

E

i�1

; let us denote them by A

1

; : : : ; A

m

. Ea
h A

`

is in turn a disjoint union

of 
lasses B

`;k

1

: : : ; B

`;k

`

of E

i

.

Now,

k A k E(Y

i

jA) =

X

`

k A

`

k E(Y

i

jA

`

) =

X

`

X

k

k B

`;k

k E(Y

i

jB

`;k

) =

9



=

X

`

X

k

k B

`;k

k E(f jB

`;k

) =

X

`

k A

`

k E(f jA

`

) =

X

`

k A

`

k E(Y

i�1

jA

`

) =

=

X

`

k A

`

k � =k A k �;

where the sums are over ` = 1; : : : ; m and k = 1; : : : ; k

`

. Thus, we have

proved that E(Y

i

jY

i�1

= �) = �. |

A ni
e property of the martingale from the last theorem is that Y

0

= E(f),

and Y

n

= f , and the Azuma inequality 
an be used to bound the probability

that f � E(f) is large.

Two important spe
ial 
lasses of martingales on the graphs are de�ned

as follows: Let X be the set of all graphs with the vertex set f1; : : : ; ng, G

n

be the uniform probability spa
e over G

n

, and f be a real-valued fun
tion on

G

n

. Order two-element subsets of f1; : : : ; ng into a sequen
e e

1

; e

2

; : : : ; e

N

,

where N =

�

n

2

�

.

Given i = 0; : : : ; n, we write GE

i

H if fx; yg is an edge of G if and only if

fx; yg is an edge of H for any two 1 � x; y � i.

Given i = 0; : : : ; N , we write GE

i

H if e

j

is an edge of G if and only if e

j

is an edge of H for ea
h 1 � j � i.

The sequen
e E

i

gives rise to a vertex exposure martingale of f , while the

sequen
e E

i

de�nes an edge exposure martingale.

Azuma inequality assumes a 
ertain bound to jY

i

� Y

i�1

j, whi
h 
an be

proved under 
ertain 
onditions on the fun
tion f . Suppose that if two

graphs G;H 2 G

n

di�er in only one edge, then jf(G)� f(H)j � 1. In this


ase the edge martingale M(f; n) satis�es the inequality jY

i

� Y

i�1

j � 1 for

all i = 1; : : : ; N , and therefore the value of jf � E(f)j 
an be bounded by

Theorem 1.3.1. Similar statement is true for the vertex martingale.

Finally we will show how Azuma inequality 
an be used to prove mu
h

sharper bounds to the the size of the largest 
lique of a random graph.

Let Y

k

(G) be the largest size of a 
olle
tion of edge-disjoint 
liques of size

k. Note that Y

k

(G) > 0 if and only if G has a 
lique of size k. Moreover, if

one edge is added to a graph G, Y

k

(G) 
an not 
hange by more than 1, sin
e

we 
onsider edge-disjoint families of 
liques. Therefore Azuma inequality

implies that

Lemma 1.3.4

Prob(Y

k

= 0) � e

E

2

(Y

k

)=(n(n�1))

:

10



Proof: Substitute " = E(Y

k

)=

q

n(n� 1)=2 into

Prob(Y

k

= 0) � Prob(E(Y

k

)� Y

k

> "

q

n(n� 1)=2) � e

"

2

=2

:

|

Let k

0

be a solution of the equation

�

n

k

�

2

�

(

k

2

)

= 1. We have shown in the

previous se
tion that if k � k

0

� Æ for some 
onstant Æ > 0, the expe
ted

number of k 
liques in a random graph grows to in�nity as n ! 1. Now

we prove that E(Y ) = 
(n

2

= log

8

n). As a 
onsequen
e we get a very sharp

bound to the probability of the existen
e of 
liques of suÆ
iently large size.

Theorem 1.3.5 If k

0

is a solution of

�

n

k

�

2

�

(

k

2

)

= 1 and k � k

0

� 4 then the

probability that a random graph with n verti
es has no 
lique of size k is at

most exp(�
(n

2

= log

8

n)).

Proof: Denote

M =

 

n

k

!

2

�

(

k

2

)

;

a

j

=

�

n�k

k�j

��

k

j

�

�

n

k

�

2

(

j

2

)

:

We have already shown in se
tion on Cheby
hev inequality that M is the

expe
ted number of k-
liques in a random graph with n verti
es, M

2

a

j

is the

expe
ted number of pairs (A;B) of k-
liques su
h that jA \ Bj = j. Sin
e

b

j

=

a

j+1

a

j

=

(k � j)

2

(j + 1)(n� 2k + j + 1)

2

j

;

b

j+1

b

j

=

�

1�

1

k�j

�

2

�

1 +

1

j+1

� �

1 +

1

n�2k+j+1

�

� 2;

b

j+1

=b

j

> 1 for j � 1 and suÆ
iently large n, whi
h means that b

j

is an

in
reasing sequen
e, and therefore a

j

is 
onvex, i.e. the sequen
e a

j

is �rst

(possibly) de
reasing and then (possibly) in
reasing, whi
h imply that a

j

�

max(a

3

; a

k

) for j = 4; 5; : : : ; k � 1,

a

3

+ � � �+ a

k

� kmax(a

3

; a

k

) = O(log(n))max(a

3

; a

k

):

11



Dire
t evaluation of a

j

, j = 0; 1; 2; 3 gives

a

j

=

n

k�j

k!

n

k

(k � j)!

 

1� O

 

k

2

n

!! 

k

j

!

2

(

j

2

)

=

=

k

2j

n

j

2

(

j

2

)

j!

 

1� O

 

k

2

n

!!

�

1�O

�

j

k

��

;

a

0

= 1+o(1); a

1

=

k

2

n

(1+o(1)); a

2

=

k

4

n

2

(1+o(1)); a

3

=

4k

6

3n

3

(1+o(1));

moreover

a

k

=

1

M

:

Let C be a set of k-
liques generated at random so that Prob(C 2 C) =

q independently for di�erent 
liques C, where q is a number that will be

determined later, D be a set of unordered pairs fA;Bg, A;B 2 C, jA\Bj � 2,

E be an arbitrary subset of C su
h that either A 2 E and/or B 2 E for ea
h

(A;B) 2 D.

E is a set of edge disjoint k-
liques, and therefore jEj � Y

k

,

E(Y

k

) � E(jEj) � E(jCj � jDj) = qM � q

2

M

2

�

a

2

2

+ � � �+

a

k�1

2

+ a

k

�

=

= qM �

q

2

M

2

a

2

2

(1 + o(1)) =

1

a

2

�

1

2a

2

=

1

2a

2

=

n

2

k

4

(1 + o(1))

if we 
hoose q = (Ma

2

)

�1

.

We �nish the proof by substituting the last bound to E(Y

k

) to the in-

equality of the pre
eding lemma. |

An easy 
onsequen
e of the last theorem we obtain a pre
ise estimation

of the expe
ted 
hromati
 number of a random graph, thus giving an answer

to a problem that was open for many years

Theorem 1.3.6 With probability 1�o(1), the 
hromati
 number of a random

graph is

n

2 log

2

n

(1 + o(1)):

12



Proof: LetG be a random graph with a vertex set f1; : : : ; ng, m = n= log

2

2

n,

k

0

be a solution of

�

m

x

�

2

�

(

x

2

)

, k be the largest integer less or equal to k

0

� 4.

Suppose that X is an arbitrary m-element subset of the vertex set of G. The

subgraph indu
ed by G on X is a uniform random graph on X, and therefore

it follows from the pre
eding theorem that the probability that the subgraph

has no k 
lique is

exp(�
(m

2

= log

8

m)) = exp(�
(n

2+o(1)

)):

Therefore the probability that there exists an m-element set of verti
es

whi
h 
ontains no k-
lique is at most

 

n

m

!

exp(�
(n

2+o(1)

)) � exp(O(m � logn)) exp(�
(n

2+o(1)

)) = o(1):

We 
an therefore suppose that ea
h m element subset of verti
es 
ontains

a 
lique of size k. Sin
e the distribution of the 
omplement of G is the same

as the distribution of G, the probability that ea
h m-element set 
ontains

an independent set of size k is 1� o(1) as well. However, in this 
ase we 
an


olor G by n=k +m 
olors using the next algorithm

Z := the set of verti
es; i := 0;

while jZj � m do begin

S := an independent set of k verti
es of Z;

i := i+ 1; 
olor verti
es of S by i;

end; 
olor verti
es of Z by de�erent 
olors;

|

1.4 Rapidly mixing Markov 
hains

Several interesting probabilisti
 approximation algorithms were obtained us-

ing random walks in a 
ertain spa
e. Suppose that V is a set of known size

and A � V su
h that the membership problem for A is not too diÆ
ult. We


an approximate the size of A as follows: de�ne a random walk pro
ess in

V in su
h a way that if t is suÆ
iently large, probabilities p

t

(x) that after

t steps of the walk we are in x 2 V are approximately the same. Repeat

a random walk m times, and denote by k the number of walks that arrive

13



into an element of A after t steps. If m is suÆ
iently large, then k=m is a

good approximation of jAj=jV j, and therefore jAj 
an be approximated by

jV jk=m.

We will show later that a permanent of a given matrix 
an be approxi-

mated in polynomial time using an algorithm of this type.

The eÆ
ien
y of random walk algorithm depends strongly on ne
essary

values of t and m. While bounds to m 
an be obtained using the Cherno�

bound, it is mu
h more 
ompli
ated to obtain good bounds to t. The tool

whi
h we will use is 
alled a rapidly mixing Markov 
hain.

De�nition 1.4.1 A matrix P = (p

ij

)

i;j=1;:::

is 
alled sto
hasti
 if

n

X

j=1

p

ij

= 1 for all i = 1; : : : ; n:

A sto
hasti
 matrix P with non-negative elements 
an be viewed as a

matrix of transition probabilities of a random walk on an n-element set X =

f1; : : : ; ng : elements of X denote pla
es that 
an be visited during the walk,

and the probability that we move from x

i

to x

j

is p

ij

. The probability of

transition x

i

! x

j

does not depend on the way that lead us to x

i

.

A distribution of a random walk des
ribed by P is a fun
tion e : X ! [0; 1℄

su
h that

P

n

i=1

e(i) = 1 (i.e. (X; e) forms a probability spa
e). e(x

i

) is

interpreted as a probability that we are in a state i, and will be denoted

simply by e

i

. Initial position of the walk is usually su
h that e

i

= 1 for some

i. A random walk is des
ribed by a sequen
e e

(0)

; e

(1)

; : : : of positions su
h

that e

(k)

= e

(k�1)

P , i.e.

e

(k)

i

=

n

X

j=1

e

(k�1)

j

p

ji

:

We say that a Markov 
hain P = (p

ij

) is strongly aperiodi
 if p

ii

> 0

for ea
h i = 1; : : : ; n, and is irredu
ible if the dire
ted graph with the vertex

set X and edges represented by all pairs (i; j) su
h that p

ij

> 0 is strongly


onne
ted. In other words, P is irredu
ible if for ea
h i; j = 1; : : : ; n there

is a sequen
e i = i

0

; : : : ; i

m

= j su
h that p

i

k�1

i

k

> 0 for k = 1; : : : ; m. The

stationary distribution of a Markov 
hain P is a ve
tor � su
h that � = �P

(i.e. �

i

=

P

n

i=j

�

j

p

ji

for i = 1; : : : ; n),

P

i

�

i

= 1 and �

i

� 0 for i = 1; : : : ; n.

The 
lassi
al theory of Markov 
hains shows that a strongly aperiodi


irredu
ible Markov 
hain has always a unique stationary distribution � su
h

14



that all �

i

are greater than 0, and if e is an arbitrary distribution and we

de�ne e(0) = e, e

(t+1)

= e

(t)

P , then the sequen
e e

(0)

; e

(1)

; : : : 
onverges to

the stationary distribution. The aim of this se
tion is to prove that, under

some 
onditions, the 
onvergen
e is suÆ
iently fast.

The requirement of irredu
ibility will be satis�ed in all our appli
ations.

If P is not strongly aperiodi
, then we usually repla
e it by the 
hain with

matrix (I + P )=2, where I is the unity matrix. Note that �

i

is a stationary

distribution of P if and only if it is a stationary distribution of (I + P )=2.

However, it might happen that the sequen
e of distributions de�ned by

e

(t+1)

= e

(t)

(I + P )=2 
onverges to �, while the sequen
e e

(t+1)

= e

(t)

P does

not, see e.g. the matrix

P =

�

0 1

1 0

�

:

Therefore we will study properties of a sequen
e de�ned by e

(t+1)

= e

(t)

(I +

P )=2, where P is a given irredu
ible 
hain.

From now on, � will denote the stationary distribution. We will also

denote w

ij

= �

i

p

ij

.

Given a ve
tor e, we will denote by ê the ve
tor with 
oordinates ê

i

=

(e

i

� �

i

)=�

i

. The norm of a ve
tor e is de�ned by

kek

2

=

n

X

i=1

�

i

ê

2

i

=

n

X

i=1

(e

i

� �

i

)

2

�

i

:

Note that

n

X

j=1

w

ij

=

n

X

j=1

w

ji

= �

i

for ea
h i = 1; : : : ; n;

be
ause

X

j

w

ij

=

X

j

�

i

p

ij

= �

i

X

j

p

ij

= �

i

=

X

j

�

j

p

ji

=

X

j

w

ji

:

Given A � X, denote

C(A) =

X

i2A

�

i

; F (A) =

X

i2A

X

j =2A

w

ij

:

Note that C(A) = 1� C(X � A),

F (A) +

X

i;j2A

w

ij

=

X

i2A

X

j

w

ij

=

X

i2A

X

j

w

ji

=

15



=

X

i;j2A

w

ji

+

X

i2A

X

j =2A

w

ji

=

X

i;j2A

w

ij

+ F (X � A);

whi
h implies F (A) = F (X � A) for ea
h A � X.

From now on we will suppose that F (A) � �C(A) for ea
h A � X su
h

that C(A) � 1=2. Let e = (e

1

; : : : ; e

n

) be a ve
tor, S

k

be the set of all

integers i su
h that 1 � i � k.

We will prove �rst

Lemma 1.4.2 If there is r su
h that 0 � r < n, C(S

r

) � 1=2, and e

1

�

e

2

� : : : � e

r

� e

r+1

= : : : = e

n

= 0, then

n

X

i;j=1

w

ij

je

2

i

� e

2

j

j � 2�

n

X

i=1

�

i

e

2

i

:

Proof:

X

ij

w

ij

je

2

i

� e

2

j

j =

X

i<j

w

ij

(e

2

i

� e

2

j

) +

X

i<j

w

ji

(e

2

i

� e

2

j

) =

=

X

i<j

w

ij

X

i�k<j

(e

2

k

� e

2

k+1

) +

X

i<j

w

ji

X

i�k<j

(e

2

k

� e

2

k+1

) =

=

n�1

X

k=1

(e

2

k

� e

2

k+1

)

X

i�k

k<j

w

ij

+

n�1

X

k=1

(e

2

k

� e

2

k+1

)

X

i�k

k<j

w

ji

=

=

r

X

k=1

(e

2

k

� e

2

k+1

) [F (S

k

) + F (X � S

k

)℄ =

= 2

r

X

k=1

(e

2

k

� e

2

k+1

)F (S

k

) �

� 2�

r

X

k=1

(e

2

k

� e

2

k+1

)C(S

k

) = 2�

r

X

i=1

e

2

i

�

i

= 2�

n

X

i=1

�

i

e

2

i

:

|

As a 
onsequen
e we obtain

Lemma 1.4.3 If there is r su
h that 0 � r < n, C(S

r

) � 1=2, and e

1

�

e

2

� : : : � e

r

� e

r+1

= : : : = e

n

= 0, then

n

X

i;j=1

w

ij

(e

i

� e

j

)

2

� �

2

X

i

�

i

e

2

i

:
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Proof: Sin
e e

2

i

+ e

2

j

=

1

2

[(e

i

+ e

j

)

2

+ (e

i

� e

j

)

2

℄ � (e

i

+ e

j

)

2

=2,

X

ij

w

ij

(e

i

+ e

j

)

2

� 2

X

ij

w

ij

(e

2

i

+ e

2

j

) = 2

X

i

e

2

i

X

j

w

ij

+ 2

X

j

e

2

j

X

i

w

ij

=

= 2

X

i

�

i

e

2

i

+ 2

X

j

�

j

e

2

j

= 4

X

i

�

i

e

2

i

;

and using the pre
eding lemma and the Cau
hy-S
hwartz inequality, we ob-

tain

X

ij

w

ij

(e

i

� e

i

)

2

�

P

ij

w

ij

(e

i

� e

j

)

2

P

ij

w

ij

(e

i

+ e

j

)

2

4

P

i

�

i

e

2

i

�

�

h

P

ij

w

ij

je

i

� e

j

j(e

i

+ e

j

)

i

2

4

P

i

�

i

e

2

i

=

=

h

P

ij

w

ij

je

2

i

� e

2

j

j

i

2

4

P

i

�

i

e

2

i

�

�

4�

2

[

P

i

�

i

e

2

i

℄

2

4

P

i

�

i

e

2

i

= �

2

X

i

�

i

e

2

i

:

|

Lemma 1.4.4 Denote S

+

= fi j e

i

> 0g, S

�

= fi j e

i

< 0g. If both

C(S

+

) � 1=2 and C(S

�

) � 1=2, then

n

X

i;j=1

w

ij

(e

i

� e

j

)

2

� �

2

X

i

�

i

e

2

i

:

Proof: Put e

+

i

= max(e

i

; 0), e

�

i

= max(�e

i

; 0). It follows from the pre
eding

lemma that the inequality of the present lemma holds for both e

+

and e

�

.

Therefore

X

ij

w

ij

(e

i

� e

j

)

2

�

X

ij

w

ij

(e

+

i

� e

+

j

)

2

+

X

ij

w

ij

(e

�

i

� e

�

j

)

2

�

� �

2

X

i

�

i

(e

+

i

)

2

+ �

2

X

i

�

i

(e

�

i

)

2

= �

2

X

i

�

i

e

2

i

:

|

Finally, we obtain
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Theorem 1.4.5 If e = (e

1

; : : : ; e

n

) is a distribution, then

n

X

i;j=1

w

ij

(ê

i

� ê

j

)

2

� �

2

X

i

�

i

ê

2

i

:

Proof: Note that

X

i

�

i

ê

i

=

X

i

(e

i

� �

i

) =

X

i

e

i

�

X

i

�

i

= 1� 1 = 0:

Choose 1 � m � n su
h that C(S

m�1

) �

1

2

< C(S

m

), and put f

i

= ê

i

� ê

m

.

In view of the pre
eding lemma applied to f instead of e,

n

X

i;j=1

w

ij

(ê

i

� ê

j

)

2

=

n

X

i;j=1

w

ij

(f

i

� f

j

)

2

� �

2

X

i

�

i

(ê

i

� ê

m

)

2

�

� �

2

X

i

�

i

ê

2

i

� 2�

2

ê

m

X

i

�

i

ê

i

= �

2

X

i

�

i

ê

2

i

:

|

Theorem 1.4.6 Let e = (e

1

; : : : ; e

n

) be a distribution, Q = (I+P )=2. Then

kek

2

� keQk

2

�

1

4

n

X

i;j=1

w

ij

(ê

i

� ê

j

)

2

:

Proof:

kek

2

=

X

i

�

i

ê

2

i

=

1

2

0

�

X

i

ê

2

i

X

j

w

ij

+

X

i

ê

2

i

X

j

w

ji

1

A

=

=

1

2

0

�

X

i

ê

2

i

X

j

w

ij

+

X

j

ê

2

j

X

i

w

ij

1

A

=

X

ij

w

ij

ê

2

i

+ ê

2

j

2

;

if h = eP , k = e(I + P )=2, then

ê

j

=

1

�

j

ê

j

X

i

w

ij

=

1

�

j

X

i

w

ij

ê

j

;

^

h

j

=

1

�

j

(h

j

� �

j

) =

1

�

j

(

X

i

e

i

p

ij

�

X

�

i

p

ij

) =
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=

1

�

j

X

i

w

ij

�

i

(e

i

� �

i

) =

1

�

j

X

i

w

ij

ê

i

;

^

k

j

=

k

j

� �

j

�

j

=

1

2�

j

[(e

j

+ h

j

)� 2�

j

℄ =

1

2�

j

[(e

j

� �

j

) + (h

j

� �

j

)℄ =

=

ê

j

+

^

h

j

2

=

1

�

j

X

i

w

ij

ê

i

+ ê

j

2

;

the 
onvexity of f(x) = x

2

implies that

k

^

kk

2

=

X

j

�

j

^

k

2

j

=

X

j

�

j

 

X

i

w

ij

�

j

ê

i

+ ê

j

2

!

2

�

X

j

�

j

X

i

w

ij

�

j

 

ê

i

+ ê

j

2

!

2

=

=

X

ij

w

ij

 

ê

i

+ ê

j

2

!

2

;

and therefore

kek

2

� kkk

2

�

X

ij

w

ij

2

4

ê

2

i

+ ê

2

j

2

�

 

ê

i

+ ê

j

2

!

2

3

5

=

X

ij

w

ij

 

ê

2

i

4

�

ê

i

ê

j

2

+

ê

2

j

4

!

=

=

1

4

X

ij

w

ij

(ê

i

� ê

j

)

2

:

|

Theorem 1.4.7 Let e = (e

1

; : : : ; e

n

) be a distribution, de�ne distributions

e

(0)

; e

(1)

; : : : by

e

(0)

= e; e

(t+1)

= e

(t)

I + P

2

:

Then

ke

(t)

k

2

� ke

(0)

k

2

 

1�

�

�

2

�

2

!

t

:

Proof: It follows from the pre
eding two theorems that

ke

(t)

k

2

� ke

(t+1)

k

2

�

1

4

X

ij

w

ij

(ê

(t)

i

� ê

(t)

j

)

2

�

1

4

�

2

ke

(t)

k

2

;
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ke

(t+1)

k

2

�

 

1�

�

2

4

!

ke

(t)

k

2

:

|

The largest 
onstant � su
h that F (A) � �C(A) for ea
h A � X su
h

that C(A) � 1=2 is 
alled a 
ondu
tivity of the 
hain P . Theorem 1.4.7

shows that the 
onvergen
e of a random walk determined by (I + P )=2 is

fast, provided the 
hain P has a suÆ
iently large 
ondu
tivity.

A rapid mixing property of a 
hain with large 
ondu
tivity similar to

Theorem 1.4.7 
an be proved in another way, using spe
tral theory, if the


hain is time reversible, whi
h means that w

ij

= w

ji

(or equivalently �

i

p

ij

=

�

j

p

ji

) for ea
h i; j = 1; : : : ; n.

Let D

1=2

be a diagonal matrix with diagonal (

p

�

1

; : : : ;

p

�

n

). The time

reversibility is equivalent to the requirement that A = D

1=2

PD

�1=2

is sym-

metri
, where D

�1=2

is the inverse of D

1=2

, be
ause

A

ij

= p

ij

s

�

i

�

j

:

It is well known that eigenvalues of a symmetri
 matrix are all real, and

if �

1

� : : : � �

n

are eigenvalues of D

1=2

PD

�1=2

(ea
h appearing with its mul-

tipli
ity), we 
an 
hoose left eigenve
tors e

(i)

of D

1=2

PD

�1=2


orresponding

to �

i

so that they form an orthonormal basis. It is easy to 
he
k that

D

1=2

PD

�1=2

=

n

X

i=1

�

i

(e

(i)

)

T

e

(i)

(T used for the transpose), be
ause multiplying both sides by any e

(j)

from

left gives the same ve
tors equal to �

j

e

(j)

. Denote E

(i)

= (e

(i)

)

T

e

(i)

. Sin
e

obviously E

(i)

E

(j)

= 0 for i 6= j and E

(i)

E

(i)

= E

(i)

, this representation of A

is extremely well suited for 
omputing powers:

A

k

=

n

X

i=1

�

k

i

(e

(i)

)

T

e

(i)

:

and hen
e

P

k

= D

�1=2

A

k

D

1=2

=

n

X

i=1

�

i

(D

�1=2

(e

(i)

)

T

e

(i)

D

1=2

):
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Now let us look more 
losely to the eigenvalues of P and A (whi
h are

the same). We know that the stationary distribution is a left eigenve
tor of

P with eigenvalue �

1

= 1. The left eigenve
tor of A 
orresponding to the

eigenvalue �

1

= 1 is �D

�1=2

, i.e. the ve
tor (

p

�

1

; : : : ;

p

�

n

). By standard

theory of non-negative matri
es, the remaining eigenvalues of A verify j�

i

j <

1 for i = 2; : : : ; n. Therefore if we denote P

k

= (p

(k)

ij

), then

p

(k)

uv

=

n

X

i=1

s

�

v

�

u

�

k

i

e

(i)

u

e

(i)

v

= �

v

+

s

�

v

�

u

n

X

i=2

�

k

i

e

(i)

u

e

(i)

v

;

and therefore if e

(0)

is a distribution and e

(t+1)

= e

(t)

P , then

max

u

�

�

�

�

�

e

(t)

u

� �

u

�

u

�

�

�

�

�

� max

u;v

�

�

�

�

p� �

u

�

u

�

�

�

�

= max

u;v

j

P

n

i=2

�

t

i

e

(i)

u

e

(i)

v

j

p

�

u

�

v

�

� j�

2

j

max

u;v

P

n

i=2

je

(i)

u

jje

(i)

v

j

min

u

�

u

�

j�

2

j

min

u

�

u

:

2 Average 
ase 
ompleteness

2.1 Basi
 de�nition

The aim of this 
hapter is to present the theory of average 
ase 
omplete-

ness, that was started by one-page paper of L.Levin [9, 10℄ as an analog of

the (worst-
ase) NP-
ompleteness theory. The 
hapter is divided into four

parts. The �rst se
tion deals with main de�nitions and simple properties of

introdu
ed 
omplexity 
lasses. The se
ond one brings Levin's proof of the

existen
e of a 
omplete problems in the 
lass of problems with polynomi-

ally 
omputable distribution. The third se
tion shows that problems with

samplable distribution 
an be redu
ed to problems with polynomially 
om-

putable distribution. The last part of the 
hapter shows some problems hard

on average, that are known to date.

Whenever we are studying the average 
ase behavior of algorithm, we

have to make some assumptions on the probabilisti
 distribution of inputs.

The next de�nitions follow [4, 6℄.
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De�nition 2.1.1 An alphabet is a �nite ordered set A. A word over an

alphabet is a sequen
e u = u

1

: : : u

k

of elements of A. k is the length of u,

and is denoted by juj. Given words u = u

1

: : : u

k

, v = v

1

: : : v

`

, we write u < v

if either k < ` or k = ` and there is j, 1 � j � k su
h that u

i

= v

i

for i < j,

and u

j

< v

j

. A su

essor of w, i.e. the smallest among words larger than w

is denoted by w

+

.

De�nition 2.1.2 A probability fun
tion over an alphabet A is a nonnega-

tive real valued fun
tion � on A

�

su
h that

P

w2A

�
�(w) = 1. The fun
tion

�

�

(w) =

P

v<w

�(v) is the probability distribution 
orresponding to �.

We suppose that a sum over the empty set is 0, i.e. �

�

(�) = 0. Note that

�(w) = �

�

(w

+

) � �

�

(w). De�nition of probability fun
tion is nothing else

than a rede�nition of a probability spa
e. Therefore if f is any real-valued

fun
tion de�ned on A

�

, we 
an determine its moments, e.g. its expe
tation.

Espe
ially, f might represent the running time of an algorithm; in this 
ase

the expe
tation of f is 
alled the average running time of the algorithm. Sim-

ilarly as in the theory of NP-
ompleteness, we are interested in algorithms

with polynomially bounded running time.

De�nition 2.1.3 We say that a nonnegative real valued fun
tion de�ned on

A

�

is polynomial on average with respe
t to a probability fun
tion �, if

X

w2A

�

f

1=k

(w)

jwj

�(w) <1

for some k.

It is obvious that

Lemma 2.1.4 If a fun
tion f is bounded by a polynomial, then f is polyno-

mial on average with respe
t to any probability fun
tion.

This de�nition makes it possible to de�ne problems that 
an be solved in

polynomially bounded average time as follows

De�nition 2.1.5 A distributed problem over alphabet A is a 
ouple (L; �),

where L � A

�

, and � is a probabilisti
 fun
tion over A.
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We say that a distributed problem (L; �) over A 
an be solved (determin-

isti
ally) in polynomial average time, if there is a deterministi
 algorithm

a

epting the language L su
h that the running time of this algorithm is poly-

nomial on average with respe
t to the probability fun
tion �.

The 
lass of distributed problems that are solvable deterministi
ally in

polynomially bounded average time will be denoted by P

ave

.

Similarly as in the 
lassi
al theory of NP-
ompleteness, we need a notion

of a redu
tion of one problem to another su
h that if a problem P

1


an be

redu
ed to P

2

, and P

2

2 P

ave

then P

1

2 P

ave

as well.

De�nition 2.1.6 Given probability fun
tions �

1

, �

2

over an alphabet A, we

write �

1

� �

2

if there exists a polynomial p su
h that �

1

(w) � �

2

(w)p(jwj)

for ea
h w 2 A

�

.

If � is a probability fun
tion over A

1

, and f : A

�

1

! A

�

2

is a fun
tion,

then we denote by f(�) a probability fun
tion on A

2

de�ned by f(�)(w) =

P

f(v)=w

�(v).

Re
all again that the sum over the empty set of terms is 0. An important

observation is that

Lemma 2.1.7 If a fun
tion f is polynomial on average with respe
t to �

2

and �

1

� �

2

, then f is polynomial on average with respe
t to �

1

as well.

Proof: There is k su
h that

P

w

f

1=k

(w)jwj

�1

�

2

(w) < 1, and there is a

polynomial p su
h that �

1

(w) � �

2

(w)p(jwj). Put ` = k(1 + deg(p)), and

de�ne W as the set of all w 2 A

�

su
h that

f

1=`

(w)p(jwj) � f

1=k

(w):

Then

X

w2W

f

1=`

(w)

jwj

�

1

(w) �

X

w2W

f

1=`

(w)

jwj

p(jwj)�

2

(w) �

X

w2W

f

1=k

(w)

jwj

�

2

(w) <1;

while w =2 W implies

f

1=k

(w) < f

1=`

(w)p(jwj); f

1=k�1=`

(w) � p(jwj); f

`�k

`k

(w) � p(jwj);
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f

1=`

(w) � p

k

`�k

(w) = p

1

deg(p)

(w) � C

for some 
onstant C, and therefore

X

w=2W

f

1=`

(w)

jwj

�

1

(w) �

X

w=2W

C�

1

(w) � C:

|

De�nition 2.1.8 Given distributed problems P

1

= (L

1

; �

1

) over an alphabet

A

1

, and P

2

= (L

2

; �

2

) over A

2

, we say that P

1

redu
es to P

2

, if there is a

fun
tion � : A

�

1

! A

�

2

su
h that

� � 
an be 
omputed deterministi
ally in polynomially bounded worst 
ase

time,

� w 2 L

1

if and only if �(w) 2 L

2

, and

� �(�

1

) � �

2

.

If C is a 
lass of distributed problems, we say that a distributed problem P is

hard for C, if any problem in C redu
es to P , and is 
omplete for C, if it is

hard for C, and is a member of C.

As a 
orollary of Lemma 2.1.7, we obtain

Lemma 2.1.9 If P

1

= (L

1

; �

1

) redu
es to P

2

= (L

2

; �

2

) and P

2

2 P

ave

, then

P

1

2 P

ave

as well.

Proof: Let � be a redu
tion of P

1

to P

2

in the sense of Lemma 2.1.8. There is

an algorithm A solving the problem L

2

in time t su
h that t is polynomial on

average with respe
t to �

2

. It follows from Lemma 2.1.7 that t is polynomial

on average with respe
t to �(�

1

), too. This means that if T (w) is the time

that A needs when applied to �(w), then T is polynomial on average with

respe
t to �

1

. Sin
e � 
an be 
omputed in polynomial worst 
ase time, the


omposition of � and A is an algorithm that solves L

1

in time polynomial

on average with respe
t to �

1

. |

Finally we need a distributed analog to the 
lassi
al 
lassNP of problems

solvable nondeterministi
ally in polynomial time. We will de�ne the 
lassNP

in a slightly unusual way, whi
h is however equivalent to the 
lassi
al one.
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De�nition 2.1.10 The 
lass NP is a 
olle
tion of all L � f0; 1g

�

su
h that

there is a polynomial p, and a fun
tion � : f0; 1g

�

! f0; 1g

�


omputable in

polynomially bounded worst 
ase deterministi
 time su
h that u 2 L if and

only if u = �(w) for some w 2 f0; 1g

�

su
h that jwj � p(juj). The string w

is 
alled a witness of membership of u in L.

The 
lass DNP is a 
olle
tion of all distributed problems (L; �) su
h that

L 2 NP.

The de�nition is equivalent to the 
lassi
al one, be
ause we 
an test the

membership of u in the range of � by generating nondeterministi
ally all

strings w of the length at most p(juj) and 
he
king whether u = �(w); on

the other hand, a nondeterministi
 ma
hine 
an be viewed as a deterministi


algorithm with two inputs: the input itself, and a sequen
e telling how to


ontinue in nondeterministi
 forks, and if L is a

epted by a nondeterministi


algorithm A, then � be a fun
tion that applied to (suitable en
oded) pair

(u; w) simulates 
omputation of A with inputs u and w, and outputs u i� the


orresponding 
omputational path of A a

epts, otherwise outputs a �xed

word u

0

2 L.

The de�nition of DNP is too weak, be
ause we assume no 
ondition

on the probability fun
tion �. We will now de�ne two important 
lasses of

probability fun
tions.

De�nition 2.1.11 The uniform probability fun
tion on A

�

is de�ned by

�(w) =

jAj

�jwj

(jwj+ 1)(jwj+ 2)

:

We say that a probability fun
tion � on A

�

is P -distributed, if it is a

rational valued fun
tion su
h that �

�


an be 
omputed deterministi
ally in

polynomially bounded worst 
ase time.

A fun
tion f is 
alled polynomially approximable if there is a fun
tion

g = g(x; ") su
h that g(x; ") 
an be 
omputed in time polynomial in jxj and

"

�1

, and jf(x)� g(x; ")j < " for ea
h x 2 f0; 1g

�

and " > 0.

We say that � is samplable, if � = f(�), where � is a P -distributed

probability fun
tion on A

�

, and f : A

�

! A

�

is a polynomially approximable

fun
tion.

We say that a problem (L; �) 2 DNP is P -distributed, samplable, resp.

if � is P -distributed, samplable, resp.
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Lemma 2.1.12 The uniform probability fun
tion is well de�ned and P -

distributed.

Proof: Let � be the uniform probability fun
tion on A

�

.

s

n

=

X

jwj=n

�(w) =

1

(n+ 1)(n+ 2)

=

1

n+ 1

�

1

n+ 2

;

s

0

+ � � �+ s

n

= 1�

1

n+ 2

;

1

X

i=0

s

i

= 1:

This also shows that if w = w

1

: : : w

n

, then

�

�

(w) = 1� (n+ 1)

�1

+ (jAj

n�1

w

1

+ � � �+ jAjw

n�1

+ w

n

)jAj

�n

;

whi
h is an easily 
omputable fun
tion. |

Note that any P -distributed probability fun
tion is samplable (use the

identity fun
tion f in the de�nition of a samplable fun
tion).

The notion of P -distributed problem is very restri
tive, be
ause even the

requirement of polynomial time 
omputability of � would be too strong.

A 
lassi
al example of a P -distributed probability fun
tion is the uniform

distribution (see below), but many other important distributions are not

P -distributed. However, it is quite easy to show that there is a problem


omplete in the 
lass of P -distributed DNP problems.

On the other hand, samplable fun
tions are exa
tly those that are inter-

esting from pra
ti
al point of view. Roughly speaking, they represent the

probability distribution of outputs of a randomized polynomial worst 
ase

time algorithm, using a P -distributed (e.g. uniform) random bits. Again, it

is not very diÆ
ult to prove that there is a 
omplete problem of the 
lass

of samplable DNP problems. However, Impagliazzo and Levin have shown

[7℄ mu
h stronger result, namely that if we generalize the notion of redu
-

tion of distributed problem, then there is a P -distributed problem, whi
h is


omplete for the 
lass of all samplable DNP problems.

We 
on
lude this se
tion by a short dis
ussion of relation of our de�nitions

to a usual way of analyzing the expe
ted 
ase behavior. Quite often we

de�ne a probability fun
tions separately for strings of a given length, i.e.
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we have a 
olle
tion of fun
tions �

i

: f0; 1g

i

! [0; 1℄. We 
an transform

this 
olle
tion to a probability fun
tion by De�nition 2.1.2 by 
hoosing a

fun
tion h : f0; 1; : : : ; g ! [0; 1℄ su
h that

P

1

i=0

h(i) = 1, and put �(w) =

�

jwj

(w)h(jwj).

Conversely, if � is a probability fun
tion, we 
an put h(i) =

P

jwj=i

�(w),

�

i

(w) = h

�1

(i)�(w) for ea
h w su
h that jwj = i (the only problem is the


ase when h(i) = 0, but in this 
ase �

i


an be 
hosen arbitrarily, be
ause it

has no in
uen
e on �).

If p

1

is a polynomial, p

2

is a fun
tion bounded from below by a polynomial,

and

P

1

i=0

h

1

(i) =

P

1

i=0

h

2

(i) = 1, where h

i

= p

�1

i

, then if �

i

are obtained from

a sequen
e f

0

; f

1

; : : : of probability fun
tions by h

i

, then �

2

� �

1

. Espe
ially

if p

2

is a polynomial, too, then there are no di�eren
es between 
lasses of

fun
tions polynomial on average with respe
t to both �

1

and �

2

. Espe
ially,

it was not important whi
h polynomial was used in the de�nition of the

uniform distribution (the advantage of n(n + 1) are low degree and the fa
t

that

P

[n(n + 1)℄

�1

= 1.

There are several possible ways of de�ning the notion of \polynomial

on average", whi
h are not equivalent. Frequently used de�nitions are to

require that

P

w

f(w)jwj

�k

�(w) <1, or

P

jwj=n

f(w)�

n

(w) = O(n

k

) for some

k. They are weaker then De�nition 2.1.2 (see example below), but their

disadvantage is that they do not give a robust notion of polynomiality on

average. Suppose that t is running time of an algorithm, assuming RAM as

a model of 
omputation. The same algorithm on a Turing ma
hine might

require t

2

time, and therefore it would be good, if t is polynomial on average

if and only if t

2

is. However, if for ea
h n t(w) = 2

n

for one �xed string

of the length n (e.g. for the �rst one of length n), and 0 otherwise, then t

is polynomial on average with respe
t to the uniform distribution, but t

2

is

not.

2.2 Levin's theorem

In this paragraph we will prove that the problem de�ned below is 
omplete

for the 
lass of P -distributed DNP problems.

In order to formulate the problem, we have to 
hoose a way of en
oding

deterministi
 Turing ma
hines by strings. Without loss of generality we

suppose a one-tape Turing ma
hine with input alphabet f0; 1;#g, set of

states f0; : : : ; k � 1g for some k, 0 being the terminal state, 1 the initial
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state. An instru
tion of su
h a ma
hine is a 5-tuple (s; a; t; b; 
), indi
ating

that if the ma
hine is in the state s, and its head reads a, then the ma
hine


hanges its state to t, writes b on the tape, and the head moves left, right,

or stays, resp. if 
 = 0; 1;#, resp. Su
h an instru
tion 
an be en
oded by a

string of (2dlog

2

ke+3) elements of the alphabet f0; 1;#g by repla
ing states

s; t by numbers s; t written in binary. An en
oding of the ma
hine is then

a string I

1

jI

2

j : : : jI

`

, where I

i

are en
odings of its single instru
tions. It is


lear that any ma
hine is en
oded by at least one string, and it is easy to

determine whether a string over f0; 1;#; jg en
odes a Turing ma
hine.

We prove 
ompleteness of a restri
ted version of the halting problem. The

language L is the 
lass of words of the form (x#M#0

T

), where x 2 f0; 1g

�

,

M is an en
oding of a deterministi
 Turing ma
hine with input alphabet

f0; 1;#g, T is a natural number, and there is a string w 2 f0; 1g

�

(the

witness), su
h that the ma
hine M a

epts the string x#w in at most T

steps.

These language are 
learly in NP, be
ause it is easy to �nd out whether

the string is in the form (x#M#0

T

), to extra
t x, M , and T , guess w, and

simulate 
omputation of M with the input x#w for T steps. Sin
e the time

bound T is given in unary notation, this algorithm runs 
learly in worst 
ase

time bounded by a polynomial in the length of the input.

We put

�(x) =

2 � 2

�juj

4

�jvj

(jxj+ 2)(jxj+ 1)jxj(jxj � 1)

if x = u#v#0

T

, u 2 f0; 1g

�

, v 2 f0; 1;#; jg, �(x) = 0 otherwise. Note that

the fun
tion is very \wild" on any 
lass of strings of the same length, be
ause

the halting problem is algorithmi
ally unsolvable, and therefore there is no


omputable bound to T in terms of juj, whi
h means that u-part of long

strings from L

0


an be short or long, i.e. likely or unlikely.

We have to show that � is well de�ned and P -distributed. Let s

n;i;j

be the sum of �(x) over all x = u#v#O

T

, su
h that u 2 f0; 1g

�

, v 2

f0; 1;#; jg, juj = i, jvj = j, jxj = n, 0 � i; j, i + j � n � 2. Then obviously

s

n;i;j

= 2((n+ 2)(n+ 1)n(n� 1))

�1

, and sin
e there are n(n� 1)=2 possible


ombinations of nonnegative i; j su
h that i+ j � n� 2,

X

jxj=n

�(x) =

1

(n+ 1)(n+ 2)

=

1

n+ 1

�

1

n+ 2

;
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�

�

(O

jxj

) =

X

jxj�n

�(x) = 1�

1

n + 2

;

X

x

�(x) = 1;

and it is not diÆ
ult to evaluate �

�

(x) for general x.

The proof of 
ompleteness of this problems follows easily from the next

te
hni
al lemma:

Lemma 2.2.1 Let � be a P -distributed probability fun
tion on f0; 1g

�

. Then

there exist two fun
tions f; g : f0; 1g

�

! f0; 1g

�

and a polynomial h su
h that

� g(f(x)) = x for ea
h x 2 f0; 1g

�

,

� f(x) 
an be 
omputed in time h(x),

� g(x) is 
omputable in time O(h(jxj+ jg(x)j)), and

� �(x) � 4 � 2

�jf(x)j

for ea
h x 2 f0; 1g

�

.

We will prove the lemma later, �rst we will show how it implies the

following

Theorem 2.2.2 The above de�ned halting problem (L; �) is 
omplete for the


lass of P -distributed DNP problems.

Proof: We already know that L 2 NP, and �

�


an be 
omputed in polyno-

mial time.

Suppose that (L; �) is a P -distributed DNP problem. There exists a

polynomial time bounded Turing ma
hineM, and a polynomial p su
h that

x 2 L i� M a

epts x#w for some w 2 f0; 1g

�

, jwj � p(jxj. Let f; g be

fun
tions from Lemma 2.2.1, and M be an en
oding of an arbitrary Turing

ma
hine that works in the following way: given a word x#w, x; w 2 f0; 1g,


ompute g(w), and then apply M to g(x)#w. Let k be a polynomial su
h

that if the ma
hine with des
ription M is applied to f(w), it �nishes in at

most k(jwj) steps. Su
h k exists, be
ause the running time of the ma
hine

is O(h(jf(w)j+ jwj)) + O(p(jwj). It is 
lear that w 2 L i� M a

epts w in

time p(jwj), whi
h is if and only if the ma
hine en
oded by M a

epts f(w)

in time k(jwj).

Put �(w) = (f(w)#M#0

k(jwj)

). The fun
tion � 
learly veri�es the 
on-

ditions of De�nition 2.1.8. |
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Now we give the proof of Lemma 2.2.1:

Given a string x = x

1

: : : x

k

2 f0; 1g

�

, denote by �(x) the rational number

with binary notation 0:x

1

: : : x

k

, i.e. the number

P

k

i=1

2

�i

x

i

, by I

x

the half-

open interval [�

�

(x); �

�

(x

+

)). Note that x

1

< x

2

, jx

1

j = jx

2

j implies �(x

1

) <

�(x

2

). If �(x) � 2

�jxj+1

, then put f(x) = 0x, otherwise f(x) = 1y, where y

is the shortest string over f0; 1g su
h that �(y) 2 I

x

. g(0y) = y, g(1y) is the

unique string z su
h that �(y) 2 I

z

.

First we have to show that f is well de�ned. Note that if y is the shortest

string su
h that �(y) 2 I

x

, and y is nonempty, that y ends by 1 (otherwise the

rightmost 0 
ould be deleted to get shorter string with the same value of �(y)).

Suppose that there are two shortest strings y

1

< y

2

su
h that �(y

1

); �(y

2

) 2 I

x

.

Then they are both nonempty, hen
e ending by 1, and y

3

obtained from y

2

by deleting the trailing 1 veri�es y

1

< y

3

< y

2

, �(y

1

) < �(y

3

) < �(y

2

), y

3

2 I

x

,

a 
ontradi
tion, be
ause y

3

is shorter than y

1

, y

2

.

It is 
lear that g(f(x)) = x for all x. The inequality of the lemma follows

from the observation that the width of I

x

is equal to �(x), and if it is large,

then I

x


ontains a number with short binary expansion. More pre
isely, there

are four possibilities

� if f(x) = 0x, then �(x) � 2

�jxj+1

, �(x) � 4 � 2

�(1+jxj)

= 4 � 2

�jf(x)j

,

� if f(x) = 1, then �(x) � 1 = 2 � 2

�jf(x)j

,

� if f(x) = 1

k

, k > 1, then �(1

k�2

) =2 I

x

, be
ause it is too short, and hen
e

�(1

k�2

) � �

�

(x), sin
e 1

k�2

< 1

k�1

, and �(1

k�1

) 2 I

x

, and therefore

�(x) = �

�

(x

+

)� �

�

(x) � 1� �

�

(x) � 1� �(1

k�2

) =

= 2

�(k�2)

= 4 � 2

�k

= 4 � 2

�jf(x)j

;

� if f(x) = 1y, y nonempty string 
ontaining 0, then y = z1, jzj = jz

+

j <

jyj, and therefore �(z); �(z

+

) =2 I

x

,

�(z) < �

�

(x) � �(y) < �

�

(x) + �(x) � �(z

+

);

�(x) � �(z

+

)� �(z) = 2

�jzj

= 4 � 2

�jf(x)j

;

Finally we have to show that both f and g are easily 
omputable, provided

�

�

is. f 
an be 
omputed as follows
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begin y := the empty string;

while �(y) < �

�

(x) do if �(y1) < �

�

(x

+

) then y := y1;

end;

It is 
lear that we have to put g(0y). In order to 
ompute g(1y), let

us note that 1

jzj�1

< z � 1

jzj

for ea
h z, and therefore if �(y) 2 I

z

, then

�

�

(1

jzj�1

) < �(y) � �

�

(1

jzj

), and therefore g(1y) 
an be obtained as follows

begin k := 0;

while �

�

(1

k

) < �(y) do k := k + 1;

z := the empty string;

for i := 1 to k do

if �

�

(z) < �(y) then z := z1 else z := z0;

end;

Now it is 
lear that it is suÆ
ient to be able to approximate �

�

(x) for

arbitrary x with pre
ision 2

�k

in time O(jxj+ k).

2.3 Samplable problems

We �rst show that there is a problem 
omplete for the 
lass of samplable

problems. The proof is based on the existen
e of the largest samplable prob-

ability fun
tion.

Lemma 2.3.1 Let � be a samplable probability fun
tion. Then there exists

a polynomially 
omputable fun
tion f su
h that � = f(U), where U is the

uniform probability fun
tion.

Proof:

|

Theorem 2.3.2 There is a samplable distribution �

0

, su
h that � � �

0

for

ea
h samplable fun
tion �.

Proof: Given a Turing ma
hineM and a polynomial p, letM jp be a ma
hine

that simulatesM , but as a result of the 
omputation we 
onsider the 
ontents

of the output tape after p(jwj) steps of the simulated ma
hine.

It is easy to �nd an en
oding of pairs (M; p) by strings from f0; 1g

�

su
h

that
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� ea
h pair (M; p) has at least one en
oding,

� it 
an be de
ided in polynomial time whether a given string en
odes

(M; p) for some Turing ma
hine M and polynomial p,

� if w en
odes (M; p), then M and p 
an be found in polynomial time.

Now, given a natural number i > 0, let w

i

be the string su
h that 1w

i

is

the binary representation of i. If w

i

is an en
oding of no (M; p), then �

i

is

the uniform probability fun
tion, otherwise �

i

is the samplable distribution,

generated by the ma
hine M jp and the uniform probability fun
tion.

Put

�

0

(x) =

1

X

i=1

�

i

(x)

2

i

:

It is 
lear that �

0

(x) 
an be evaluated with pre
ision " > 0 in time

polynomial in jxj and log 1=": it is suÆ
ient to evaluate �

i

(x) for 1 � i,

2

i

� 1" and add the terms together.

Moreover, �

i

(x)2

�i

� �

0

(x) for every �xed i, whi
h implies �

i

� �

0

. If

� is a samplable probability fun
tion, then � = f(�), where f is a fun
tion


omputable in polynomial time, and � is a P -distributed probability fun
-

tion. In view of the pre
eding lemma, � = g(U), where g is 
omputable in

polynomial time, and U is the uniform distribution. The 
omposition of g

and f 
an be 
omputed by some Turing ma
hine M in time bounded by a

polynomial p. Let w be the above des
ribed en
oding of the pair (M; p), i

be the number with binary representation 1w. Then � = �

i

, and therefore

� � �

0

. |

Theorem 2.3.3 There is a samplable distribution �

0

, su
h that (L; �

0

) is


omplete in the 
lass of samplable problems for any NP-
omplete problem L.

Proof: Let �

0

be the distribution from the previous theorem, L be an NP-


omplete problem. Suppose that (K;�) is a samplable problem, � = f(�),

where f is polynomially 
omputable, � is P -distributed, and let g be a poly-

nomially 
omputable redu
tion of K to L. Then g is also a redu
tion of

(K;�) to the samplable problem (L; h(�)), where h(x) = g(f(x)), and the

identity mapping redu
es (L; h(�)) to (L; �

0

). |

Samplable probability fun
tions represent mu
h larger 
lass than P -dis-

tributed ones. Let us suppose that a fun
tion g is de�ned as follows: if
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x = y#w, where y, w, resp. represent (under some en
oding) a graph G,

and a Hamiltonian 
y
le in G, then g(x) = y, otherwise g(x) is the empty

string. In this 
ase the task to determine �(y) for � = g(U), where U is the

uniform probability fun
tion, implies determining the number of Hamiltonian


y
les in the graph represented by y. Therefore the problem to determine the

value of a samplable probability fun
tion is #P-hard (and even the problem

if �(x) 6= 0 is NP-hard), as opposed to polynomial time 
omputability of

both � and �

�

for P -distributed fun
tions. It might therefore seem that

using samplable distributions one 
an 
onstru
t distributed problems, that

are more diÆ
ult that any P -distributed one. The aim of the paragraph is

to show that this is not true: there are P -distributed problems 
omplete for

the 
lass of samplable problems. In other words, samplable problems are

not more diÆ
ult than problems with P -distributed probability fun
tions.

However, we will need to generalize the notion of redu
tion of problems, as

de�ned in De�nition 2.1.8.

The redu
tion of a sour
e problem (L

1

; �

1

) to a target problem (L

2

; �

2

)

that will be studied in this paragraph is a randomized algorithm, and the

notion is more general than the redu
tion de�ned in Lemma 2.1.8. The

redu
tion 
onsists of two polynomial time 
omputable fun
tions �,  that

are used as follows: given a string x of the length k, 
on
atenate it with a

random string r 
hosen uniformly among 0,1-strings of the length p(k), where

p is a polynomial, 
ompute �(xr), try to �nd a witness w of membership

�(xr) 2 L

2

, and if w is found, then 
he
k if  (w) is a witness of membership

x 2 L

1

. It is obvious that if x =2 L

1

, then either �(xr) =2 L

2

or  (w) is not a

witness for x. Our aim is to 
onstru
t �,  so that the witness of x 2 L

1

is

found with reasonably large probability.

We will require that for ea
h string x there is a set G

x

� f0; 1g

p(k)

su
h

that

� jG

x

j �

2

p(k)

q(k)

for some polynomial q (i.e. it is suÆ
iently likely that r

hits G

x

),

� if r is \good", i.e. belongs to G

x

, then x 2 L

1

implies that �(xr) 2 L

2

and its witness maps to a witness of x by  

� the distribution of strings �(xr), x good, is 
onsistent with �

2

.

Note that we do not need to require that r 2 G

x

is easy to test; it is not

ne
essary to know when a random r is good, provided there is a guarantee
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that this happens often.

Now, let us give the formal de�nition of a generalized redu
tion

De�nition 2.3.4 Let P

1

= (L

1

; �

1

) and P

2

= (L

2

; �

2

) be distributed prob-

lems. We say that P

1

R-redu
es to P

2

, if there are polynomially 
omputable

fun
tions �,  , polynomials p, q, h and sets G

x

� f0; 1g

p(jxj)

, x 2 f0; 1g

�

,

su
h that

jG

x

j � q

�1

(jxj);

if x 2 L

1

, �

1

(x) > 0, and r 2 G

x

, then �(xr) 2 L

2

, and if w is a witness of

�(xr), then  (w) is a witness of x, and

X

(z;r)2S(x)

�

1

(z)2

�p(jzj)

� �

2

(x)h(jxj);

where S(x) is the set of all pairs (z; r) su
h that r 2 G

z

and �(zr) = x.

We say that a problem A is R-hard for a 
lass C, if any problem in C

R-redu
es to A, and we say that A is R-
omplete for C, if A 2 C and A is

hard for C.

Lemma 2.3.5 If � is a samplable distribution, then there is a polynomially


omputable length preserving fun
tion h : f0; 1g

�

! f0; 1g

�

su
h that � =

h(U), where U is the uniform distribution.

Proof:

|

Theorem 2.3.6 Any problem 
omplete for the 
lass of P -distributed prob-

lems is R-
omplete for the 
lass of samplable problems.

Proof: It is 
lear that a 
omposition of an R-redu
tion and redu
tion is

an R-redu
tion. Therefore it is suÆ
ient to �nd an R-redu
tion of any

samplable problem to some P -distributed problem.

Let P = (L; �

0

) be a samplable problem. In view of Lemma 2.3.5 there is

a polynomially 
omputable fun
tion h su
h that jh(x)j = jxj for ea
h x, and

�

0

= h(U), where U is the uniform distribution. Let f : f0; 1g

�

! f0; 1g

�

be

a polynomially 
omputable fun
tion su
h that x 2 L i� x = f(w) for some

w.
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Suppose that H

i;j

is a family of fun
tions from f0; 1g

i

into f0; 1g

j

. H

i;j

will be 
hosen so that they are universal hashing families in the sense of

Carter and Wegman [3℄. Espe
ially we will suppose that there are 
onstants

0 < 


1

; 


2

su
h that

� if S � f0; 1g

j

, jSj � 2

j�i

, then the probability that S interse
ts with

fh(x)jx 2 f0; 1g

i

g, where h 2 H

i;j

is 
hosen randomly with uniform

probability, is at least 


1

,

� given x 2 f0; 1g

i

, if h 2 H

i;j


hosen randomly with uniform probability,

then the probability that h(x) 6= h(y) for a arbitrary y 6= x is at least




2

,

Example of su
h a 
lass are fun
tions h(x) = ((ax + b) mod P ) mod 2

j

,

a = 1; : : : ; P�1, b = 0; : : : ; P�1, where P is a prime su
h that 2

i

� P � 2

i+1

.

Our target problem is de�ned as follows: its instan
es are represented

by tuples (n; k; y; h

1

; h

2

), where k � n are integers, y is a string of length k,

h

1

2 H

k;n

, h

2

2 H

n;k

su
h that for some x, w and s, jsj = k, f(w) = h(h

1

(r)),

and h

2

(f(w)) = y, see pi
ture.

w s

z

x

y

f

h

1

h

h

2

�

�

�

�

�

�R

?

�

�	

?

An R-redu
tion will be 
onstru
ted as follows: given a string x, put

n = jxj, 
hoose a random 1 � k � n, a random h

1

2 H

k;n

, a random

h

2

2 H

n;k

, and output (n; k; y; h

1

; h

2

), where y = h

2

(x).

A witness for (n; k; y = h

2

(x); h

1

; h

2

) 2 L

2

, are strings x, w, and s de-

s
ribed above. We will take w as a temptative witness of x 2 L

1

.

Let �

0

(x) > 0 (i.e. h

�1

(x) 6= ;). We will say that a randomization given

by k, h

1

, h

2

is good, if
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1. 2

n�k�1

� jh

�1

(x)j � 2

n�k

,

2. h

�1

(x) interse
ts with the range of h

1

, or, equivalently, x = h(h

1

(s))

for some s,

3. h

2

(x) = h

2

(z) for no z 6= x,

If x 2 L

1

and k, h

1

, h

2

are good, then x = f(w) for some w, and

x = h(h

2

(s)) for some s, whi
h implies that x, w, s represent a witness

for (n; k; h

2

(x); h

1

; h

2

). If another witness x

0

, w

0

, s

0

for (n; k; h

2

(x); h

1

; h

2

) is

found, then x = x

0

, and therefore w

0

is another witness for x = x

0

= f(w

0

) 2

L

1

. Therefore in this 
ase any witness for the image of x gives a witness for

x itself.

Given a string x, if k, h

1

, h

2

are good, then (n; k; h

2

(x); h

1

; h

2

) 
an not

be an image of another string, see 
ondition (3). Therefore the probability

that y = h

2

(x), where x is generated by � = h(U), is equal to

jh

�1

(x)j2

�n

� 2

n�k

2

�n

= 2

�k

;

but 2

�k

is the probability that a uniformly generated element of f0; 1g

k

is

equal to x. Therefore the distribution of the original and the target problems

are 
onsistent with our randomized redu
tion, restri
ted to good random

strings.

Finally, we will prove that k, h

1

, h

2

are good with probability 
(1=n):

� k veri�es (1) with probability 1=n.

� Sin
e probabilities that 
onditions (2), (3) hold are independent, it

follows from properties of 
lasses H

i;j

that they are ful�lled with prob-

ability at least 


1




2

.

� With probability at least 


2

, h

2

is su
h that if (n; k; h

2

(x); h

1

; h

2

) is a

\yes" instan
e of the target problem, and x

0

, w

0

, s

0

is another witness

for that, then x = x

0

, i.e. w

0

is a witness of x 2 L

1

, too.

|
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