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Introdu
tion

This text has been prepared for the parti
ipants of the Spring S
hool of

Combinatori
s 2001, organized by the Department of Applied Mathemati
s

of the Charles University in Prague and its partners from abroad. Up to

small 
hanges, it is a part of a book in preparation on dis
rete geometry.

At least until the Spring S
hool, it is possible to obtain other 
hapters of

this book proje
t from the author's web page at

http://www.ms.mff.
uni.
z/a
ad/kam/matousek/le
tnotes.html

The text is divided into 13 se
tions. There are a few short ones but most

of the se
tions will probably require at least 1 hour or more for presentation.

There will hardly be enough time at the Spring S
hool to present everything,

and I leave the 
hoi
e of the material to the team preparing the le
tures. For

some se
tions, they might 
hoose to explain the result but to omit the proof.

My general advi
e is to leave enough time for explanations and dis
ussions,

rather than trying to 
over as mu
h as possible. I also do not re
ommend

to give only sket
hes of proofs; preferably, either omit a proof or present it

in full. Of 
ourse, some of the se
tions require results from pre
eding parts.

Se
tions whose results are not required elsewhere and whi
h 
ould thus be

omitted in
lude 1.1, 1.3, 2.2, 2.3, 3.2, 3.5, and 3.6.

The present text is 
ompiled from many sour
es (there is hardly anything

new), but all referen
es to the literature are omitted. Those interested in the

history of the presented results, bibliography, and further information on

related problems, 
an look into the 
orresponding three 
hapters available

at the above address, whi
h 
ontain bibliographi
 notes to ea
h se
tion.

The topi
s treated here are mainly geometri
 and not 
ombinatorial.

However, I believe that they 
an be very useful for the edu
ation of a 
om-

binatorialist. As time progresses, more and more among the �rst-rate 
ombi-

natorial results are proved by methods drawn from seemingly distant areas

of mathemati
s, and geometri
 methods are among the most prominent.

Some dire
t 
ombinatorial appli
ations are in
luded in this text, but many

more exist and probably still more are going to be found in the future.

Many of the proofs presented here 
annot be 
onsidered easy; in fa
t,

some of them are traditionally regarded as quite diÆ
ult. I've tried to

make everything as 
on
rete and elementary as reasonably possible and

I have in
luded numerous pi
tures and intuitive explanations. Still, the

reader should not expe
t to understand everything painlessly. The text

deals mostly with geometri
 questions in high-dimensional spa
es, where

the usual planar or 3-dimensional geometri
 intuition does not work too
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well, and one 
ertainly needs some time and e�ort to get used to thinking

about high-dimensional obje
ts.

Solving at least some of the exer
ises should be extremely helpful in this

training (easier parts of proofs are often presented as exer
ises). The framed

number at the end of ea
h exer
ise should indi
ate its expe
ted diÆ
ulty.

Exer
ised marked with

1

should be more or less routine, while those with

5

, say, 
an be very 
hallenging. Unfortunately, with no empiri
al data

available, this marking follows just a subje
tive guess.

Preliminaries

For most of the text, one should suÆ
e with the ba
kground from introdu
-

tory mathemati
al 
ourses (linear algebra, 
al
ulus, elementary probability,

some graph theory). Here we re
all some geometri
 terminology. For a more

detailed introdu
tion we refer e.g. to the initial 
hapters of the book proje
t

mentioned in the previous se
tion (mainly the �rst 
hapter and the 
hapter

on 
onvex polytopes). In the le
tures, these notions 
an be re
alled when

needed.

We work in the n-dimensional Eu
lidean spa
eR

n

. The linear subspa
es

of R

n

are subspa
es of R

n


onsidered as a real ve
tor spa
e. For example,

in the plane R

2

, they are f0g, the whole R

2

, and all lines passing through 0.

An aÆne subspa
e of R

n

is a translation of a linear subspa
e. AÆne sub-

spa
es in R

n

of dimension n � 1 are 
alled hyperplanes. Any hyperplane


an be written in the form fx 2 R

n

: ha; xi = bg for some a 2 R

n

n f0g and

some b 2 R; here ha; xi = a

1

x

1

+ � � �+ a

n

x

n

is the usual s
alar produ
t. A

(
losed) halfspa
e is a subset of R

n

bounded by a hyperplane, of the form

fx 2 R

n

: ha; xi � bg for some a 2 R

n

n f0g.

We mainly 
onsider 
onvex sets. These are sets C � R

n

su
h that if

x; y 2 C then tx + (1 � t)y 2 C for all t 2 [0; 1℄, i.e. the line segment

xy is 
ontained in C. The 
onvex hull of a set X is the set of all 
onvex


ombinations of points inX ; that is, 
onv(X) = ft

1

x

1

+t

2

x

2

+� � �+t

k

x

k

: k �

1; x

1

; : : : ; x

k

2 X; t

1

; : : : ; t

k

� 0; t

1

+ � � �+ t

k

= 1g. Carath�eodory's Theorem

states that for X � R

n

, any x 2 
onv(X) is the 
onvex 
ombination of

at most n + 1 points of X . The Separation Theorem asserts that any two

disjoint 
onvex sets 
an be separated by a hyperplane: if C;D � R

n

are


onvex then there are a 2 R

n

n f0g and b 2 R su
h that ha; xi � b for all

x 2 C and ha; yi � b for all y 2 D. In parti
ular, if C is 
losed and D

is a single point then there is a stri
tly separating hyperplane (with stri
t

inequalities).
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A 
onvex polytope is the 
onvex hull of a �nite point set in R

n

, or

equivalently, a bounded interse
tion of �nitely many 
losed halfspa
es in

R

n

. A fa
e of a 
onvex polytope P is P itself or a set of the form P \ h,

where h is a hyperplane that does not separate P (all of P lies in only one of

the two 
losed halfspa
es de�ned by h). A fa
e is again a 
onvex polytope.

Zero-dimensional fa
es are 
alled verti
es, and (n � 1)-dimensional fa
es

of an n-dimensional 
onvex polytope are 
alled fa
ets. A k-dimensional

simplex is the 
onvex hull of k+1 points in R

n

that do not lie in a 
ommon

(k � 1)-dimensional aÆne subspa
e. Simpli
es of dimensions 0,1,2,3 are

points, segments, triangles, and tetrahedra, respe
tively.

If K � R

n

is a 
losed 
onvex set 
ontaining 0 in the interior then

K

�

= fy 2 R

n

: hx; yi � 1 for all x 2 Kg is the dual (or polar) set of K. If

K is an n-dimensional 
onvex polytope then K

�

is a 
onvex polytope too,

and we have f

k

(K) = f

n�k�1

(K

�

) for all k = 0; 1; : : : ; n � 1, where f

k

(P )

denotes the number of k-dimensional fa
es of P .

For a Lebesgue-measurableA � R

n

, we let vol(A) denote the n-dimensional

measure of A. We will mostly be dealing with simple geometri
 �gures,

where vol(A) is the usual volume. For A � R

n

being a set and x 2 R

n

being a point, the 
one with base A and apex x is the union of all segments


onne
ting x to a point of A. If A lies in a hyperplane h, has (n � 1)-

dimensional volume v, and x has distan
e t from h, then the 
one with base

A and apex x has volume

1

n

tv (this is the n-dimensional generalization of

the usual formula for the area of a triangle: half of the height times the

base).
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Two Appli
ations of High-Dimensional

Polytopes

In the �rst and third se
tions, we tou
h upon polyhedral 
ombinatori
s. Let

E be a �nite set, for example the edge set of a graph G, and let S be some

interesting system of subsets of E, su
h as the set of all mat
hings in G

or the set of all Hamiltonian 
ir
uits of G. In polyhedral 
ombinatori
s,

one usually 
onsiders the 
onvex hull of the 
hara
teristi
 ve
tors of the

sets of S; the 
hara
teristi
 ve
tors are points of f0; 1g

E

� R

E

. For the two

examples above, we thus obtain the mat
hing polytope of G and the traveling

salesman polytope of G. The basi
 problem of polyhedral 
ombinatori
s is

to �nd, for a given S, inequalities des
ribing the fa
ets of the resulting

polytope. Sometimes one su

eeds in des
ribing all the fa
ets, as is the 
ase

for the mat
hing polytope. This may give insights into the 
ombinatorial

stru
ture of S, and often it has algorithmi
 
onsequen
es. If we know all

the fa
ets and they have suÆ
iently ni
e stru
ture, we 
an optimize of any

linear fun
tion over the polytope in polynomial time. This means that,

given some real weights of the elements of E, we 
an �nd in polynomial time

the set of maximum weight in S (e.g. the maximum-weight mat
hing). In

other 
ases, su
h as for the traveling salesman polytope, des
ribing all fa
ets

is beyond rea
h. The knowledge of some fa
ets may still yield interesting


onsequen
es, and on the pra
ti
al side, it 
an provide a good approximation

algorithm for maximum-weight set. Indeed, the largest traveling salesman

problems solved in pra
ti
e, with thousands of verti
es, have been atta
ked

by these methods.

We do not treat polyhedral 
ombinatori
s in any systemati
 manner;

rather we fo
us on two gems (partially) belonging to this area. The �rst

one is the 
elebrated Weak Perfe
t Graph Conje
ture, stating that the 
om-

plement of any perfe
t graph is perfe
t, whi
h is proved by 
ombining 
om-

binatorial and polyhedral arguments. The se
ond one is an algorithmi
ally

motivated problem of sorting with partial information, dis
ussed in Se
-

tion 1.3. We asso
iate a polytope with every �nite partially ordered set,

and we redu
e the question to sli
ing su
h a polytope into two parts of
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roughly equal volume by a suitable hyperplane. A key role in this proof

is played by the Brunn{Minkowski inequality. This fundamental geometri


inequality is explained and proved in Se
tion 1.2.

1.1 The Weak Perfe
t Graph Conje
ture

First we re
all a few notions from graph theory. Let G = (V;E) be a �nite

undire
ted graph on n verti
es. By G we denote the 
omplement of G,

i.e. the graph (V;

�

V

2

�

n E). An indu
ed subgraph of G is any graph that


an be obtained from G by deleting some verti
es and all edges in
ident to

the deleted verti
es (but an edge must not be deleted if both of its verti
es

remain in the graph). Let !(G)denote the 
lique number of G, whi
h is

the maximum size of a 
omplete subgraph of G, and let �(G) = !(G)be

independen
e number of G, whi
h is the maximum size of an independent

set in G. The symbol �(G)stands for the 
hromati
 number of G; so �(G)

is the smallest number of independent sets 
overing all verti
es of G.

Both the problems of �nding !(G) and �nding �(G) are 
omputation-

ally hard. It is NP-
omplete to de
ide whether !(G) � k, where k is a

part of input, and it is NP-
omplete to de
ide whether �(G) = 3. Even

approximating �(G) or !(G) is hard. So 
lasses of graphs where the 
lique

number and/or the 
hromati
 number are 
omputationally tra
table are of

great interest.

The perfe
t graphs are one of the most important su
h 
lasses, and they

in
lude many other 
lasses found earlier. A graph G = (V;E) is 
alled

perfe
t if !(G

0

) = �(G

0

) for every indu
ed subgraph G

0

of G (in
luding

G

0

= G).

For every graph G, we have �(G) � !(G), so a high 
lique number is

a \reason" for a high 
hromati
 number. But in general it is not the only

possible reason, as there are graphs with !(G) = 2 but �(G) arbitrarily

large. Perfe
t graphs 
an be regarded as graphs where the 
hromati
 number

is ex
lusively 
ontrolled by the 
liques, and this is true for G and also for

all of its subgraphs.

For perfe
t graphs, the 
lique number ! (and hen
e also �) 
an be


omputed in polynomial time by a sophisti
ated algorithm . It is not known

how hard is the algorithmi
 problem of de
iding perfe
tness: no polynomial-

time algorithm has been found, but neither a proof of NP-
ompleteness. But

for graphs arising in many appli
ations we know in advan
e that they are

perfe
t.
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Typi
al non-perfe
t graphs are the odd 
y
les C

2k+1

of length 5 and

larger, sin
e !(C

2k+1

) = 2 for k � 2 while �(C

2k+1

) = 3.

The following two 
onje
tures were formulated by Berge at early stages

of resear
h in perfe
t graphs. One is the so-
alled

Strong Perfe
t Graph Conje
ture: A graph G is perfe
t if

and only if neither G nor its 
omplement 
ontain an odd 
y
le

of length � 5 as an indu
ed subgraph.

This is still open, in spite of a 
onsiderable e�ort. The se
ond 
onje
ture is

the

Weak Perfe
t Graph Conje
ture: A graph is perfe
t if and

only if its 
omplement is perfe
t.

This was �rst proved by Lov�asz. We reprodu
e a proof using 
onvex poly-

topes.

1.1.1 De�nition. Let G = (V;E) be a graph on n verti
es. We assign a


onvex polytope P (G) � R

n

to G. Let the 
oordinates in R

n

be indexed

by the verti
es of G, i.e. if V = fv

1

; : : : ; v

n

g then the points of P (G) are

of the form x = (x

v

1

; : : : ; x

v

n

). For an x 2 R

n

and a subset U � V put

x(U) =

P

v2U

x

v

.

The polytope P (G) is de�ned by the following inequalities:

(i) x

v

� 0 for ea
h vertex v 2 V , and

(ii) x(K) � 1 for ea
h 
lique (
omplete subgraph) K in the graph G.

Observations.

� P (G) � [0; 1℄

n

: the inequality x

v

� 1 is obtained from (ii) by 
hoosing

K = fvg.

� The 
hara
teristi
 ve
tor of ea
h independent set lies in P (G).

� If the ve
tor x 2 P (G) is integral (i.e. it is a 0/1 ve
tor) then it is the


hara
teristi
 ve
tor of an independent set.

Before we start proving the Weak Perfe
t Graph Conje
ture, let us in-

trodu
e some more notation. Let w:V ! Z

+

0

be a fun
tion assigning non-

negative integer weights to the verti
es of G. We de�ne the weighted 
lique

number !(G;w)
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as the maximum possible weight of a 
lique, where the weight of a 
lique

is the sum of the weights of its verti
es. We also de�ne the weighted 
hro-

mati
 number �(G;w)as the minimum number of independent sets su
h

that ea
h vertex v 2 V is 
overed by w(v) of these independent sets.

Now we 
an formulate the main theorem.

1.1.2 Theorem. The following 
onditions are equivalent for a graph G:

(i) G is perfe
t.

(ii) !(G;w) = �(G;w) for any nonnegative integral weight fun
tion w.

(iii) All verti
es of the polytope P (G) are integral and they 
orrespond to

the independent sets in G.

(iv) The graph G is perfe
t.

Proof of (i) ) (ii). This part is purely graph-theoreti
al. For every

weight fun
tion w:V ! f0; 1; 2; : : :g, we need to exhibit a 
overing of V by

independent sets witnessing �(G;w) = !(G;w). If w attains only values 0

and 1 then we 
an use (i) dire
tly, sin
e sele
ting an indu
ed subgraph of

G is the same as spe
ifying an 0/1 weight fun
tion on the verti
es.

For the other w we pro
eed by indu
tion on w(V ). Let w be given and

let v

0

be a vertex with w(v

0

) > 1. We de�ne a new weight fun
tion w

0

:

w

0

(v) =

�

w(v) � 1 for v = v

0

w(v) for v 6= v

0

:

Sin
e w

0

(V ) < w(V ), by the indu
tive hypothesis we assume that we have

independent sets I

1

; I

2

; : : : ; I

N


overing ea
h v exa
tly w

0

(v)-times, where

N = !(G;w

0

). If !(G;w) > N then we 
an obtain the appropriate 
overing

for w by adding the independent set fv

0

g, so let us suppose !(G;w) = N .

Let the notation be 
hosen so that v

0

2 I

1

. We de�ne another weight

fun
tion w

00

:

w

00

(v) =

�

w(v) � 1 for v 2 I

1

w(v) for v 62 I

1

:

We 
laim that !(G;w

00

) < N . If not then there exists a 
lique K with

w

00

(K) = N = !(G;w

0

). By the 
hoi
e of the I

i

, we have N � w

0

(K) =

P

N

i=1

jI

i

\Kj. Sin
e a 
lique interse
ts an independent set in at most one

vertex, K has to interse
t ea
h I

i

. In parti
ular, it interse
ts I

1

and so

w(K) > w

00

(K) = N , 
ontradi
ting !(G;w) = N .
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We thus have !(G;w

00

) < N . By the indu
tive hypothesis, we 
an

produ
e a 
overing by independent sets witnessing �(G;w

00

) < N . By

adding I

1

to it we obtain a 
overing witnessing �(G;w) = N .

Proof of (ii) ) (iii). Let x = (x

v

1

; : : : ; x

v

n

) be a vertex of the 
onvex

polytope P (G). Sin
e all the inequalities de�ning P (G) have rational 
oef-

�
ients, x has rational 
oordinates and we 
an �nd a natural number q su
h

that qx is an integral ve
tor. We interpret the 
oordinates of qx as weights

of the verti
es of G. Let K be a 
lique with weight N = !(G; qx). One of

the inequalities de�ning P (G) is x(K) � 1, and hen
e N = qx(K) � q.

By (ii) we have �(G; qx) = !(G; qx) � q, and so there are independent

sets I

1

; : : : ; I

q

(some of them may be empty) 
overing ea
h vertex v 2 V

pre
isely (qx

v

)-times. Let 


i

be the 
hara
teristi
 ve
tor of I

i

; then this

property of the sets I

i


an be written as x =

P

q

i=1

1

q




i

. Thus x is a 
onvex


ombination of the 


i

and sin
e it is a vertex of P (G), it must be equal to

some 


i

, whi
h is a 
hara
teristi
 ve
tor of an independent set in G.

Proof of (iii) ) (iv). It suÆ
es to prove �(G) = !(G) for every G

satisfying (iii) sin
e (iii) is preserved by passing to an indu
ed subgraph.

We prove that a graph G ful�lling (iii) has a 
lique K interse
ting all

independent sets of the maximum size �(G). Then the graph G n K has

independen
e number �(G) � 1, and by repeating the same pro
edure we


an 
over G by �(G) 
liques.

To �nd the required K, let us 
onsider all the independent sets of size

� = �(G) in G and let M � P (G) be the 
onvex hull of their 
hara
teristi


ve
tors. We note that M lies in the hyperplane h = fx: x(V ) = �g. This

h de�nes a (proper) fa
e of P (G), for otherwise we would have verti
es

of P (G) on both sides of h and, in parti
ular, there would be a vertex z

with z(V ) > �, whi
h is impossible sin
e by (iii), z would 
orrespond to an

independent set bigger than �.

Ea
h fa
et of P (G) 
orresponds to an equality in some of the inequalities

de�ning P (G), i.e. either to an equality of the form x

v

= 0 or of the form

x(K) = 1. The fa
e F = P (G) \ h is the interse
tion of some of the fa
ets.

Not all of these fa
ets 
an be of the type x

v

= 0 sin
e then their interse
tion

would 
ontain 0, while 0 62 h. Hen
e all x 2M satisfy x(K) = 1 for a 
ertain


lique K, and this means exa
tly that K \ I 6= ; for ea
h independent set

I of size �.

Proof of (iv) ) (i). This is the impli
ation (i) ) (iv) for the graph

G. 2
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Exer
ises

1. Find some non-integral vertex of the polytope P (C

5

). Is there a

nonzero integral vertex?

1

2. (On K�onig's Edge-Covering Theorem) Explain why bipartite graphs

are perfe
t, and why the perfe
tness of the 
omplements of bipartite

graphs is equivalent to K�onig's Edge-Covering Theorem asserting that

the maximum number of vertex-disjoint edges in a bipartite graph

equals the minimum number of verti
es needed to interse
t all edges.

2

3. (Comparability graphs and Dilworth's theorem) For a �nite partially

ordered set (X;�) (see Se
tion 1.3 for the de�nition), let G = (X;E)

be the graph with E = ffu; vg 2

�

X

2

�

: u < v or v < ug, i.e. edges


orrespond to pairs of 
omparable elements. Any graph isomorphi


to su
h a G is 
alled a 
omparability graph. We also need the notions

of a 
hain (a subset of X linearly ordered by �) and an anti
hain (a

subset of X with no two elements 
omparable under �).

(a) Prove that any �nite (X;�) is the union of at most 
 anti
hains,

where 
 is the length of the longest 
hain, and 
he
k that this implies

the perfe
tness of 
omparability graphs.

3

(b) Derive from (a) the Erd}os{Szekeres Lemma: if a

1

; a

2

; : : : ; a

n

are ar-

bitrary real numbers then there exist indi
es i

1

; i

2

; : : : ; i

k

with k

2

� n

and su
h that the subsequen
e a

i

1

; a

i

2

; : : : ; a

i

k

is monotone (nonde-


reasing or de
reasing).

2

(
) Che
k that the perfe
tness of the 
omplements of 
omparability

graphs is equivalent to the following theorem of Dilworth: any �nite

(X;�) is the union of at most a 
hains, where a is the maximum

number of elements of an anti
hain.

1

4. (Ho�man's 
hara
terization of polytope integrality) Let P be a (bounded)


onvex polytope in R

n

su
h that for every a 2 Z

n

, the minimum of

the fun
tion x 7! ha; xi over all x 2 P is an integer. Prove that all

verti
es of P are integral (i.e. they belong to Z

n

).

5

5. (Kruskal{Ho�man theorem)

(a) Show that if A is a nonsingular n� n totally unimodular matrix

(all square submatri
es have determinant 0 or �1), then the mapping

x 7! Ax maps Z

n

bije
tively onto Z

n

.

3



1.2 The Brunn{Minkowski Inequality 13

(b) Show that if A is an m� n totally unimodular matrix and b is an

m-dimensional integer ve
tor su
h that the system Ax = b has a real

solution x, then it has an integral solution as well.

3

(
) Let A be an m � n totally unimodular matrix and let u; v 2 Z

n

and w; z 2 Z

m

be integer ve
tors. Show that all verti
es of the 
onvex

polyhedron given by the inequalities u � x � v and w � Ax � z are

integral.

1

1.2 The Brunn{Minkowski Inequality

Let us 
onsider a 3-dimensional 
onvex loaf of bread and sli
e it by three

parallel planar 
uts.

As we will derive below, the middle 
ut 
annot have area smaller than both

of the other two 
uts. Let us 
hoose the 
oordinate system so that the


uts are perpendi
ular to the x

1

-axis and denote by v(t) the area of the


ut by the plane x

1

= t. Then the 
laim 
an be stated as follows: for any

t

1

< t < t

2

we have v(t) � min(v(t

1

); v(t

2

)). Thus, there is some t

0

su
h

that the fun
tion t 7! v(t) is nonde
reasing on (�1; t

0

℄ and nonin
reasing

on [t

0

;1). Su
h a fun
tion is 
alled unimodal. A similar result is true for

any 
onvex body C in R

n+1

if v(t) denotes the n-dimensional volume of the

interse
tion of C with the hyperplane fx

1

= tg.

How 
an one prove su
h a statement? In the planar 
ase, with n = 1,

it is easy to see that v(t) is a 
on
ave fun
tion on the interval obtained by

proje
ting C on the x

1

-axis.
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x

1

x

1

v(t)

C

This might tempt one to think that v(t) is 
on
ave on the appropriate

interval in higher dimension too, but this is false in general! (See Exer
ise 1.)

There is 
on
avity in the game but the right fun
tion to look at in R

n+1

is

v(t)

1=n

. Perhaps a little more intuitively, we 
an de�ne r(t) as the radius of

the n-dimensional ball whose volume equals v(t). We have r(t) = R

n

v(t)

1=n

,

where R

n

is the radius of a unit-volume ball in R

n

; let us 
all r(t) the

equivalent radius of C at t.

1.2.1 Theorem (Brunn's inequality for sli
e volumes). Let C �

R

n+1

be a 
ompa
t 
onvex body and let the interval [t

min

; t

max

℄ be the

proje
tion of C on the x

1

-axis. Then the equivalent radius fun
tion r(t) (or,

equivalently, the fun
tion v(t)

1=n

) is 
on
ave on [t

min

; t

max

℄. Consequently,

for any t

1

< t < t

2

we have v(t) � min(v(t

1

); v(t

2

)).

Brunn's inequality is a 
onsequen
e of the following more general and

more widely appli
able statement dealing with two arbitrary 
ompa
t sets.

1.2.2 Theorem (Brunn{Minkowski inequality). Let A and B be

nonempty 
ompa
t sets in R

n

. Then

vol(A+B)

1=n

� vol(A)

1=n

+ vol(B)

1=n

:

Here A + B = fa + b: a 2 A; b 2 Bgdenotes the Minkowski sum of A

and B. If A

0

is a translated 
opy of A and B

0

a translated 
opy of B, then

A

0

+B

0

is a translated 
opy of A+B. So the position of A+B with respe
t

to A and B depends on the 
hoi
e of 
oordinate system, but the shape of

A+B does not. One way of interpreting the Minkowski sum is as follows:

keep A �xed, pi
k a point b

0

2 B, and translate B into all possible positions

for whi
h b

0

lies in A. Then A+B is the union of all su
h translates. Here

is a planar example:
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+

=

b

0

Sometimes it is also useful to express the Minkowski sum A+B as a proje
-

tion of the Cartesian produ
t A�B � R

2n

by the mapping (x; y) 7! x+ y,

x; y 2 R

n

.

Proof of Brunn's inequality for sli
e volumes from the Brunn{

Minkowski inequality. First we 
onsider \
onvex 
ombinations" of sets

A;B � R

n

of the form (1� t)A+ tB, where t 2 [0; 1℄ and where tA stands

for fta: a 2 Ag. As t goes from 0 to 1, (1 � t)A + t)B 
hanges shape


ontinuously from A to B.

Now if A and B are both 
onvex and we pla
e them into R

n+1

so that

A lies in the hyperplane fx

1

= 0g and B in the hyperplane fx

1

= 1g, it

is not diÆ
ult to 
he
k that (1 � t)A + tB is the sli
e of the 
onvex body


onv(A [ B) by the hyperplane fx

1

= tg; see Exer
ise 2:

x

1

= 0

x

1

= 1x

1

= t

A

B

Let us 
onsider the situation as in Brunn's inequality, where C � R

n+1

is a 
onvex body. Let A and B be the sli
es of C by the hyperplanes

fx

1

= t

1

g and fx = t

2

g, respe
tively, where t

1

< t

2

are su
h that A;B 6= ;.

For 
onvenient notation, we 
hange the 
oordinate system so that t

1

= 0 and

t

2

= 1. To prove the 
on
avity of the fun
tion v(t)

1=n

in Brunn's inequality,

we need to show that for all t 2 (0; 1),

(1� t) vol(A)

1=n

+ t vol(B)

1=n

� vol(M)

1=n

; (1.1)
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where M is the sli
e M of C by the hyperplane h

t

= fx

1

= tg. Let

C

0

= 
onv(A [ B) and M

0

= C

0

\ h

t

. We have C

0

� C and M

0

� M .

By the remark above, M

0

= (1 � t)A + tB, and so the Brunn{Minkowski

inequality applied to the sets (1� t)A and tB yields

vol(M)

1=n

� vol(M

0

)

1=n

= vol((1� t)A+ tB)

1=n

� vol((1� t)A)

1=n

+ vol(tB)

1=n

= (1� t) vol(A)

1=n

+ t vol(B)

1=n

:

This veri�es (1.1). 2

Proof of the Brunn{Minkowski inequality. The idea of this proof is

simple but perhaps surprising in this 
ontext. Call a set A � R

d

a bri
k

set if it is a union of �nitely many 
losed axis-parallel boxes with disjoint

interiors. First we show that it suÆ
es to prove the inequality for bri
k sets

(whi
h is easy but a little te
hni
al), and then for bri
k sets the proof goes

by indu
tion on the number of bri
ks.

1.2.3 Lemma. If the Brunn{Minkowski inequality fails for some two 
om-

pa
t sets A;B � R

n

then it fails for some bri
k sets A;B � R

n

as well.

Proof. We use a basi
 fa
t from measure theory, namely that ifX

1

� X

2

�

X

3

� : : : is a sequen
e of measurable sets in R

n

su
h that X =

T

1

i=1

X

i

then the numbers vol(X

i

) 
onverge to vol(X).

In our situation, we suppose vol(A+B)

1=n

< vol(A)

1=n

+vol(B)

1=n

for


ompa
t A;B � R

n

. For k = 1; 2; : : :, 
onsider the 
losed axis-parallel


ubes with side length 2

�k


entered at the points of the s
aled grid 2

�k

Z

n

(these 
ubes 
over R

n

and have disjoint interiors). Let A

k

be the union of

all su
h 
ubes interse
ting the set A, and similarly for B

k

.

We have A

1

� A

2

� : : : and

T

k

A

k

= A (sin
e any point not belonging to

A has a positive distan
e from it, and the distan
e of any point of A

k

from

A is at most 2

�k

p

n). Therefore vol(A

k

)! vol(A), vol(B

k

)! vol(B).

We 
laim that A+B �

T

k

(A

k

+B

k

). Indeed, if x 2 A

k

+B

k

for all k, we

pi
k y

k

2 A

k

and z

k

2 B

k

with x = y

k

+ z

k

, and by passing to 
onvergent
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subsequen
es we may assume that y

k

! y 2 A and z

k

! z 2 B. Then

we obtain x = y + z 2 A + B. Thus lim

k!1

vol(A

k

+ B

k

) � vol(A + B)

and we 
an �nd k suÆ
iently large so that vol(A

k

+B

k

)

1=n

< vol(A

k

)

1=n

+

vol(B

k

)

1=n

. So A

k

and B

k

are bri
k sets violating the Brunn{Minkowski

inequality. 2

Proof of the Brunn{Minkowski inequality for bri
k sets. Let A

and B be bri
k sets 
onsisting of k bri
ks in total. If k = 2 then both A

and B, and A + B too, are bri
ks. Then if x

1

; : : : ; x

n

are the sides of A

and y

1

; : : : ; y

n

are the sides of B, it suÆ
es to establish the inequality in

Exer
ise 3; we omit this part.

Now let k > 2 and suppose that the Brunn{Minkowski inequality holds

for all pairs A;B of bri
k sets together 
onsisting of fewer than k bri
ks. Let

A and B have k bri
ks, and let the notation be 
hosen so that A has at least

two bri
ks. Then it is easily seen that there exists hyperplane h parallel to

some of the 
oordinate hyperplanes and with at least one full bri
k of A

on one side and at least one full bri
k of A on the other side (Exer
ise 4).

By a suitable 
hoi
e of the 
oordinate system, we may assume that h is the

hyperplane fx

1

= 0g.

Let A

0

be the part of A on one side of h and A

00

the part on the other

side. More pre
isely, A

0

is the 
losure of the interse
tion of A with one of

the open halfspa
es de�ned by h, and similarly for A

00

. Hen
e both A

0

and

A

00

have at least one bri
k fewer than A.

Next, we translate the set B in the x

1

-dire
tion in su
h a way that the

hyperplane h divides its volume in the same ratio as A is divided (translation

does not in
uen
e the validity of the Brunn{Minkowski inequality). Let B

0

and B

00

be the respe
tive parts of B.

A

00

A

0

B

0

B

00

x

1

= 0

Putting � = vol(A

0

)= vol(A), we also have � = vol(B

0

)= vol(B). (If vol(A) =

0 or vol(B) = 0 then the Brunn{Minkowski inequality is obvious.)
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The sets A

0

and B

0

together have fewer than k bri
ks, so we 
an use the

indu
tive assumption for them, and similarly for A

00

; B

00

.

The set A

0

+ B

0

is 
ontained in one of the 
losed halfspa
es de�ned

by h and A

00

+ B

00

lies in the other 
losed halfspa
e. Therefore, 
ru
ially,

vol(A+B) � vol(A

0

+B

0

) + vol(A

00

+B

00

). We 
al
ulate

vol(A+B) � vol(A

0

+B

0

) + vol(A

00

+B

00

)

(indu
tion) �

h

vol(A

0

)

1=n

+ vol(B

0

)

1=n

i

n

+

h

vol(A

00

)

1=n

+ vol(B

00

)

1=n

i

n

=

h

�

1=n

vol(A)

1=n

+ �

1=n

vol(B)

1=n

i

n

+

h

(1� �)

1=n

vol(A)

1=n

+ (1� �)

1=n

vol(B)

1=n

i

n

=

h

vol(A)

1=n

+ vol(B)

1=n

i

n

:

This 
on
ludes the proof of the Brunn{Minkowski inequality. 2

Exer
ises

1. Let A be a single point and B the n-dimensional unit 
ube. What is

the fun
tion v(t) = vol(tA+(1� t)B)? Show that v(t)

�

is not 
on
ave

on [0; 1℄ for any � >

1

n

.

1

2. Let A;B � R

n

be 
onvex sets. Show that the sets 
onv

�

(f0g � A) [

(f1g �B)

�

and

S

t2[0;1℄

�

ftg � ((1�)A+ tB)

�

(in R

n+1

) are equal.

2

3. Prove

�

n

Y

i=1

x

i

�

1=n

+

�

n

Y

i=1

y

i

�

1=n

�

�

n

Y

i=1

(x

i

+ y

i

)

�

1=n

for arbitrary positive reals x

i

; y

i

.

3

4. Show that for any bri
k set A with at least two bri
ks, there exists a

hyperplane h parallel to one of the 
oordinate hyperplanes whi
h has

at least one full bri
k of A on ea
h side.

2

5. (Dimension-free form of Brunn{Minkowski) Consider the following

two statements:

(i) Theorem 1.2.2, i.e. vol(A + B)

1=n

� vol(A)

1=n

+ vol(B)

1=n

for

every nonempty 
ompa
t A;B � R

n

.
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(ii) For all 
ompa
t C;D � R

n

and all t 2 [0; 1℄, vol(tC +(1� t)D) �

vol(C)

t

vol(D)

1�t

.

(a) Derive (ii) from (i); prove and use the inequality tx + (1 � t)y �

x

t

y

1�t

(x; y positive reals, t 2 [0; 1℄).

3

(b) Prove (i) from (ii).

3

6. Give a short proof of the 1-dimensional Brunn{Minkowski: vol(A +

B) � vol(A) + vol(B) for any nonempty measurable A;B � R.

2

7. (Brunn{Minkowski via Pr�ekopa{Leindler)The goal is to establish state-

ment (ii) in Exer
ise 5.

(a) Let f; g; h:R! R be bounded nonnegative measurable fun
tions

su
h that h(tx + (1 � t)y) � f(x)

t

g(y)

1�t

for all x; y 2 R and all

t 2 [0; 1℄. Use the one-dimensional Brunn{Minkowski (Exer
ise 6) to

prove

R

h � t

�R

f

�

+(1�t)

�R

g

�

(all integrals overR); by the inequal-

ity in Exer
ise 5(a), the latter expression is at least

�
R

f

�

t

�
R

g

�

1�t

.

First show that we may assume sup f = sup g = 1.

4

(b) Prove the statement (ii) in Exer
ise 5 by indu
tion on the dimen-

sion, using (a) in the indu
tion step.

3

1.3 Sorting Partially Ordered Sets

Here we present an amazing appli
ation of polyhedral 
ombinatori
s and

of the Brunn{Minkowski inequality for a problem in theoreti
al 
omputer

s
ien
e: sorting of partially ordered sets. Re
all that a partially ordered set,

or poset for short, is a pair (X;�), whereX is a set and � is a binary relation

on X (
alled an ordering) satisfying three axioms: re
exivity (x � x for all

x), transitivity (x � y and y � z implies x � z), and weak antisymmetry

(if x � y and y � x then x = y). The ordering � is linear if every two

elements of x; y 2 X are 
omparable; that is, x � y or y � x.

Let X be a given �nite set with some linear ordering �. For example,

the elements of X 
ould be identi
al-looking golden 
oins ordered by their

weights (assuming that no two weights exa
tly 
oin
ide). We want to sort

X a

ording to �; that is, to list the elements of X in in
reasing order.

We 
an get information about � by pairwise 
omparisons : we 
an 
hoose

two elements a; b 2 X and ask an ora
le whether a � b or a � b holds.

In our example, we have pre
ise s
ales su
h that only one 
oin �ts to ea
h

s
ale, whi
h allows us to make pairwise 
omparisons. Our sorting pro
edure
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may be adaptive; that is, the elements to be 
ompared may be sele
ted

depending on the out
ome of previous 
omparisons. We want to make as

few 
omparisons as possible.

In the usual sorting problem, we begin with no information about the or-

dering � whatsoever. As is well-known, in this 
ase �(n logn) 
omparisons

are suÆ
ient and also ne
essary in the worst 
ase. Here we 
onsider a dif-

ferent setting, when we start with some information already given. Namely,

we obtain (expli
itly) some partial ordering � on X , and we are guaranteed

that x � y implies x � y; that is, � is a linear extension of �. In the

example with 
oins, some weighings have already been made for us before

we start. How many 
omparisons do we need to sort?

Let E(�)denote the set of all linear extensions of a partial ordering �

and let e(�) = jE(�)j

be the number of linear extensions. By sorting, we have to sele
t just

one element of E(�), whi
h is one possibility out of e(�) many. Sin
e any


omparison of distin
t elements a and b 
an have two out
omes, we need at

least log

2

e(�) 
omparisons in the worst 
ase to distinguish the appropriate

linear extension, i.e. to sort. Is this lower bound always asymptoti
ally

tight? Can one always sort using O(log

2

e(�)) 
omparisons, for any �? An

aÆrmative answer is implied by the following theorem:

1.3.1 Theorem (EÆ
ient Comparison Theorem).

Let (X;�) be a poset, and suppose that � is not linear. Then there

exist elements a; b 2 X su
h that

Æ �

e(�+ (a; b))

e(�)

� 1� Æ;

where Æ > 0 is an absolute 
onstant and �+ (a; b) stands for the transitive


losure of the relation � [ f(a; b)g; that is, the partial ordering we obtain

from � if we are told that a pre
edes b.

How do we use this for sorting �? For the �rst 
omparison, we 
hoose

the two elements a; b as in the theorem. Depending on the out
ome of this


omparison, we pass either to the partial ordering � +(a; b) or to � +(b; a).

In both 
ases, the number of linear extensions has been redu
ed by the

fa
tor 1�Æ: for a � b this is 
lear by the theorem, and for a � b this follows

from the equality e(�+(a; b))+ e(�+(b; a)) = e(�). Hen
e, pro
eeding by

indu
tion, we 
an sort any partial ordering� using at most dlog

1=(1�Æ)

e(�)e


omparisons.
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The 
onje
tured \right" value of Æ in Theorem 1.3.1 is

1

3

� 0:33; obvi-

ously, one 
annot do any better for the poset

a

b




(meaning that a � b is the only pair of distin
t elements in the relation �).

The proof below gives Æ =

1

2e

� 0:184, and more 
ompli
ated proofs yield

better values, although

1

3

seems still elusive.

Order polytopes. For the proof, we need to assign 
ertain polytopes to

partial orderings and develop some of their simple properties.

1.3.2 De�nition (Order polytope). Let (X;�) be an n-element poset.

Let the 
oordinates in R

n

be indexed by the elements of X . We de�ne a

polytope P (�), the order polytope of �, as the set of all x 2 [0; 1℄

n

satisfying

the following inequalities:

x

a

� x

b

for every a; b 2 X with a � b.

Here is an alternative des
ription of the order polytope:

1.3.3 Observation. The verti
es of the order polytope P (�) are pre
isely

the 
hara
teristi
 ve
tors of all up-sets in (X;�), where an up-set is a subset

U � X su
h that if a 2 U and a � b then b 2 U too.

Proof. It is easy to see that the 
hara
teristi
 ve
tor of an up-set is in

P (�), and that any 0=1 ve
tor in P (�) determines an up-set. It remains to


he
k that all verti
es of P (�) are integral. Any vertex is an interse
tion

of some n fa
et hyperplanes. Sin
e all potential fa
et hyperplanes have the

form x

a

= x

b

, or x

a

= 0, or x

a

= 1, the integrality is obvious. 2

1.3.4 Observation. Let X be an n-element set.

(i) If � is a linear ordering on X then P (�) is a simplex of volume 1=n!.

(ii) For any partial ordering� onX , the simpli
es of the form P (�), where

� is a linear extension of �, 
over P (�) and have disjoint interiors.

Hen
e vol(P (�)) =

1

n!

e(�).
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Here is the order polytope and the subdivision into tetrahedra 
orre-

sponding to the linear extensions, for a 3-element poset:

a

b




x

a

x




x

b

Proof of Observation 1.3.4. In (i), 
onsider the ordering 1 � 2 � : : : �

n. Then the 
hara
teristi
 ve
tors of up-sets have the form

(0; 0; : : : ; 0; 1; 1; : : : ; 1):

There are n + 1 of them and they are aÆnely independent, so P (�) is a

simplex. Other linear orderings di�er just by a permutation of 
oordinates,

so we get 
ongruent simpli
es. The volume 
ould be 
al
ulated dire
tly but

it follows easily from 
onsiderations below.

As for (ii), any point (x

1

; : : : ; x

n

) 2 P (�) with pairwise distin
t 
oordi-

nates determines a unique linear extension of �, namely the one given by

the natural ordering of its 
oordinates as real numbers. Conversely, for any

linear extension � 2 E(�), we have P (�) � P (�) by de�nition. Hen
e the


ongruent simpli
es 
orresponding to linear extensions subdivide P (�).

To see that the simpli
es have volume 1=n!, take the dis
rete ordering (no

two distin
t elements are 
omparable) for �. The order polytope is the unit


ube [0; 1℄

n

, and it is subdivided into n! 
ongruent simpli
es 
orresponding

to the n! possible linear orderings. 2

Height and 
enter of gravity. Let X be a �nite set and � a linear

ordering on it. For a 2 X , we de�ne the height of a in �, denoted by h

�

(a),

as jfx 2 X : x � agj. For a poset (X;�), the height of an element is de�ned

as the average height over all linear extensions:

h

�

(a) =

1

e(�)

X

�2E(�)

h

�

(a):

If � is 
lear from 
ontext we omit it in the subs
ript and we write just h(a).

The \good" elements a; b in the EÆ
ient Comparison Theorem 1.3.1 
an

be sele
ted using the height. Namely, we show that any two distin
t a; b
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with jh(a)�h(b)j < 1 will do. (It is simple to 
he
k that if � is not a linear

ordering then su
h a and b always exist; see Exer
ise 1.)

We now relate the height to the order polytope.

1.3.5 Lemma. For any n-element poset (X;�), the 
enter of gravity of the

order polytope P (�) is 
 = (


a

: a 2 X), where 


a

=

1

n+1

h

�

(a).

Proof. The 
enter of gravity of P (�) is the arithmeti
 average of 
enters

of gravity of the simpli
es P (�) with �2 E(�). Hen
e it suÆ
es to prove

the lemma for a linear ordering �. By permuting 
oordinates, it suÆ
es to


al
ulate that for the simplex with verti
es of the form (0; : : : ; 0; 1; : : : ; 1),

the 
enter of gravity is

1

n+1

(1; 2; : : : ; n). This is left as Exer
ise 2. 2

Proof of Theorem 1.3.1. Given the poset (X;�), we 
onsider two

elements a; b 2 X with jh(a) � h(b)j < 1. We want to show that the

number of linear extensions of both � + (a; b) and � + (b; a) is at least a


onstant fra
tion of e(�). Consider the order polytopes P = P (�), P

�

=

P (� + (a; b)), and P

�

= P (� + (b; a)). Geometri
ally, P is sli
ed into P

�

and P

�

by the hyperplane h = fx

a

= x

b

g.

x

a

= x

b

P

�

P

�

P

By Observation 1.3.4(ii), it suÆ
es to show that the volumes of both P

�

and P

�

are at least a 
onstant fra
tion of vol(P ).

For 
onvenien
e, let us introdu
e a new 
oordinate system in R

n

, where

the �rst 
oordinate y

1

is x

b

�x

a

and the others 
omplete it to an orthonormal


oordinate system (y

1

; : : : ; y

n

). Hen
e h is the hyperplane y

1

= 0. Let 
(P )

denote the 
enter of gravity of P , and let 


1

= 


1

(P ) be its y

1

-
oordinate.

What geometri
 information do we have about P ? It is a 
onvex body

with the following properties:

� The proje
tion of P onto the y

1

-axis is the interval [�1; 1℄. This is

be
ause there is an up-set of � 
ontaining a and not b, and also an

up-set 
ontaining b but not a, and thus P has a vertex with x

a

= 1,

x

b

= 0 and a vertex with x

a

= 0, x

b

= 1.

� We have �

1

n+1

� 


1

�

1

n+1

, sin
e 


1

=

1

n+1

(h(a)� h(b)).
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The proof of Theorem 1.3.1 is �nished by showing that any 
ompa
t


onvex body P � R

n

with the just mentioned two properties satis�es

vol(P

�

) �

1

2e

vol(P ) and vol(P

�

) �

1

2e

vol(P );

where P

�

is the part of P in the halfspa
e fy

1

� 0g and similarly for P

�

.

For t 2 [�1; 1℄, let P

t

be the (n � 1)-dimensional sli
e of P by the

hyperplane fy

1

= tg, and let r(t) be the equivalent radius of P

t

, i.e. the

radius of the (n � 1)-dimensional ball of volume vol

n�1

(P

t

). By Brunn's

inequality for sli
e volumes (Theorem 1.2.1), r(t) is 
on
ave on [�1; 1℄.

The y

1

-
oordinate of the 
enter of gravity of P 
an be expressed as




1

(P ) =

1

vol(P )

Z

1

�1

t vol

n�1

(P

t

) dt

(imagine P 
omposed of thin plates perpendi
ular to the y

1

-axis). Hen
e




1

is fully determined by the fun
tion r(t). In other words, the shape of the

sli
es of P does not really matter, only their volumes do, and so we may

imagine that P is a rotational body whose sli
e P

t

is an (n�1)-dimensional

ball of radius r(t) 
entered at (t; 0; : : : ; 0).

We want to show that if 


1

(P ) � �

1

n+1

then vol(P

�

) �

1

2e

vol(P ). The

inequality for vol(P

�

) follows by symmetry. The key step is to pass to

another, espe
ially simple rotational 
onvex body K. The sli
e K

t

of K has

radius �(t); the fun
tions �(t) and r(t) are s
hemati
ally plotted below:

�1

0

u

U

V

W

Y

�(t)

r(t)

�

+

+

�

1

The graph of the fun
tion �(t) 
onsists of two linear segments, and so K is

a double 
one. First we 
onstru
t the fun
tion �(t) for t positive. Here the

graph is a segment starting at the point V = (0; r(0)) and ending at the

point U = (u; 0). The number u is 
hosen in su
h a way that vol(K

�

) =

vol(P

�

). Sin
e r(t) is 
on
ave and �(t) is linear on [0; u℄, we have u � 1.
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Moreover, as t grows from 0 to 1, we �rst have r(t) � �(t), and then from

some point on r(t) � �(t). This ensures that the 
enter of gravity of K

�

is to the right of the 
enter of gravity of P

�

(we 
an imagine that P

�

is

transformed into K

�

by peeling o� some mass in the region labeled \�"

and moving it right, to the region labeled \+").

Next, we de�ne �(t) for t < 0. We extend the segment UV to the left

until the (unique) point W su
h that, when Y WV is the graph of �(t) for

negative t, we have vol(K

�

) = vol(P

�

). As t goes from 0 down to �1, �(t)

is �rst above r(t) and then below it. This is be
ause at V , the segment

WU de
reases more steeply than the fun
tion r(t). Therefore, we also have




1

(K

�

) � 


1

(P

�

), and hen
e 


1

(K) � 


1

(P ) � �

1

n+1

. So, as was noted

above, it remains to show vol(K

�

) �

1

2e

vol(K), whi
h is a more or less

routine 
al
ulation.

We �x the notation as in the following pi
ture:

�1

0

u

K

1

K

2

K

�

K

�

h

1

�

h

2

1

We note that 


1

(K) is a weighted average of 


1

(K

1

) and 


1

(K

2

); the weights

are the volumes ofK

1

andK

2

, whose ratio is h

1

: h

2

. The 
enter of gravity of

an n-dimensional 
one is at

1

n+1

of its height, and hen
e 


1

(K

1

) = �

h

1

n+1

��

and 


1

(K

2

) =

h

2

n+1

��. Therefore




1

(K) =

h

1

�

�

h

1

n+1

�

+ h

2

�

h

2

n+1

�

h

1

+ h

2

�� =

h

2

� h

1

n+ 1

��:

We have � = 1 � h

1

, and so from the 
ondition 


1

(K) � �

1

n+1

we obtain

h

2

+ nh

1

� n. If we substitute h

1

= u� h

2

+ 1 and rearrange, we get

u

h

2

� 1�

1

n

: (1.2)
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We are interested in bounding vol(K

�

) from below. The 
one K

�

is similar

to K

2

, with ratio u=h

2

. So

vol(K

�

) =

�

u

h

2

�

n

vol(K

2

) =

�

u

h

2

�

n

h

2

h

1

+ h

2

vol(K)

=

u

u+ 1

�

u

h

2

�

n�1

vol(K):

Now we substitute for u=h

2

from (1.2), obtaining

vol(K

�

) �

u

u+ 1

�

1�

1

n

�

n�1

vol(K):

Finally

u

u+1

�

1

2

(as u � 1), and (1�

1

n

)

n�1

> e

�1

for all n, so vol(K

�

) �

1

2e

vol(K) follows. 2

Exer
ises

1. Let (X;�) be a �nite poset. Prove that if � is not a linear ordering

then there always exist a; b 2 X with jh(a)� h(b)j < 1.

1

2. Show that the 
enter of gravity of a simplex with verti
es a

0

; a

1

; : : : ; a

d

is the same as the 
enter of gravity of its vertex set.

2

3. LetK be a bounded 
onvex body inR

n

, h a halfplane passing through

the 
enter of gravity of K, and let K

1

;K

2

be the parts into whi
h K

is divided by h.

(a) Prove vol(K

1

); vol(K

2

) � (

n

n+1

)

n

vol(K).

3

(b) Show that the bound in (a) 
annot be improved in general.

2



2

Volumes in High Dimension

We begin with 
omparing the volume of the n-dimensional 
ube with the

volume of the unit ball ins
ribed in it, in order to realize that volumes of

\familiar" bodies behave quite di�erently in high dimensions from what

the 3-dimensional intutition suggests. Then we 
al
ulate that any 
onvex

polytope in R

n

, whose number of verti
es is at most polynomial in n and

whi
h is 
ontained in the unit ball, is quite small 
ompared to the ball. This

has interesting 
onsequen
es for deterministi
 algorithms for approximating

the volume of a given 
onvex body: if they only look at polynomially many

points of the 
onsidered body then they are unable to distinguish a giganti


ball from a tiny polytope. Finally, we prove a 
lassi
al result, John's Lemma,

whi
h states that for every n-dimensional symmetri
 
onvex body K there

are two similar ellipsoids with ratio

p

n su
h that the smaller ellipsoid lies

inside K and the larger one 
ontains K. So, in a very 
rude s
ale where

the ratio

p

n 
an be ignored, ea
h symmetri
 
onvex body looks like an

ellipsoid.

Besides presenting ni
e and important results, this 
hapter 
ould help

the reader in a
quiring pro�
ien
y and good intuition in geometri
 
ompu-

tations, whi
h are skills obtainable mainly by pra
ti
e. Several 
al
ulations

of nontrivial length are presented in detail, and while some parts do not

require any great ideas, they still 
ontain useful small tri
ks.

2.1 Volumes, Paradoxes of High Dimension, and Nets

In the next se
tion, we are going to estimate the volumes of various 
onvex

polytopes. Here we start, more modestly, with the volumes of the simplest

bodies.

The ball in the 
ube. Let V

n

denote the volume of the n-dimensional ball

B

n

of unit radius. A neat way of 
al
ulating V

n

is indi
ated in Exer
ise 2;

the result, whi
h 
an be veri�ed in various other ways and found in many
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books of formulas, is

V

n

=

�

n=2

�(

n

2

+ 1)

=

�

bn=2


2

dn=2e

Q

i: 0�2i<n

(n� 2i)

:

Here �(x) =

R

1

0

t

x�1

e

�t

dt is the usual Gamma-fun
tion, with �(k+) = k!

for natural numbers k.

Let us 
ompare the volume of the unit 
ube [0; 1℄

n

with that of the

ins
ribed ball (of radius

1

2

).

(Using Exer
ise 1, the reader may want to add the 
rosspolytope ins
ribed

in both bodies to the 
omparison.) For dimension n = 3, the volume of

the ball is about 0:52, but for n = 11 it is already less than 10

�3

. Using

Stirling's formula, we �nd that it behaves roughly like (

2�e

n

)

n=2

. For large

n, the ins
ribed ball is thus like a negligible dust parti
le in the 
ube, as far

as the volume is 
on
erned.

This 
an be experien
ed if one tries to generate random points uniformly

distributed in the unit ball B

n

. A straightforward metod is �rst to generate

a random point x in the 
ube [�1; 1℄

n

, by produ
ing n independent random

numbers x

1

; x

2

; : : : ; x

n

2 [�1; 1℄

n

. If kxk > 1 then x is dis
arded and the

experiment is repeated, and if kxk � 1 then x is the desired random point

in the unit ball. This works reasonably in dimensions below 10, say, but in

dimension 20, we expe
t about 40 million points to be dis
arded for ea
h

a

epted point and the method is rather useless.

Another way of 
omparing the ball and the 
ube is to pi
ture the sizes

of the n-dimensional ball having the same volume as the unit 
ube:

1

n = 2
n = 10

n = 50
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For large n, the radius grows approximately like 0:24

p

n. This indi
ates that

the n-dimensional unit 
ube is a
tually quite a huge body; for example, its

diameter (the length of the longest diagonal) is

p

n. Here is another example

illustrating the largeness of the unit 
ube quite vividly.

Balls en
losing a ball. Pla
e balls of radius

1

2

into ea
h of the 2

n

verti
es

of the unit 
ube [0; 1℄

n

, so that they tou
h along the edges of the 
ube, and


onsider the ball 
on
entri
 with the 
ube and just tou
hing the other balls:

Obviously, this ball is quite small and it is fully 
ontained in the 
ube, right?

No: already for n = 5 it starts protruding out through the fa
ets.

Nets in a sphere. We 
on
lude this se
tion by introdu
ing a generally

useful tool. Let S

n�1

= fx 2 R

n

: kxk = 1g denote the unit sphere in

R

n

(note that S

2

is the 2-dimensional sphere living in R

3

). We are given

a number � > 0 and we want to pla
e a reasonably small �nite set N of

points on S

n�1

in su
h a way that ea
h x 2 S

n�1

has some point of N

at distan
e no larger than �. (Numerous 
orporations are trying to do

this, if not with the whole surfa
e of the globe then with large parts of it,

with � quite small.) Su
h an N is 
alled �-dense in S

n�1

. For example,

the set N = fe

1

;�e

1

; : : : ; e

n

;�e

n

g of the 2n orthonormal unit ve
tors of

the standard basis is

p

2-dense. But it is generally diÆ
ult to �nd good

expli
it 
onstru
tions for arbitrary � and n. The following simple but 
lever

existential argument yields an �-dense set whose size has essentially the best

possible order of magnitude.

Let us 
all a subset N � S

n�1

�-separated if every two distin
t points

of N have (Eu
lidean) distan
e greater than �. In a sense, this is opposite

to being �-dense.

In order to 
onstru
t a small �-dense set, we start with the empty set

and keep adding points one by one. The tri
k is that we do not worry about
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�-density along the way but we always keep the 
urrent set �-separated.

Clearly, if no more points 
an be added, the 
urrent set must be �-dense.

The result of this algorithm is 
alled an �-net.That is, N � S

n�1

is an

�-net if it is an in
lusion-maximal �-separated subset of S

n�1

, i.e. if N is

�-separated but N [ fxg is not �-separated for any x 2 S

n�1

nN . (These

de�nitions apply to an arbitrary metri
 spa
e in pla
e of S

n�1

.) A volume

argument bounds the maximum size of an �-net.

2.1.1 Lemma (Size of �-nets in the sphere). For ea
h � 2 (0; 1℄, any

�-net N � S

n�1

satis�es

jN j �

�

4

�

�

n

:

Later on, we will 
he
k that for � small, no �-dense set 
an be mu
h

smaller (Exer
ise 3.1.1).

Proof. For ea
h x 2 N , 
onsider the ball of radius

�

2


entered at x. These

balls are all disjoint and they are 
ontained in the ball B(0; 1+�) � B(0; 2).

Therefore vol(B(0; 2)) � jN j vol(B(0;

�

2

)), and sin
e vol(B(0; r)) in R

n

is

proportional to r

n

, the lemma follows. 2

Exer
ises

1. Cal
ulate the volume of the n-dimensional 
rosspolytope, i.e. the


onvex hull of fe

1

;�e

1

; : : : ; e

n

;�e

n

g, where e

i

is the ith ve
tor in the

standard basis of R

n

.

2

2. (Ball volume via the Gaussian distribution)

(a) Let I

n

=

R

R

d

e

�kxk

2

dx, where kxk = (x

2

1

+ � � � + x

2

n

)

1=2

is the

Eu
lidean norm. Express I

n

using I

1

.

1

(b) Express I

n

using V

n

= vol(B

n

) and a suitable one-dimensional

integral, by 
onsidering the 
ontribution to I

n

of the spheri
al shell

with inner radius r and outer radius r + dr.

2

(
) Cal
ulate I

n

by using (b) for n = 2 and (a).

1

(d) Integrating by parts, set up a re
urren
e and 
al
ulate the integral

appearing in (b). Compute V

n

.

2
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2.2 Hardness of Volume Approximation

The theorem in this se
tion 
an be regarded as a variation on one of the

\paradoxes of high dimension" mentioned in the previous se
tion, namely

that the volume of the ball ins
ribed in the unit 
ube gets negligible as

dimension grows. The theorem addresses a dual situation: the volume of a


onvex polytope ins
ribed in the unit ball.

2.2.1 Theorem. Let B

n

denote the unit ball in R

n

, and let P be a 
onvex

polytope 
ontained in B

n

and having at most N verti
es. Then

vol(P )

vol(B

n

)

�

�

C lnN

n

�

n=2

with an absolute 
onstant C.

Thus, unless the number of verti
es is exponential in n, the polytope is

very tiny 
ompared to the ball.

The proof shown below is neat but quite elementary and it makes seem-

ingly very rough estimates. Nevertheless, it turns out that the bound is

tight, up to the value of the 
onstant C. A 
onstru
tion of polytopes wit-

nessing this is dis
ussed in the next se
tion.

Appli
ation to hardness of volume approximation. Computing or

estimating the volume of a given 
onvex body in R

n

, with n large, is a

fundamental algorithmi
 problem. Many 
ombinatorial 
ounting problems


an be redu
ed to it, su
h as 
ounting the number of linear extension of a

given poset, as we saw in Se
tion 1.3. Sin
e many of these 
ounting problems

are 
omputationally intra
table, one 
annot expe
t to 
ompute the volume

pre
isely, and so approximation up to some multipli
ative fa
tor is sought.

It turns out that no polynomial-time deterministi
 algorithm 
an gener-

ally a
hieve approximation fa
tor better than exponential in the dimension.

A 
on
rete lower bound, derived with help of Theorem 2.2.1, is (
n= logn)

n

.

This 
an also be almost a
hieved: deterministi
 algorithms are known with

fa
tor O(n

3n=2

), resp. O(n

n

) for 
entrally symmetri
 bodies.

In striking 
ontrast to this, there are randomized polynomial-time al-

gorithms whi
h 
an approximate the volume within a fa
tor of (1 + ") for

ea
h �xed " > 0 with high probability. Here \randomized" means that the

algorithm makes random de
isions (like 
oin tosses) during its 
omputation;

it does not imply any randomness of the input. These are marvelous devel-

opments but they are not treated in this book. We only brie
y explain the

relation of Theorem 2.2.1 to the deterministi
 volume approximation.
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To understand this 
onne
tion, one needs to know how the input 
on-

vex body is presented to an algorithm. A general 
onvex body 
annot be

exa
tly des
ribed by �nitely many parameters, so 
aution is 
ertainly ne
es-

sary. One way of spe
ifying 
ertain 
onvex bodies, namely 
onvex polytopes,

is to give them as 
onvex hulls of �nite point set (V -presentation) or as in-

terse
tions of �nite sets of halfspa
es (H-presentation). But there are many

other 
omputationally important 
onvex bodies whi
h are not polytopes, or

have no polynomial-size V -presentation or H-presentation.

In order to abstra
t the 
onsiderations from the details of the presen-

tation of the input body, the ora
le model was introdu
ed for 
omputation

with 
onvex bodies. If K � R

n

is a 
onvex body, a membership ora
le for

K is, roughly speaking, an algorithm (subroutine, bla
k box) that, for any

given input point x 2 R

n

, outputs YES if x 2 K and NO if x 62 K.

This is simpli�ed be
ause, in order to be able to 
ompute with the body,

one needs to assume more. Namely, K should 
ontain a ball B(0; r) and be


ontained in a ball B(0; R) where R and r > 0 are written using at most

polynomially many digits. On the other hand, the ora
le need not (and

often 
annot) be exa
t, so a wrong answer is allowed for points very 
lose to

the boundary. These are important but rather te
hni
al issues and we will

ignore them. Let us note that a polynomial-time membership ora
le 
an be


onstru
ted for both V -presented and H-presented polytopes, as well as for

many other bodies.

Let us now assume that a deterministi
 algorithm approximates the

volume of ea
h 
onvex body given by a suitable membership ora
le. First

we 
all the algorithm with K = B

n

being the unit ball. The algorithm asks

the ora
le about some points fx

1

; x

2

; : : : ; x

N

g, gets the 
orre
t answers, and

outputs an estimate for vol(B

n

). Next, we 
all the algorithm with the body

K = 
onv(fx

1

; x

2

; : : : ; x

N

g \ B

n

). The answers of the ora
le are exa
tly

the same, and sin
e the algorithm has no other information about the body

K and it is deterministi
, it has to output the same volume estimate as it

did for B

n

. But by Theorem 2.2.1, vol(B

n

)= vol(K) � (
n= lnN)

n=2

, and

so the error of the approximation must be at least this fa
tor. If N , the

number of ora
le 
alls, is polynomial in n, it follows that the error is at least

(


0

n= logn)

n=2

.

By more re�ned 
onsideration, one 
an improve the lower bound to

approximately the square of the just given quantity. The idea is to input the

dual body K

�

to the algorithm too, for whi
h it gets the same answers, and

then use a deep result stating that vol(K) vol(K

�

) � 


n

=n! for any 
entrally

symmetri
 n-dimensional 
onvex body K, with an absolute 
onstant 
 > 0
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(some te
hni
al steps are omitted here). This improvement is interesting

be
ause, as was remarked above, for symmetri
 
onvex bodies it almost

mat
hes the performan
e of the best known algorithm.

Idea of the proof of Theorem 2.2.1. Let V be the set of verti
es of

the polytope P � B

n

, jV j = N . We 
hoose a suitable parameter k = d

n

lnN

e

and prove that for every x 2 P , there is a k-tuple J of points of V su
h that

x is 
lose to 
onv(J). Then vol(P ) is simply estimated as

�

N

k

�

times the

maximum possible volume of the appropriate neighborhood of the 
onvex

hull of k points in B

n

. Here is the �rst step towards realizing this program.

2.2.2 Lemma. Let S in R

n

be an n-dimensional simplex , i.e. the 
onvex

hull of n + 1 aÆnely independent points, and let R = R(S) and � = �(S)

be the 
ir
umradius and inradius of S, respe
tively, i.e. the radius of the

smallest en
losing ball and of the largest ins
ribed ball. Then

R

�

� n.

Proof. First sket
h the proof of an auxiliary 
laim: among all simpli
es


ontained in B

n

, the regular simplex ins
ribed in B

n

has the largest volume.

The volume of a simplex is proportional to the (n� 1)-dimensional volume

of its base times the 
orresponding height. It follows that in a maximum-

volume simplex S ins
ribed in B

n

, the hyperplane passing through a vertex

v of S and parallel to the fa
et of S not 
ontaining v is tangent to B

n

, for

otherwise v 
ould be moved to in
rease the height:

base

v

It 
an be easily shown that this property 
hara
terizes the regular simplex

(so the regular simplex is even the unique maximum).

Another, slightly more diÆ
ult argument shows that if S is a simplex of

minimum volume 
ir
ums
ribed to B

n

then ea
h fa
et of S tou
hes B

n

at

its 
enter of gravity (Exer
ise 2), and it follows that the volume is minimized

by the regular simplex 
ir
ums
ribed to B

n

.

Let S

0

be a simplex 
ontained in B

n

. We 
onsider two auxiliary regular

simpli
es S

1

and S

2

, where S

1

is ins
ribed in B

n

and S

2

satis�es vol(S

2

) =

vol(S

0

). Sin
e vol(S

1

) � vol(S

0

) = vol(S

2

), S

1

is at least as big as S

2

, and so

�(S

0

) � �(S

2

) � �(S

1

). Cal
ulation shows that �(S

1

) =

1

n

(Exer
ise 1(a)).

2
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Let F be a j-dimensional simplex in R

n

. De�ne the orthogonal �-

neighborhood F

�

of F as the set of all points x 2 R

n

for whi
h there is

a point y 2 F su
h that the segment xy is orthogonal to F and kx�yk � �.

The next drawing shows orthogonal neighborhoods in R

3

of a 1-simplex and

of a 2-simplex:

The orthogonal �-neighborhood of F 
an be expressed as the Cartesian

produ
t of F with a �-ball of dimension n� j, and so vol

n

(F

�

) = vol

j

(F ) �

�

n�j

� vol

n�j

(B

n�j

).

2.2.3 Lemma. Let S be an n-dimensional simplex 
ontained in B

n

, let

x 2 S, and let k be an integer parameter, 1 � k � n. Then there is

a k-tuple J of aÆnely independent verti
es of S su
h that x lies in the

orthogonal �-neighborhood of 
onv(J), where

� = �(n; k) =

�

n

X

i=k

1

i

2

�

1=2

:

Proof. We pro
eed by indu
tion on n�k. For n = k, this is Lemma 2.2.2:


onsider the largest ball 
entered at x and 
ontained in S; it has radius at

most

1

n

, it tou
hes some fa
et F of S at a point y, and the segment xy is

perpendi
ular to F , witnessing x 2 F

1=n

.

For k < n, using the 
ase k = n, let S

0

be a fa
et of S and x

0

2 S

0

a

point at distan
e at most

1

n

from S

0

su
h that xx

0

? S

0

. By the indu
tive

assumption for S

0

, we �nd a (k � 1)-fa
e F of S

0

and a point y 2 F with

kx

0

� yk � �(n � 1; k) and x

0

y ? F . Here is an illustration for n = 3 and

k = 2:

x

x

0

y

F

S

0
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Then xx

0

? x

0

y (be
ause the whole S

0

is perpendi
ular to xx

0

), and so

kx � yk

2

= kx � x

0

k

2

+ kx

0

� yk

2

� �(n; k)

2

. Finally, xy ? F sin
e both

the ve
tors x

0

� y and x� x

0

lie in the orthogonal 
omplement of the linear

subspa
e generated by F � y. 2

Proof of Theorem 2.2.1. By Carath�eodory's Theorem and by Lemma 2.2.3,

P = 
onv(V ) is 
overed by the union of all the orthogonal �-neighborhoods


onv(J)

�

, J 2

�

V

k

�

, where � = �(n; k) is as in the lemma. The maxi-

mum (k � 1)-dimensional volume of 
onv(J) is no larger than the (k � 1)-

dimensional volume of the regular (k� 1)-simplex ins
ribed in B

k�1

, whi
h

is

M(k � 1) =

�

k

k � 1

�

(k�1)=2

p

k

(k � 1)!

;

see Exer
ise 1(b). (If we do not 
are about the value of C in the theorem

then M(k � 1) 
an also be trivially estimated by vol

k�1

(B

k�1

) or even by

2

k�1

.)

What remains is 
al
ulation. We have

vol(P )

vol(B

n

)

�

�

N

k

�

�M(k � 1) � �(n; k)

n�k+1

�

vol

n�k+1

(B

n�k+1

)

vol(B

n

)

: (2.1)

We �rst estimate

�(n; k)

2

=

n

X

i=k

1

i

2

�

n

X

i=k

1

i(i� 1)

=

n

X

i=k

�

1

i� 1

�

1

i

�

=

1

k � 1

�

1

n

�

1

k � 1

:

Before plunging into further 
al
ulations, let us see the orders of mag-

nitude of various terms involved. Re
all that k = d

n

lnN

e. On the one hand,

vol(P ) = 0 for N � n and so k � n= lnn. On the other hand, if C lnN � n

then the bound asserted in the theorem is trivially valid, and so we may

assume that k is larger than any suitable 
onstant.

It is 
onvenient take (natural) logarithms on both sides of (2.1). The

logarithm of the bound we are heading for is

n

2

(ln lnN � lnn+O(1)), and

so we 
an negle
t terms up to the order O(n). The main term in our

estimate (2.1) turns out to be the one with �(n; k). For its logarithm, we �nd

ln �(n; k)

n�k+1

� �(n+o(n)) ln

p

k = (1+o(1))

n

2

(ln lnN� lnn+O(1)). All

the remaining terms are negligible: ln

�

N

k

�

� lnN

k

= n+o(n), lnM(k�1) �

0 for k large, and

ln

vol

n�k+1

(B

n�k+1

)

vol(B

n

)

=

n�k+1

2

ln� � ln �(

n�k+1

2

+ 1)�

n

2

ln� + ln�(

n

2

+ 1)
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= ln

�(

n

2

+ 1)

�(

n�k+1

2

+ 1)

+O(n) � lnn

k=2

+O(n) = O(n):

The proof of Theorem 2.2.1 is 
omplete. 2

Exer
ises

1. (a) Cal
ulate the inradius and 
ir
umradius of a regular n-dimensional

simplex.

(b) Cal
ulate the volume of the regular n-dimensional simplex in-

s
ribed in the unit ball B

n

.

2. Let S � R

n

be a simplex 
ir
ums
ribed to B

n

and let F be a fa
et of

S tou
hing B

n

at a point 
. Show that if 
 is not the 
enter of gravity

of F then there is another simplex S

0

(arising by slightly moving the

hyperplane that determines the fa
et F ) that 
ontains B

n

and has

volume smaller than vol(S).

3. The width of a 
onvex body K is the minimum distan
e of two parallel

hyperplanes su
h that K lies between them. Prove that the 
onvex

hull of N points in B

n

has width at most O

�

p

(lnN)=n

�

.

4. (A weaker but simpler estimate) Let V � R

n

be a �nite set. Prove

that 
onv(V ) �

S

v2V

B(

1

2

v;

1

2

kvk), where B(x; r) is the ball of radius

r 
entered at x. Dedu
e that the 
onvex hull of n points 
ontained in

B

n

has volume at most

m

2

n

vol(B

n

).

4

2.3 Constru
ting Polytopes of Large Volume

For all N in the range 2n � N � 4

n

, we 
onstru
t a polytope P � B

n

with

N verti
es 
ontaining a ball of radius r = 


�

q

(ln

N

n

)=n

�

. This shows that

Theorem 2.2.1 is tight for n

2

� N � 4

n

, sin
e vol(P )= vol(B

n

) � r

n

. We

begin with two extreme 
ases.

First we 
onstru
t a k-dimensional polytope P

0

� B

k

with 4

k

verti
es


ontaining the ball

1

2

B

k

. There are several possible ways; the simplest is

based on �-nets. We 
hoose a 1-net V � S

k�1

and set P

0

= 
onv(V ).

A

ording to Lemma 2.1.1, we have N = jV j � 4

k

. If there were an x with

kxk =

1

2

not lying in P

0

,
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x

y

1

2

� 1

then the separating hyperplane passing through x and avoiding P

0

would

de�ne a 
ap (shaded) whose 
enter y would be at distan
e at least 1 from V .

Another extreme 
ase is with N = 2q verti
es in dimension n = q.

Then we 
an take the 
rosspolytope, i.e. the 
onvex hull of the ve
tors e

1

,

�e

1

,. . . , e

q

, �e

q

, where (e

1

; : : : ; e

q

) is an orthonormal basis. The radius of

the ins
ribed ball is r =

1

p

q

whi
h mat
hes the asserted formula.

Next, suppose that n = qk for integers q and k, where k � lnn, and set

N = q4

k

. We have k � lnN and q �

n

lnN

, and so it suÆ
es to 
onstru
t an

N -vertex polytope P � B

n


ontaining the ball rB

n

with r =

1

2

p

q

.

The 
onstru
tion of P is, in a sense, a 
ombination of the two 
onstru
-

tions above. We interpret R

n

as the produ
t R

k

�R

k

�� � ��R

k

(q fa
tors).

In ea
h of the 
opies of R

k

, we 
hoose a polytope P

0

with 4

k

verti
es as

above, and we let P be the 
onvex hull of their union. More formally,

P = 
onv

n

(0; 0; : : : ; 0

| {z }

(i�1)k�

; x

1

; x

2

; : : : ; x

k

; 0; 0; : : : ; 0): (x

1

; : : : ; x

k

) 2 V;

i 2 f1; 2; : : : ; qg

o

where V is the vertex set of P

0

.

We want to show that P 
ontains the ball rB

n

, r =

1

2

p

q

. Let x be a

point of norm kxk � r and let x

i

be the ve
tor obtained from x by retaining

the 
oordinates in the ith blo
k, i.e. in positions (i � 1)k + 1; : : : ; ik, and

setting all the other 
oordinates to 0. These x

i

are pairwise orthogonal and

x lies in the q-dimensional subspa
e spanned by them. Let y

i

=

x

i

2kx

i

k

be

the ve
tor of length

1

2

in the dire
tion of x

i

. Ea
h y

i

is 
ontained in P sin
e

P

0


ontains the ball of radius

1

2

. The 
onvex hull of the y

i

is a q-dimensional


rosspolytope of 
ir
umradius

1

2

and so it 
ontains all ve
tors of norm

1

2

p

q

in the subspa
e spanned by the x

i

, in
luding x.

This 
onstru
tion assumes that n and N are of a spe
ial form, but it

is not diÆ
ult to extend the bounds to all n � 2 and all N in the range
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n

2

� N � 4

n

by monotoni
ity 
onsiderations; we omit the details. This

proves that the bound in Theorem 2.2.1 is tight up to the value of the


onstant C for n

2

� N � 4

n

. 2

Exer
ises

1. (Polytopes with polynomially many fa
ets ins
ribed in a ball)

(a) Show that the 
ube ins
ribed in the unit ball B

n

, whi
h is a 
onvex

polytope with 2n fa
ets, has volume of a larger order of magnitude

than any 
onvex polytope in B

n

with polynomially many verti
es (and

so, 
on
erning volume, \fa
ets are better than verti
es").

2

(b) Prove that the inradius of any 
onvex polytope with N fa
ets


ontained in B

n

is at most O

�

p

(lnN)=n

�

(and so, in this respe
t,

fa
ets are not better than verti
es).

3

2.4 Approximating Convex Bodies by Ellipsoids

One of the most important issues in the life of 
onvex bodies is their ap-

proximation by ellipsoids, as ellipsoids are in many respe
ts the simplest

imaginable 
ompa
t 
onvex bodies. The following result tells us how well

they 
an generally be approximated (or how badly, depending on the point

of view).

2.4.1 Theorem (John's Lemma). Let K � R

n

be a bounded 
losed


onvex body with nonempty interior. Then there exists an ellipsoid E su
h

that

E

0

� K � E;

where E

0

is E shrunk from its 
enter by the fa
tor n. If K is symmetri


about the origin, then we have the improved approximation

1

p

n

E � K � E:

Thus, K 
an be approximated from outside and from inside by similar

ellipsoids with ratio 1 : n, or 1 :

p

n for the 
entrally symmetri
 
ase. Both

these ratios are the best possible in general: this is shown by K being the

regular simplex in the general 
ase and the 
ube in the 
entrally symmetri



ase.
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E

1

2

E

E

1

p

2

E

In order to work with ellipsoids, we need a rigorous de�nition. A suitable

one is to 
onsider ellipsoids as aÆne images of the unit ball : if B

n

denotes

the unit ball in R

n

, an ellipsoid E is a set E = f(B

n

), where f :R

n

! R

n

is an aÆne map of the form f :x 7! Ax+ 
. Here x is regarded as a 
olumn

ve
tor, 
 2 R

n

is a translation ve
tor, and A is a nonsingular n�n matrix.

A very simple 
ase is when 
 = 0 and A is a diagonal matrix with positive

entries a

1

; a

2

; : : : ; a

n

on the diagonal. Then

E =

�

x 2 R

n

:

x

2

1

a

2

1

+

x

2

2

a

2

2

+ � � �+

x

2

n

a

2

n

� 1

�

(2.2)

as is easy to 
he
k; this is an ellipsoid with 
enter at 0 and with semiaxes

a

1

; a

2

; : : : ; a

n

. In this 
ase, we have vol(E) = a

1

a

2

� � �a

n

� vol(B

n

). An

arbitrary ellipsoid E 
an be brought to this form by a suitable translation

and rotation around the origin. In the language of linear algebra, this


orresponds to diagonalizing a positive de�nite matrix using an orthonormal

basis 
onsisting of its eigenve
tors; see Exer
ise 1.

Proof of Theorem 2.4.1. In both 
ases in the theorem, E is 
hosen as

an ellipsoid of the smallest possible volume with K � E (su
h an ellipsoid

is often 
alled the L�owner{Johnellipsoid of K). In Lemma 2.4.2 below, we

show that su
h an E always exists (the minimum is attained).

We prove only the 
entrally symmetri
 
ase. The non-symmetri
 
ase

follows the same idea but the 
al
ulations are di�erent and more 
ompli-


ated, and we leave them to Exer
ise 2.

So we suppose that K is symmetri
 about 0, we �x E, and make a linear

transformation so that E be
omes the unit ball B

n

. Assuming that the

smaller ball n

�1=2

B

n

is not 
ontained in K, we derive a 
ontradi
tion by

exhibiting a smaller en
losing ellipsoid for K.

We know that there is a point x 62 K with kxk � n

�1=2

. By the Separa-

tion Theorem, K 
an be stri
tly separated from x, and so there is a 
losed

halfspa
e 
 
ontaining K but not x. Sin
e K is symmetri
, K is 
ontained

in the strip 
 \ (�
) of width 2s, where s < n

�1=2

:
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2s

0




�


x

For 
onvenient notation, suppose that 
 is perpendi
ular to the x

1

-axis. To

�nish the proof, we show that the region R = fx 2 R

n

: �s � x

1

� s; kxk �

1g, and therefore K too, are 
ontained in an ellipsoid E

0

of volume smaller

than vol(B

n

):

x

1

a

0

b

z

E

0

s

R

1

Sin
e R is symmetri
 under all rotations �xing the x

1

-axis, we naturally


hoose E

0

symmetri
 too. Let the semiaxis in the x

1

-dire
tion have length

a and the remaining n� 1 semiaxes length b � a. As the pi
ture suggests,

and as is not diÆ
ult to verify formally, if E

0


ontains a point z 2 �
 \

�B

n

then it 
ontains all of R. The 
oordinates of z 
an be 
hosen as

(s;

p

1� s

2

; 0; 0; : : : ; 0). Substituting this into the de�ning inequality of E

0

of the form (2.2), we obtain the requirement

s

2

a

2

+

1� s

2

b

2

� 1: (2.3)

We now want to 
hoose b � a > 0 so that (2.3) holds and ab

n�1

is minimum.

This is an exer
ise in 
al
ulus. For 
onvenien
e, we minimize the square,

i.e. a

2

b

2(n�1)

. It turns out that the minimum is attained for a

2

= ns

2
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and b

2

=

n

n�1

(1 � s

2

). Sin
e s

2

<

1

n

, we get that a

2

b

2(n�1)

< 1, and

thus vol(E

0

) < vol(B

n

). This 
ontradi
ts our assumption that B

n

was a

minimum-volume en
losing ellipsoid for K, and Theorem 2.4.1 is proved,

up to the proof of the following lemma. 2

2.4.2 Lemma. Let X be a bounded set in R

n

that is not 
ontained in a

hyperplane, and let E be the set of all ellipsoids that 
ontain X . Then there

is an ellipsoid E

0

2 E su
h that vol(E

0

) = min

E2E

vol(E).

Proof. We want to 
onsider vol(�) as a 
ontinuous fun
tion on a suitable


ompa
t spa
e of ellipsoids; there are several possibilities of 
hoosing an

appropriate spa
e.

Let K = 
onv(X). After a translation, we may assume that K is sand-

wi
hed between suitable balls: B(0; r) � K � B(0; R), r > 0. We 
an

restri
t ourselves to en
losing ellipsoids of volume at most vol(B(0; R)).

There is a number M su
h that if kxk �M then vol(
onv(fxg[B(0; r))) >

vol(B(0; R)), and so we 
an 
onsider only the ellipsoids 
ontained in B(0;M).

An ellipsoid E is given as the image f(B

n

), where f :x 7! Ax + 
. So

E 
an be identi�ed with the pair (A; 
), whi
h 
an be regarded as a point

in R

n

2

+n

. Taking the standard Eu
lidean metri
 on the latter spa
e, this

indu
es a metri
 on the spa
e of ellipsoids.

We 
he
k that for E � B(0;M), the entries of 
 and A 
annot be

too large. Clearly, we have j


i

j � M for all i. If a

ij

> 2M , say, we let

x = e

j

be the jth ve
tor of the standard orthonormal basis, and we �nd

that kf(e

j

)k � f(e

j

)

i

> a

ij

�M �M . Therefore ja

ij

j � 2M .

De�ne E

M

as the spa
e of all ellipsoids with j


i

j � M and ja

ij

j � 2M

for all i; j. This spa
e is 
ompa
t and 
ontains all ellipsoids of interest to

us. Sin
e vol(E) = j det(A)j � vol(B

n

), the volume is a 
ontinuous fun
tion

on E

M

.

For a point x 2 X , let E

M

(x) = fE 2 E

M

: x 2 Eg. This E

M

(x) 
an be

des
ribed by polynomial inequalities, and so it is a 
losed subspa
e of E

M

.

Therefore E

M

(X) =

T

x2X

E

M

(x) is 
ompa
t and the 
ontinuous fun
tion

vol(�) attains its minimum on it. 2

Exer
ises

1. Let E be the ellipsoid f(B

n

), where f :x 7! Ax for an n�n nonsingular

matrix A.
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(a) Show that E = fx 2 R

n

: x

T

Bx � 1g. What is the matrix B?

2

(b) Re
all or look up appropriate theorems in linear algebra, showing

that there is an orthonormal matrix R su
h that B

0

= R

�1

BR is a

diagonal matrix with the eigenvalues of B on the diagonal (
he
k and

use the fa
t that B is positive de�nite in our 
ase).

2

(
) What is the geometri
 meaning of R, and what is the relation of

the entries of R

�1

BR to the semiaxes of the ellipsoid E?

2

2. Prove the part of Theorem 2.4.1 dealing with not ne
essarily symmet-

ri
 
onvex bodies.

4



3

Measure Con
entration and Almost

Spheri
al Se
tions

In the �rst two se
tions, we are going to dis
uss measure 
on
entration

on a high-dimensional unit sphere. Roughly speaking, measure 
on
entra-

tion says that if A � S

n�1

is a set o

upying at least half of the sphere

then almost all points of S

n�1

are quite 
lose to A, at distan
e about

O(n

�1=2

). Measure 
on
entration is an extremely useful te
hni
al tool in

high-dimensional geometry. From the point of view of probability theory,

it provides tail estimates for random variables de�ned on S

n�1

, and in this

respe
t it resembles Cherno�-type tail estimates for the sums independent

random variables. But it is of a more general nature, more like tail estimates

for Lips
hitz fun
tions on dis
rete spa
es obtained using martingales.

The se
ond main theme of this 
hapter are almost-spheri
al se
tions

of 
onvex bodies. Given a 
onvex body K � R

n

, we want to �nd a k-

dimensional subspa
e L of R

n

su
h that K \ L is almost spheri
al, i.e. it


ontains a ball of some radius r and it is 
ontained in the 
on
entri
 ball

of radius (1 + ")r. A remarkable Ramsey-type result, Dvoretzky's Theo-

rem, shows that with k being about "

�2

logn, su
h a k-dimensional almost-

spheri
al se
tion exists for everyK. We also in
lude an appli
ation 
on
ern-

ing 
onvex polytopes, showing that a high-dimensional 
entrally symmetri



onvex polytope 
annot have both a small number of verti
es and a small

number of fa
ets.

Both measure 
on
entration and the existen
e of almost-spheri
al se
-

tions are truly high-dimensional phenomena, pra
ti
ally meaningless in the

familiar dimensions 2 and 3. The low-dimensional intuition is of little use

here, but perhaps by studying some number of results and examples, one


an develop intuition on what to expe
t in high dimensions.

We present only a few sele
ted results from an extensive and well-

developed theory of high-dimensional 
onvexity. Most of it was built in

the so-
alled lo
al theory of Bana
h spa
es, whi
h deals with the geometry

of �nite-dimensional subspa
es of various Bana
h spa
es. In the literature,

the theorems are usually formulated in the language of Bana
h spa
es, so
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instead of symmetri
 
onvex bodies, one speaks about norms, and so on.

Here we introdu
e some rudimentary terminology 
on
erning normed spa
es

but we express most of the notions in geometri
 language, in the hope of

making it more a

essible to non-spe
ialists in Bana
h spa
es. So, for exam-

ple, in the formulation of Dvoretzky's Theorem, we do not speak about the

Bana
h{Mazur distan
e to an inner produ
t norm but rather about almost

spheri
al 
onvex bodies. On the other hand, for a more serious study of this

theory, the language of normed spa
es seems most appropriate.

3.1 Measure Con
entration on the Sphere

Let P denote the usual surfa
e measure on the unit Eu
lidean sphere S

n�1

,

s
aled so that the whole S

n�1

has measure 1 (a rigorous de�nition will be

mentioned later). This P is a probability measure, and we often think of

S

n�1

as a probability spa
e. For a set A � S

n�1

, P[A℄ is the P-measure of

A and also the probability that a random point of S

n�1

falls into A. The

letter P should suggest \probability of", and the notation P[A℄ is analogous

to Prob[A℄ used elsewhere in the book.

Measure 
on
entration on the sphere 
an be approa
hed in two steps.

The �rst step is the observation, interesting but rather easy to prove, that

for large n, most of S

n�1

lies quite 
lose to the \equator". For example,

the following diagram shows the width of the band around the equator that


ontains 90% of the measure, for various dimensions n:

n = 3
n = 11

n = 101

That is, if the width of the gray stripe is 2w, it means that

P

�

fx 2 S

n�1

: �w � x

n

� wg

�

= 0:9:

As we will see later, w is of the order n

�1=2

for large n. (Of 
ourse, one

might ask, why the measure is 
on
entrated just around the \equator" x

n

=

0. But, 
ounterintuitive as it may sound, it is 
on
entrated around any

equator, i.e. near any hyperplane 
ontaining the origin.)
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The se
ond, 
onsiderably deeper step shows that the measure on S

n�1

is 
on
entrated not only around the equator, but near the boundary of any

(measurable) subset A � S

n�1


overing half of the sphere. Here is a pre
ise

quantitative formulation.

3.1.1 Theorem (Measure 
on
entration for the sphere). Let A �

S

n�1

be a measurable set with P[A℄ �

1

2

, and letA

t

denote the t-neighborhood

of A; that is, the set of all x 2 S

n�1

whose Eu
lidean distan
e to A is at

most t. Then

1� P[A

t

℄ � 2e

�t

2

n=2

:

Thus, if A o

upies half of the sphere, almost all points of the sphere

lie at distan
e at most O(n

�1=2

) from A; only extremely small reserves 
an

vegetate undisturbed by the nearness of A. To re
over the 
on
entration

around the equator, it suÆ
es to 
hoose A as a hemisphere.

We present a simple and dire
t geometri
 proof of a slightly weaker

version of Theorem 3.1.1, with �t

2

n=4 in the exponent instead of �t

2

n=2.

It deals with both the steps mentioned above in one stroke.

It is based on the Brunn{Minkowski inequality (Theorem 1.2.2): vol(A)

1=n

+

vol(B)

1=n

� vol(A+B)

1=n

for any nonempty 
ompa
t sets A;B � R

n

. We

will a
tually use a slightly di�erent version of the inequality, whi
h resem-

bles the well-known inequality between the arithmeti
 and geometri
 means,

at least opti
ally:

vol(

1

2

(A+B)) �

p

vol(A) vol(B): (3.1)

This is easily derived from the usual version: we have vol(

1

2

(A + B))

1=n

�

vol(

1

2

A)

1=n

+vol(

1

2

B)

1=n

=

1

2

(vol(A)

1=n

+vol(B)

1=n

) � (vol(A) vol(B))

1=2n

by the inequality

1

2

(a+ b) �

p

ab.

Proof of a weaker version of Theorem 3.1.1. For a set A � S

n�1

, we

de�ne

~

A as the union of all the segments 
onne
ting the points of A to 0:

~

A = f�x: x 2 A; � 2 [0; 1℄g � B

n

. Then we have

P[A℄ = �(

~

A);

where �(

~

A) = vol(

~

A)= vol(B

n

) is the normalized volume of

~

A; in fa
t, this


an be taken as the de�nition of P[A℄.

Suppose that t 2 [0; 1℄. Let P[A℄ �

1

2

and let B = S

n�1

nA

t

. Therefore,

ka� bk � t for all a 2 A, b 2 B.
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3.1.2 Lemma. For any ~x 2

~

A and ~y 2

~

B, we have k

~x+~y

2

k � 1� t

2

=8.

Proof of the lemma. Let ~x = �x, ~y = �y, x 2 A, y 2 B:

0

x

y

~x

~y

x+y

2

B

A

First we 
al
ulate, by the Pythagoras Theorem and by elemen-

tary 
al
ulus,













x+ y

2













�

q

1�

t

2

4

� 1�

t

2

8

:

For passing to ~x and ~y, we may assume that � = 1. Then













~x+ ~y

2













=













�x + y

2













� �













x+ y

2













+ (1� �)










y

2










= �(1�

t

2

8

) + (1� �)(1�

1

2

) � 1�

t

2

8

:

The lemma is proved.

By the lemma, the set

1

2

(

~

A+

~

B) is 
ontained in the ball of radius 1�t

2

=8

around the origin. Applying Brunn{Minkowski in the form (3.1) to

~

A and

~

B, we have

�

1�

t

2

8

�

n

� �(

1

2

(

~

A+

~

B)) �

q

�(

~

A)�(

~

B) =

p

P[A℄ P[B℄ �

q

1

2

P[B℄:

So

P[B℄ � 2

�

1�

t

2

8

�

2n

� 2e

�t

2

n=4

:

2

Exer
ises

1. Use Theorem 3.1.1 to show that any 1-dense set in the unit sphere

S

n�1

has at least

1

2

e

�n=8

points.

2
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3.2 Isoperimetri
 Inequalities and More on Con
entration

The usual proof of Theorem 3.1.1 (measure 
on
entration) has two steps:

�rst, P[A

t

℄ is bounded for A being the hemisphere (whi
h is elementary


al
ulus), and se
ond, it is shown that among all sets A of measure

1

2

, the

hemisphere has the smallest P[A

t

℄. The latter result is an example of an

isoperimetri
 inequality.

Before we formulate that this inequality, let us begin with the mother of

all isoperimetri
 inequalities, the one for planar geometri
 �gures. It states

that among all planar geometri
 �gures with a given perimeter, the 
ir
ular

dis
 has the largest possible area. (This is well-known but so easy to prove

rigorously.) More general isoperimetri
 inequalities are usually formulated

using the volume of a neighborhood instead of \perimeter". They 
laim that

among all sets of a given volume in some metri
 spa
e under 
onsideration,

a ball of that volume has the smallest volume of the t-neighborhood:

(In the pi
ture, assuming that the dark areas are the same, then the light

gray area is the smallest for the dis
.) Letting t ! 0, one 
an get a state-

ment involving the perimeter or surfa
e area. But the formulation with

t-neighborhood makes sense even in spa
es where \surfa
e area" is not de-

�ned; it suÆ
es to have a metri
 and a measure on the 
onsidered spa
e.

For the Eu
lidean spa
e R

n

with the Lebesgue measure, this \neigh-

borhood" form of isoperimetri
 inequality 
laims that for any 
ompa
t set

A � R

d

and any t � 0, we have vol(A

t

) � vol(B

t

), where B is a ball

of the same volume as A. Although we do not need this parti
ular result

in the further development, let us digress and mention a ni
e proof using

the Brunn{Minkowski inequality (Theorem 1.2.2). By re-s
aling, we may

assume that B is the ball of unit radius. Then A

t

= A+ tB, and so

vol(A

t

) = vol(A+ tB) �

�

vol(A)

1=n

+ t vol(B)

1=n

�

n

= (1 + t)

n

vol(B) = vol(B

t

):

For the sphere with the usual Eu
lidean metri
 inherited from R

n

, an

r-ball is a spheri
al 
ap, i.e. an interse
tion of S

n�1

with a halfspa
e. The
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isoperimetri
 inequality states that for all measurable sets A � S

n�1

and all

t � 0, we have P[A

t

℄ � P[C

t

℄, where C is a spheri
al 
ap with P[C℄ = P[A℄.

We are not going to prove this; no really simple proof seems to be known.

The measure 
on
entration on the sphere (Theorem 3.1.1) is a rather

dire
t 
onsequen
e of this isoperimetri
 inequality, by the argument already

indi
ated above. If P[A℄ =

1

2

, then P[A

t

℄ � P[C

t

℄, where C is a 
ap with

P[C℄ =

1

2

, i.e. a hemisphere. Thus, it suÆ
es to estimate the measure of

the 
omplementary 
ap S

n�1

n C

t

.

Gaussian 
on
entration. There are many other metri
 probability

spa
es with measure 
on
entration phenomena analogous to Theorem 3.1.1.

Perhaps the most important one is R

n

with the Eu
lidean metri
 and with

the n-dimensional Gaussian measure 
 given by


(A) = (2�)

�n=2

Z

A

e

�kxk

2

=2

dx:

This is a probability measure on R

n


orresponding to the n-dimensional

normal distribution. Let Z

1

; Z

2

; : : : ; Z

n

be independent real random vari-

ables, ea
h of them with the standard normal distribution N(0; 1), i.e. su
h

that

Prob[Z

i

� z℄ =

1

p

2�

Z

z

�1

e

�t

2

=2

dt:

Then the ve
tor (Z

1

; Z

2

; : : : ; Z

n

) 2 R

n

is distributed a

ording to the mea-

sure 
. This 
 is spheri
ally symmetri
: the density fun
tion (2�)

�n=2

e

�kxk

2

=2

only depends on the distan
e of x from the origin. The distan
e of a point


hosen at random a

ording to this distribution is sharply 
on
entrated

around

p

n, and in many respe
ts, 
hoosing a random point a

ording to 


is similar to 
hoosing a random point from the uniform distribution on the

sphere

p

nS

n�1

.

The isoperimetri
 inequality for the Gaussian measure 
laims that among

all sets A with given 
(A), a halfspa
e has the smallest possible measure

of the t-neighborhood. By simple 
al
ulation, this yields the 
orresponding

theorem about measure 
on
entration for the Gaussian measure:

3.2.1 Theorem (Gaussian measure 
on
entration). Let a measurable

set A � R

n

satisfy 
(A) �

1

2

. Then 
(A

t

) � 1� e

�t

2

=2

.

Note that the dimension does not appear in this inequality, and in-

deed the Gaussian 
on
entration has in�nite-dimensional versions as well.
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Measure 
on
entration on S

n�1

, with slightly suboptimal 
onstants, 
an be

proved as an easy 
onsequen
e of the Gaussian 
on
entration.

Most of the results in the sequel obtained using measure 
on
entration

on the sphere 
an be derived from the Gaussian 
on
entration as well. In

more advan
ed appli
ations, the Gaussian 
on
entration is often te
hni
ally

preferable, but here we will sti
k to the perhaps more intuitive measure


on
entration on the sphere.

Other important \
ontinuous" spa
es with 
on
entration results simi-

lar to Theorem 3.1.1 in
lude the n-dimensional torus (the n-fold Cartesian

produ
t S

1

� � � � � S

1

� R

2n

) and the group SO(n) of all rotations around

the origin in R

n

(see Se
tion 3.4 for more about SO(n)).

Dis
rete metri
 spa
es. Similar 
on
entration inequalities also hold

in many dis
rete metri
 spa
es en
ountered in 
ombinatori
s. One of the

simplest examples is the n-dimensional Hamming 
ube C

n

= f0; 1g

n

. The

points are n-
omponent ve
tors of 0s and 1s, and their Hamming distan
e is

the number of positions where they di�er. The \volume" of a setA � f0; 1g

n

is de�ned as P[A℄ =

1

2

n

jAj. An r-ball B(r) is the set of all 0/1 ve
tors that

di�er from a given ve
tor in at most r 
oordinates, and so its volume is

P[B(r)℄ = 2

�n

�

1 +

�

n

1

�

+

�

n

2

�

+ � � �+

�

n

r

��

. The isoperimetri
 inequality for

the Hamming 
ube, due to Harper, is exa
tly of the form announ
ed above:

If A � C

n

is any set with P[A℄ � P[B(r)℄ then P[A

t

℄ � P[B(r + t)℄.

Of 
ourse, if A is an r-ball, then A

t

is an (r + t)-ball, and we have an

equality. Suitable estimates (tail estimates for the binomial distribution in

probability theory) then give an analogue of Theorem 3.1.1:

3.2.2 Theorem (Measure 
on
entration for the 
ube). Let A � C

n

satisfy P[A℄ �

1

2

. Then 1� P[A

t

℄ � e

�t

2

=2n

.

This is very similar to the situation for S

n�1

, only the s
aling is di�erent:

while the Hamming 
ube C

n

has diameter n, and the interesting range of t

is from about

p

n to n, the sphere S

n�1

has diameter 2, and the interesting

t are in range from about

1

p

n

to 2.

Another signi�
ant dis
rete metri
 spa
e with similar measure 
on
en-

tration is the spa
e S

n

of all permutations of f1; 2; : : : ; ng (i.e. bije
tive

mappings f1; 2; : : : ; ng ! f1; 2; : : : ; ng). The distan
e of two permutations

p

1

and p

2

is jfi: p

1

(i) 6= p

2

(i)gj, and the measure is the usual uniform prob-

ability measure on S

n

, where every single permutation has measure

1

n!

.
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3.3 Con
entration of Lips
hitz Fun
tions

Here we derive a form of the measure 
on
entration whi
h is very suitable for

appli
ations. It says that any Lips
hitz fun
tion on a higher-dimensional

sphere is tightly 
on
entrated around its expe
tation. (Any measurable

real fun
tion f :S

n�1

! R 
an be regarded as a random variable, and its

expe
tation is given by E[f ℄ =

R

S

n�1

f(x) dP(x).)

We re
all that a mapping f between metri
 spa
es is C-Lips
hitz , where

C > 0 is a real number, if the distan
e of f(x) and f(y) is never larger than

the distan
e of x and y multiplied by C. We �rst show that a 1-Lips
hitz

fun
tion f :S

n�1

! R is 
on
entrated around its median. The median of a

real-valued fun
tion f is de�ned as

med(f) = supft 2 R: P[f � t℄ �

1

2

g:

Here P is the 
onsidered probability measure on the domain of f ; in our


ase, it is the normalized surfa
e measure on S

n�1

. The notation P[f � t℄

is the usual probability-theory shorthand for P

�

fx 2 S

n�1

: f(x) � tg

�

. The

following lemma looks obvious, but an a
tual proof is perhaps not so obvi-

ous:

3.3.1 Lemma. Let f : 
! R be a measurable fun
tion on a spa
e 
 with

a probability measure P. Then

P[f < med(f)℄ �

1

2

and P[f > med(f)℄ �

1

2

:

Proof. The �rst inequality 
an be derived from the �-additivity of the

measure P:

P[f < med(f)℄ =

1

X

k=1

P

h

med(f)�

1

k�1

< f � med(f)�

1

k

i

= sup

k�1

P

�

f � med(f)�

1

k

�

�

1

2

:

The se
ond inequality follows similarly. 2

We are ready to prove that any 1-Lips
hitz fun
tion S

n�1

! R is 
on-


entrated around its median:

3.3.2 Theorem (L�evy's Lemma). Let f :S

n�1

! R be 1-Lips
hitz.

Then for all t 2 [0; 1℄,

P[f � med(f) + t℄ � 2e

�t

2

n=2

and P[f � med(f)� t℄ � 2e

�t

2

n=2

:
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For example, on 99% of S

n�1

, the fun
tion f attains values deviating

from med(f) by at most 3:5n

�1=2

.

Proof. We prove only the �rst inequality. Let A = fx 2 S

n�1

: f(x) �

med(f)g. By Lemma 3.3.1, P[A℄ �

1

2

. Sin
e f is 1-Lips
hitz, we have

f(x) � med(f) + t for all x 2 A

t

. Therefore, by Theorem 3.1.1, we get

P[f � med(f) + t℄ � P

�

S

n�1

nA

t

�

� 2e

�t

2

n=2

. 2

The median is generally diÆ
ult to 
ompute. But for a 1-Lips
hitz

fun
tion, it 
annot be too far from the expe
tation, whi
h is usually easier

to estimate:

3.3.3 Proposition. Let f :S

n�1

! R be 1-Lips
hitz. Then

jmed(f)�E[f ℄ j � 12n

�1=2

:

Proof.

jmed(f)�E[f ℄ j � E[jf �med(f)j℄ �

1

X

k=0

k+1

p

n

P

h

jf �med(f)j �

k

p

n

i

� n

�1=2

1

X

k=0

(k + 1) � 4e

�k

2

=2

� 12n

�1=2

(the numeri
al estimate of the last sum is not important; it is important

that it 
onverges to some 
onstant, whi
h is obvious). 2

We derive a 
onsequen
e of L�evy's Lemma on �nding k-dimensional

subspa
es where a given Lips
hitz fun
tion is almost 
onstant. But �rst we

need some notions and results.

Random rotations and random subspa
es. In subsequent 
onsidera-

tions, we will need to speak about a random k-dimensional (linear) subspa
e

of R

n

. We thus need to spe
ify a probability measure on the set of all k-

dimensional linear subspa
es of R

n

(the so-
alled Grassman manifold or

Grassmanian). An elegant way of doing this is via random rotations.

A rotation � is an isometry of R

n

�xing the origin and preserving the

orientation. In algebrai
 terms, � is a linear mapping x 7! Ax given by

an orthonormal matrix A with determinant 1. The result of performing

the rotation � on the standard orthonormal basis (e

1

; : : : ; e

n

) in R

n

is an

n-tuple of orthonormal ve
tors, and these ve
tors are the 
olumns of A.
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The group of all rotations in R

n

around the origin with the operation

of 
omposition (
orresponding to multipli
ation of the matri
es) is denoted

by SO(n), whi
h stands for the spe
ial orthogonal group. With the natural

topology (obtained by regarding the 
orresponding matri
es as points in

R

n

2

), it is a 
ompa
t group. By a general theorem in the theory of topolog-

i
al groups, there is a unique Borel probability measureon SO(n) (the Haar

measure) that is invariant under the a
tion of the elements of SO(n). Here is

a more 
on
rete des
ription of this probability measure. To obtain a random

rotation �, we �rst 
hoose a ve
tor a

1

2 S

n�1

uniformly at random. Then

we pi
k a

2

orthogonal to a

1

; this a

2

is drawn from the uniform distribution

on the (n� 2)-dimensional sphere that is the interse
tion of S

n�1

with the

hyperplane perpendi
ular to a

1

and passing through 0. Then a

3

is 
hosen

from the unit sphere within the (n�2)-dimensional subspa
e perpendi
ular

to a

1

and a

2

, and so on.

In the sequel, we will need only the following intuitively obvious fa
t

about a random rotation � 2 SO(n): for any �xed u 2 S

n�1

, �(u) is a

random ve
tor of S

n�1

. Therefore, if u 2 S

n�1

is �xed, A � S

n�1

is

measurable, and � 2 SO(n) is random, then the probability of �(u) 2 A

equals P[A℄.

Let L

0

be the k-dimensional subspa
e spanned by the �rst k 
oordinate

ve
tors. A random k-dimensional linear subspa
e L � R

n


an be de�ned

as �(L

0

), where � 2 SO(n) is a random rotation.

By L�evy's Lemma, a 1-Lips
hitz fun
tion on S

n�1

is \almost 
onstant"

on a subset A o

upying almost all of S

n�1

. Generally we do not know

anything about the shape of su
h an A. But the next proposition shows

that the almost-
onstant behavior 
an be guaranteed on the interse
tion of

S

n�1

with a linear subspa
e of R

n

of relatively large dimension.

3.3.4 Proposition (Subspa
e where a Lips
hitz fun
tion is almost


onstant). Let f :S

n�1

! R be a 1-Lips
hitz fun
tion and let Æ 2 (0; 1℄.

Then there is a linear subspa
e L � R

n

su
h that all values of f restri
ted

to S

n�1

\ L are in the interval [med(f)� Æ;med(f) + Æ℄ and

dimL �

Æ

2

8 log(8=Æ)

� n� 1:

Proof. Let L

0

be the subspa
e spanned by the �rst k = dnÆ

2

=8 log

8

Æ

� 1e


oordinate ve
tors. Fix a

Æ

2

-net N (as de�ned above Lemma 2.1.1) in S

n�1

\
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L

0

. Let � 2 SO(n) be a random rotation. For x 2 N , �(x) is a random

point, and so by L�evy's Lemma, the probability that jf(�(x))�med(f)j >

Æ

2

for at least one point x 2 N is no more than jN j �4e

�Æ

2

n=8

. Using the bound

jN j � (

8

Æ

)

k

from Lemma 2.1.1, we 
al
ulate that with a positive probability,

jf(y)�med(f)j �

Æ

2

for all y 2 �(N).

We 
hoose a � with this property and let L = �(L

0

). For ea
h x 2

S

n�1

\ L, there is some y 2 �(N) with kx � yk �

Æ

2

, and sin
e f is 1-

Lips
hitz, we obtain jf(x)�med(f)j � jf(x)� f(y)j+ jf(y)�med(f)j � Æ.

2

Exer
ises

1. Derive the measure 
on
entration on the sphere (Theorem 3.1.1) from

L�evy's Lemma 3.3.2.

2

3.4 Almost Spheri
al Se
tions: the First Steps

For a real number t � 1, we 
all a 
onvex body K t-almost spheri
al if it


ontains a (Eu
lidean) ball B of some radius r and it is 
ontained in the


on
entri
 ball of radius tr.

B

r

tr

Given a 
entrally symmetri
 
onvex body K � R

n

and " > 0, we are

interested in �nding a k-dimensional (linear) subspa
e L, with k as large as

possible, su
h that the \se
tion" K \ L is (1 + ")-almost spheri
al.

Ellipsoids. First we deal with ellipsoids, where the existen
e of large

spheri
al se
tions is not very surprising. But in the sequel it gives us addi-

tional freedom: instead of looking for a (1 + ")-spheri
al se
tion of a given


onvex body, we 
an as well look for a (1 + ")-ellipsoidal se
tion, while los-

ing only a fa
tor of at most 2 in the dimension. This means that we are

free to transform a given body by any (nonsingular) aÆne map, whi
h is
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often 
onvenient. Let us remark that in the lo
al theory of Bana
h spa
es,

almost-ellipsoidal se
tions are usually as good as almost-spheri
al ones, and

so the following lemma is often not even mentioned.

3.4.1 Lemma (Ellipsoids have large spheri
al se
tions). For any

(2k � 1)-dimensional ellipsoid E, there is a k-
at L passing through the


enter of E su
h that E \ L is a Eu
lidean ball.

Proof. Let E = fx 2 R

2k�1

:

P

2k�1

i=1

x

2

i

a

2

i

� 1g with 0 < a

1

� a

2

�

� � � � a

2k�1

. We de�ne the k-dimensional linear subspa
e L by a system

of k � 1 linear equations. The ith equation is �

i

x

i

=

p

1� �

2

i

x

2k�i

, i =

1; 2; : : : ; k � 1, where �

i

2 [0; 1℄ is a root of the equation

�

2

i

a

2

i

+

1� �

2

i

a

2

2k�i

=

1

a

2

k

(a root exists be
ause a

i

� a

k

� a

2k�i

). All of this is 
hosen so that for

x 2 L, we have

x

2

i

a

2

i

+

x

2

2k�i

a

2

2k�i

=

1

a

2

k

(x

2

i

+ x

2

2k�i

). It follows that for x 2 L, we

have x 2 E if and only if kxk � a

k

, and so E \L is a ball of radius a

k

. The

reader is invited to �nd a geometri
 meaning of this proof and/or express

it in the language of eigenvalues. 2

To make formulas simpler, we 
onsider only the 
ase " = 1 in the rest of

this se
tion. An arbitrary " > 0 
an always be handled very similarly.

The 
ube. The 
ube [�1; 1℄

n

is a good test 
ase for �nding almost-spheri
al

se
tions; it seems hard to imagine how a 
ube 
ould have very round sli
es.

In some sense, this intuition is not totally wrong, sin
e the almost-spheri
al

se
tions of a 
ube 
an have only logarithmi
 dimension, as we verify next.

(But the n-dimensional 
rosspolytope has (1 + ")-spheri
al se
tions of di-

mension as high as 
(")n and yet it does not look any rounder than the


ube; so mu
h for the intuition.)

The interse
tion of the 
ube with a k-dimensional linear subspa
e of R

n

is a k-dimensional 
onvex polytope with at most 2n fa
ets. But we have

3.4.2 Lemma. Let P be a k-dimensional 2-almost spheri
al 
onvex poly-

tope. Then P has at least

1

2

e

k=8

fa
ets.

Therefore, any 2-almost spheri
al se
tion of the 
ube has dimension at

most O(log n).
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Proof of Lemma 3.4.2. After a suitable aÆne transform, we may assume

1

2

B

k

� P � B

k

. Ea
h point x 2 S

k�1

is separated from P by one of the

fa
et hyperplanes. For ea
h fa
et F of P , the fa
et hyperplane h

F


uts o�

a 
ap C

F

of S

k�1

, and these 
aps together 
over all of S

k�1

. The 
ap C

F

is at distan
e at least

1

2

from the hemisphere de�ned by the hyperplane h

0

F

parallel to h

F

and passing through 0.

P

h

F

F

C

F

h

0

F

By Theorem 3.1.1 (measure 
on
entration), we have P[C

F

℄ � 2e

�k=8

. 2

Next, we show that the n-dimensional 
ube a
tually does have 2-almost

spheri
al se
tions of dimension 
(logn). It is not diÆ
ult to 
onstru
t a

k-dimensional 2-almost spheri
al polytope with 4

k

fa
ets. First, we note

that if P is a 
onvex polytope with B

k

� P � tB

k

then the dual polytope

P

�

satis�es

1

t

B

k

� P

�

� B

k

(Exer
ise 1). So it suÆ
es to 
onstru
t a k-

dimensional 2-almost spheri
al polytope with 4

k

verti
es, and this has been

done in Se
tion 2.3: we 
an take any 1-net in S

k�1

as the vertex set. (Let

us remark that an exponential lower bound for the number of verti
es also

follows from Theorem 2.2.1.)

By at most doubling the number of fa
ets, we may assume that our k-

dimensional 2-almost spheri
al polytope is 
entrally symmetri
. It remains

to observe that every bounded k-dimensional 
entrally symmetri
 
onvex

polytope P with 2n fa
ets is the aÆne image of the se
tion [�1; 1℄

n

\ L

for a suitable k-dimensional linear subspa
e L � R

n

. Indeed, a su
h a

P 
an be expressed as the interse
tion

T

n

i=1

fx 2 R

k

: jha

i

; xij � 1g, where

�a

1

; : : : ;�a

n

are suitably normalized normal ve
tors of the fa
ets of P . Let

f :R

k

! R

n

be the linear map given by

f(x) = (ha

1

; xi; ha

2

; xi; : : : ; ha

n

; xi):

Sin
e P is bounded, the a

i

span the whole R

k

and so f has rank k. Conse-

quently, its image L = f(R

k

) is a k-dimensional subspa
e of R

n

. We have
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P = f

�1

([�1; 1℄

n

), and so the interse
tion [�1; 1℄

n

\ L is the aÆne image

of P .

Together with the existen
e of 2-almost spheri
al 
entrally symmetri


polytopes with exponentially many fa
ets, this implies that the n-dimensional


ube has 2-almost ellipti
al se
tions of dimension 
(logn) (and by Lemma 3.4.1,

2-almost spheri
al se
tions exist as well).

Next, we make preparatory steps for �nding almost-spheri
al se
tions

of arbitrary 
entrally symmetri
 
onvex bodies. These 
onsiderations are

most 
onveniently formulated in the language of norms.

Reminder on norms. We re
all that a norm on a real ve
tor spa
e Z

is a mapping that assigns a nonnegative real number kxk

Z

to ea
h x 2 Z,

su
h that kxk

Z

= 0 implies x = 0, k�xk

Z

= j�j �kxk

Z

for all � 2 R, and the

triangle inequality holds: kx+yk

Z

� kxk

Z

+kyk

Z

. (Sin
e we have reserved

k � k for the Eu
lidean norm, we write other norms with various subs
ripts,

or o

asionally we use the symbol j � j.)

Norms are in one-to-one 
orresponden
e with 
losed bounded 
onvex

bodies symmetri
 about 0 and 
ontaining 0 in their interior. Here we only

need one dire
tion of this 
orresponden
e: given a 
onvex body K with the

listed properties, we assign to it the norm k � k

K

given by

kxk

K

= minft > 0:

x

t

2 Kg:

Here is an illustration:

0

x

y

kxk

K

= 1

K

kyk

K

= 3

It is easy to verify the axioms of the norm (the 
onvexity of K is needed

for the triangle inequality). The body K is the unit ball of the norm k � k

K

.

The norm of points de
reases by blowing up the body K.

General body: the �rst attempt. Let K � R

n

be a 
onvex body

de�ning a norm (i.e. 
losed, bounded, symmetri
, 0 in the interior). Let

us de�ne the fun
tion f

K

:S

n�1

! R as the restri
tion of the norm k � k

K

on S

n�1

; that is, f

K

(x) = kxk

K

. We note that K is t-almost spheri
al

if (and only if) there is a number a > 0 su
h that a � f(x) � ta for all

x 2 S

n�1

. So for �nding a large almost-spheri
al se
tion of K, we need a



3.4 Almost Spheri
al Se
tions: the First Steps 57

linear subspa
e L su
h that f does not vary too mu
h on S

n�1

\ L, and

this is where Proposition 3.3.4, about subspa
es where a Lips
hitz fun
tion

is almost 
onstant, 
omes in.

Of 
ourse, that proposition has its assumptions, and one of them is that

f

K

be 1-Lips
hitz. A suÆ
ient 
ondition for that is that should K 
ontain

the unit ball:

3.4.3 Observation. Suppose that the 
onvex body K 
ontains the R-ball

B(0; R). Then kxk

K

�

1

R

kxk for all x and the fun
tion x 7! kxk

K

is

1

R

-

Lips
hitz with respe
t to the Eu
lidean metri
. 2

Then we 
an easily prove

3.4.4 Proposition. Let K � R

n

be a 
onvex body de�ning a norm and

su
h that B

n

� K, and let m = med(f

K

), where f

K

is as above. Then

there exists a 2-almost-spheri
al se
tion of K of dimension at least




�

nm

2

log(24=m)

�

:

Proof. By Observation 3.4.3, f

K

is 1-Lips
hitz. Let us set Æ =

m

3

(note

that B

n

� K also implies m � 1). Proposition 3.3.4 shows that there is a

subspa
e L su
h that f

K

2 [

2

3

m;

4

3

m℄ on S

n�1

\ L, where

dimL = 


�

nÆ

2

log(8=Æ)

�

= 


�

nm

2

log(24=m)

�

: (3.2)

The se
tion K \ L is 2-almost spheri
al. 2

A slight improvement. It turns out that the fa
tor log(24=m) in the

just proved result 
an be eliminated by a re�ned argument, whi
h uses the

fa
t that f

K


omes from a norm.

3.4.5 Theorem. With the assumptions as in Proposition 3.4.4, a 2-almost

spheri
al se
tion exists of dimension at least �nm

2

, where � > 0 is an

absolute 
onstant.

Proof. The main new observation is that for our f

K

, we 
an a�ord a

mu
h less dense net N in the proof of Proposition 3.3.4. Namely, it suÆ
es

to let N be a

1

5

-net in S

k�1

, where k = d�m

2

ne.
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If � > 0 is suÆ
iently small, L�evy's Lemma gives the existen
e of a

rotation � su
h that

14

15

m � f

K

(y) �

16

15

m for all y 2 �(N); this is exa
tly

as in the proof of Proposition 3.3.4. It remains to verify

2

3

m � f

K

(x) �

4

3

m

for all x 2 S

n�1

\ L, where L = �(L

0

). This is implied by the following


laim with a =

16

15

m and j � j = k � k

K

:

Claim. Let N be a

1

5

-net in S

k�1

with respe
t to the Eu
lidean metri
,

and let j � j be a norm on R

k

satisfying

7

8

a � jyj � a for all y 2 N and for

some number a > 0. Then

5

8

a � jxj �

5

4

a for all x 2 S

k�1

.

To prove the 
laim, we begin with the upper bound (this is where the

new tri
k lies). Let M = maxfjxj: x 2 S

k�1

g and let x

0

2 S

k�1

be a point

where M is attained. Choose a y

0

2 N at distan
e at most

1

5

from x

0

, and

let z = (x

0

� y

0

)=kx

0

� y

0

k be the unit ve
tor in the dire
tion of x

0

� y

0

.

Then M = jx

0

j � jy

0

j + jx

0

� y

0

j � a + kx

0

� y

0

k � jzj � a +

1

5

M . The

resulting inequality M � a+

1

5

M yields M �

5

4

a.

The lower bound is now routine: if x 2 S

k�1

and y 2 N is at distan
e

at most

1

5

from it, jxj � jyj � jx� yj �

7

8

a�

1

5

�

5

4

a �

5

8

a. The 
laim, as well

as Theorem 3.4.5, are proved. 2

Theorem 3.4.5 yields almost-spheri
al se
tions of K provided that we


an estimate med(f

K

) (after re-s
aling K so that B

n

� K). We must warn

that this in itself does not yet give almost spheri
al se
tions for every K

(Dvoretzky's Theorem), and another twist is needed, shown in Se
tion 3.6.

But in order to reap some bene�ts from the hard work done up until now,

we �rst explain an appli
ation to 
onvex polytopes.

Exer
ises

1. Let K be a 
onvex body 
ontaining 0 in its interior. Che
k that

K � B

n

if and only if B

n

� K

�

(re
all that K

�

= fx 2 R

k

: hx; yi �

1 for all y 2 Kg). Derive that if B

k

� K � tB

k

then

1

t

B

k

� K

�

�

B

k

.

2

3.5 Many Fa
es of Symmetri
 Polytopes

Can an n-dimensional 
onvex polytope have both few verti
es and few

fa
ets? Yes, an n-simplex has n+ 1 verti
es and n+ 1 fa
ets. What about

a 
entrally symmetri
 polytope? The n-dimensional 
ube has only 2n fa
ets

but 2

n

verti
es. Its dual, the 
rosspolytope (regular o
tahedron for n = 3)
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has few verti
es but many fa
ets. It turns out that every 
entrally symmet-

ri
 polytope has many fa
ets or many verti
es.

3.5.1 Theorem. There is a 
onstant � > 0 su
h that for any 
entrally sym-

metri
 n-dimensional 
onvex polytope P , we have log f

0

(P ) � log f

n�1

(P ) �

�n (re
all that f

0

(P ) denotes the number of verti
es and f

n�1

(P ) the num-

ber of fa
ets).

For the 
ube, the expression log f

0

(P ) � log f

n�1

(P ) is about n logn,

whi
h is even slightly larger than the lower bound in the theorem. However,

polytopes 
an be 
onstru
ted with both log f

0

(P ) and log f

n�1

(P ) bounded

by O(

p

n) (Exer
ise 1).

Proof of Theorem 3.5.1. We use the dual polytope P

�

with f

0

(P ) =

f

n�1

(P

�

), and we prove the theorem in the equivalent form log f

n�1

(P

�

) �

log f

n�1

(P ) � �n.

John's Lemma (Theorem 2.4.1) 
laims that for any symmetri
 
onvex

body K, there exists a (non-singular) linear map that transforms K into

a

p

n-almost spheri
al body. We 
an thus assume that the 
onsidered n-

dimensional polytope P is

p

n-almost spheri
al (this is 
ru
ial for the proof).

After re-s
aling, we may suppose B

n

� P �

p

nB

n

. Letting m =

med(f

P

), where f

P

is the restri
tion of k�k

P

on S

n�1

as usual, Theorem 3.4.5

tells us that there is a linear subspa
e L of R

n

with P \ L being 2-almost

spheri
al and with dim(L) = 
(nm

2

). Thus, sin
e any k-dimensional 2-

almost spheri
al polytope has e


(k)

fa
ets, we have log f

n�1

(P ) = 
(nm

2

).

Now we look at P

�

. Sin
e B

n

� P �

p

nB

n

, by Exer
ise 3.4.1 we have

n

�1=2

B

n

� P

�

� B

n

. In order to apply Theorem 3.4.5, we set

~

P =

p

nP

�

,

and obtain a 2-almost spheri
al se
tion

~

L of

~

P of dimension 
(n ~m

2

), where

~m = med(f

~

P

). This implies log f

n�1

(P

�

) = 
(n ~m

2

).

It remains to observe the following inequality:

3.5.2 Lemma. Let P be a polytope in R

n

de�ning a norm and let P

�

be

the dual polytope. Then we have med(f

P

)med(f

P

�

) � 1.

We leave the easy proof as Exer
ise 2. Sin
e ~m = med(f

P

�

)=

p

n, we

�nally obtain

log f

n�1

(P )�log f

n�1

(P

�

) = 
(n

2

m

2

~m

2

) = 
(nmed(f

P

)

2

med(f

P

�

)

2

) = 
(n):

This 
on
ludes the proof of Theorem 3.5.1. 2



60 Chapter 3: Measure Con
entration and Almost Spheri
al Se
tions

Exer
ises

1. Constru
t an n-dimensional 
onvex polytope P with f

0

(P ) = 
(

p

n)

and f

n�1

(P ) = 
(

p

n), thereby demonstrating that Theorem 3.5.1

is asymptoti
ally optimal. Start with the interval [0; 1℄ � R

1

, and

alternate the operations (�)

�

(passing to the dual polytope) and �

(Cartesian produ
t) suitably.

3

The polytopes obtained from [0; 1℄ by a sequen
e of these operations

are 
alled Hammer polytopes, and they form an important 
lass of

examples.

2. Let K be a bounded 
entrally symmetri
 
onvex body in R

n


ontain-

ing 0 in its interior and let K

�

be the dual body.

(a) Show that kxk

K

� kxk

K

�

� 1 for all x 2 S

n�1

.

1

(b) Let f; g:S

n�1

! R be (measurable) fun
tions with f(x)g(x) � 1

for all x 2 S

n�1

. Show that med(f)med(g) � 1.

2

3.6 Dvoretzky's Theorem

Here is the remarkable Ramsey-type result in high-dimensional 
onvexity

promised at the beginning of this 
hapter.

3.6.1 Theorem (Dvoretzky's Theorem). For any natural number k

and any real " > 0, there exists an integer n = n(k; ") with the following

property. For any n-dimensional 
entrally symmetri
 
onvex body K � R

n

,

there exists a k-dimensional linear subspa
e L � R

n

, su
h that the se
tion

K \ L is (1 + ")-almost spheri
al.

The best known estimates give n(k; ") = e

O(k="

2

)

.

Thus, no matter how \edgy" may a high-dimensional K be, there is

always a sli
e of not too small dimension that is almost a Eu
lidean ball.

Another way of expressing the statement is that any normed spa
e of a

suÆ
iently large dimension 
ontains a large subspa
e on whi
h the norm

is very 
lose to the Eu
lidean norm (with a suitable 
hoi
e of a 
oordinate

system in the subspa
e). Note that the Eu
lidean norm is the only norm

with this universal property, sin
e all se
tions of the Eu
lidean ball are again

Eu
lidean balls.

As we saw in Se
tion 3.4, the n-dimensional 
ube shows that the largest

dimension of a 2-almost spheri
al se
tion is only O(log n) in the worst 
ase.
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The assumption that K be symmetri
 
an in fa
t be omitted; it suÆ
es

to require that 0 is an interior point of K. The proof of this more general

version is not mu
h more diÆ
ult than the one shown below.

We prove Dvoretzky's Theorem only for " = 1, sin
e in Se
tion 3.4 we

prepared the tools for this parti
ular setting. But the general 
ase is not

very di�erent.

Preliminary 
onsiderations. Sin
e aÆne transforms of K are pra
ti-


ally for free in view of Lemma 3.4.1, we may assume that B

n

� K �

p

nB

n

by John's Lemma (Theorem 2.4.1). So the norm indu
ed by K satis�es

n

�1=2

kxk � kxk

K

� kxk for all x. If f

K

is the restri
tion of k � k

K

to

S

n�1

, we have the obvious bound med(f

K

) � n

�1=2

. Immediate appli
a-

tion of Theorem 3.4.5 shows the existen
e of a 2-almost spheri
al se
tion of

K of dimension 
(nmed(f

K

)

2

) = 
(1)|so this approa
h gives nothing at

all! On the other hand, it just fails, and a small improvement in the order

of magnitude of the lower bound for med(f

K

) already yields Dvoretzky's

Theorem.

We will not try to improve the estimate for med(f

K

) dire
tly. Instead,

we �nd a relatively large subspa
e Z � R

n

su
h that the se
tion K \Z 
an

be en
losed in a not too large parallelotope P . Then we estimate, by dire
t


omputation, med(f

P

) (over the unit sphere in Z).

The sele
tion of the subspa
e Z is known as the Dvoretzky{Rogers Lemma.

We present a version with a parti
ularly simple proof, where we need a re-

s
aling of K and where dimZ � n= logn. (For our purposes, we would

suÆ
e with even mu
h weaker estimates, say dimZ � n

Æ

for some �xed

Æ > 0.)

3.6.2 Lemma (A version of the Dvoretzky{Rogers Lemma). Let

K � R

n

be a 
entrally symmetri
 
onvex body. Then there exist a lin-

ear subspa
e Z � R

n

of dimension k = b

n

log

2

n


, an orthonormal basis

u

1

; u

2

; : : : ; u

k

of Z, and a nonsingular linear transform T of R

n

su
h that if

we let

~

K = T (K)\Z then kxk

~

K

� kxk for all x 2 Z and ku

i

k

~

K

�

1

2

for all

i = 1; 2; : : : ; k.

Geometri
ally, the lemma asserts that

~

K is sandwi
hed between the unit

ball B

k

and a parallelotope P as in the pi
ture:
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B

k

2u

2

2u

1

P

(The lemma 
laims that the points 2u

i

are outside of K or on its boundary,

and P is obtained by separating these points from K by hyperplanes.)

Proof. By John's Lemma (Theorem 2.4.1), we may assume B

n

� K � tB

n

,

where t =

p

n. Interestingly, the full power of John's Lemma is not needed

here; the same proof works with, say, t = n or t = n

10

, only the bound for

k would be
ome worse by a 
onstant fa
tor.

Let X

0

= R

n

andK

0

= K. Here is the rough idea. The 
urrent body K

i

is en
losed between an inner ball and an outer ball. Either K

i

approa
hes

the inner ball suÆ
iently 
losely at \many" pla
es, and in this 
ase we 
an


onstru
t the desired u

1

; : : : ; u

k

, or it stays away from the inner ball on a

\large" subspa
e. In the latter 
ase, we 
an restri
t to that subspa
e and

in
ate the inner ball. But sin
e the outer ball remains the same the in
ation

of the inner ball 
annot 
ontinue inde�nitely. A pre
ise argument follows;

for notational reasons, instead of in
ating the inner ball, we will shrink the

body and the outer ball.

We 
onsider the following 
ondition:

(*) Ea
h linear subspa
e Y � X

0

with dim(X

0

) � dim(Y ) < k


ontains a ve
tor u with kuk = 1 and kuk

K

0

�

1

2

.

This 
ondition may or may not be satis�ed. If it holds, we 
onstru
t the

orthonormal basis u

1

; u

2

; : : : ; u

k

by an obvious indu
tion. If it is not sat-

is�ed, we obtain a subspa
e X

1

of dimension greater than n� k su
h that

kxk

K

0

�

1

2

kxk for all x 2 X

1

. Thus, K

0

\X

1

is twi
e \more spheri
al" than

K

0

. Setting K

1

=

1

2

(K

0

\X

1

), we have

2

t

k � k � k � k

K

1

� k � k:

We again 
he
k the 
ondition (*) with X

1

and K

1

instead of X

0

and K

0

. If

it holds we �nd the u

i

within X

1

, and if it does not, we obtain a subspa
e
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X

2

of dimension greater than n� 2k, et
. After the ith step, we have

2

i

t

k � k � k � k

K

i

� k � k:

This 
onstru
tion 
annot pro
eed all the way to step i = i

0

= blog

2

n
, sin
e

2

i

0

> t =

p

n. Thus, the 
ondition (*) must hold for X

i

0

�1

at the latest.

We have dimX

i

0

�1

> n� (i

0

�1)k � k, and so the required basis u

1

; : : : ; u

k


an be 
onstru
ted. 2

The parallelotope is no worse than the 
ube. From now on, we

work within the subspa
e Z as in Lemma 3.6.2. For 
onvenient notation,

we assume that Z is the whole R

n

and K is as

~

K in the above lemma, i.e.

B

n

� K and ku

i

k

K

�

1

2

, i = 1; 2; : : : ; n, where u

1

; : : : ; u

n

is an orthonormal

basis of R

n

. (Note that the redu
tion of the dimension from n to n= logn

is nearly insigni�
ant for the estimate of n(k; ") in Dvoretzky's Theorem.)

The goal is to show med(f

K

) = 


�

p

(logn)=n

�

, where f

K

is k � k

K

restri
ted to S

n�1

. Instead of estimating med(f

K

), we will bound the

expe
tation E[f

K

℄. Sin
e f

K

is 1-Lips
hitz (as B

n

� K), the di�eren
e

jmed(f

K

) � E[f

K

℄ j is O(n

�1=2

) by Proposition 3.3.3, whi
h is negligible


ompared to the lower bound we are heading for.

We have k�k

K

� k�k

P

, where P is the parallelotope as in the illustration

to the Lemma 3.6.2. So we a
tually bound E[f

P

℄ from below.

First we show, by an averaging tri
k, that E[f

P

℄ � E[f

C

℄, where f

C

(x) =

1

2

kxk

1

=

1

2

max

i

jx

i

j is the norm indu
ed by the 
ube C of side 4. The idea

of the averaging is to 
onsider, together with a point x =

P

n

i=1

�

i

u

i

2 S

n�1

,

the 2

n

points of the form

P

n

i=1

"

i

�

i

u

i

, where " 2 f�1; 1g

n

is a ve
tor of

signs. For any measurable fun
tion f

P

:S

n�1

! R, we have

Z

S

n�1

X

"2f�1;1g

n

f

P

�

n

X

i=1

"

i

�

i

u

i

�

dP(�) =

X

"

Z

S

n�1

f

P

�

n

X

i=1

"

i

�

i

u

i

�

dP(�)

= 2

n

Z

S

n�1

f

P

(x) dP(x) = 2

n

E[f

P

℄ :

The following lemma with v

i

= �

i

u

i

and with j � j = k � k

P

then implies that

the integrand on the left-hand side is always at least 2

n

max

i

k�

i

u

i

k

P

�

2

n

�

1

2

max

i

j�

i

j, and so indeed E[f

P

℄ � E[f

C

℄.

3.6.3 Lemma. Let v

1

; v

2

; : : : ; v

n

be arbitrary ve
tors in a normed spa
e
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with norm j � j. Then

X

"2f�1;1g

n

�

�

�

�

n

X

i=1

"

i

v

i

�

�

�

�

� 2

n

max

i

jv

i

j:

The proof is left as Exer
ise 1. It remains to estimate E[f

C

℄ from below.

3.6.4 Lemma. For a suitable positive 
onstant 
 and for all n we have

E[f

C

℄ =

1

2

Z

S

n�1

kxk

1

dP(x) � 


q

logn

n

;

where kxk

1

= max

i

jx

i

j is the `

1

(or maximum) norm.

Note that on
e this lemma is proved, Dvoretzky's Theorem (with " = 1)

follows from what we have already done and from Theorem 3.4.5.

Proof of Lemma 3.6.4. There are various proofs; a neat way is based

on the generally useful fa
t that the n-dimensional normal distribution is

spheri
ally symmetri
 around the origin. We use a probabilisti
 terminol-

ogy. Let Z

1

; Z

2

; : : : ; Z

n

be independent random variables, ea
h of them with

the standard normal distribution N(0; 1). As was mentioned in Se
tion 3.1,

the random ve
tor Z = (Z

1

; Z

2

; : : : ; Z

n

) has a spheri
ally symmetri
 (Gaus-

sian) distribution, and 
onsequently, the random variable

Z

kZk

is uniformly

distributed in S

n�1

. Thus

E[f

C

℄ =

1

2

E

�

kZk

1

kZk

�

:

We show that, �rst, we have kZk �

p

3n with probability at least

2

3

, and

se
ond, for a suitable 
onstant 


1

> 1, kZk

1

� 


1

p

logn holds with prob-

ability at least

2

3

. It follows that both these events o

ur simultaneously

with probability at least

1

3

, and so E[f

C

℄ � 


p

logn=n as 
laimed.

As for the Eu
lidean norm kZk, we �nd E

�

kZk

2

�

= nE

�

Z

2

1

�

= n, sin
e

an N(0; 1) random variable has varian
e 1. By Markov's inequality, we

obtain Prob

�

kZk �

p

3n

�

= Prob

�

kZk

2

� 3E

�

kZk

2

��

�

1

3

.

Further, by the independen
e of the Z

i

we have

Prob[kZk

1

� z℄ = Prob[jZ

i

j � z for all i = 1; 2; : : : ; n℄

= Prob[jZ

1

j � z℄

n

=

�

1�

2

p

2�

Z

1

z

e

�t

2

=2

dt

�

n

:
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We 
an estimate

R

1

z

e

�t

2

=2

dt �

R

z+1

z

e

�t

2

=2

dt � e

�(z+1)

2

=2

. Thus, setting

z =

p

lnn�1, we have Prob[kZk

1

� z℄ � (1�

2

p

2�

n

�1=2

)

n

, whi
h is below

1

3

for suÆ
iently large n. Lemma 3.6.4 is proved. 2

Exer
ises

1. Prove Lemma 3.6.3.

4

2. (Large almost spheri
al se
tions of the 
rosspolytope) Use Theorem 3.4.5

and the method of the proof of Lemma 3.6.4 for proving that the n-

dimensional 
rosspolytope (i.e. the unit ball of the `

1

-norm k � k

1

) has

a 2-almost spheri
al se
tion of dimension at least 
n, for a suitable


onstant 
 > 0.

3


