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Introduction

This text has been prepared for the participants of the Spring School of
Combinatorics 2001, organized by the Department of Applied Mathematics
of the Charles University in Prague and its partners from abroad. Up to
small changes, it is a part of a book in preparation on discrete geometry.
At least until the Spring School, it is possible to obtain other chapters of
this book project from the author’s web page at
http://www.ms.mff.cuni.cz/acad/kam/matousek/lectnotes.html

The text is divided into 13 sections. There are a few short ones but most
of the sections will probably require at least 1 hour or more for presentation.
There will hardly be enough time at the Spring School to present everything,
and I leave the choice of the material to the team preparing the lectures. For
some sections, they might choose to explain the result but to omit the proof.
My general advice is to leave enough time for explanations and discussions,
rather than trying to cover as much as possible. I also do not recommend
to give only sketches of proofs; preferably, either omit a proof or present it
in full. Of course, some of the sections require results from preceding parts.
Sections whose results are not required elsewhere and which could thus be
omitted include 1.1, 1.3, 2.2, 2.3, 3.2, 3.5, and 3.6.

The present text is compiled from many sources (there is hardly anything
new), but all references to the literature are omitted. Those interested in the
history of the presented results, bibliography, and further information on
related problems, can look into the corresponding three chapters available
at the above address, which contain bibliographic notes to each section.

The topics treated here are mainly geometric and not combinatorial.
However, I believe that they can be very useful for the education of a com-
binatorialist. As time progresses, more and more among the first-rate combi-
natorial results are proved by methods drawn from seemingly distant areas
of mathematics, and geometric methods are among the most prominent.
Some direct combinatorial applications are included in this text, but many
more exist and probably still more are going to be found in the future.

Many of the proofs presented here cannot be considered easy; in fact,
some of them are traditionally regarded as quite difficult. I’'ve tried to
make everything as concrete and elementary as reasonably possible and
I have included numerous pictures and intuitive explanations. Still, the
reader should not expect to understand everything painlessly. The text
deals mostly with geometric questions in high-dimensional spaces, where
the usual planar or 3-dimensional geometric intuition does not work too



well, and one certainly needs some time and effort to get used to thinking
about high-dimensional objects.

Solving at least some of the exercises should be extremely helpful in this
training (easier parts of proofs are often presented as exercises). The framed
number at the end of each exercise should indicate its expected difficulty.
Exercised marked with should be more or less routine, while those with
[5], say, can be very challenging. Unfortunately, with no empirical data
available, this marking follows just a subjective guess.

Preliminaries

For most of the text, one should suffice with the background from introduc-
tory mathematical courses (linear algebra, calculus, elementary probability,
some graph theory). Here we recall some geometric terminology. For a more
detailed introduction we refer e.g. to the initial chapters of the book project
mentioned in the previous section (mainly the first chapter and the chapter
on convex polytopes). In the lectures, these notions can be recalled when
needed.

We work in the n-dimensional Euclidean space R™. The linear subspaces
of R™ are subspaces of R™ considered as a real vector space. For example,
in the plane R?, they are {0}, the whole R?, and all lines passing through 0.
An affine subspace of R™ is a translation of a linear subspace. Affine sub-
spaces in R™ of dimension n — 1 are called hyperplanes. Any hyperplane
can be written in the form {z € R™: (a,x) = b} for some a € R™\ {0} and
some b € R; here {(a,z) = a1x1 + - - - + anxy, is the usual scalar product. A
(closed) halfspace is a subset of R™ bounded by a hyperplane, of the form
{z € R™: (a,z) > b} for some a € R™\ {0}.

We mainly consider convex sets. These are sets C' C R™ such that if
z,y € C then tz + (1 —t)y € C for all ¢ € [0,1], i.e. the line segment
xy is contained in C. The convexr hull of a set X is the set of all convex
combinations of points in X; that is, conv(X) = {t;x1+taza+- - +tpzs: k >
1,zy,...,zp € X,t1,...,t, > 0,t; +---+tr = 1}. Carathéodory’s Theorem
states that for X C R”, any # € conv(X) is the convex combination of
at most n + 1 points of X. The Separation Theorem asserts that any two
disjoint convex sets can be separated by a hyperplane: if C;D C R" are
convex then there are a € R™\ {0} and b € R such that (a,z) < b for all
x € C and {(a,y) > b for all y € D. In particular, if C' is closed and D
is a single point then there is a strictly separating hyperplane (with strict
inequalities).



A convex polytope is the convex hull of a finite point set in R™, or
equivalently, a bounded intersection of finitely many closed halfspaces in
R™. A face of a convex polytope P is P itself or a set of the form P N h,
where h is a hyperplane that does not separate P (all of P lies in only one of
the two closed halfspaces defined by h). A face is again a convex polytope.
Zero-dimensional faces are called vertices, and (n — 1)-dimensional faces
of an n-dimensional convex polytope are called facets. A k-dimensional
simplez is the convex hull of £+ 1 points in R™ that do not lie in a common
(k — 1)-dimensional affine subspace. Simplices of dimensions 0,1,2,3 are
points, segments, triangles, and tetrahedra, respectively.

If K C R" is a closed convex set containing 0 in the interior then
K*={yeR" (z,y) <1forall z € K} is the dual (or polar) set of K. If
K is an n-dimensional convex polytope then K* is a convex polytope too,
and we have fi(K) = fr_g—1(K*) for all k =0,1,...,n — 1, where f;(P)
denotes the number of k-dimensional faces of P.

For a Lebesgue-measurable A C R"™, we let vol(A4) denote the n-dimensional
measure of A. We will mostly be dealing with simple geometric figures,
where vol(A) is the usual volume. For A C R"™ being a set and z € R"
being a point, the cone with base A and apex x is the union of all segments
connecting x to a point of A. If A lies in a hyperplane h, has (n — 1)-
dimensional volume v, and = has distance t from h, then the cone with base
A and apex x has volume %tv (this is the n-dimensional generalization of
the usual formula for the area of a triangle: half of the height times the
base).
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Two Applications of High-Dimensional
Polytopes

In the first and third sections, we touch upon polyhedral combinatorics. Let
E be a finite set, for example the edge set of a graph G, and let S be some
interesting system of subsets of F, such as the set of all matchings in G
or the set of all Hamiltonian circuits of G. In polyhedral combinatorics,
one usually considers the convex hull of the characteristic vectors of the
sets of S; the characteristic vectors are points of {0,1}¥ C R¥. For the two
examples above, we thus obtain the matching polytope of G and the traveling
salesman polytope of G. The basic problem of polyhedral combinatorics is
to find, for a given S, inequalities describing the facets of the resulting
polytope. Sometimes one succeeds in describing all the facets, as is the case
for the matching polytope. This may give insights into the combinatorial
structure of S, and often it has algorithmic consequences. If we know all
the facets and they have sufficiently nice structure, we can optimize of any
linear function over the polytope in polynomial time. This means that,
given some real weights of the elements of E, we can find in polynomial time
the set of maximum weight in S (e.g. the maximum-weight matching). In
other cases, such as for the traveling salesman polytope, describing all facets
is beyond reach. The knowledge of some facets may still yield interesting
consequences, and on the practical side, it can provide a good approximation
algorithm for maximum-weight set. Indeed, the largest traveling salesman
problems solved in practice, with thousands of vertices, have been attacked
by these methods.

We do not treat polyhedral combinatorics in any systematic manner;
rather we focus on two gems (partially) belonging to this area. The first
one is the celebrated Weak Perfect Graph Conjecture, stating that the com-
plement of any perfect graph is perfect, which is proved by combining com-
binatorial and polyhedral arguments. The second one is an algorithmically
motivated problem of sorting with partial information, discussed in Sec-
tion 1.3. We associate a polytope with every finite partially ordered set,
and we reduce the question to slicing such a polytope into two parts of
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roughly equal volume by a suitable hyperplane. A key role in this proof
is played by the Brunn—Minkowski inequality. This fundamental geometric
inequality is explained and proved in Section 1.2.

1.1 The Weak Perfect Graph Conjecture

First we recall a few notions from graph theory. Let G = (V, E) be a finite
undirected graph on n vertices. By G we denote the complement of G,
i.e. the graph (V, (‘2/) \ E). An induced subgraph of G is any graph that
can be obtained from G by deleting some vertices and all edges incident to
the deleted vertices (but an edge must not be deleted if both of its vertices
remain in the graph). Let w(G)denote the cligue number of G, which is
the maximum size of a complete subgraph of G, and let a(G) = w(G)be
independence number of G, which is the maximum size of an independent
set in G. The symbol x(G)stands for the chromatic number of Gj; so x(G)
is the smallest number of independent sets covering all vertices of G.

Both the problems of finding w(G) and finding x(G) are computation-
ally hard. It is NP-complete to decide whether w(G) < k, where k is a
part of input, and it is NP-complete to decide whether x(G) = 3. Even
approximating x(G) or w(G) is hard. So classes of graphs where the clique
number and/or the chromatic number are computationally tractable are of
great interest.

The perfect graphs are one of the most important such classes, and they
include many other classes found earlier. A graph G = (V,E) is called
perfect if w(G") = x(G') for every induced subgraph G’ of G (including
G'=Qq).

For every graph G, we have x(G) > w(G), so a high clique number is
a “reason” for a high chromatic number. But in general it is not the only
possible reason, as there are graphs with w(G) = 2 but x(G) arbitrarily
large. Perfect graphs can be regarded as graphs where the chromatic number
is exclusively controlled by the cliques, and this is true for G and also for
all of its subgraphs.

For perfect graphs, the clique number w (and hence also x) can be
computed in polynomial time by a sophisticated algorithm . It is not known
how hard is the algorithmic problem of deciding perfectness: no polynomial-
time algorithm has been found, but neither a proof of NP-completeness. But
for graphs arising in many applications we know in advance that they are
perfect.
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Typical non-perfect graphs are the odd cycles Cyp41 of length 5 and
larger, since w(Cag41) = 2 for k > 2 while x(Cagy1) = 3.

The following two conjectures were formulated by Berge at early stages
of research in perfect graphs. One is the so-called

Strong Perfect Graph Conjecture: A graph G is perfect if
and only if neither G nor its complement contain an odd cycle
of length > 5 as an induced subgraph.

This is still open, in spite of a considerable effort. The second conjecture is
the

Weak Perfect Graph Conjecture: A graph is perfect if and
only if its complement is perfect.

This was first proved by Lovasz. We reproduce a proof using convex poly-
topes.

1.1.1 Definition. Let G = (V, E) be a graph on n vertices. We assign a
convex polytope P(G) C R"™ to G. Let the coordinates in R™ be indexed
by the vertices of G, i.e. if V. = {vy,...,v,} then the points of P(G) are
of the form x = (zy,,...,%y,). For an x € R™ and a subset U C V put

z(U) =3 cu To-
The polytope P(G) is defined by the following inequalities:

(i) @, > 0 for each vertex v € V, and

(ii) =(K) <1 for each clique (complete subgraph) K in the graph G.

Observations.

e P(G) C[0,1]™: the inequality =, < 1is obtained from (ii) by choosing
K = {v}.

e The characteristic vector of each independent set lies in P(G).

e If the vector z € P(G) is integral (i.e. it is a 0/1 vector) then it is the
characteristic vector of an independent set.

Before we start proving the Weak Perfect Graph Conjecture, let us in-
troduce some more notation. Let w:V — ZJ be a function assigning non-
negative integer weights to the vertices of G. We define the weighted clique
number w(G,w)
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as the maximum possible weight of a clique, where the weight of a clique
is the sum of the weights of its vertices. We also define the weighted chro-
matic number x(G,w)as the minimum number of independent sets such
that each vertex v € V' is covered by w(v) of these independent sets.

Now we can formulate the main theorem.

1.1.2 Theorem. The following conditions are equivalent for a graph G:
(i) G is perfect.
(ii) w(G,w) = x(G,w) for any nonnegative integral weight function w.

(iii) All vertices of the polytope P(G) are integral and they correspond to
the independent sets in G.

(iv) The graph G is perfect.

Proof of (i) = (ii). This part is purely graph-theoretical. For every
weight function w: V' — {0,1,2,...}, we need to exhibit a covering of V' by
independent sets witnessing x (G, w) = w(G,w). If w attains only values 0
and 1 then we can use (i) directly, since selecting an induced subgraph of
G is the same as specifying an 0/1 weight function on the vertices.

For the other w we proceed by induction on w(V'). Let w be given and
let vp be a vertex with w(vy) > 1. We define a new weight function w':

ww)—1 forv=uw

w'(v) = { w(v) for v # vo.

Since w'(V) < w(V'), by the inductive hypothesis we assume that we have
independent sets I, I, ..., Iy covering each v exactly w'(v)-times, where
N = w(G,w'"). If w(G,w) > N then we can obtain the appropriate covering
for w by adding the independent set {vg}, so let us suppose w(G,w) = N.

Let the notation be chosen so that vy € I;. We define another weight

function w'": ) ]
nen ) ww) -1 orv el
w'(v) = { w(v) forvégI.

We claim that w(G,w") < N. If not then there exists a clique K with
w'(K) = N = w(G,w"). By the choice of the I;, we have N < w'(K) =
E?;l |I; N K|. Since a clique intersects an independent set in at most one

vertex, K has to intersect each I;. In particular, it intersects I; and so
w(K) > w"(K) = N, contradicting w(G,w) = N.
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We thus have w(G,w") < N. By the inductive hypothesis, we can
produce a covering by independent sets witnessing x(G,w") < N. By
adding I; to it we obtain a covering witnessing x (G, w) = N.

Proof of (ii) = (iii). Let = (zy,,...,%y,) be a vertex of the convex
polytope P(G). Since all the inequalities defining P(G) have rational coef-
ficients, z has rational coordinates and we can find a natural number ¢ such
that gz is an integral vector. We interpret the coordinates of gz as weights
of the vertices of G. Let K be a clique with weight N = w(G, gz). One of
the inequalities defining P(G) is z(K) < 1, and hence N = gz(K) < q.

By (ii) we have x(G, qz) = w(G, gz) < ¢, and so there are independent
sets Ii,...,I; (some of them may be empty) covering each vertex v € V
precisely (qz,)-times. Let ¢; be the characteristic vector of I;; then this
property of the sets I; can be written as © = ;.1:1 %ci. Thus z is a convex
combination of the ¢; and since it is a vertex of P(G), it must be equal to
some ¢;, which is a characteristic vector of an independent set in G.

Proof of (iii) = (iv). It suffices to prove x(G) = w(G) for every G
satisfying (iii) since (iii) is preserved by passing to an induced subgraph.

We prove that a graph G fulfilling (iii) has a clique K intersecting all
independent sets of the maximum size a(G). Then the graph G \ K has
independence number «(G) — 1, and by repeating the same procedure we
can cover G by a(G) cliques.

To find the required K, let us consider all the independent sets of size
a = a(G) in G and let M C P(G) be the convex hull of their characteristic
vectors. We note that M lies in the hyperplane h = {z: (V) = a}. This
h defines a (proper) face of P(G), for otherwise we would have vertices
of P(G) on both sides of h and, in particular, there would be a vertex z
with z(V') > «a, which is impossible since by (iii), z would correspond to an
independent set bigger than «.

Each facet of P(G) corresponds to an equality in some of the inequalities
defining P(G), i.e. either to an equality of the form z, = 0 or of the form
z(K) = 1. The face F = P(G) N h is the intersection of some of the facets.
Not all of these facets can be of the type z, = 0 since then their intersection
would contain 0, while 0 ¢ h. Hence all z € M satisfy z(K) = 1 for a certain
clique K, and this means exactly that K NI # § for each independent set
I of size a.

Proof of (iv) = (i). This is the implication (i) = (iv) for the graph
. a
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Exercises

1. Find some non-integral vertex of the polytope P(Cs). Is there a
nonzero integral vertex?

2. (On Koénig’s Edge-Covering Theorem) Explain why bipartite graphs
are perfect, and why the perfectness of the complements of bipartite
graphs is equivalent to Konig’s Edge-Covering Theorem asserting that
the maximum number of vertex-disjoint edges in a bipartite graph
equals the minimum number of vertices needed to intersect all edges.

3. (Comparability graphs and Dilworth’s theorem) For a finite partially
ordered set (X, <) (see Section 1.3 for the definition), let G = (X, E)
be the graph with E = {{u,v} € ()2() u <vorwv < u}, ie. edges
correspond to pairs of comparable elements. Any graph isomorphic
to such a G is called a comparability graph. We also need the notions
of a chain (a subset of X linearly ordered by <) and an antichain (a

subset of X with no two elements comparable under <).

(a) Prove that any finite (X, <) is the union of at most ¢ antichains,
where ¢ is the length of the longest chain, and check that this implies
the perfectness of comparability graphs.

(b) Derive from (a) the Erdds—Szekeres Lemma: if aq,as, . .., a, are ar-
bitrary real numbers then there exist indices 41,42, ...,i; with k2 > n
and such that the subsequence a;,,a;,,...,a; is monotone (nonde-
creasing or decreasing).

(c) Check that the perfectness of the complements of comparability
graphs is equivalent to the following theorem of Dilworth: any finite
(X, <) is the union of at most a chains, where a is the maximum
number of elements of an antichain.

4. (Hoffman’s characterization of polytope integrality) Let P be a (bounded)
convex polytope in R™ such that for every a € Z", the minimum of
the function z — (a,z) over all z € P is an integer. Prove that all
vertices of P are integral (i.e. they belong to Z™).

5. (Kruskal-Hoffman theorem)

(a) Show that if A is a nonsingular n x n totally unimodular matrix
(all square submatrices have determinant 0 or +1), then the mapping
z — Azx maps Z" bijectively onto Z".
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(b) Show that if A is an m x n totally unimodular matrix and b is an
m-dimensional integer vector such that the system Az = b has a real
solution x, then it has an integral solution as well.

(c) Let A be an m X n totally unimodular matrix and let u,v € Z"
and w, z € Z™ be integer vectors. Show that all vertices of the convex
polyhedron given by the inequalities u < x < v and w < Az < z are
integral.

1.2 The Brunn—Minkowski Inequality

Let us consider a 3-dimensional convex loaf of bread and slice it by three
parallel planar cuts.

As we will derive below, the middle cut cannot have area smaller than both
of the other two cuts. Let us choose the coordinate system so that the
cuts are perpendicular to the z;-axis and denote by v(t) the area of the
cut by the plane z; = ¢t. Then the claim can be stated as follows: for any
t; <t <tz we have v(t) > min(v(t1),v(t2)). Thus, there is some ¢y such
that the function ¢ — v(t) is nondecreasing on (—oo,tp] and nonincreasing
on [tp,00). Such a function is called unimodal. A similar result is true for
any convex body C in R if v(t) denotes the n-dimensional volume of the
intersection of C' with the hyperplane {z; = t}.

How can one prove such a statement? In the planar case, with n = 1,
it is easy to see that v(t) is a concave function on the interval obtained by
projecting C' on the z;-axis.
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This might tempt one to think that v(¢) is concave on the appropriate
interval in higher dimension too, but this is false in general! (See Exercise 1.)
There is concavity in the game but the right function to look at in R™*! is
v(t)'/™. Perhaps a little more intuitively, we can define r(t) as the radius of
the n-dimensional ball whose volume equals v(t). We have r(t) = R,v(t)'/",
where R, is the radius of a unit-volume ball in R"; let us call r(t) the
equivalent radius of C' at t.

1.2.1 Theorem (Brunn’s inequality for slice volumes). Let C C
R™*! be a compact convex body and let the interval [tmin,tmaz] be the
projection of C' on the x1-axis. Then the equivalent radius function r(t) (or,
equivalently, the function v(t)*/™) is concave on [tmin, tmaz]. Consequently,
for any t, < t <ty we have v(t) > min(v(t1),v(t2)).

Brunn’s inequality is a consequence of the following more general and
more widely applicable statement dealing with two arbitrary compact sets.

1.2.2 Theorem (Brunn—Minkowski inequality). Let A and B be
nonempty compact sets in R™. Then

vol(A + B)Y™ > vol(A)Y" + vol(B)'/™.

Here A+ B = {a+b:a € A,b € B}denotes the Minkowski sum of A
and B. If A' is a translated copy of A and B’ a translated copy of B, then
A’ + B' is a translated copy of A+ B. So the position of A+ B with respect
to A and B depends on the choice of coordinate system, but the shape of
A + B does not. One way of interpreting the Minkowski sum is as follows:
keep A fixed, pick a point by € B, and translate B into all possible positions
for which by lies in A. Then A + B is the union of all such translates. Here
is a planar example:
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Sometimes it is also useful to express the Minkowski sum A + B as a projec-
tion of the Cartesian product A x B C R*" by the mapping (z,y) — = +v,
z,y € R".

Proof of Brunn’s inequality for slice volumes from the Brunn-—
Minkowski inequality. First we consider “convex combinations” of sets
A,B C R" of the form (1 —t)A + tB, where t € [0, 1] and where tA stands
for {ta:a € A}. As t goes from 0 to 1, (1 —t)A + ¢)B changes shape
continuously from A to B.

Now if A and B are both convex and we place them into R**! so that
A lies in the hyperplane {z; = 0} and B in the hyperplane {z; = 1}, it
is not difficult to check that (1 —¢)A + tB is the slice of the convex body
conv(A U B) by the hyperplane {z; = t}; see Exercise 2:

B

m1:0m1:t 2131:].

Let us consider the situation as in Brunn’s inequality, where C C R*t!
is a convex body. Let A and B be the slices of C' by the hyperplanes
{z1 = t1} and {z = t»}, respectively, where t; < t, are such that A, B # 0.
For convenient notation, we change the coordinate system so that t; = 0 and
ty = 1. To prove the concavity of the function v(¢)'/” in Brunn’s inequality,
we need to show that for all ¢ € (0, 1),

(1 —t) vol(A)Y™ + t vol(B)'/™ < vol(M)'/™, (1.1)
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where M is the slice M of C by the hyperplane hy = {x; = ¢}. Let
C'" = conv(AU B) and M' = C' N h;. We have C' C C and M' C M.
By the remark above, M’ = (1 — t)A + tB, and so the Brunn—Minkowski
inequality applied to the sets (1 —¢)A and tB yields

vol(M)Y/™ > vol(M")*™ = vol((1 — t)A + tB)'/™
> vol((1 — t)A)Y/™ + vol(tB)/™
= (1 —t)vol(A)/™ + tvol(B)/™.
This verifies (1.1). |

Proof of the Brunn—Minkowski inequality. The idea of this proof is
simple but perhaps surprising in this context. Call a set A C R a brick
set if it is a union of finitely many closed axis-parallel boxes with disjoint
interiors. First we show that it suffices to prove the inequality for brick sets
(which is easy but a little technical), and then for brick sets the proof goes
by induction on the number of bricks.

1.2.3 Lemma. If the Brunn—Minkowski inequality fails for some two com-
pact sets A, B C R" then it fails for some brick sets A,B C R" as well.

Proof. We use a basic fact from measure theory, namely that if X; D X3 D
X3 D ... is a sequence of measurable sets in R" such that X = ﬂfil X;
then the numbers vol(X;) converge to vol(X).

In our situation, we suppose vol(A + B)Y™ < vol(A)Y/" + vol(B)'/" for
compact A,B C R". For k = 1,2,..., consider the closed axis-parallel
cubes with side length 27* centered at the points of the scaled grid 2 *Z"
(these cubes cover R™ and have disjoint interiors). Let Ay, be the union of
all such cubes intersecting the set A, and similarly for By.

We have A; D 4> D ... and (), Ax = A (since any point not belonging to
A has a positive distance from it, and the distance of any point of Aj from
A'is at most 27 %,/n). Therefore vol(Ay) — vol(A), vol(By) — vol(B).

We claim that A+B D (), (A +Bi). Indeed, if x € Ay + By, for all &k, we
pick yr € Ay and z, € By, with = = y + zx, and by passing to convergent
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subsequences we may assume that y, — y € A and 2z, — z € B. Then
we obtain z = y + 2z € A+ B. Thus limy_, o vol(A; + Bg) < vol(4 + B)
and we can find k sufficiently large so that vol(Ay + By)'/™ < vol(Ay)'/™ +
vol(By)'/"™. So Ay and By are brick sets violating the Brunn-Minkowski
inequality. O

Proof of the Brunn—Minkowski inequality for brick sets. Let A
and B be brick sets consisting of k bricks in total. If k¥ = 2 then both A
and B, and A + B too, are bricks. Then if xy,...,z, are the sides of A
and y1,...,y, are the sides of B, it suffices to establish the inequality in
Exercise 3; we omit this part.

Now let £ > 2 and suppose that the Brunn—Minkowski inequality holds
for all pairs A, B of brick sets together consisting of fewer than & bricks. Let
A and B have k bricks, and let the notation be chosen so that A has at least
two bricks. Then it is easily seen that there exists hyperplane h parallel to
some of the coordinate hyperplanes and with at least one full brick of A
on one side and at least one full brick of A on the other side (Exercise 4).
By a suitable choice of the coordinate system, we may assume that h is the
hyperplane {z; = 0}.

Let A’ be the part of A on one side of h and A" the part on the other
side. More precisely, A’ is the closure of the intersection of A with one of
the open halfspaces defined by h, and similarly for A”. Hence both A’ and
A" have at least one brick fewer than A.

Next, we translate the set B in the x;-direction in such a way that the
hyperplane h divides its volume in the same ratio as A is divided (translation
does not influence the validity of the Brunn—Minkowski inequality). Let B’
and B" be the respective parts of B.

UDH Buu =0

AII

Putting p = vol(A4")/ vol(A), we also have p = vol(B")/ vol(B). (If vol(A) =
0 or vol(B) = 0 then the Brunn-Minkowski inequality is obvious.)
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The sets A" and B’ together have fewer than & bricks, so we can use the
inductive assumption for them, and similarly for A", B".

The set A’ + B’ is contained in one of the closed halfspaces defined
by h and A" + B" lies in the other closed halfspace. Therefore, crucially,
vol(A + B) > vol(A’ + B') + vol(A" + B"). We calculate

vol(A + B) > vol(A' + B') + vol(A" + B")

n n
(induction) > [vol(A')l/" + vol(B')l/"] + I:VOI(A”)I/n + Vol(B”)l/”]
= [pl/n vol(A)Y/™ 4 pt/n vol(B)l/”} !
n
+ [ = )Y vol(A)7 + (1= )1/ vol(B)/" ]

= [vol(4)/" + vol(B)l/n]” .
This concludes the proof of the Brunn—Minkowski inequality. |
Exercises

1. Let A be a single point and B the n-dimensional unit cube. What is
the function v(t) = vol(tA+ (1—¢)B)? Show that v(t)? is not concave
on [0,1] for any 5 > L.

2. Let A, B C R" be convex sets. Show that the sets conv (({0} x A) U
({1} x B)) and Utepo,1) [{t} x ((1-)A+tB)] (in R"*!) are equal.

3. Prove

n 1/n n 1/n n 1/n
<H$z> + (H?h‘) < (H($i+yz‘)>
i=1 i=1 i=1
for arbitrary positive reals x;, ;.

4. Show that for any brick set A with at least two bricks, there exists a
hyperplane h parallel to one of the coordinate hyperplanes which has
at least one full brick of A on each side.

5. (Dimension-free form of Brunn-Minkowski) Consider the following

two statements:

(i) Theorem 1.2.2, i.e. vol(A + B)Y/"™ > vol(A)Y™ + vol(B)'/" for
every nonempty compact 4, B C R".
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(ii) For all compact C, D C R™ and all ¢ € [0, 1], vol(tC + (1 —¢t)D) >
vol(C)t vol(D)*~*.

(a) Derive (ii) from (i); prove and use the inequality tz + (1 — t)y >
oty =t (x,y positive reals, t € [0,1]).

(b) Prove (i) from (ii).

6. Give a short proof of the 1-dimensional Brunn-Minkowski: vol(A +
B) > vol(A) + vol(B) for any nonempty measurable 4, B C R.

7. (Brunn—Minkowski via Prékopa—Leindler) The goal is to establish state-
ment (ii) in Exercise 5.

(a) Let f,g,h: R — R be bounded nonnegative measurable functions
such that h(tx + (1 — t)y) > f(z)lg(y)'~t for all z,y € R and all
t € [0,1]. Use the one-dimensional Brunn—Minkowski (Exercise 6) to
prove [h >t ([ f)+(1—t) ([ g) (all integrals over R); by the inequal-

ity in Exercise 5(a), the latter expression is at least ([ f)t (f g)lft.
First show that we may assume sup f = supg = 1.

(b) Prove the statement (ii) in Exercise 5 by induction on the dimen-
sion, using (a) in the induction step.

1.3 Sorting Partially Ordered Sets

Here we present an amazing application of polyhedral combinatorics and
of the Brunn—Minkowski inequality for a problem in theoretical computer
science: sorting of partially ordered sets. Recall that a partially ordered set,
or poset for short, is a pair (X, <), where X is a set and < is a binary relation
on X (called an ordering) satisfying three axioms: reflexivity (z < x for all
x), transitivity (z < y and y < z implies ¢ < z), and weak antisymmetry
(if £ R y and y < z then = y). The ordering < is linear if every two
elements of x,y € X are comparable; that is, z <y or y < x.

Let X be a given finite set with some linear ordering <. For example,
the elements of X could be identical-looking golden coins ordered by their
weights (assuming that no two weights exactly coincide). We want to sort
X according to <; that is, to list the elements of X in increasing order.
We can get information about < by pairwise comparisons: we can choose
two elements a,b € X and ask an oracle whether a < b or @ > b holds.
In our example, we have precise scales such that only one coin fits to each
scale, which allows us to make pairwise comparisons. Our sorting procedure
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may be adaptive; that is, the elements to be compared may be selected
depending on the outcome of previous comparisons. We want to make as
few comparisons as possible.

In the usual sorting problem, we begin with no information about the or-
dering < whatsoever. As is well-known, in this case ©(n logn) comparisons
are sufficient and also necessary in the worst case. Here we consider a dif-
ferent setting, when we start with some information already given. Namely,
we obtain (explicitly) some partial ordering < on X, and we are guaranteed
that x < y implies ¢ < y; that is, < is a linear extension of <. In the
example with coins, some weighings have already been made for us before
we start. How many comparisons do we need to sort?

Let E(=)denote the set of all linear extensions of a partial ordering <
and let e(<) = |E(=)|

be the number of linear extensions. By sorting, we have to select just
one element of E(=<), which is one possibility out of (<) many. Since any
comparison of distinct elements a and b can have two outcomes, we need at
least log, e(=) comparisons in the worst case to distinguish the appropriate
linear extension, i.e. to sort. Is this lower bound always asymptotically
tight? Can one always sort using O(log, e(=<)) comparisons, for any <7 An
affirmative answer is implied by the following theorem:

1.3.1 Theorem (Efficient Comparison Theorem).
Let (X,=) be a poset, and suppose that < is not linear. Then there
exist elements a,b € X such that

o2+ (@) _,

R S

where 6 > 0 is an absolute constant and < + (a, b) stands for the transitive
closure of the relation < U {(a,b)}; that is, the partial ordering we obtain
from < if we are told that a precedes b.

How do we use this for sorting <7 For the first comparison, we choose
the two elements a, b as in the theorem. Depending on the outcome of this
comparison, we pass either to the partial ordering < +(a, b) or to < +(b, a).
In both cases, the number of linear extensions has been reduced by the
factor 1 —§: for a < b this is clear by the theorem, and for a > b this follows
from the equality e(<X+ (a,b)) +e(=<+ (b,a)) = e(=X). Hence, proceeding by
induction, we can sort any partial ordering < using at most [log; ;; _s) e(X)]
comparisons.
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The conjectured “right” value of § in Theorem 1.3.1 is
ously, one cannot do any better for the poset

~ 0.33; obvi-

1
3

b

a

(meaning that a < b is the only pair of distinct elements in the relation <).

The proof below gives § = 21—6 ~ 0.184, and more complicated proofs yield

better values, although % seems still elusive.
Order polytopes. For the proof, we need to assign certain polytopes to
partial orderings and develop some of their simple properties.

1.3.2 Definition (Order polytope). Let (X, <) be an n-element poset.
Let the coordinates in R™ be indexed by the elements of X. We define a
polytope P(=), the order polytope of <, as the set of all = € [0, 1]" satisfying
the following inequalities:

ro < xp forevery a,b € X with a <b.
Here is an alternative description of the order polytope:

1.3.3 Observation. The vertices of the order polytope P(=<) are precisely
the characteristic vectors of all up-sets in (X, <), where an up-set is a subset
U C X such that if a € U and a < b then b € U too.

Proof. It is easy to see that the characteristic vector of an up-set is in
P(=), and that any 0/1 vector in P(=X) determines an up-set. It remains to
check that all vertices of P(=<) are integral. Any vertex is an intersection
of some n facet hyperplanes. Since all potential facet hyperplanes have the
form x, = xp, or x, =0, or z, = 1, the integrality is obvious. O

1.3.4 Observation. Let X be an n-element set.
(i) If < is a linear ordering on X then P(<) is a simplex of volume 1/n!.

(ii) For any partial ordering < on X, the simplices of the form P(<), where
< is a linear extension of <, cover P(=X) and have disjoint interiors.
Hence vol(P(X)) = Le(<).



22 Chapter 1: Two Applications of High-Dimensional Polytopes

Here is the order polytope and the subdivision into tetrahedra corre-
sponding to the linear extensions, for a 3-element poset:

e

oC

L

Proof of Observation 1.3.4. In (i), consider the ordering 1 <2< ... <
n. Then the characteristic vectors of up-sets have the form

(0,0,...,0,1,1,...,1).

There are n + 1 of them and they are affinely independent, so P(<) is a
simplex. Other linear orderings differ just by a permutation of coordinates,
so we get congruent simplices. The volume could be calculated directly but
it follows easily from considerations below.

As for (ii), any point (z1,...,2,) € P(X) with pairwise distinct coordi-
nates determines a unique linear extension of <, namely the one given by
the natural ordering of its coordinates as real numbers. Conversely, for any
linear extension < € E(=), we have P(<) C P(=) by definition. Hence the
congruent simplices corresponding to linear extensions subdivide P(=<).

To see that the simplices have volume 1/n!, take the discrete ordering (no
two distinct elements are comparable) for <. The order polytope is the unit
cube [0, 1]™, and it is subdivided into n! congruent simplices corresponding
to the n! possible linear orderings. |

Height and center of gravity. Let X be a finite set and < a linear
ordering on it. For a € X, we define the height of a in <, denoted by h<(a),
as {z € X: z <a}|. For a poset (X, <), the height of an element is defined
as the average height over all linear extensions:

1
h<(a) = @ Z h<(a).
<€B(x)
If < is clear from context we omit it in the subscript and we write just h(a).
The “good” elements a, b in the Efficient Comparison Theorem 1.3.1 can
be selected using the height. Namely, we show that any two distinct a,b
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with |h(a) — h(b)| < 1 will do. (It is simple to check that if < is not a linear
ordering then such a and b always exist; see Exercise 1.)
We now relate the height to the order polytope.

1.3.5 Lemma. For any n-element poset (X, <), the center of gravity of the
order polytope P(=) is ¢ = (cq: a € X), where ¢, = = h=<(a).

Proof. The center of gravity of P(=) is the arithmetic average of centers
of gravity of the simplices P(<) with <€ E(=<). Hence it suffices to prove
the lemma for a linear ordering <. By permuting coordinates, it suffices to
calculate that for the simplex with vertices of the form (0,...,0,1,...,1),

the center of gravity is %ﬂ(l, 2,...,n). This is left as Exercise 2. a

Proof of Theorem 1.3.1. Given the poset (X, <), we consider two
elements a,b € X with |h(a) — h(b)] < 1. We want to show that the
number of linear extensions of both < + (a,b) and < + (b,a) is at least a
constant fraction of e(<). Consider the order polytopes P = P(<), P< =
P(=<+(a,b)), and P> = P(<+ (b,a)). Geometrically, P is sliced into P<
and P> by the hyperplane h = {z, = 23}.

: .

P

By Observation 1.3.4(ii), it suffices to show that the volumes of both P<
and P> are at least a constant fraction of vol(P).

For convenience, let us introduce a new coordinate system in R", where
the first coordinate y; is ¢ —x, and the others complete it to an orthonormal
coordinate system (yi,...,¥yn). Hence h is the hyperplane y; = 0. Let ¢(P)
denote the center of gravity of P, and let ¢; = ¢;(P) be its y;-coordinate.

What geometric information do we have about P? It is a convex body
with the following properties:

e The projection of P onto the y;-axis is the interval [—1,1]. This is
because there is an up-set of < containing ¢ and not b, and also an
up-set containing b but not a, and thus P has a vertex with z, = 1,
xp = 0 and a vertex with z, =0, 2, = 1.

e We have —n+r1 <c < n+r1, since ¢; = %H(h(a) — h(b)).
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The proof of Theorem 1.3.1 is finished by showing that any compact
convex body P C R" with the just mentioned two properties satisfies

1 1
vol(P<) > % vol(P) and vol(P>) > % vol(P),

where P< is the part of P in the halfspace {y; < 0} and similarly for P-.
For t € [-1,1], let P be the (n — 1)-dimensional slice of P by the
hyperplane {y; = t}, and let r(¢) be the equivalent radius of P;, i.e. the
radius of the (n — 1)-dimensional ball of volume vol,_;(FP;). By Brunn’s
inequality for slice volumes (Theorem 1.2.1), r(¢) is concave on [—1,1].
The y;-coordinate of the center of gravity of P can be expressed as

1
o1 (P) = ﬁm/ltvoln_l(Pt)dt

(imagine P composed of thin plates perpendicular to the y;-axis). Hence
¢y is fully determined by the function 7(t). In other words, the shape of the
slices of P does not really matter, only their volumes do, and so we may
imagine that P is a rotational body whose slice P; is an (n — 1)-dimensional
ball of radius r(t) centered at (¢,0,...,0).

We want to show that if ¢;(P) > —25 then vol(P>) > 5 vol(P). The
inequality for vol(P<) follows by symmetry. The key step is to pass to
another, especially simple rotational convex body K. The slice K; of K has
radius k(t); the functions x(t) and r(t) are schematically plotted below:

W
v
r(t)

Y + U
-1 0 1 U

The graph of the function x(t) consists of two linear segments, and so K is
a double cone. First we construct the function x(t) for ¢ positive. Here the
graph is a segment starting at the point V = (0,r(0)) and ending at the
point U = (u,0). The number w is chosen in such a way that vol(/K>) =
vol(P>). Since r(t) is concave and k(t) is linear on [0,u], we have u > 1.
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Moreover, as t grows from 0 to 1, we first have r(t) > x(t), and then from
some point on 7(t) < k(t). This ensures that the center of gravity of K>
is to the right of the center of gravity of P> (we can imagine that P> is
transformed into K> by peeling off some mass in the region labeled “—”
and moving it right, to the region labeled “+”).

Next, we define x(t) for t < 0. We extend the segment UV to the left
until the (unique) point W such that, when YWV is the graph of x(t) for
negative ¢, we have vol(K<) = vol(P<). As t goes from 0 down to —1, x(t)
is first above r(¢) and then below it. This is because at V', the segment
WU decreases more steeply than the function r(t). Therefore, we also have
c1(K<) > c1(P<), and hence ¢ (K) > ci(P) > —n+_1. So, as was noted

3= vol(K), which is a more or less

above, it remains to show vol(K>) > 3

routine calculation.
We fix the notation as in the following picture:

K| K>

~

Kl KZ

S —

1

o
—_
<

b

We note that ¢; (K) is a weighted average of ¢; (K1) and ¢ (K>); the weights
are the volumes of K7 and K5, whose ratiois hy : ho. The center of gravity of

an n-dimensional cone is at n%—l of its height, and hence ¢; (K;) = — n’:}l —A
and ¢ (K») = n’:_zl — A. Therefore
h h
P ETA S
c = — = - _A.
! h1 + hs n+1
We have A = 1 — hy, and so from the condition ¢ (K) > —n%H we obtain
hy 4+ nhy > n. If we substitute h;y = v — hy + 1 and rearrange, we get
1
R (1.2)

h2 n
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We are interested in bounding vol(K>) from below. The cone K> is similar
to K>, with ratio u/hs. So

vol(K) = <h%>nvol(K2) - (%)n hlifhz vol(K)

n—1
u u

Now we substitute for u/hy from (1.2), obtaining

u "
> - .
vol(K>) > w1 <1 n> vol(K)

Finally 47 > 3 (asu>1),and (1 - )" > e! for all n, so vol(K>)

L vol(K) follows.

>
2e =

Exercises

1. Let (X, <) be a finite poset. Prove that if < is not a linear ordering
then there always exist a,b € X with |h(a) — ()| < 1.

2. Show that the center of gravity of a simplex with vertices ag, ay, ..., aq
is the same as the center of gravity of its vertex set.

3. Let K be a bounded convex body in R", h a halfplane passing through
the center of gravity of K, and let K7, K> be the parts into which K
is divided by h.

(a) Prove vol(K1), vol(K>») > (357)" vol(K).
(b) Show that the bound in (a) cannot be improved in general.



2
Volumes in High Dimension

We begin with comparing the volume of the n-dimensional cube with the
volume of the unit ball inscribed in it, in order to realize that volumes of
“familiar” bodies behave quite differently in high dimensions from what
the 3-dimensional intutition suggests. Then we calculate that any convex
polytope in R™, whose number of vertices is at most polynomial in n and
which is contained in the unit ball, is quite small compared to the ball. This
has interesting consequences for deterministic algorithms for approximating
the volume of a given convex body: if they only look at polynomially many
points of the considered body then they are unable to distinguish a gigantic
ball from a tiny polytope. Finally, we prove a classical result, John’s Lemma,
which states that for every n-dimensional symmetric convex body K there
are two similar ellipsoids with ratio v/n such that the smaller ellipsoid lies
inside K and the larger one contains K. So, in a very crude scale where
the ratio y/n can be ignored, each symmetric convex body looks like an
ellipsoid.

Besides presenting nice and important results, this chapter could help
the reader in acquiring proficiency and good intuition in geometric compu-
tations, which are skills obtainable mainly by practice. Several calculations
of nontrivial length are presented in detail, and while some parts do not
require any great ideas, they still contain useful small tricks.

2.1 Volumes, Paradoxes of High Dimension, and Nets

In the next section, we are going to estimate the volumes of various convex
polytopes. Here we start, more modestly, with the volumes of the simplest
bodies.

The ball in the cube. Let V,, denote the volume of the n-dimensional ball
B™ of unit radius. A neat way of calculating V;, is indicated in Exercise 2;
the result, which can be verified in various other ways and found in many
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books of formulas, is

y /2 <n/2]9n/2]
" F(% + 1) a Hi:0§2i<n(n - 21) ‘

Here I'(z) = [ t" te ' dt is the usual Gamma-function, with I'(k+) = k!
for natural numbers k.

Let us compare the volume of the unit cube [0, 1] with that of the
inscribed ball (of radius %).

(Using Exercise 1, the reader may want to add the crosspolytope inscribed
in both bodies to the comparison.) For dimension n = 3, the volume of
the ball is about 0.52, but for n = 11 it is already less than 1073, Using
Stirling’s formula, we find that it behaves roughly like (2%)”/ 2, For large
n, the inscribed ball is thus like a negligible dust particle in the cube, as far
as the volume is concerned.

This can be experienced if one tries to generate random points uniformly
distributed in the unit ball B™. A straightforward metod is first to generate
a random point z in the cube [—1, 1]", by producing n independent random
numbers 1, %2,...,2, € [—1,1]". If ||z|| > 1 then z is discarded and the
experiment is repeated, and if ||z|| < 1 then z is the desired random point
in the unit ball. This works reasonably in dimensions below 10, say, but in
dimension 20, we expect about 40 million points to be discarded for each
accepted point and the method is rather useless.

Another way of comparing the ball and the cube is to picture the sizes
of the n-dimensional ball having the same volume as the unit cube:
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For large n, the radius grows approximately like 0.241/n. This indicates that
the n-dimensional unit cube is actually quite a huge body; for example, its
diameter (the length of the longest diagonal) is v/n. Here is another example
illustrating the largeness of the unit cube quite vividly.

Balls enclosing a ball. Place balls of radius % into each of the 2™ vertices
of the unit cube [0, 1]", so that they touch along the edges of the cube, and
consider the ball concentric with the cube and just touching the other balls:

Obviously, this ball is quite small and it is fully contained in the cube, right?
No: already for n = 5 it starts protruding out through the facets.

Nets in a sphere. We conclude this section by introducing a generally
useful tool. Let S"~! = {z € R™ ||z|| = 1} denote the unit sphere in
R" (note that S? is the 2-dimensional sphere living in R3). We are given
a number 17 > 0 and we want to place a reasonably small finite set IV of
points on S™ ! in such a way that each z € S" ! has some point of N
at distance no larger than 7. (Numerous corporations are trying to do
this, if not with the whole surface of the globe then with large parts of it,
with 7 quite small.) Such an N is called n-dense in S™~1. For example,
the set N = {e1,—e1,...,en, —en} of the 2n orthonormal unit vectors of
the standard basis is v/2-dense. But it is generally difficult to find good
explicit constructions for arbitrary n and n. The following simple but clever
existential argument yields an n-dense set whose size has essentially the best
possible order of magnitude.

Let us call a subset N C S™! g-separated if every two distinct points
of N have (Euclidean) distance greater than 1. In a sense, this is opposite
to being n-dense.

In order to construct a small n-dense set, we start with the empty set
and keep adding points one by one. The trick is that we do not worry about
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n-density along the way but we always keep the current set n-separated.
Clearly, if no more points can be added, the current set must be r-dense.

The result of this algorithm is called an n-net.That is, N C S”~! is an
n-net if it is an inclusion-maximal n-separated subset of S? 1, i.e. if N is
n-separated but N U {z} is not n-separated for any z € S 1\ N. (These
definitions apply to an arbitrary metric space in place of S"~1.) A volume
argument bounds the maximum size of an 7-net.

2.1.1 Lemma (Size of n-nets in the sphere). For each n € (0,1], any
n-net N C S™~! satisfies
4 n
mM< ()
n

Later on, we will check that for n small, no 7n-dense set can be much
smaller (Exercise 3.1.1).

Proof. For each € N, consider the ball of radius Z centered at 2. These
balls are all disjoint and they are contained in the ball B(0,1+n) C B(0, 2).
Therefore vol(B(0,2)) > |[N|vol(B(0, 7)), and since vol(B(0,r)) in R" is
proportional to 7™, the lemma follows. a

Exercises

1. Calculate the volume of the n-dimensional crosspolytope, i.e. the
convex hull of {e;, —ey,...,e,, —e,}, where ¢; is the ith vector in the
standard basis of R".

2. (Ball volume via the Gaussian distribution)
(a) Let I, = [qae 11" dz, where ||z]| = (23 + -~ + 22)'/? is the
Euclidean norm. Express I,, using I;.

(b) Express I, using V,, = vol(B™) and a suitable one-dimensional
integral, by considering the contribution to I,, of the spherical shell
with inner radius r and outer radius r + dr.

(c) Calculate I,, by using (b) for n = 2 and (a).

(d) Integrating by parts, set up a recurrence and calculate the integral
appearing in (b). Compute V.
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2.2 Hardness of Volume Approximation

The theorem in this section can be regarded as a variation on one of the
“paradoxes of high dimension” mentioned in the previous section, namely
that the volume of the ball inscribed in the unit cube gets negligible as
dimension grows. The theorem addresses a dual situation: the volume of a
convex polytope inscribed in the unit ball.

2.2.1 Theorem. Let B™ denote the unit ball in R™, and let P be a convex
polytope contained in B™ and having at most N vertices. Then

o (cury”

with an absolute constant C'.

n

Thus, unless the number of vertices is exponential in 7, the polytope is
very tiny compared to the ball.

The proof shown below is neat but quite elementary and it makes seem-
ingly very rough estimates. Nevertheless, it turns out that the bound is
tight, up to the value of the constant C. A construction of polytopes wit-
nessing this is discussed in the next section.

Application to hardness of volume approximation. Computing or
estimating the volume of a given convex body in R"”, with n large, is a
fundamental algorithmic problem. Many combinatorial counting problems
can be reduced to it, such as counting the number of linear extension of a
given poset, as we saw in Section 1.3. Since many of these counting problems
are computationally intractable, one cannot expect to compute the volume
precisely, and so approximation up to some multiplicative factor is sought.

It turns out that no polynomial-time deterministic algorithm can gener-
ally achieve approximation factor better than exponential in the dimension.
A concrete lower bound, derived with help of Theorem 2.2.1, is (cn/ logn)™.
This can also be almost achieved: deterministic algorithms are known with
factor O(n*"/?), resp. O(n™) for centrally symmetric bodies.

In striking contrast to this, there are randomized polynomial-time al-
gorithms which can approximate the volume within a factor of (1 + ¢) for
each fixed £ > 0 with high probability. Here “randomized” means that the
algorithm makes random decisions (like coin tosses) during its computation;
it does not imply any randomness of the input. These are marvelous devel-
opments but they are not treated in this book. We only briefly explain the
relation of Theorem 2.2.1 to the deterministic volume approximation.
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To understand this connection, one needs to know how the input con-
vex body is presented to an algorithm. A general convex body cannot be
exactly described by finitely many parameters, so caution is certainly neces-
sary. One way of specifying certain convex bodies, namely convex polytopes,
is to give them as convex hulls of finite point set (V-presentation) or as in-
tersections of finite sets of halfspaces (H-presentation). But there are many
other computationally important convex bodies which are not polytopes, or
have no polynomial-size V -presentation or H-presentation.

In order to abstract the considerations from the details of the presen-
tation of the input body, the oracle model was introduced for computation
with convex bodies. If K C R" is a convex body, a membership oracle for
K is, roughly speaking, an algorithm (subroutine, black box) that, for any
given input point z € R", outputs YES if x € K and NO if z ¢ K.

This is simplified because, in order to be able to compute with the body,
one needs to assume more. Namely, K should contain a ball B(0,r) and be
contained in a ball B(0, R) where R and r > 0 are written using at most
polynomially many digits. On the other hand, the oracle need not (and
often cannot) be exact, so a wrong answer is allowed for points very close to
the boundary. These are important but rather technical issues and we will
ignore them. Let us note that a polynomial-time membership oracle can be
constructed for both V-presented and H-presented polytopes, as well as for
many other bodies.

Let us now assume that a deterministic algorithm approximates the
volume of each convex body given by a suitable membership oracle. First
we call the algorithm with K = B"™ being the unit ball. The algorithm asks
the oracle about some points {z1,z2,...,Zn}, gets the correct answers, and
outputs an estimate for vol(B™). Next, we call the algorithm with the body
K = conv({z1,x2,...,zny} N B™). The answers of the oracle are exactly
the same, and since the algorithm has no other information about the body
K and it is deterministic, it has to output the same volume estimate as it
did for B™. But by Theorem 2.2.1, vol(B")/ vol(K) > (en/In N)*/?, and
so the error of the approximation must be at least this factor. If N, the
number of oracle calls, is polynomial in n, it follows that the error is at least
(¢'n/logn)™/?.

By more refined consideration, one can improve the lower bound to
approximately the square of the just given quantity. The idea is to input the
dual body K™ to the algorithm too, for which it gets the same answers, and
then use a deep result stating that vol(K) vol(K™*) > ¢"/n! for any centrally
symmetric n-dimensional convex body K, with an absolute constant ¢ > 0



2.2 Hardness of Volume Approximation 33

(some technical steps are omitted here). This improvement is interesting
because, as was remarked above, for symmetric convex bodies it almost
matches the performance of the best known algorithm.

Idea of the proof of Theorem 2.2.1. Let V be the set of vertices of
the polytope P C B", |[V| = N. We choose a suitable parameter k = [-"5
and prove that for every z € P, there is a k-tuple J of points of V' such that
z is close to conv(J). Then vol(P) is simply estimated as (}) times the
maximum possible volume of the appropriate neighborhood of the convex

hull of k points in B™. Here is the first step towards realizing this program.

2.2.2 Lemma. Let S in R™ be an n-dimensional simplex , i.e. the convex
hull of n + 1 affinely independent points, and let R = R(S) and p = p(S)
be the circumradius and inradius of S, respectively, i.e. the radius of the
smallest enclosing ball and of the largest inscribed ball. Then % >n.

Proof. First sketch the proof of an auxiliary claim: among all simplices
contained in B", the reqular simplex inscribed in B™ has the largest volume.
The volume of a simplex is proportional to the (n — 1)-dimensional volume
of its base times the corresponding height. It follows that in a maximum-
volume simplex S inscribed in B™, the hyperplane passing through a vertex
v of S and parallel to the facet of S not containing v is tangent to B™, for
otherwise v could be moved to increase the height:

It can be easily shown that this property characterizes the regular simplex
(so the regular simplex is even the unique maximum).

Another, slightly more difficult argument shows that if .S is a simplex of
minimum volume circumscribed to B™ then each facet of S touches B™ at
its center of gravity (Exercise 2), and it follows that the volume is minimized
by the regular simplex circumscribed to B™.

Let Sp be a simplex contained in B™. We consider two auxiliary regular
simplices Sy and S, where S is inscribed in B™ and S» satisfies vol(Ss) =
vol(Sp). Since vol(S1) > vol(Sy) = vol(Ssz), S is at least as big as S, and so
p(So) < p(S2) < p(Sy1). Calculation shows that p(S1) = = (Exercise 1(a)).

O

1
n
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Let F be a j-dimensional simplex in R"™. Define the orthogonal p-
neighborhood F, of F as the set of all points x € R" for which there is
a point y € F' such that the segment zy is orthogonal to F' and ||z —y|| < p.
The next drawing shows orthogonal neighborhoods in R? of a 1-simplex and

of a 2-simplex:
/ \

.~ N

The orthogonal p-neighborhood of F' can be expressed as the Cartesian
product of F' with a p-ball of dimension n — j, and so vol,, (F,) = vol;(F) -
p" I - vol,_;(B").

2.2.3 Lemma. Let S be an n-dimensional simplex contained in B™, let
x € S, and let k be an integer parameter, 1 < k < n. Then there is
a k-tuple J of affinely independent vertices of S such that z lies in the
orthogonal p-neighborhood of conv(J), where

p=pn, k)= (i %)1/2-

i=k

Proof. We proceed by induction on n— k. For n = k, this is Lemma 2.2.2:
consider the largest ball centered at = and contained in S; it has radius at
most %, it touches some facet F' of S at a point y, and the segment xy is
perpendicular to F', witnessing x € F' /.

For k < n, using the case k = n, let S’ be a facet of S and 2’ € S’ a
point at distance at most L from S’ such that zz' L S’. By the inductive
assumption for S’, we find a (k — 1)-face F' of S’ and a point y € F with
l|z" —y|| < p(n —1,k) and z'y L F. Here is an illustration for n = 3 and
k=2:
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Then zz' L z'y (because the whole S’ is perpendicular to zz'), and so
|z —y||> = ||z — 2'||? + ||2" — y||*> < p(n,k)%. Finally, zy L F since both
the vectors ' —y and x — 2’ lie in the orthogonal complement of the linear
subspace generated by F' —y. m|

Proof of Theorem 2.2.1. By Carathéodory’s Theorem and by Lemma 2.2.3,
P = conv(V) is covered by the union of all the orthogonal p-neighborhoods
conv(J),, J € (‘;), where p = p(n,k) is as in the lemma. The maxi-
mum (k — 1)-dimensional volume of conv(J) is no larger than the (k — 1)-
dimensional volume of the regular (k — 1)-simplex inscribed in B¥~!, which

is
NN
M(k_l):<m> k— 1)’

see Exercise 1(b). (If we do not care about the value of C' in the theorem
then M (k — 1) can also be trivially estimated by vol,_; (B*~!) or even by
21@—1')

What remains is calculation. We have

v volp—jt1 n—k+1
VO(;I((;)) < <JZ>.M(k—1)-p(n,k)n_k+1- ol ":1((;) ) )

We first estimate

n n

1 1 1 1 1 1 1
2 _ — < = —_— ) = =— = = < —
p(n, k) E:i2_ i(i—1) Z(i—l z) k—1 n k-1

i=k i=k i=k

Before plunging into further calculations, let us see the orders of mag-
nitude of various terms involved. Recall that & = [ ]. On the one hand,
vol(P) =0 for N <n and so k < n/lnn. On the other hand, if CInN > n
then the bound asserted in the theorem is trivially valid, and so we may
assume that k is larger than any suitable constant.

It is convenient take (natural) logarithms on both sides of (2.1). The
logarithm of the bound we are heading for is & (Inln N —Inn + O(1)), and
so we can neglect terms up to the order O(n). The main term in our
estimate (2.1) turns out to be the one with p(n, k). For its logarithm, we find
In p(n, k)" 5+ < —(n+o(n)) In vk = (1+0(1))2(Inln N —Inn+0(1)). All
the remaining terms are negligible: In (JZ) <InN*¥ =n+o(n),In M(k—1) <
0 for k large, and

VOln_k+1 (Bn_k+1)
vol(B")

In = 2=k nr — DA 1) = % lnr+ (5 + 1)
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r(g+1)

i n nnk/? n) = O(n).
Rt gy O < e 400 = Ofw)

The proof of Theorem 2.2.1 is complete. O
Exercises
1. (a) Calculate the inradius and circumradius of a regular n-dimensional

23

simplex.

(b) Calculate the volume of the regular n-dimensional simplex in-
scribed in the unit ball B".

Let S C R™ be a simplex circumscribed to B™ and let F' be a facet of
S touching B™ at a point c. Show that if ¢ is not the center of gravity
of F' then there is another simplex S’ (arising by slightly moving the
hyperplane that determines the facet F') that contains B™ and has
volume smaller than vol(S).

The width of a convex body K is the minimum distance of two parallel
hyperplanes such that K lies between them. Prove that the convex

hull of N points in B™ has width at most O(/(InN)/n).

(A weaker but simpler estimate) Let V' C R”™ be a finite set. Prove
that conv(V) C U,ey B(3v, £]|v]]), where B(z,r) is the ball of radius
r centered at x. Deduce that the convex hull of n points contained in
B™ has volume at most §= vol(B"). [4]

Constructing Polytopes of Large Volume

For all N in the range 2n < N < 4™, we construct a polytope P C B" with

N vertices containing a ball of radius r = Q(y/(In &)/n ). This shows that

Theorem 2.2.1 is tight for n? < N < 4", since vol(P)/ vol(B™) > r". We
begin with two extreme cases.

First we construct a k-dimensional polytope Py C B* with 4* vertices
containing the ball %B’“. There are several possible ways; the simplest is
based on n-nets. We choose a 1-net V C S*1 and set Py = conv(V).
According to Lemma 2.1.1, we have N = |V| < 4%. If there were an z with
||lz|l = 3 not lying in Py,
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1

then the separating hyperplane passing through = and avoiding P, would
define a cap (shaded) whose center y would be at distance at least 1 from V.

Another extreme case is with N = 2¢ vertices in dimension n = gq.
Then we can take the crosspolytope, i.e. the convex hull of the vectors e;,
—e1,..., eq, —€q, Where (e1,...,e,) is an orthonormal basis. The radius of
the inscribed ball is r = ﬁ which matches the asserted formula.

Next, suppose that n = gk for integers ¢ and k, where k > Inn, and set
N = g4*. We have k ~In N and q ~ N> and so it suffices to construct an
N-vertex polytope P C B™ containing the ball rB" with r = 2%/6

The construction of P is, in a sense, a combination of the two construc-
tions above. We interpret R™ as the product R¥ x R¥ x - - - x R¥ (g factors).
In each of the copies of R¥, we choose a polytope Py with 4* vertices as

above, and we let P be the convex hull of their union. More formally,

P = conv{(0,0,...,O,ml,arz,...,a:k,0,0,...,O): (z1,...,2) €V,
—_——

(i—1)kx
i€ {1,2,...,q}}

where V' is the vertex set of P.

We want to show that P contains the ball rB", r = ﬁ. Let = be a
point of norm ||z|| < r and let x; be the vector obtained from x by retaining
the coordinates in the ith block, i.e. in positions (i — 1)k + 1,...,ik, and
setting all the other coordinates to 0. These z; are pairwise orthogonal and

z lies in the g-dimensional subspace spanned by them. Let y; = m be

the vector of length % in the direction of z;. Each y; is contained in P since

Py contains the ball of radius % The convex hull of the y; is a g-dimensional
crosspolytope of circumradius 1 and so it contains all vectors of norm ﬁ

in the subspace spanned by the z;, including x.
This construction assumes that n and N are of a special form, but it
is not difficult to extend the bounds to all n > 2 and all N in the range



38 Chapter 2: Volumes in High Dimension

n? < N < 4" by monotonicity considerations; we omit the details. This
proves that the bound in Theorem 2.2.1 is tight up to the value of the
constant C for n? < N < 47, O

Exercises

1. (Polytopes with polynomially many facets inscribed in a ball)

(a) Show that the cube inscribed in the unit ball B™, which is a convex
polytope with 2n facets, has volume of a larger order of magnitude
than any convex polytope in B™ with polynomially many vertices (and
so, concerning volume, “facets are better than vertices”).

(b) Prove that the inradius of any convex polytope with N facets
contained in B™ is at most O(y/(InN)/n) (and so, in this respect,
facets are not better than vertices).

2.4 Approximating Convex Bodies by Ellipsoids

One of the most important issues in the life of convex bodies is their ap-
proximation by ellipsoids, as ellipsoids are in many respects the simplest
imaginable compact convex bodies. The following result tells us how well
they can generally be approximated (or how badly, depending on the point
of view).

2.4.1 Theorem (John’s Lemma). Let K C R" be a bounded closed
convex body with nonempty interior. Then there exists an ellipsoid E such
that

E'CKCE,

where E' is E shrunk from its center by the factor n. If K is symmetric
about the origin, then we have the improved approximation

1
ﬁE CKCE.

Thus, K can be approximated from outside and from inside by similar
ellipsoids with ratio 1 : n, or 1: /n for the centrally symmetric case. Both
these ratios are the best possible in general: this is shown by K being the
regular simplex in the general case and the cube in the centrally symmetric
case.
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In order to work with ellipsoids, we need a rigorous definition. A suitable
one is to consider ellipsoids as affine images of the unit ball: if B™ denotes
the unit ball in R", an ellipsoid E is a set £ = f(B™), where f:R" - R"
is an affine map of the form f:z — Ax + ¢. Here z is regarded as a column
vector, ¢ € R" is a translation vector, and A is a nonsingular n X n matrix.
A very simple case is when ¢ = 0 and A is a diagonal matrix with positive

entries aj,as, ...,a, on the diagonal. Then
2 2 2
E:{xeanm—;+x—§+---+%§1} (2.2)
a;  a; a?

as is easy to check; this is an ellipsoid with center at 0 and with semiaxes
a,as,...,a,. In this case, we have vol(E) = ajas---a, - vol(B™). An
arbitrary ellipsoid E can be brought to this form by a suitable translation
and rotation around the origin. In the language of linear algebra, this
corresponds to diagonalizing a positive definite matrix using an orthonormal
basis consisting of its eigenvectors; see Exercise 1.

Proof of Theorem 2.4.1. In both cases in the theorem, E is chosen as
an ellipsoid of the smallest possible volume with K C E (such an ellipsoid
is often called the Léwner—Johnellipsoid of K). In Lemma 2.4.2 below, we
show that such an E always exists (the minimum is attained).

We prove only the centrally symmetric case. The non-symmetric case
follows the same idea but the calculations are different and more compli-
cated, and we leave them to Exercise 2.

So we suppose that K is symmetric about 0, we fix £, and make a linear
transformation so that E becomes the unit ball B™. Assuming that the
smaller ball n=1/2B™ is not contained in K, we derive a contradiction by
exhibiting a smaller enclosing ellipsoid for K.

We know that there is a point & ¢ K with ||z|| < n~'/2. By the Separa-
tion Theorem, K can be strictly separated from x, and so there is a closed
halfspace v containing K but not z. Since K is symmetric, K is contained
in the strip y N (—y) of width 2s, where s < n~1/2:
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-

For convenient notation, suppose that v is perpendicular to the x;-axis. To
finish the proof, we show that the region R = {& € R": —s < 1 <, ||z]| <
1}, and therefore K too, are contained in an ellipsoid E' of volume smaller
than vol(B™):

B
z
b
s
a ()
R
N

Since R is symmetric under all rotations fixing the x;-axis, we naturally
choose E' symmetric too. Let the semiaxis in the z;-direction have length
a and the remaining n — 1 semiaxes length b > a. As the picture suggests,
and as is not difficult to verify formally, if E' contains a point z € dy N
OB™ then it contains all of R. The coordinates of z can be chosen as
(s,v/1—152,0,0,...,0). Substituting this into the defining inequality of E'
of the form (2.2), we obtain the requirement

T

1= <1 (2.3)

We now want to choose b > a > 0 so that (2.3) holds and ab™ ! is minimum.
This is an exercise in calculus. For convenience, we minimize the square,
ie. a?p*™ D Tt turns out that the minimum is attained for a? = ns?
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and b> = (1 — s?). Since s> < 1, we get that a?p*™Y < 1, and
thus vol(E") < vol(B™). This contradicts our assumption that B™ was a
minimum-volume enclosing ellipsoid for K, and Theorem 2.4.1 is proved,
up to the proof of the following lemma. O

2.4.2 Lemma. Let X be a bounded set in R" that is not contained in a
hyperplane, and let £ be the set of all ellipsoids that contain X. Then there
is an ellipsoid Ey € £ such that vol(Ep) = mingeg vol(E).

Proof. We want to consider vol(-) as a continuous function on a suitable
compact space of ellipsoids; there are several possibilities of choosing an
appropriate space.

Let K = conv(X). After a translation, we may assume that K is sand-
wiched between suitable balls: B(0,r) € K € B(0,R), r > 0. We can
restrict ourselves to enclosing ellipsoids of volume at most vol(B(0, R)).
There is a number M such that if ||z|| > M then vol(conv({z}UB(0,r))) >
vol(B(0, R)), and so we can consider only the ellipsoids contained in B(0, M).

An ellipsoid E is given as the image f(B"), where f:x — Az + c¢. So
E can be identified with the pair (A, ¢), which can be regarded as a point
in R"°+n, Taking the standard Euclidean metric on the latter space, this
induces a metric on the space of ellipsoids.

We check that for E C B(0,M), the entries of ¢ and A cannot be
too large. Clearly, we have |¢;| < M for all i. If a;; > 2M, say, we let
xz = e; be the jth vector of the standard orthonormal basis, and we find
that || f(e;)|| > f(ej)i > a;j — M > M. Therefore |a;;| < 2M.

Define £y as the space of all ellipsoids with |¢;| < M and |a;;| < 2M
for all ¢,j. This space is compact and contains all ellipsoids of interest to
us. Since vol(E) = | det(A)| - vol(B™), the volume is a continuous function
on SM

For a point z € X, let Eyr(x) = {E € Ep: @ € E}. This Ep(x) can be
described by polynomial inequalities, and so it is a closed subspace of £y;.
Therefore Ea7(X) = N, cx Em(w) is compact and the continuous function
vol(+) attains its minimum on it. |

Exercises

1. Let E be the ellipsoid f(B™), where f: z — Az for an nxn nonsingular
matrix A.
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(a) Show that E = {z € R": 7Bz < 1}. What is the matrix B?

(b) Recall or look up appropriate theorems in linear algebra, showing
that there is an orthonormal matrix R such that B’ = R"!BR is a
diagonal matrix with the eigenvalues of B on the diagonal (check and
use the fact that B is positive definite in our case).

(c) What is the geometric meaning of R, and what is the relation of
the entries of R~!BR to the semiaxes of the ellipsoid E?

. Prove the part of Theorem 2.4.1 dealing with not necessarily symmet-

ric convex bodies.
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Measure Concentration and Almost
Spherical Sections

In the first two sections, we are going to discuss measure concentration
on a high-dimensional unit sphere. Roughly speaking, measure concentra-
tion says that if A C S ! is a set occupying at least half of the sphere
then almost all points of S"~! are quite close to A, at distance about
O(n~'/?). Measure concentration is an extremely useful technical tool in
high-dimensional geometry. From the point of view of probability theory,
it provides tail estimates for random variables defined on S™~!, and in this
respect it resembles Chernoff-type tail estimates for the sums independent
random variables. But it is of a more general nature, more like tail estimates
for Lipschitz functions on discrete spaces obtained using martingales.

The second main theme of this chapter are almost-spherical sections
of convex bodies. Given a convex body K C R", we want to find a k-
dimensional subspace L of R™ such that K N L is almost spherical, i.e. it
contains a ball of some radius r and it is contained in the concentric ball
of radius (1 + €)r. A remarkable Ramsey-type result, Dvoretzky’s Theo-
rem, shows that with k being about €2 logn, such a k-dimensional almost-
spherical section exists for every K. We also include an application concern-
ing convex polytopes, showing that a high-dimensional centrally symmetric
convex polytope cannot have both a small number of vertices and a small
number of facets.

Both measure concentration and the existence of almost-spherical sec-
tions are truly high-dimensional phenomena, practically meaningless in the
familiar dimensions 2 and 3. The low-dimensional intuition is of little use
here, but perhaps by studying some number of results and examples, one
can develop intuition on what to expect in high dimensions.

We present only a few selected results from an extensive and well-
developed theory of high-dimensional convexity. Most of it was built in
the so-called local theory of Banach spaces, which deals with the geometry
of finite-dimensional subspaces of various Banach spaces. In the literature,
the theorems are usually formulated in the language of Banach spaces, so
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instead of symmetric convex bodies, one speaks about norms, and so on.
Here we introduce some rudimentary terminology concerning normed spaces
but we express most of the notions in geometric language, in the hope of
making it more accessible to non-specialists in Banach spaces. So, for exam-
ple, in the formulation of Dvoretzky’s Theorem, we do not speak about the
Banach—Mazur distance to an inner product norm but rather about almost
spherical convex bodies. On the other hand, for a more serious study of this
theory, the language of normed spaces seems most appropriate.

3.1 Measure Concentration on the Sphere

Let P denote the usual surface measure on the unit Euclidean sphere S?~1,
scaled so that the whole S"~! has measure 1 (a rigorous definition will be
mentioned later). This P is a probability measure, and we often think of
Sn=1 as a probability space. For a set A C S"~! P[A] is the P-measure of
A and also the probability that a random point of S®~! falls into A. The
letter P should suggest “probability of”, and the notation P[A] is analogous
to Prob[A] used elsewhere in the book.

Measure concentration on the sphere can be approached in two steps.
The first step is the observation, interesting but rather easy to prove, that
for large n, most of S™~! lies quite close to the “equator”. For example,
the following diagram shows the width of the band around the equator that
contains 90% of the measure, for various dimensions n:

O &= L
NS

n=3 n=11 n = 101

That is, if the width of the gray stripe is 2w, it means that
P{z e S" " —w <z, <w}] =09.

As we will see later, w is of the order n='/2 for large n. (Of course, one
might ask, why the measure is concentrated just around the “equator” z,, =
0. But, counterintuitive as it may sound, it is concentrated around any
equator, i.e. near any hyperplane containing the origin.)
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The second, considerably deeper step shows that the measure on S"~!
is concentrated not only around the equator, but near the boundary of any
(measurable) subset A C S™~! covering half of the sphere. Here is a precise
quantitative formulation.

3.1.1 Theorem (Measure concentration for the sphere). Let A C
Sn=' be a measurable set with P[A] > 1 and let A; denote the t-neighborhood
of A; that is, the set of all x € S"~' whose Euclidean distance to A is at
most t. Then

1—P[A,] < 2e707/2,

Thus, if A occupies half of the sphere, almost all points of the sphere
lie at distance at most O(n~'/?) from A; only extremely small reserves can
vegetate undisturbed by the nearness of A. To recover the concentration
around the equator, it suffices to choose A as a hemisphere.

We present a simple and direct geometric proof of a slightly weaker
version of Theorem 3.1.1, with —#?n/4 in the exponent instead of —t%n /2.
It deals with both the steps mentioned above in one stroke.

It is based on the Brunn-Minkowski inequality (Theorem 1.2.2): vol(A4)/"+
vol(B)Y/™ < vol(A + B)*/™ for any nonempty compact sets A, B C R™. We
will actually use a slightly different version of the inequality, which resem-
bles the well-known inequality between the arithmetic and geometric means,
at least optically:

vol(3(A + B)) > /vol(4) vol(B). (3.1)
This is easily derived from the usual version: we have vol((4 + B))Y/" >
vol(34)Y/ " +vol(1 B)L/™ = L(vol(A)Y/™ + vol(B)1/™) > (vol(A) vol(B))*/?"
by the inequality %(a + b) > V/ab.

Proof of a weaker version of Theorem 3.1.1. Foraset A C Sl we
define A as the union of all the segments connecting the points of A to 0:
A={ax:xz € A acl0,1]} C B™. Then we have

P[A] = u(4),

where p(A) = vol(A)/vol(B™) is the normalized volume of A; in fact, this
can be taken as the definition of P[A].

Suppose that t € [0,1]. Let P[4] > % and let B = 5" !\ A4;. Therefore,
lla—b||>tforallac A, be B.
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3.1.2 Lemma. For any & € A and §j € B, we have ||%|| <1-—1t%/8.

Proof of the lemma. Let T =ax,§=py,x € A,y € B:

First we calculate, by the Pythagoras Theorem and by elemen-

tary calculus,
r+y / 42 2

For passing to & and g, we may assume that § = 1. Then

T4y ar +y T+y HyH
= < 1-— =
—al-E)+(1-a)(1-1)<1-£.

The lemma is proved.

By the lemma, the set £ (A+ B) is contained in the ball of radius 1—¢2/8

around the origin. Applying Brunn-Minkowski in the form (3.1) to A and
B, we have

(1-£)" > ut

Lol
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So

Exercises

1. Use Theorem 3.1.1 to show that any 1-dense set in the unit sphere
S™=1 has at least 2e~™/® points.
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3.2 Isoperimetric Inequalities and More on Concentration

The usual proof of Theorem 3.1.1 (measure concentration) has two steps:
first, P[4,] is bounded for A being the hemisphere (which is elementary
calculus), and second, it is shown that among all sets A of measure %, the
hemisphere has the smallest P[A;]. The latter result is an example of an
1soperimetric inequality.

Before we formulate that this inequality, let us begin with the mother of
all isoperimetric inequalities, the one for planar geometric figures. It states
that among all planar geometric figures with a given perimeter, the circular
disc has the largest possible area. (This is well-known but so easy to prove
rigorously.) More general isoperimetric inequalities are usually formulated
using the volume of a neighborhood instead of “perimeter”. They claim that
among all sets of a given volume in some metric space under consideration,
a ball of that volume has the smallest volume of the ¢-neighborhood:

(In the picture, assuming that the dark areas are the same, then the light
gray area is the smallest for the disc.) Letting ¢ — 0, one can get a state-
ment involving the perimeter or surface area. But the formulation with
t-neighborhood makes sense even in spaces where “surface area” is not de-
fined; it suffices to have a metric and a measure on the considered space.
For the Euclidean space R™ with the Lebesgue measure, this “neigh-
borhood” form of isoperimetric inequality claims that for any compact set
A C R? and any t > 0, we have vol(A;) > vol(B;), where B is a ball
of the same volume as A. Although we do not need this particular result
in the further development, let us digress and mention a nice proof using
the Brunn-Minkowski inequality (Theorem 1.2.2). By re-scaling, we may
assume that B is the ball of unit radius. Then A; = A + ¢tB, and so

VOI(At) = VOI(A + tB) > (vol(A)l/n + tVOl(B)l/n)n
(1+t)" vol(B) = vol(By).

For the sphere with the usual Euclidean metric inherited from R"™, an
r-ball is a spherical cap, i.e. an intersection of S™~! with a halfspace. The
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isoperimetric inequality states that for all measurable sets A C S”~! and all
t > 0, we have P[4;] > P[C}], where C is a spherical cap with P[C] = P[A4].
We are not going to prove this; no really simple proof seems to be known.

The measure concentration on the sphere (Theorem 3.1.1) is a rather
direct consequence of this isoperimetric inequality, by the argument already
indicated} above. If P[A] = i, then P[A;] > P[C}], where C' is a cap with

P[C] = 5, i.e. a hemisphere. Thus, it suffices to estimate the measure of

the complementary cap S"~1\ C;.

Gaussian concentration. There are many other metric probability
spaces with measure concentration phenomena analogous to Theorem 3.1.1.
Perhaps the most important one is R"™ with the Euclidean metric and with
the n-dimensional Gaussian measure 7y given by

Y(A) = (2m)~"/? / e~ lel?/2 gz
A

This is a probability measure on R™ corresponding to the n-dimensional
normal distribution. Let Z;, Zs,...,Z, be independent real random vari-
ables, each of them with the standard normal distribution N(0, 1), i.e. such
that

z
Prob[Z; < z] = \/%7 e~t°/2 qt.
—00

Then the vector (21, Zs, ..., Z,) € R" is distributed according to the mea-
sure . This v is spherically symmetric: the density function (271')7”/26"““2/2
only depends on the distance of x from the origin. The distance of a point
chosen at random according to this distribution is sharply concentrated
around /n, and in many respects, choosing a random point according to 7
is similar to choosing a random point from the uniform distribution on the
sphere \/n S"71.

The isoperimetric inequality for the Gaussian measure claims that among
all sets A with given y(A), a halfspace has the smallest possible measure
of the t-neighborhood. By simple calculation, this yields the corresponding
theorem about measure concentration for the Gaussian measure:

3.2.1 Theorem (Gaussian measure concentration). Let a measurable
set A C R™ satisty y(A) > % Then y(A¢) > 1 — o122

Note that the dimension does not appear in this inequality, and in-
deed the Gaussian concentration has infinite-dimensional versions as well.
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Measure concentration on S” !, with slightly suboptimal constants, can be
proved as an easy consequence of the Gaussian concentration.

Most of the results in the sequel obtained using measure concentration
on the sphere can be derived from the Gaussian concentration as well. In
more advanced applications, the Gaussian concentration is often technically
preferable, but here we will stick to the perhaps more intuitive measure
concentration on the sphere.

Other important “continuous” spaces with concentration results simi-
lar to Theorem 3.1.1 include the n-dimensional torus (the n-fold Cartesian
product S x --- x S' C R?") and the group SO(n) of all rotations around
the origin in R"™ (see Section 3.4 for more about SO(n)).

Discrete metric spaces. Similar concentration inequalities also hold
in many discrete metric spaces encountered in combinatorics. One of the
simplest examples is the n-dimensional Hamming cube C,, = {0,1}". The
points are n-component vectors of Os and 1s, and their Hamming distance is
the number of positions where they differ. The “volume” of a set A C {0,1}"
is defined as P[A] = 5-|A|. An r-ball B(r) is the set of all 0/1 vectors that
differ from a given vector in at most r coordinates, and so its volume is
P[B(r)]=2"" (14 (}) + (3) + -+ + (7). The isoperimetric inequality for
the Hamming cube, due to Harper, is exactly of the form announced above:

If A C C,, is any set with P[A] > P[B(r)] then P[A:] > P[B(r + t)].

Of course, if A is an r-ball, then A; is an (r + t)-ball, and we have an
equality. Suitable estimates (tail estimates for the binomial distribution in
probability theory) then give an analogue of Theorem 3.1.1:

3.2.2 Theorem (Measure concentration for the cube). Let A C C,
satisfy P[A] > 1. Then 1 — P[4;] < o—t2/2n

This is very similar to the situation for S* !, only the scaling is different:
while the Hamming cube (), has diameter n, and the interesting range of ¢
is from about /n to n, the sphere S*~! has diameter 2, and the interesting
t are in range from about \/Lﬁ to 2.

Another significant discrete metric space with similar measure concen-
tration is the space S, of all permutations of {1,2,...,n} (i.e. bijective
mappings {1,2,...,n} — {1,2,...,n}). The distance of two permutations
p1 and po is |[{i: p1(7) # p2(i)}|, and the measure is the usual uniform prob-
ability measure on S,,, where every single permutation has measure -+

n!*®
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3.3 Concentration of Lipschitz Functions

Here we derive a form of the measure concentration which is very suitable for
applications. It says that any Lipschitz function on a higher-dimensional
sphere is tightly concentrated around its expectation. (Any measurable
real function f: S ! — R can be regarded as a random variable, and its
expectation is given by E[f] = [q._, f(z) dP(z).)

We recall that a mapping f between metric spaces is C-Lipschitz , where
C > 0 is a real number, if the distance of f(z) and f(y) is never larger than
the distance of x and y multiplied by C. We first show that a 1-Lipschitz
function f:S™" ! — R is concentrated around its median. The median of a
real-valued function f is defined as

med(f) = sup{t € R: P[f <t] < i1}.

Here P is the considered probability measure on the domain of f; in our
case, it is the normalized surface measure on S" 1. The notation P[f < ]
is the usual probability-theory shorthand for P[{z € S"~': f(z) < t}]. The
following lemma looks obvious, but an actual proof is perhaps not so obvi-
ous:

3.3.1 Lemma. Let f:Q) - R be a measurable function on a space () with
a probability measure P. Then

P[f < med(f)] < & and P[f > med(f)] < }

3"

Proof. The first inequality can be derived from the g-additivity of the
measure P:

PIf <med(f)] = >_ P[med(f) = gk < f < med(f) - }]
k=1

— supP[f < med(f) - 4] < &.
k>1
The second inequality follows similarly. |

We are ready to prove that any 1-Lipschitz function S"~! — R is con-
centrated around its median:

3.3.2 Theorem (Lévy’s Lemma). Let f:S"~! — R be 1-Lipschitz.
Then for all t € [0,1],

P[f Z med(f) + t] S 2€—t2n/2 and P[f S med(f) _ t] S 2€_t2n/2-
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For example, on 99% of S™ !, the function f attains values deviating
from med(f) by at most 3.5n~ /2.

Proof. We prove only the first inequality. Let A = {z € S"71: f(z) <
med(f)}. By Lemma 3.3.1, P[4] > % Since f is 1-Lipschitz, we have
f(z) < med(f) + ¢ for all z € A;. Therefore, by Theorem 3.1.1, we get

P[f > med(f) + ] < P[S"™1\ 4] < 2e717/2, O

The median is generally difficult to compute. But for a 1-Lipschitz
function, it cannot be too far from the expectation, which is usually easier
to estimate:

3.3.3 Proposition. Let f: S" ! — R be 1-Lipschitz. Then

|med(f) — E[f]| < 12n7"/2,

Proof.
|med(f) = BIf]| < Ellf —med()]] < 3 L2 [|f - med(£)| > &
< Y2 i(k +1) de~F /2 < 19712
k=0

(the numerical estimate of the last sum is not important; it is important
that it converges to some constant, which is obvious). O

We derive a consequence of Lévy’s Lemma on finding k-dimensional
subspaces where a given Lipschitz function is almost constant. But first we
need some notions and results.

Random rotations and random subspaces. In subsequent considera-
tions, we will need to speak about a random k-dimensional (linear) subspace
of R™. We thus need to specify a probability measure on the set of all k-
dimensional linear subspaces of R™ (the so-called Grassman manifold or
Grassmanian). An elegant way of doing this is via random rotations.

A rotation p is an isometry of R” fixing the origin and preserving the
orientation. In algebraic terms, p is a linear mapping x +— Az given by
an orthonormal matrix A with determinant 1. The result of performing
the rotation p on the standard orthonormal basis (e,...,e,) in R™ is an
n-tuple of orthonormal vectors, and these vectors are the columns of A.
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The group of all rotations in R™ around the origin with the operation
of composition (corresponding to multiplication of the matrices) is denoted
by SO(n), which stands for the special orthogonal group. With the natural
topology (obtained by regarding the corresponding matrices as points in
Rn2), it is a compact group. By a general theorem in the theory of topolog-
ical groups, there is a unique Borel probability measureon SO(n) (the Haar
measure) that is invariant under the action of the elements of SO(n). Here is
a more concrete description of this probability measure. To obtain a random
rotation p, we first choose a vector a; € S™ ! uniformly at random. Then
we pick ay orthogonal to ap; this as is drawn from the uniform distribution
on the (n — 2)-dimensional sphere that is the intersection of S"~! with the
hyperplane perpendicular to a; and passing through 0. Then a3 is chosen
from the unit sphere within the (n — 2)-dimensional subspace perpendicular
to a; and as, and so on.

In the sequel, we will need only the following intuitively obvious fact
about a random rotation p € SO(n): for any fixed u € S"71, p(u) is a
random vector of S"~1. Therefore, if u € S" ! is fixed, A C S" ! is
measurable, and p € SO(n) is random, then the probability of p(u) € A
equals P[A].

Let Ly be the k-dimensional subspace spanned by the first &£ coordinate
vectors. A random k-dimensional linear subspace L C R"™ can be defined
as p(Lo), where p € SO(n) is a random rotation.

By Lévy’s Lemma, a 1-Lipschitz function on S™~! is “almost constant”
on a subset A occupying almost all of S®~!. Generally we do not know
anything about the shape of such an A. But the next proposition shows
that the almost-constant behavior can be guaranteed on the intersection of
S™~1 with a linear subspace of R" of relatively large dimension.

3.3.4 Proposition (Subspace where a Lipschitz function is almost
constant). Let f:S"~! — R be a 1-Lipschitz function and let § € (0,1].
Then there is a linear subspace L C R™ such that all values of f restricted
to S""1 N L are in the interval [med(f) — §, med(f) + 8] and
52
dmL> ——— -n—1.
M= Slog®/8) "

Proof. Let Ly be the subspace spanned by the first k = [nd?/8log § — 1]
coordinate vectors. Fix a %—net N (as defined above Lemma 2.1.1) in SN
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Ly. Let p € SO(n) be a random rotation. For z € N, p(z) is a random
point, and so by Lévy’s Lemma, the probability that |f(p(z)) —med(f)| > %

for at least one point z € N is no more than |N| -4e9"n/8, Using the bound
|IN| < (%)’c from Lemma 2.1.1, we calculate that with a positive probability,
|f(y) — med(f)| < § for all y € p(N).

We choose a p with this property and let L = p(Lg). For each z €
Sn=1'N L, there is some y € p(N) with |z — y|| < £, and since f is 1-
Lipschitz, we obtain |f(z) — med(f)| < |£(z) — F(5)] + | (y) — med(f)] <.

O

Exercises

1. Derive the measure concentration on the sphere (Theorem 3.1.1) from
Lévy’s Lemma 3.3.2.

3.4 Almost Spherical Sections: the First Steps

For a real number ¢ > 1, we call a convex body K t-almost spherical if it
contains a (Euclidean) ball B of some radius r and it is contained in the

concentric ball of radius t¢r.

Given a centrally symmetric convex body K C R" and € > 0, we are
interested in finding a k-dimensional (linear) subspace L, with k as large as
possible, such that the “section” K N L is (1 4 ¢)-almost spherical.

Ellipsoids.  First we deal with ellipsoids, where the existence of large
spherical sections is not very surprising. But in the sequel it gives us addi-
tional freedom: instead of looking for a (1 4 €)-spherical section of a given
convex body, we can as well look for a (1 + ¢)-ellipsoidal section, while los-
ing only a factor of at most 2 in the dimension. This means that we are
free to transform a given body by any (nonsingular) affine map, which is
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often convenient. Let us remark that in the local theory of Banach spaces,
almost-ellipsoidal sections are usually as good as almost-spherical ones, and
so the following lemma is often not even mentioned.

3.4.1 Lemma (Ellipsoids have large spherical sections). For any
(2k — 1)-dimensional ellipsoid E, there is a k-flat L passing through the
center of E/ such that E N L is a Euclidean ball.

5 2
Proof. Let E = {z € R* L Y* "4 <1} with 0 < a; < ap <
-+ < agg—1. We define the k-dimensional linear subspace L by a system
of k — 1 linear equations. The ith equation is a;z; = /1 — a? Top—;, i =
1,2,...,k — 1, where a; € [0,1] is a root of the equation
2 1—a?
—+ 5=

a; Aop—;

S
=~ M

(a root exists because a; < ap < asg—;). All of this is chosen so that for

2 2 . 5
x € L, we have Z—; + 2%’“" = a%(arf + z3, ;). It follows that for = € L, we
i 2

k— k
have x € E if and only if ||z|| < ax, and so ENL is a ball of radius a. The
reader is invited to find a geometric meaning of this proof and/or express
it in the language of eigenvalues. a

i

To make formulas simpler, we consider only the case € =1 in the rest of
this section. An arbitrary € > 0 can always be handled very similarly.

The cube. The cube [-1,1]™ is a good test case for finding almost-spherical
sections; it seems hard to imagine how a cube could have very round slices.
In some sense, this intuition is not totally wrong, since the almost-spherical
sections of a cube can have only logarithmic dimension, as we verify next.
(But the n-dimensional crosspolytope has (1 + €)-spherical sections of di-
mension as high as c(e)n and yet it does not look any rounder than the
cube; so much for the intuition.)

The intersection of the cube with a k-dimensional linear subspace of R™
is a k-dimensional convex polytope with at most 2n facets. But we have

3.4.2 Lemma. Let P be a k-dimensional 2-almost spherical convex poly-
tope. Then P has at least 1 e*/® facets.

Therefore, any 2-almost spherical section of the cube has dimension at
most O(logn).
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Proof of Lemma 3.4.2. After a suitable affine transform, we may assume
+B% C P C B*. Each point z € S¥~! is separated from P by one of the
facet hyperplanes. For each facet F' of P, the facet hyperplane hr cuts off
a cap Cr of S¥~1 and these caps together cover all of S¥~1. The cap Cp
is at distance at least % from the hemisphere defined by the hyperplane h;
parallel to hy and passing through 0.

By Theorem 3.1.1 (measure concentration), we have P[Cr] < 2¢~#/8. O

Next, we show that the n-dimensional cube actually does have 2-almost
spherical sections of dimension Q(logn). It is not difficult to construct a
k-dimensional 2-almost spherical polytope with 4% facets. First, we note
that if P is a convex polytope with B¥ C P C tB* then the dual polytope
P~ satisfies 1tB¥ ¢ P* C B* (Exercise 1). So it suffices to construct a k-
dimensional 2-almost spherical polytope with 4¥ vertices, and this has been
done in Section 2.3: we can take any 1-net in S*~1 as the vertex set. (Let
us remark that an exponential lower bound for the number of vertices also
follows from Theorem 2.2.1.)

By at most doubling the number of facets, we may assume that our k-
dimensional 2-almost spherical polytope is centrally symmetric. It remains
to observe that every bounded k-dimensional centrally symmetric convex
polytope P with 2n facets is the affine image of the section [—1,1]" N L
for a suitable k-dimensional linear subspace L C R™. Indeed, a such a
P can be expressed as the intersection ()., {z € R*: |(a;,z)| < 1}, where
+ay, ..., £a, are suitably normalized normal vectors of the facets of P. Let
f:R¥ — R" be the linear map given by

fx) = ({a1, ), {az, x), ..., {an, x)).

Since P is bounded, the a; span the whole R* and so f has rank k. Conse-
quently, its image L = f(R*) is a k-dimensional subspace of R"™. We have
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P = f71([-1,1]"), and so the intersection [—1,1]" N L is the affine image
of P.

Together with the existence of 2-almost spherical centrally symmetric
polytopes with exponentially many facets, this implies that the n-dimensional
cube has 2-almost elliptical sections of dimension Q(logn) (and by Lemma 3.4.1,
2-almost spherical sections exist as well).

Next, we make preparatory steps for finding almost-spherical sections
of arbitrary centrally symmetric convex bodies. These considerations are
most conveniently formulated in the language of norms.

Reminder on norms. We recall that a norm on a real vector space Z
is a mapping that assigns a nonnegative real number ||z||z to each z € Z,
such that ||z||z = 0 implies = 0, ||az||z = || ||z||z for all & € R, and the
triangle inequality holds: ||z +y||z < ||z||z + ||yllz- (Since we have reserved
|| - || for the Euclidean norm, we write other norms with various subscripts,
or occasionally we use the symbol | - |.)

Norms are in one-to-one correspondence with closed bounded convex
bodies symmetric about 0 and containing 0 in their interior. Here we only
need one direction of this correspondence: given a convex body K with the
listed properties, we assign to it the norm || - ||k given by

||lz||x = min{t > 0: $ € K}.

Here is an illustration:

Q:Z/
 lllx =3

L,

]l =

It is easy to verify the axioms of the norm (the convexity of K is needed
for the triangle inequality). The body K is the unit ball of the norm || - ||x.
The norm of points decreases by blowing up the body K.

General body: the first attempt. Let K C R" be a convex body
defining a norm (i.e. closed, bounded, symmetric, 0 in the interior). Let
us define the function fr:S™~! — R as the restriction of the norm || - ||x
on S™1; that is, fx(z) = ||z||x. We note that K is t-almost spherical
if (and only if) there is a number a > 0 such that a < f(z) < ta for all
r € S* 1. So for finding a large almost-spherical section of K, we need a
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linear subspace L such that f does not vary too much on S" ' N L, and
this is where Proposition 3.3.4, about subspaces where a Lipschitz function
is almost constant, comes in.

Of course, that proposition has its assumptions, and one of them is that
fi be 1-Lipschitz. A sufficient condition for that is that should K contain
the unit ball:

3.4.3 Observation. Suppose that the convex body K contains the R-ball
B(0,R). Then ||z||x < %l|lz|| for all # and the function x — ||z||x is -
Lipschitz with respect to the Euclidean metric. O

Then we can easily prove

3.4.4 Proposition. Let K C R" be a convex body defining a norm and
such that B"™ C K, and let m = med(fx), where fx is as above. Then
there exists a 2-almost-spherical section of K of dimension at least

* (Gt )

Proof. By Observation 3.4.3, fx is 1-Lipschitz. Let us set § = % (note
that B™ C K also implies m < 1). Proposition 3.3.4 shows that there is a

subspace L such that fx € [2m, 3m] on S"~' N L, where

dimL = Q <%> =Q <%> . (3.2)

The section K N L is 2-almost spherical. a

A slight improvement. It turns out that the factor log(24/m) in the
just proved result can be eliminated by a refined argument, which uses the
fact that fx comes from a norm.

3.4.5 Theorem. With the assumptions as in Proposition 3.4.4, a 2-almost
spherical section exists of dimension at least Bnm?, where § > 0 is an
absolute constant.

Proof. The main new observation is that for our fx, we can afford a
much less dense net IV in the proof of Proposition 3.3.4. Namely, it suffices
to let N be a i-net in S¥~1, where k = [fm?n].
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If B > 0 is sufficiently small, Lévy’s Lemma gives the existence of a
rotation p such that Hm < fx(y) < 1&m for all y € p(N); this is exactly
as in the proof of Proposition 3.3.4. It remains to verify 2m < fx(z) < %m
for all z € S™ ' N L, where L = p(Lg). This is implied by the following

16

claim with @ = gm and |- | = || - ||k:

Claim. Let N be a %—net in S¥=1 with respect to the Euclidean metric,
and let | - | be a norm on R* satisfying La < |y| < a for ally € N and for

some number a > 0. Then 2a < |z| < 3a for all z € S*~1.

To prove the claim, we begin with the upper bound (this is where the
new trick lies). Let M = max{|z|: z € S¥~!} and let zyp € S* ! be a point
where M is attained. Choose a yp € N at distance at most % from zy, and
let z = (zo — yo)/||To — Yol|| be the unit vector in the direction of oy — yo.
Then M = |zo| < |yo| + |zo — yo| < a+ [lzo — yoll - |2] < a+ +M. The
resulting inequality M < a + %M yields M < %a.

The lower bound is now routine: if z € S¥~! and y € N is at distance

1.5

at most £ from it, [z| < |y|— |z —y| > La—1-2a > 2a. The claim, as well

as Theorem 3.4.5, are proved. O

Theorem 3.4.5 yields almost-spherical sections of K provided that we
can estimate med(fx) (after re-scaling K so that B® C K). We must warn
that this in itself does not yet give almost spherical sections for every K
(Dvoretzky’s Theorem), and another twist is needed, shown in Section 3.6.
But in order to reap some benefits from the hard work done up until now,
we first explain an application to convex polytopes.

Exercises

1. Let K be a convex body containing 0 in its interior. Check that
K C B" if and only if B"® C K* (recall that K* = {z € RF: (z,y) <
1 for all y € K}). Derive that if B¥ C K C tB* then }B* C K* C
B,

3.5 Many Faces of Symmetric Polytopes

Can an n-dimensional convex polytope have both few vertices and few
facets? Yes, an n-simplex has n + 1 vertices and n + 1 facets. What about
a centrally symmetric polytope? The n-dimensional cube has only 2n facets
but 2™ vertices. Its dual, the crosspolytope (regular octahedron for n = 3)
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has few vertices but many facets. It turns out that every centrally symmet-
ric polytope has many facets or many vertices.

3.5.1 Theorem. There is a constant o > 0 such that for any centrally sym-
metric n-dimensional convex polytope P, we have log fo(P) -log f,—1(P) >
an (recall that fo(P) denotes the number of vertices and f,,_1 (P) the num-
ber of facets).

For the cube, the expression log fo(P) - log fr—1(P) is about nlogn,
which is even slightly larger than the lower bound in the theorem. However,
polytopes can be constructed with both log fo(P) and log f,,—1(P) bounded
by O(y/n) (Exercise 1).

Proof of Theorem 3.5.1. We use the dual polytope P* with fo(P) =
fn—1(P*), and we prove the theorem in the equivalent form log f,,_1 (P*) -
log frn—1(P) > an.

John’s Lemma (Theorem 2.4.1) claims that for any symmetric convex
body K, there exists a (non-singular) linear map that transforms K into
a y/n-almost spherical body. We can thus assume that the considered n-
dimensional polytope P is y/n-almost spherical (this is crucial for the proof).

After re-scaling, we may suppose B™ C P C /nB™. Letting m =
med(fp), where fp is the restriction of ||| p on S"~! as usual, Theorem 3.4.5
tells us that there is a linear subspace L of R™ with P N L being 2-almost
spherical and with dim(L) = Q(nm?). Thus, since any k-dimensional 2-
almost spherical polytope has e2(%) facets, we have log fr—1(P) = Q(nm?).

Now we look at P*. Since B™ C P C v/n B"™, by Exercise 3.4.1 we have
n~1/2B" ¢ P* C B". In order to apply Theorem 3.4.5, we set P = \/n P*,
and obtain a 2-almost spherical section L of P of dimension Q(nm?), where
m = med(fp). This implies log f,,_1(P*) = Q(nm?).

It remains to observe the following inequality:

3.5.2 Lemma. Let P be a polytope in R" defining a norm and let P* be
the dual polytope. Then we have med(fp) med(fp+) > 1.

We leave the easy proof as Exercise 2. Since m = med(fp+)//n, we
finally obtain

log f,_1(P)-log fr_1(P*) = Q(n*m?m?) = Q(nmed(fp)* med(fp-)?) = Q(n).

This concludes the proof of Theorem 3.5.1. O
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Exercises

1. Construct an n-dimensional convex polytope P with fo(P) = Q(y/n)
and f,—1(P) = Q(y/n), thereby demonstrating that Theorem 3.5.1
is asymptotically optimal. Start with the interval [0,1] C R!, and
alternate the operations (-)* (passing to the dual polytope) and x
(Cartesian product) suitably.

The polytopes obtained from [0, 1] by a sequence of these operations
are called Hammer polytopes, and they form an important class of
examples.

2. Let K be a bounded centrally symmetric convex body in R™ contain-
ing 0 in its interior and let K* be the dual body.

(a) Show that ||z||x - ||z||x~ > 1 for all z € S™~L.

(b) Let f,9:S" ! — R be (measurable) functions with f(z)g(z) > 1
for all z € S"~1. Show that med(f)med(g) > 1.

3.6 Dvoretzky’s Theorem

Here is the remarkable Ramsey-type result in high-dimensional convexity
promised at the beginning of this chapter.

3.6.1 Theorem (Dvoretzky’s Theorem). For any natural number k
and any real ¢ > 0, there exists an integer n = n(k,e) with the following
property. For any n-dimensional centrally symmetric convex body K C R",
there exists a k-dimensional linear subspace L C R, such that the section
K N L is (14 ¢)-almost spherical.

The best known estimates give n(k,e) = eOk/=*),

Thus, no matter how “edgy” may a high-dimensional K be, there is
always a slice of not too small dimension that is almost a Euclidean ball.
Another way of expressing the statement is that any normed space of a
sufficiently large dimension contains a large subspace on which the norm
is very close to the Euclidean norm (with a suitable choice of a coordinate
system in the subspace). Note that the Euclidean norm is the only norm
with this universal property, since all sections of the Euclidean ball are again
Euclidean balls.

As we saw in Section 3.4, the n-dimensional cube shows that the largest
dimension of a 2-almost spherical section is only O(logn) in the worst case.
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The assumption that K be symmetric can in fact be omitted; it suffices
to require that 0 is an interior point of K. The proof of this more general
version is not much more difficult than the one shown below.

We prove Dvoretzky’s Theorem only for ¢ = 1, since in Section 3.4 we
prepared the tools for this particular setting. But the general case is not
very different.

Preliminary considerations. Since affine transforms of K are practi-
cally for free in view of Lemma 3.4.1, we may assume that B C K C \/n B"
by John’s Lemma (Theorem 2.4.1). So the norm induced by K satisfies
n=2||z|| < ||z||lx < ||z|| for all z. If fx is the restriction of || - ||x to
S"—1 we have the obvious bound med(fx) > n~'/2. Immediate applica-
tion of Theorem 3.4.5 shows the existence of a 2-almost spherical section of
K of dimension Q(nmed(fx)?) = Q(1)—so this approach gives nothing at
alll On the other hand, it just fails, and a small improvement in the order
of magnitude of the lower bound for med(fk) already yields Dvoretzky’s
Theorem.

We will not try to improve the estimate for med(fx) directly. Instead,
we find a relatively large subspace Z C R"™ such that the section K N Z can
be enclosed in a not too large parallelotope P. Then we estimate, by direct
computation, med(fp) (over the unit sphere in 7).

The selection of the subspace Z is known as the Dvoretzky—Rogers Lemma.
We present a version with a particularly simple proof, where we need a re-
scaling of K and where dim Z ~ n/logn. (For our purposes, we would
suffice with even much weaker estimates, say dim Z > nd for some fixed
d>0.)

3.6.2 Lemma (A version of the Dvoretzky—Rogers Lemma). Let
K C R” be a centrally symmetric convex body. Then there exist a lin-
ear subspace Z C R" of dimension k = L$J, an orthonormal basis
Uy, Uz, ..., u, of Z, and a nonsingular linear transform T of R"™ such that if
we let K = T(K)N Z then ||z z < ||z|| for all z € Z and ||u;||z > 1 for all
i1=1,2,... k.

Geometrically, the lemma asserts that K is sandwiched between the unit
ball B* and a parallelotope P as in the picture:
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P

(The lemma claims that the points 2u; are outside of K or on its boundary,
and P is obtained by separating these points from K by hyperplanes.)

Proof. By John’s Lemma (Theorem 2.4.1), we may assume B" C K C tB",
where ¢t = \/n. Interestingly, the full power of John’s Lemma is not needed
here; the same proof works with, say, t = n or t = n'%, only the bound for
k would become worse by a constant factor.

Let Xg = R" and Ky = K. Here is the rough idea. The current body K;
is enclosed between an inner ball and an outer ball. Either K; approaches
the inner ball sufficiently closely at “many” places, and in this case we can
construct the desired uy,...,ug, or it stays away from the inner ball on a
“large” subspace. In the latter case, we can restrict to that subspace and
inflate the inner ball. But since the outer ball remains the same the inflation
of the inner ball cannot continue indefinitely. A precise argument follows;
for notational reasons, instead of inflating the inner ball, we will shrink the
body and the outer ball.

We consider the following condition:

(*) Each linear subspace Y C Xy with dim (X,
contains a vector u with ||u|]| =1 and ||u||k, >

) —dim(Y) < k

1

5-

This condition may or may not be satisfied. If it holds, we construct the
orthonormal basis uy,us,...,u; by an obvious induction. If it is not sat-
isfied, we obtain a subspace X; of dimension greater than n — k such that

|lz|lk, < %||z|| for all z € X;. Thus, KoNX; is twice “more spherical” than
Ko. Setting K1 = £(Ko N X1), we have

<0l < M-I

We again check the condition (*) with X; and K instead of Xy and K. If
it holds we find the u; within X7, and if it does not, we obtain a subspace
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X, of dimension greater than n — 2k, etc. After the ith step, we have

21’

t

A<l < A1

This construction cannot proceed all the way to step i = ip = [log, 1], since
2t >t = \/n. Thus, the condition (*) must hold for X;, ; at the latest.
We have dim X;,_1 > n— (ip — 1)k > k, and so the required basis uy, ..., ug
can be constructed. a

The parallelotope is no worse than the cube. From now on, we
work within the subspace Z as in Lemma 3.6.2. For convenient notation,
we assume that Z is the whole R™ and K is as K in the above lemma, i.e.
B™ C K and ||ug||x > %, i=1,2,...,n, where uy, . .., u, is an orthonormal
basis of R™. (Note that the reduction of the dimension from n to n/logn
is nearly insignificant for the estimate of n(k,¢) in Dvoretzky’s Theorem.)

The goal is to show med(fx) = Q(/(logn)/n), where fx is || - ||
restricted to S™~!. Instead of estimating med(fx), we will bound the
expectation E[fr]. Since fx is 1-Lipschitz (as B™ C K), the difference
|med(fx) — E[fx]| is O(n~'/?) by Proposition 3.3.3, which is negligible
compared to the lower bound we are heading for.

We have |||k > ||-||p, where P is the parallelotope as in the illustration
to the Lemma 3.6.2. So we actually bound E[fp] from below.

First we show, by an averaging trick, that E[fp| > E[fc], where fo(z) =
+llz]loo = 3 max; |z;| is the norm induced by the cube C of side 4. The idea
of the averaging is to consider, together with a point z = > | a;u; € S™ 1,
the 2" points of the form ) . | e;a;u;, where ¢ € {—1,1}" is a vector of
signs. For any measurable function fp: S"~! — R, we have

/Snil Z fp (zn:&'aiui) dP(a) = Z:/Snl fp (zn:zsiaiu,-) dP(«)

ce{-1,1}» i=1 i—1

2n /Sn_l fe(x)dP(z) = 2" E[fp].

The following lemma with v; = a;u; and with |-| = || -||p then implies that
the integrand on the left-hand side is always at least 2" max; ||a;u;||lp >

2" - 1 max; ||, and so indeed E[fp] > E[fc].

3.6.3 Lemma. Let vy,vs,...,v, be arbitrary vectors in a normed space
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with norm | - |. Then

n
E €iU;

i=1

>

ee{-1,1}n

> 2" max |vy].
(2

The proof is left as Exercise 1. It remains to estimate E[fc] from below.

3.6.4 Lemma. For a suitable positive constant ¢ and for all n we have
Blfe] =} [ llalldP(@) 2 c\/ 252,
Sn—l

where ||z||co = max; |z;| is the £, (or maximum) norm.

Note that once this lemma is proved, Dvoretzky’s Theorem (with ¢ = 1)
follows from what we have already done and from Theorem 3.4.5.

Proof of Lemma 3.6.4. There are various proofs; a neat way is based
on the generally useful fact that the n-dimensional normal distribution is
spherically symmetric around the origin. We use a probabilistic terminol-
ogy. Let Z1, %>, ..., Z, be independent random variables, each of them with
the standard normal distribution N(0,1). As was mentioned in Section 3.1,
the random vector Z = (Zy, Zs, . .., Zy) has a spherically symmetric (Gaus-
sian) distribution, and consequently, the random variable ﬁ is uniformly

distributed in S®~!. Thus

Blfe] = 4 B[]

We show that, first, we have ||Z|| < v/3n with probability at least %, and
second, for a suitable constant ¢; > 1, ||Z]|c > c1v/logn holds with prob-
ability at least % It follows that both these events occur simultaneously
with probability at least %, and so E[fc] > ¢y/logn/n as claimed.

As for the Euclidean norm [|Z]|, we find E[||Z]|?] = nE[Z}] = n, since
an N(0,1) random variable has variance 1. By Markov’s inequality, we
obtain Prob [||Z]| > v3n] = Prob[[|Z|]2 > 3E[|Z|]2]] < 4.

Further, by the independence of the Z; we have

Prob[||Z||co < 2] = Prob[|Z;] < zforalli =1,2,...,n]

< Oo i
= Prob[|Z;| < 2]" = (1—\/%—”/ et2/2dt> :
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We can estimate fzoo e=t/2dt > f;“ e~t*/2dt > e~ (+1)°/2_ Thus, setting
z = +/Inn—1, we have Prob[|| Z|| < 2] < (1— \/427 n~=1/2)" which is below
% for sufficiently large n. Lemma 3.6.4 is proved. ]

Exercises

1. Prove Lemma 3.6.3.

2. (Large almost spherical sections of the crosspolytope) Use Theorem 3.4.5
and the method of the proof of Lemma 3.6.4 for proving that the n-
dimensional crosspolytope (i.e. the unit ball of the ¢;-norm || -||;) has
a 2-almost spherical section of dimension at least cn, for a suitable
constant ¢ > 0.



