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Abstra
t

We prove that the strong produ
t of graphs G

1

� � � � � G

n


ontains

a hamiltonian 
y
le for n � 
� for any 
 > ln(25=12) + 1=60 whenever all

G

i

are 
onne
ted graphs of maximum degree at most �.

1 Introdu
tion

Let the vertex set of the graph G be denoted by V (G) and let its edge set be

denoted by E(G). The strong produ
t of two graphs G and H is the graph G�H

with the vertex set V (G) � V (H). Its two distin
t verti
es [u

1

; v

1

℄ and [u

2

; v

2

℄

are joined by an edge i� u

1

= u

2

_ u

1

u

2

2 E(G) and v

1

= v

2

_ v

1

v

2

2 E(H).

A 
y
le 
ontaining all the verti
es of the graph is 
alled a hamiltonian 
y
le; ea
h

vertex is 
ontained in su
h a 
y
le exa
tly on
e. We write G

k

for the strong

produ
t of k 
opies of G and we 
all graphs 
ontaining a hamiltonian 
y
le

hamiltonian graphs for the brevity.

Zaks asked in [4℄ whether there exists k(G) for any 
onne
ted graph G with

at least two verti
es su
h that G

k(G)

is hamiltonian. Bermond, Germa and

Heydemann proved in [1℄ the existen
e of the number k(G) and they proved

that if G

k

is hamiltonian, then also G

h

is hamiltonian for all k � h using

�
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some results of Rosenfeld and Barnette 
ontained in [3℄. They did not give any

upper bound on k(G) in terms of maximum degree of the graph G, but they


onje
tured that G

�

should be hamiltonian for any 
onne
ted graph G with at

least two verti
es and of maximum degree � (for � � 2). Their 
onje
ture was

proved in [2℄. We prove the statement that G

k

is hamiltonian holds for k � 
�

for any 
 ln 25=12 + 1=60, i.e. the upper bound on the order of power of G in

terms of � given in [2℄ is not optimal.

We introdu
e notation used in the paper, we give basi
 properties of strong

graph produ
ts and we summarize previous results in Se
tion 2. We study

stru
ture of strong produ
ts of graphs in Se
tion 3. We give the proofs of our

hamiltonian results in Se
tion 4.

2 De�nitions and Basi
 Properties

All the graphs 
onsidered in this paper 
ontain at least two verti
es. Whenever

we mention a produ
t of graphs, we always mean the strong produ
t of graphs;

we are not going to use other de�nitions of the graph produ
t in this paper.

We write C

n

for the 
y
le 
ontaining n verti
es, P

n

for the path 
ontaining n

verti
es and S

n

for the star of order n, i.e. the star with n edges (S

n

= K

1;n

).

We write � k for the set of all the positive integer numbers less or equal to k;

we use � k, < k and > k in a similar manner. Let I be a set of integer numbers,

then S

I

denotes the set of all the stars S

i

su
h that i 2 I ; C

I

and P

I

are used

in the similar manner. If A and B are sets of graphs, then we write A� B for

fG�H j G 2 A ^H 2 Bg and A

2

for A�A, A

3

for A�A�A, et
.

We assign the verti
es of P

n

and S

n

numbers and a star (�); this makes

proofs dealing with paths or stars more 
lear. We understand the set V (P

n

)

as f0; : : : ; n � 1g; its two verti
es are 
onne
ted i� their di�eren
e is exa
tly

one. We understand the set V (S

k

) as f�; 0; : : : ; k� 1g; the edges of S

k

are only

between � and the number verti
es. Let S be a produ
t of n stars; we write

V

i

(S) for the set of verti
es of S whose exa
tly i 
oordinates are equal to �.

We mean by x mod y the number between 0 and y � 1 whi
h is 
ongruent to

x modulo y, e.g. 9 mod 7 is 2. Let a = [a

0

; : : : ; a

n�1

℄ be any vertex of S. We

use some useful notation in the paper: We write

P

a for

�

P

n�1

i=0

a

i

�

mod n; we


onsider � to be 
ounted as zero in this sum. We write a[k ! s℄ for the vertex

b obtained from a by substituting s for its k-th entry, i.e. b

k mod n

= s (we take

s mod k instead of s if ne
essary) and b

i

= a

i

for i 6= k mod n.

We address the question of existen
e of a hamiltonian 
y
le in produ
ts of

graphs. The key theorem proved in [1℄ using ideas from [3℄ is the following one:

Theorem 1 Let G be a 
onne
ted graph of maximum degree at most �. Then

any graph of C

��

�G is hamiltonian.

The immediate 
orollary of this theorem is that if G

k

is hamiltonian then

G

h

is hamiltonian for all h � k. We write h(G) for the smallest value of h su
h

2



that G

h

is hamiltonian; the existen
e of this value follows from the results of

[1℄.

The following theorem proved in [2℄ gives the proof of the 
onje
ture of

Bermond et al. and proves some more general version of this 
onje
ture, namely

that it is even true for produ
ts of graphs, not only for their powers:

Theorem 2 Let G

0

; : : : ; G

��1

be any 
onne
ted graphs with maximum degree

at most �. Then G

0

� : : :�G

��1

is hamiltonian.

Let h

max

(�) be maxfh(G)j�(G) � �g where �(G) is maximum degree of

G. The existen
e of h

max

(�) and the upper bound h

max

(�) � � follows from

Theorem 2 proved in [2℄; Zaks addressed in [4℄ the question of lower bounds for

h

max

(�), too (he used di�erent notation in his paper). He proved the following

theorem:

Theorem 3 If S

k

n

is hamiltonian, then the following inequality holds:

k �

ln 2

ln(1 +

1

n

)

� n ln 2

A 
overing of the graph G by the set of graphs I is a set J of subgraphs of

G su
h that ea
h vertex of G is 
ontained exa
tly in one of the graphs of J and

ea
h graph of J is isomorphi
 to some of the graphs of I . Note that we 
over

the verti
es of the graph, we do not 
over its edges. The following theorem

trivially holds (it is enough to 
onsider all the subgraphs of G � H equal to

the produ
t of a subgraph 
overing G and ea
h single vertex of H):

Theorem 4 Let G and H be any graphs and let I be any set of graphs. If G


an be 
overed by I, then G�H 
an be 
overed by I.

The following lemma on 
overing graphs by stars was proved in [2℄:

Lemma 1 Ea
h 
onne
ted graph G of maximum degree at most � 
an be 
o-

vered by S

��

.

3 Coverings Graph Produ
ts by Stars and Cy-


les

We �rst prove some theorems about 
overing produ
ts of graphs by small degree

stars.

Theorem 5 For all k � 1, l � 2, any graph of S

k

�kl


an be 
overed by S

�l

.
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Proof: Let S 2 S

k

�kl

be S

n

0

� S

n

1

� � � � � S

n

k�1

where 1 � n

i

� kl. We �nd

a spanning subgraph T of S su
h that T has no isolated verti
es and �(T ) � l.

There exists a 
overing of T (and thus also of S) by S

�l

due to Lemma 1 used

separately on ea
h 
onne
ted 
omponent of T .

Consider a vertex a 2 V (S)nV

0

(S). We say that 
oordinate i (0 � i � k�1)

is substitutable i� there exists some 0 � b � n

i

� 1 su
h that

P

a[i ! b℄ = i.

We 
all all b satisfying this 
ondition possible substitutions for �xed i. Be
ause

n

i

� kl it is 
lear that there are at most l possible substitutions. Let 0 � i

1

<

i

2

< � � � < i

m

� k � 1 be all indi
es su
h that a

i

= �. Before 
onstru
ting

a spanning subgraph T of S we 
onstru
t another spanning subgraph of S |

we 
all it T

0

. We distinguish several 
ases when 
hoosing edges adja
ent to a in

T

0

:

� At least one of the 
oordinates i

1

; i

2

; : : : ; i

m

of a is substitutable.

Let i be the smallest su
h substitutable 
oordinate and let b

1

; b

2

; : : : ; b

p

(1 � p � l) be all its possible substitutions. We join all the verti
es

a[i ! b

j

℄, j = 1; : : : ; p, to a in T

0

. We 
all the verti
es a[i ! b

j

℄ for

j = 1; : : : ; p 
hildren of a and a their parent.

� None of the 
oordinates i

1

; i

2

; : : : ; i

m

is substitutable.

If there exists some p < i

1

su
h that a

p

= 0 and p is not substitutable,

then we 
hoose j to be the smallest su
h p and we join a and b = a[j ! �℄

in T

0

. Otherwise, we join a and b = a[i

1

! 0℄ in T

0

. We 
all b a sibling

of a. It is easy to see that if b 62 V

0

(S) then also a is a sibling of b. It is

obvious that every vertex has at most one sibling and the siblings make

pairs of the verti
es whi
h have no 
hildren.

All the edges of T

0

are determined by these two rules. It is easy to 
he
k that

every vertex a 2 V

0

(S) has exa
tly one parent, namely a[

P

a ! �℄, and every

vertex b 2 V (S)nV

0

(S) has at most one parent | the only possible 
andidate is

b[

P

b! �℄. All the verti
es of S have at most l 
hildren due to the upper bound

on the maximum number of possible substitions. It is also easy to 
he
k that

vertex a 2 V (S) n V

0

(S) has a sibling i� it has no 
hildren, T

0

has no isolated

verti
es and its maximum degree is at most l + 1 (l 
hildren and a parent). We


hange some edges of T

0

to get the desired subgraph T in two 
onse
utive steps:

� We remove one of the edges 
onne
ting a 2 V (S) n (V

0

(S) [ V

1

(S)) to its


hildren if the degree of a is l+ 1. The degree of the 
hild of a remains at

least one, sin
e it has either some 
hildren or a sibling.

� Let a 2 V

1

(S) be a vertex of degree l + 1. If there is a 
hild of a, say s,

whi
h has a sibling, we remove the edge sa. Otherwise let s be arbitrary


hild a and let f be the parent of a. We repla
e edges sa and af by

the edge sf .

4



The degree of verti
es a 2 V

0

(S) 
an be in
reased during this pro
edure to

at most 2 and the degree of all the other verti
es is de
reased or remains below

l. The spanning subgraph T of S obtained from T

0

through these 
hanges has


learly the desired properties. 2

Theorem 6 Let G

0

; : : : ; G

n�1

be graphs of maximum degree at most �, 2 � l

and � � nl. Then G

0

� � � � �G

n�1


an be 
overed by S

�l

.

Proof: By Lemma 1 ea
h G

i


an be 
overed by S

�nl

hen
e G

0

� � � � � G

n�1


an be 
overed by S

n

�nl

and every graph of S

n

�nl


an be 
overed by S

�l

due to

Theorem 5. 2

The following te
hni
al lemmas will prove their value in Se
tion 4:

Lemma 2 The graph S

k

� S

l


an be 
overed by S

fb

l

2




;

b

l�1

2




;

b

k+1

2




;

b

k

2


g

for

all k � 2, l � 3.

Proof: We 
onstru
t a 
overing of S

k

�S

l

with the desired properties. Centers

of stars of the 
overing are the verti
es [a; b℄ su
h that at least one of a, b is �.

The 
overing 
onsists of several types of stars:

� The 
enter vertex [a; �℄ for odd a is joined to the following peripheral

verti
es [a; 1℄; [a; 3℄; : : : ; [a; 2

�

l

2

�

� 1℄; order of this star is

�

l

2

�

.

� The 
enter vertex [a; �℄ for even a is joined to the following peripheral

verti
es [a; 2℄; [a; 4℄; : : : ; [a; 2

�

l�1

2

�

℄; order of this star is

�

l�1

2

�

.

� The 
enter vertex [�; b℄ for odd b is joined to the following peripheral

verti
es [0; b℄; [2; b℄; : : : ; [2

�

k�1

2

�

; b℄; order of this star is

�

k+1

2

�

.

� The 
enter vertex [�; b℄ for even b is joined to the following peripheral

verti
es [1; b℄; [3; b℄; : : : ; [2

�

k

2

�

� 1℄; order of this star is

�

k

2

�

.

� The 
enter vertex [�; �℄ is joined to all the remaining peripheral verti
es,

namely [0; 0℄; [2; 0℄; : : : ; [2

�

k�1

2

�

; 0℄; order of this star is

�

k+1

2

�

.

It is a routine to 
he
k that all the verti
es of S

k

�S

l

are used exa
tly on
e and

thus the 
onstru
tion gives a 
overing of S

k

� S

l

by S

fb

l

2




;

b

l�1

2




;

b

k+1

2




;

b

k

2


g

.

2

Lemma 3 Any graph of S

�2n

� S

�2n+1


an be 
overed by S

�n

.

Proof: It is 
lear due to Theorem 5 that all the graphs of S

�2n

� S

�2n


an be


overed by S

�n

. The graphs of S

�n

� S

�2n+1


an be 
overed by S

�n

due to

Theorem 4. Thus it is enough to prove that for every n < k � 2n S = S

k

�S

2n+1


an be 
overed by S

�n

. This is a dire
t 
orollary of Lemma 2 when setting

l = 2n + 1. 2

5



Figure 1: Path 
overings of S

1

�S

1

, S

1

�S

2

, S

2

�S

2

, S

1

�S

3

, S

1

�S

4

, S

2

�S

3

,

S

2

� S

4

, S

3

� S

3

, S

3

� S

4

and S

4

� S

4

Lemma 4 Any graph of S

f4;5;6;7;8g

� S

f5;6;7;8;9g


an be 
overed by S

f2;3;4g

.

Proof: The statement immediately follows from Lemma 2. 2

Lemma 5 Any graph of S

�4

� S

�4


an be 
overed by P

�3

.

Proof: It is straightfoward to 
he
k that the following 
overings exists (see

Figure 1):

� S

1

� S

1


an be 
overed by one 
opy of P

4

.

� S

1

� S

2


an be 
overed by one 
opy of P

6

.

� S

1

� S

3


an be 
overed by two 
opies of P

4

.

� S

1

� S

4


an be 
overed by two 
opies of P

5

.

� S

2

� S

2


an be 
overed by one 
opy of P

9

.

� S

2

� S

3


an be 
overed by one 
opy of P

12

.

� S

2

� S

4


an be 
overed by one 
opy of P

7

and one 
opy of P

8

.

� S

3

� S

3


an be 
overed by four 
opies of P

3

and one 
opy of P

4

.
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1

0

2

3

0 1 2 3 4 5 6 7 8 9

Figure 2: Hamiltonian 
y
le in P

10

� S

4

� S

3

� S

4


an be 
overed by �ve 
opies of P

3

and one 
opy of P

5

.

� S

4

� S

4


an be 
overed by seven 
opies of P

3

and one 
opy of P

4

.

2

Lemma 6 Any graph of P

�4

� S

4

is hamiltonian.

Proof: We just 
onstru
t a hamiltonian 
y
le in P

k

�S

4

for 4 � k. The following

sequen
e of the verti
es of P

k

� S

4

is a hamiltonian 
y
le (see Figure 2):

[0; 0℄; [1; 0℄; : : : ; [k�2; 0℄; [k�1; 0℄; [k�1; �℄; [k�1; 1℄; [k�2; 1℄; : : : ; [1; 1℄; [0; 1℄; [0; �℄;

[0; 3℄; [1; 3℄; [2; 3℄; [2; �℄; [3; 3℄; [3; �℄; [4; 3℄; [4; �℄; : : : ; [k � 3; 3℄; [k � 3; �℄; [k � 2; 3℄;

[k � 1; 3℄; [k � 2; �℄; [k � 1; 2℄; [k � 2; 2℄; : : : ; [1; 2℄; [0; 2℄; [1; �℄; [0; 0℄

2

We use results of [2℄ to prove the following lemma; we 
an use Theorem 2,

but we use weaker version of that theorem, also proved in [2℄:

Theorem 7 Any graph of S

�

��

is hamiltonian for � � 2.

Lemma 7 Let n

0

; n

1

; n

2

be integers between 1 and 4 (in
lusively) and let k be

an integer su
h that k � minf(n

0

+1)(n

1

+1)(n

2

+1); 15g. Then S

n

0

�S

n

1

�S

n

2

�

S

k


an be 
overed by C

�l

where l is equal to minf(n

0

+1)(n

1

+1)(n

2

+1); 15g�k.

Proof: Let us assume n

0

� n

1

� n

2

. If n

2

� 3 then S

n

0

� S

n

1

� S

n

2

is

hamiltonian due to Theorem 7 and S

n

0

� S

n

1

� S

n

2

� S

k

is hamiltonian due

to Theorem 1 sin
e k � (n

0

+ 1)(n

1

+ 1)(n

2

+ 1). Simple 
al
ulation gives that

the length of this hamiltonian 
y
le is suÆ
ient.

Let us 
onsider the 
ase that n

2

= 4. Due to Lemma 5 S

n

0

� S

n

1


an be


overed by P

�3

. The produ
t of P

�4

and S

n

2

is hamiltonian due to Lemma 6

and its hamiltonian 
y
le 
ontains at least 20 verti
es. The produ
t of 
y
le of

length at least 20 and S

k

is hamiltonian due to Theorem 1 and thus the produ
t

of any of P

�4

with S

n

2

= S

4

and S

k


an be 
overed by C

�20(k+1)

. The proof

that P

3

� S

4

� S

k

is hamiltonian would �nish the proof of the whole lemma.

Simple 
al
ulation gives that the lengths of the found 
y
les are suÆ
ient.

7
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0 1 2 3 4

Figure 3: Hamiltonian paths in P

3

�S

4

and a hamiltonian 
y
le in P

3

�S

4

�S

5

We prove now that P

3

�S

4

�S

k

is hamiltonian. Consider two possible types

of hamiltonian paths in P

3

� S

4

shown at the left in Figure 3. These paths in

the di�erent 
opies of P

3

� S

4


orresponding to the numbered verti
es of S

k


an be joined together through the 
opy of P

3

�S

4


orresponding to the vertex

� of S

k

as shown in Figure 3 for k = 5; it is a straightforward work to 
he
k that

the hamiltonian paths 
an be joined for all 1 � k � 15. Sin
e k � 15 due to

the assumption of the lemma, we have found a hamiltonian 
y
le of P

3

�S

4

�S

k

.

2

4 Hamiltonian Cy
les in Produ
ts of Graphs

Lemma 8 Any graph of S

3

�8

� S

3

�9

� S

�15


an be 
overed by C

�120

.

Proof: Let G = S

n

0

� : : :�S

n

6

be a graph in S

3

�8

�S

3

�9

�S

�15

; we assume that

n

0

� : : : � n

6

. From the assumption of the lemma follows that n

0

; n

1

; n

2

� 8,

n

3

; n

4

; n

5

� 9 and n

6

� 15. We distinguish several 
ases:

� All n

i

are at most 7 (n

6

� 7).

In this 
ase G is hamiltonian due to Theorem 7. Sin
e G 
ontains at least

2

7

= 128 verti
es, the length of its hamiltonian 
y
le is at least 128 and

this 
y
le 
overs G.

� At least two of n

i

are at most 3 and at least one of n

i

is at least

8 (n

1

� 3 ^ n

6

� 8).

Due to Theorem 6 S

n

3

� S

n

4

� S

n

5


an be 
overed by S

�3

. The produ
t

of the �rst six stars 
an be 
overed by C

�16

due to Theorem 1 applied

to S

n

2

and the hamiltonian 
y
les in S

n

0

� S

n

1

� S

�3

. We 
on
lude by

appli
ation of Theorem 1 to the produ
ts of these 
y
les and S

n

6

that G


an be 
overed by C

�128

.

� At most one of n

i

is at most 3 and at least one of n

i

is at least 8

(n

1

� 4 ^ n

6

� 8).
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If n

3

� 4, then S

n

0

� S

n

1

� S

n

2

� S

n

3

is hamiltonian due to Theorem 7.

We 
on
lude by repeated appli
ation of Theorem 1 in the manner similar

to the previous 
ase that G 
an be 
overed by C

�128

.

If n

3

� 5, then S

n

0

� S

n

3


an be 
overed by S

f1;2;3;4g

due to Lemma 3

and both S

n

1

� S

n

4

and S

n

2

� S

n

5


an be 
overed by S

f2;3;4g

due to

Lemma 4. Thus due to Lemma 7 applied to the produ
t of this 
overing

by S

f1;2;3;4g

�S

f2;3;4g

�S

f2;3;4g

and S

n

6

we 
on
lude that G 
an be 
overed

by C

�120

.

2

Corollary 1 The produ
t of any at least b

93

120

�
+ 7 
onne
ted graphs of max-

imum degree at most � 
an be 
overed by C

�120

.

Proof: The produ
t of any d

1

8

�e (respe
tively d

1

9

�e, d

1

15

�e) 
onne
ted graphs

of maximum degree at most � 
an be 
overed by S

�8

(respe
tively S

�9

, S

�15

)

due to Theorem 6. Thus due to Lemma 8 the produ
t of any 3d

1

8

�e+ 3d

1

9

�e+

d

1

15

�e � b

93

120

�
 + 7 su
h graphs 
an be 
overed by C

�120

. In 
ase that

the produ
t 
onsists of more graphs than ne
essary, we use Theorem 4 to get

its 
overing. 2

Corollary 2 For ea
h 
 > ln

25

12

there exists 


0

su
h that the produ
t of any at

least b
�
 + 


0


onne
ted graphs of maximum degree at most � 
an be 
overed

by C

�120

.

Proof: Consider the produ
t of

P

2

k+3

+2

k

�1

i=2

k+3

d

1

i

�e 
onne
ted graphs of maxi-

mum degree at most � for k � 0. The produ
t of d

1

i

�e su
h graphs 
an be


overed by S

�i

due to Theorem 6. Thus there exists a 
overing of the 
onsidered

produ
t by S

�2

k+3�� � ��S

�2

k+3

+2

k

�1

. We 
an 
over the 
onsidered produ
t by

S

�2

k+2
� � � � � S

�2

k+2

+2

k�1

�1

due to Lemma 3 applied to the pairs of the 
on-

se
utive members of the produ
t S

�2

k+3 � � � � � S

�2

k+3

+2

k

�1

; we 
on
lude by

repeated appli
ation of Lemma 3 in this manner that the 
onsidered produ
t


an be 
overed by S

�8

. We obtain by the same reasoning that the produ
t of

P

2

k+3

+2

k+1

�1

i=2

k+3

+2

k

d

1

i

�e,

P

2

k+4

�1

i=2

k+4

�2

k

d

1

i

�e, 
onne
ted graphs of maximum degree at

most � for k � 0 
an be 
overed by S

�9

, S

�15

. Thus we 
on
lude in the same

manner as in the proof of Corollary 1 that the following number of graphs in

the produ
t is enough:

3

2

k+3

+2

k

�1

X

i=2

k+3

�

1

i

�

�

+ 3

2

k+3

+2

k+1

�1

X

i=2

k+3

+2

k

�

1

i

�

�

+

2

k+4

�1

X

i=2

k+4

�2

k

�

1

i

�

�

�

9



�

6

6

6

4

0

�

3

2

k+3

+2

k+1

�1

X

i=2

k+3

1

i

+

2

k+4

�1

X

i=2

k+4

�2

k

1

i

1

A

�

7

7

7

5

+ 3 � 2

k+1

+ 2

k

We examine the behaviour of the linear 
oeÆ
ient in the expression for large

value of k:

lim

k!1

0

�

3

2

k+3

+2

k+1

�1

X

i=2

k+3

1

i

+

2

k+4

�1

X

i=2

k+4

�2

k

1

i

1

A

= 3 ln

5

4

+ ln

16

15

= ln

25

12

We 
an 
hoose for any 
 > ln

25

12

the value of k large enough to be the linear


oeÆ
ient smaller than 
; the value of 


0

is bounded by 3 � 2

k+1

+ 2

k

. 2

Lemma 9 For any � > 32, the produ
t of a 
y
le of length at least 120 and at

least b

1

60

�
+ dlog

2

�e� 6 graphs of maximum degree at most � 
an be 
overed

by C

��

.

Proof: Let k be dlog

2

�e � 6; k � 0, sin
e � > 32. The theorem holds

trivially due to Theorem 4 for k = 0 (32 < � � 64). Otherwise, 
onsider

the produ
t of

P

k

i=1

d

1

60�2

i

�e graphs of maximum degree at most �. For all

1 � i � k the produ
t of d

1

60�2

i

�e graphs 
an be 
overed by S

�60�2

i
due to

Theorem 6. We 
on
lude by repeated appli
ation of Theorem 1 to the produ
t

of the 
y
le and the stars of the 
overings that the produ
t of

P

k

i=1

d

1

60�2

i

�e

graphs of maximum degree at most � and a 
y
le of length at least 120 
an be


overed by 
y
les of length at least 120 � 2

k

� �. The lemma follows now from

the simple upper estimate of the number of graphs needed:

k

X

i=1

�

1

60 � 2

i

�

�

�

$

k

X

i=1

1

60 � 2

i

�

%

+ k �

�

$

1

X

i=1

1

60 � 2

i

�

%

+ dlog

2

�e � 6 =

�

1

60

�

�

+ dlog

2

�e � 6

2

The immediate 
orollaries of the previous lemma are the following:

Corollary 3 The produ
t of any at least b

19

24

�
+dlog

2

�e+1 
onne
ted graphs

of maximum degree at most � 
an be 
overed by C

��

whenever � > 32.

Proof: Due to Corollary 1 the produ
t of b

93

120

�
 + 7 of them 
an be 
overed

by C

�120

; due to Lemma 9 the produ
t of a 
y
le of length at least 120 and

b

1

60

�
 + dlog

2

�e � 6 
onne
ted graphs 
an be 
overed by C

��

. The 
orollary

immediately follows from these two fa
ts and from Theorem 4 (the produ
t may


onsist of more graphs than ne
essary). 2

If we use Corollary 2 instead of Corollary 1, we obtain the following:

10



v

T

S

Figure 4: Constru
tion of a small maximum degree spanning tree in a produ
t

of two trees

Corollary 4 For ea
h 
 > ln

25

12

+

1

60

there exists 


0

su
h that the produ
t of

any at least b
�
 + 


0


onne
ted graphs of maximum degree at most � 
an be


overed by C

�120

for � > 32.

Lemma 10 The produ
t of any number of 
onne
ted graphs of maximum degree

at most � 
ontains a spanning tree of maximum degree at most � + 1.

Proof: We prove that the produ
t of a tree of maximum degree at most � and

a tree of maximum degree at most � + 1 
ontains a spanning tree of maximum

degree at most �+1; the lemma easily follows from this statement by indu
tion

on the number of graphs in the produ
t.

Let S be the tree of maximum degree at most � and let T be the tree of

maximum degree at most �+1. Let v be any leaf of T . We des
ribe a spanning

tree of S � T of maximum degree at most � + 1. The desired spanning tree


onsists of edges in 
opies of T (all the edges with the same S{vertex 
oordinate)

and the edges of S whi
h are in the 
opy of S with the T{vertex 
oordinate equal

to v (see the Figure 4). The maximum degree of this tree is 
learly at most �+1.

2

Theorem 8 The produ
t of any at least b

19

24

�
+ dlog

2

�e+ 3 
onne
ted graphs

of maximum degree at most � is hamiltonian for � > 32.

Proof: We 
an suppose w.l.o.g. that one of the graphs in the produ
t has max-

imum degree exa
tly � | 
all this graph H . Let G be any other of the graphs

and let I be the produ
t of the rest (at least b

19

24

�
 + dlog

2

�e + 1) graphs.

The graph I 
an be 
overed by C

��

due to Corollary 3 | let F

C

be the edges

of the 
y
les in this 
overing. I 
ontains a spanning tree of maximum degree

at most � + 1 due to Lemma 10; let us 
all this spanning tree T . Let F

T

be

the minimal set of edges of T su
h that the subgraph of I indu
ed by the edges

of F

C

[ F

T

is 
onne
ted; 
learly ea
h vertex of I is adja
ent to at most � + 1

edges of F

T

and the only 
y
les of the subgraph of I indu
ed by the edges of

F

C

[F

T

are those of the 
overing of I . We 
an 
olour the edges of F

T

by 
olours

11



[x,a℄

[x,b℄

[y,a℄

[y,b℄

a

b

x

y

Figure 5: Con
atenation pro
edure applied to two di�erent 
y
les

f1; : : : ;� + 1g su
h that no vertex of I is adja
ent to two edges of the same


olour; this is due to the fa
t that the subgraph of I indu
ed by the edges of

F

T

is a forest.

The produ
t of H and ea
h 
y
le of the 
overing of I is hamiltonian due

to Theorem 1; this gives us a 
overing of H � I by C

�2�

; let E

C

be the set of

edges of 
y
les in this 
overing. Let v

1

; : : : ; v

d+1

be any distin
t verti
es of H ;

it 
ontains at least � + 1 verti
es sin
e the maximum degree of H is exa
tly

�. Let E

T

be the set of all the edges [v

i

; x℄[v

i

; y℄ su
h that xy 2 F

T

and it

is 
oloured by 
olour i. Clearly, the subgraph of H � I indu
ed by edges of

E

T

[ E

C

is 
onne
ted and its only 
y
les are those of the 
overing of H � I .

Ea
h vertex of H � I is adja
ent to at most one edge of E

T

due to the 
hoi
e of

the edges of E

T

| there is no vertex in I adja
ent to two edges of F

T


oloured

with the same 
olour.

We are now ready to prove that G � H � I is hamiltonian. We assume

that G is a tree; let u be any of its leaves and let v be its (only) neighbour.

First, 
onsider a produ
t of a 
y
le of length at least 2� and G. We 
over this

produ
t by the 
opies of the 
y
le 
orresponding to ea
h vertex ex
ept for u

and v; the produ
t of the 
y
le and the edge uv we 
over by a 
omb graph as

shown in Figure 6. We introdu
e a 
on
atenation pro
edure: Let [x; a℄[x; b℄ and

[y; a℄[y; b℄ be edges of two distin
t 
y
les in a 
overing and let xy be an edge,

then we 
an 
on
atenate these two 
y
les by repla
ing [x; a℄[x; b℄ and [y; a℄[y; b℄

with [x; a℄[y; a℄ and [x; b℄[y; b℄ (see Figure 5). We 
an apply the 
on
atenation

pro
edure to all the 
opies of one 
y
le, sin
e there are at least � edges with

the same G-
oordinate in ea
h su
h a 
opy (see Figure 6); a
tually the same

idea was used in [1℄ to prove Theorem 1.

We now 
on
atenate all the 
y
les 
overing G � H � I together. Let xy

be an edge of E

T

. The edges [u; x℄[v; x℄ and [u; y℄[v; y℄ are in di�erent 
y
les


overing G�H�I and we 
an apply the 
on
atenation pro
edure to them | see

Figure 6. Ea
h vertex of H � I is adja
ent to at most one edge of E

T

and thus

we 
an apply the 
on
atenation pro
edure to all the edges of E

T

simultaneously.

Sin
e the subgraph of H�I indu
ed by E

C

[E

T

is 
onne
ted and its only 
y
les

are those of the 
overing of H�I , we obtain the hamiltonian 
y
le of G�H�I .

2
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u

v

x

y

G

Even 
y
le Odd 
y
le

Figure 6: Covering the produ
t of 
y
les and G by 
omb graphs and 
y
les and

their 
on
atenation
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If we use Corollary 4 instead of Corollary 3 in the proof of Theorem 8, we

obtain the following theorem:

Theorem 9 For ea
h 
 > ln

25

12

+

1

60

there exists 


0

su
h that the produ
t of any

at least b
�
+ dlog

2

�e+ 


0


onne
ted graphs of maximum degree at most � is

hamiltonian for 32 < �.

5 Con
lusion

The question of pre
ise determining of h

max

(�) remains open. Theorem 8 and

Theorem 9 get better upper bounds on h

max

(�) for large values of � then

Theorem 2 | their linear (in �) upper bounds for h

max

(�) grow slower but

their 
onstant parts are large. It seems to be an easier (but not less attra
tive)

question to des
ribe the linear behaviour of h

max

(�) for large �. Theorem 3

states that:

lim inf

�!1

h

max

(�)

�

� ln 2 � 0:6931

On the other hand Theorem 9 states that:

lim sup

�!1

h

max

(�)

�

� ln

25

12

+

1

60

� 0:7506

We 
onje
ture that:

lim

�!1

h

max

(�)

�

= ln 2

The produ
ts of stars are in the just suggested question the worst 
ase: Let

h

S

max

(�) be the minimal k su
h that all the graphs S

k

��

are hamiltonian, then

it follows from the proof of Theorem 8 (note that the hamiltonian 
y
le of any

graph of S

h

S

max

(�)

��

has the length at least 2

ln 2�

� �, sin
e h

S

max

(�) � h(S

�

) �

� ln 2) that:

h

max

(�) � h

S

max

(�) + 2

Thus it holds that:

lim sup

�!1

h

max

(�)

�

� lim sup

�!1

h

S

max

(�)

�
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