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Abstract

We prove that the strong product of graphs G; x --+ x G, contains
a hamiltonian cycle for n & cA for any ¢ > In(25/12) +1/60 whenever all
G; are connected graphs of maximum degree at most A.

1 Introduction

Let the vertex set of the graph G be denoted by V(G) and let its edge set be
denoted by E(G). The strong product of two graphs G and H is the graph G x H
with the vertex set V(G) x V(H). Its two distinct vertices [u1,v1] and [uz, v2]
are joined by an edge iff u1 = u2 Vujus € E(G) and vy = vy V viva € E(H).
A cycle containing all the vertices of the graph is called a hamiltonian cycle; each
vertex is contained in such a cycle exactly once. We write G* for the strong
product of k copies of G and we call graphs containing a hamiltonian cycle
hamiltonian graphs for the brevity.

Zaks asked in [4] whether there exists k(G) for any connected graph G with
at least two vertices such that G*(%) is hamiltonian. Bermond, Germa and
Heydemann proved in [1] the existence of the number k(G) and they proved
that if G* is hamiltonian, then also G" is hamiltonian for all & < h using

*supported by KONTAKT ME 337 as a part of REU programme and in part by GACR
201,/99/0242

TDepartment of Applied Mathematics, Charles University, Malostranské ndm. 25, 118 00
Prague, Czech Republic, e-mail: kral@kam.ms.mff.cuni.cz, supported in part by NSF grant
DMS-9900969 and in part by Institute for Theoretical Computer Science

Institute for Theoretical Computer Science (supported by Ministry of Education of Czech
Republic as project LN00A056), Malostranské ndm. 25, 118 00 Prague, Czech Republic,
e-mail: jana@kam.ms.mff.cuni.cz

$Department of Mathematical Analysis, Charles University, Sokolovska 83, 186 75 Prague,
Czech Republic, e-mail: podbrdsk@karlin.mff.cuni.cz

TDepartment of Applied Mathematics, Charles University, Malostranské nam. 25, 118 00
Prague, Czech Republic, e-mail: samal@kam.ms.mff.cuni.cz



some results of Rosenfeld and Barnette contained in [3]. They did not give any
upper bound on k(G) in terms of maximum degree of the graph G, but they
conjectured that G2 should be hamiltonian for any connected graph G with at
least two vertices and of maximum degree A (for A > 2). Their conjecture was
proved in [2]. We prove the statement that G* is hamiltonian holds for k ~ cA
for any ¢In25/12 + 1/60, i.e. the upper bound on the order of power of G in
terms of A given in [2] is not optimal.

We introduce notation used in the paper, we give basic properties of strong
graph products and we summarize previous results in Section 2. We study
structure of strong products of graphs in Section 3. We give the proofs of our
hamiltonian results in Section 4.

2 Definitions and Basic Properties

All the graphs considered in this paper contain at least two vertices. Whenever
we mention a product of graphs, we always mean the strong product of graphs;
we are not going to use other definitions of the graph product in this paper.
We write C), for the cycle containing n vertices, P, for the path containing n
vertices and S, for the star of order n, i.e. the star with n edges (S, = K1 ).
We write < k for the set of all the positive integer numbers less or equal to k;
we use > k, < k and > k in a similar manner. Let I be a set of integer numbers,
then S; denotes the set of all the stars S; such that i € I; C; and P; are used
in the similar manner. If A and B are sets of graphs, then we write A x B for
{GxH|GeANH € B} and A% for A x A, A% for A x A x A, etc.

We assign the vertices of P,, and S, numbers and a star (x); this makes
proofs dealing with paths or stars more clear. We understand the set V(P,)
as {0,...,n — 1}; its two vertices are connected iff their difference is exactly
one. We understand the set V' (Sy) as {*,0, ...,k — 1}; the edges of S, are only
between x and the number vertices. Let S be a product of n stars; we write
Vi(S) for the set of vertices of S whose exactly 7 coordinates are equal to x*.
We mean by z mod y the number between 0 and y — 1 which is congruent to
z modulo y, e.g. 9 mod 7 is 2. Let a = [ag,...,a,_1] be any vertex of S. We

use some useful notation in the paper: We write } a for (Z?:_Ol ai) mod n; we

consider * to be counted as zero in this sum. We write a[k — s] for the vertex
b obtained from a by substituting s for its k-th entry, i.e. bg moa n = s (we take
s mod k instead of s if necessary) and b; = a; for 7 # k mod n.

We address the question of existence of a hamiltonian cycle in products of
graphs. The key theorem proved in [1] using ideas from [3] is the following one:

Theorem 1 Let G be a connected graph of mazimum degree at most A. Then
any graph of C>a X G is hamiltonian.

The immediate corollary of this theorem is that if G* is hamiltonian then
G" is hamiltonian for all h > k. We write h(G) for the smallest value of h such



that G" is hamiltonian; the existence of this value follows from the results of
[1].

The following theorem proved in [2] gives the proof of the conjecture of
Bermond et al. and proves some more general version of this conjecture, namely
that it is even true for products of graphs, not only for their powers:

Theorem 2 Let Gy,...,Ga—1 be any connected graphs with mazimum degree
at most A. Then Gg x ... x Ga_1 is hamiltonian.

Let hmax(A) be max{h(G)|A(G) < A} where A(G) is maximum degree of
G. The existence of hyax(A) and the upper bound Ayax(A) < A follows from
Theorem 2 proved in [2]; Zaks addressed in [4] the question of lower bounds for
hmax(A), too (he used different notation in his paper). He proved the following
theorem:

Theorem 3 If S* is hamiltonian, then the following inequality holds:
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A covering of the graph G by the set of graphs I is a set J of subgraphs of
G such that each vertex of G is contained exactly in one of the graphs of J and
each graph of J is isomorphic to some of the graphs of I. Note that we cover
the vertices of the graph, we do not cover its edges. The following theorem
trivially holds (it is enough to consider all the subgraphs of G x H equal to
the product of a subgraph covering G and each single vertex of H):

Theorem 4 Let G and H be any graphs and let I be any set of graphs. If G
can be covered by I, then G x H can be covered by I.

The following lemma on covering graphs by stars was proved in [2]:
Lemma 1 Fach connected graph G of maximum degree at most A can be co-

vered by S<na.

3 Coverings Graph Products by Stars and Cy-
cles

We first prove some theorems about covering products of graphs by small degree
stars.

Theorem 5 For all k > 1,1 > 2, any graph of Sgkl can be covered by S<;.



Proof: Let S € S, be S,,, x Sy, x -+ x Sy, , where 1 < n; < kl. We find
a spanning subgraph T' of S such that 7" has no isolated vertices and A(T") <.
There exists a covering of 7' (and thus also of S) by S<; due to Lemma 1 used
separately on each connected component of T'.

Consider a vertex a € V(S)\ Vo(S). We say that coordinate i (0 <i < k—1)
is substitutable iff there exists some 0 < b < n; — 1 such that > a[i — b] = ¢.
We call all b satisfying this condition possible substitutions for fixed i. Because
n; < kl it is clear that there are at most [ possible substitutions. Let 0 < i; <
ig < ++» < i, < k — 1 be all indices such that a; = *. Before constructing
a spanning subgraph T of S we construct another spanning subgraph of S —

we call it T'. We distinguish several cases when choosing edges adjacent to a in
T

e At least one of the coordinates i1, is,..., i, of a is substitutable.
Let 2 be the smallest such substitutable coordinate and let b;, ba,..., b,
(1 < p < 1) be all its possible substitutions. We join all the vertices
ali = b5, j = 1,..., p, to a in T'. We call the vertices a[i — b;] for
j=1,..., pchildren of ¢ and a their parent.

¢ None of the coordinates i, is,..., i, is substitutable.
If there exists some p < %; such that a, = 0 and p is not substitutable,
then we choose j to be the smallest such p and we join a and b = a[j — %]
in T'. Otherwise, we join a and b = afi; — 0] in 7'. We call b a sibling
of a. It is easy to see that if b & V(S) then also a is a sibling of b. It is
obvious that every vertex has at most one sibling and the siblings make
pairs of the vertices which have no children.

All the edges of T' are determined by these two rules. It is easy to check that
every vertex a € Vp(S) has exactly one parent, namely a[>_ a — %], and every
vertex b € V(S5)\ V5 (S) has at most one parent — the only possible candidate is
b[>_ b — x]. All the vertices of S have at most [ children due to the upper bound
on the maximum number of possible substitions. It is also easy to check that
vertex a € V(S) \ V5(S) has a sibling iff it has no children, 7" has no isolated
vertices and its maximum degree is at most [ + 1 (I children and a parent). We
change some edges of T” to get the desired subgraph T' in two consecutive steps:

e We remove one of the edges connecting a € V(5) \ (Vo(S5) U V1(S5)) to its
children if the degree of a is [ + 1. The degree of the child of a remains at
least one, since it has either some children or a sibling.

e Let a € V1(9) be a vertex of degree [ + 1. If there is a child of a, say s,
which has a sibling, we remove the edge sa. Otherwise let s be arbitrary
child a and let f be the parent of a. We replace edges sa and af by
the edge sf.



The degree of vertices a € V5(S) can be increased during this procedure to
at most 2 and the degree of all the other vertices is decreased or remains below
. The spanning subgraph T of S obtained from 7" through these changes has
clearly the desired properties. O

Theorem 6 Let Gy,...,G,_1 be graphs of mazimum degree at most A, 2 <1
and A <nl. Then Go X -+ x Gp_1 can be covered by S<;.

Proof: By Lemma 1 each G; can be covered by S<,; hence Go x -+ x Gp_1
can be covered by SZ,, and every graph of S2,,; can be covered by S<; due to
Theorem 5. O B B

The following technical lemmas will prove their value in Section 4:

Lemma 2 The graph Sy x S; can be covered by S{L%J NI for
all k>2,1>3.

Proof: We construct a covering of Sy, x S; with the desired properties. Centers
of stars of the covering are the vertices [a, b] such that at least one of a, b is *.
The covering consists of several types of stars:

e The center vertex [a,*] for odd a is joined to the following peripheral

vertices [a, 1], [a,3],..., [a,2 L%J — 1]; order of this star is L%J

e The center vertex [a,*] for even a is joined to the following peripheral

vertices [a,2], [a,4],..., [a,2[5*]]; order of this star is |52 ].

e The center vertex [*,b] for odd b is joined to the following peripheral
vertices [0,b], [2,0],..., [2[%5L],b]; order of this star is | ££2 .

e The center vertex [*,b] for even b is joined to the following peripheral

vertices [1,b], [3,0],..., [2 %] — 1]; order of this star is | £].

e The center vertex [*, %] is joined to all the remaining peripheral vertices,

namely [0,0], [2,0],..., [2 L’”—;lj ,0]; order of this star is L%J

It is a routine to check that all the vertices of Sy, x.5; are used exactly once and
thus the construction gives a covering of Sy x S; by S{L NS
’ 3 ’ ’

L E+1
3 2 2
O

Lemma 3 Any graph of S<an X S<ant1 can be covered by S<y,.

Proof: It is clear due to Theorem 5 that all the graphs of S<2, X S<2, can be
covered by S<,. The graphs of S<, X S<an41 can be covered by S<, due to
Theorem 4. Thus it is enough to prove that for every n < k < 2n S = S X Sap41
can be covered by S<,. This is a direct corollary of Lemma 2 when setting
l=2n+1. 0O



Figure 1: Path COVQI‘iIlgS of 51 X Sl, 51 X Sz, 52 X 52, 51 X 53, 51 X 54, 52 X 53,
52 X 54, Sg X 53, S3 X S4 and 54 X 54

Lemma 4 Any graph of Si456,7,8}y X Sis,6,7,8,0y can be covered by Siz 34y

Proof: The statement immediately follows from Lemma 2. O

Lemma 5 Any graph of S<4 X S<4 can be covered by P>3.

Proof: It is
Figure 1):

S1 x S1
S1 X So
S1 x S3
S1 X Sy
Sy X So
Sy x S3
Sy XS4
S3 x S3

straightfoward to check that the following coverings exists (see

can be covered by one copy of Pj.

can be covered by one copy of Pg.

can be covered by two copies of Pj.

can be covered by two copies of Ps.

can be covered by one copy of Py.

can be covered by one copy of Pis.

can be covered by one copy of P; and one copy of Ps.

can be covered by four copies of P; and one copy of Pj.



Figure 2: Hamiltonian cycle in Pjg x Sy

e S3 x S4 can be covered by five copies of P; and one copy of Ps.

e S4 x S4 can be covered by seven copies of P; and one copy of Pj.

O
Lemma 6 Any graph of P>4 x Sy is hamiltonian.

Proof: We just construct a hamiltonian cycle in Pj, xSy for 4 < k. The following
sequence of the vertices of P x Sy is a hamiltonian cycle (see Figure 2):

[0,0],[1,0],...,[k—2,0],[k—1,0], [k—1,%], [k—1,1], [k—2,1],..., 1, 1], [0, 1], [0, %],

[0,3],[1,3],12,3],12,+],[3,3],[3, %], [4, 3], [4, %], . . ., [k — 3, 3], [k — 3, %], [k — 2, 3],
[k—1,3],[k—2,%],[k—1,2],[k —2,2],...,][1,2],]0,2],[1, %], [0, 0]
O

We use results of [2] to prove the following lemma; we can use Theorem 2,
but we use weaker version of that theorem, also proved in [2]:

Theorem 7 Any graph of SéA is hamiltonian for A > 2.

Lemma 7 Let ng,ni,ns be integers between 1 and 4 (inclusively) and let k be
an integer such that k < min{(no+1)(n1+1)(n2+1),15}. Then Sy, X Sp, X Sp, X
Sk can be covered by C>; where [ is equal to min{(no+1)(ny +1)(n2+1),15}-k.

Proof: Let us assume ng < ny < ng. If nyg < 3 then S, X Sp, x Sy, is
hamiltonian due to Theorem 7 and Sy, x Sp, X Sp, x Sk is hamiltonian due
to Theorem 1 since k < (ng + 1)(n1 + 1)(n2 + 1). Simple calculation gives that
the length of this hamiltonian cycle is sufficient.

Let us consider the case that ny = 4. Due to Lemma 5 S,,, x S,, can be
covered by P>3. The product of P>4 and Sy, is hamiltonian due to Lemma 6
and its hamiltonian cycle contains at least 20 vertices. The product of cycle of
length at least 20 and S}, is hamiltonian due to Theorem 1 and thus the product
of any of P>4 with S,,, = S4 and Sy can be covered by C>a9(z41)- The proof
that P; x S4 X Sy is hamiltonian would finish the proof of the whole lemma.
Simple calculation gives that the lengths of the found cycles are sufficient.
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Figure 3: Hamiltonian paths in P3 x S4 and a hamiltonian cycle in P; X Sy X S5

We prove now that P3 x S4 x Si is hamiltonian. Consider two possible types
of hamiltonian paths in P; x Sy shown at the left in Figure 3. These paths in
the different copies of P; x S4 corresponding to the numbered vertices of S
can be joined together through the copy of P; x Sy corresponding to the vertex
x of Sy as shown in Figure 3 for k£ = 5; it is a straightforward work to check that
the hamiltonian paths can be joined for all 1 < k£ < 15. Since & < 15 due to
the assumption of the lemma, we have found a hamiltonian cycle of P; X Sy x S.
O

4 Hamiltonian Cycles in Products of Graphs

Lemma 8 Any graph of S35 x S, x S<15 can be covered by C>120.

Proof: Let G = Sy, X...x Sy, be a graphin S2 ¢ x S, x S<15; we assume that
ng < ... < ng. From the assumption of the lemma follows that ng,ni,ny < 8,
ng,ng,ns < 9 and ng < 15. We distinguish several cases:

e All n; are at most 7 (ng < 7).

In this case G is hamiltonian due to Theorem 7. Since GG contains at least
27 = 128 vertices, the length of its hamiltonian cycle is at least 128 and
this cycle covers G.

e At least two of n; are at most 3 and at least one of n; is at least
8 (nl S 3/\”6 Z 8).

Due to Theorem 6 S,,, X Sy, X Sp; can be covered by S<3. The product
of the first six stars can be covered by C>16 due to Theorem 1 applied
to Sp, and the hamiltonian cycles in S,, x Sy, X S<3. We conclude by
application of Theorem 1 to the products of these cycles and S,,, that G
can be covered by C>12s.

e At most one of n; is at most 3 and at least one of n; is at least 8
(TL1 Z4/\n6 Z 8).



If ng < 4, then Sy, X Sp; X Sp, X Sy, is hamiltonian due to Theorem 7.
We conclude by repeated application of Theorem 1 in the manner similar
to the previous case that G' can be covered by C>12s.

If n3 > 5, then Sy, x Sp, can be covered by Sy; 2 34) due to Lemma 3
and both Sy, x Sp, and Sy, X Sp,; can be covered by S5 34; due to
Lemma 4. Thus due to Lemma 7 applied to the product of this covering
by S{1,2,3,4) X S{2,3,4) X 5(2,3,4} and Sy, we conclude that G can be covered
by 02120-

d

Corollary 1 The product of any at least L%AJ + 7 connected graphs of max-

imum degree at most A can be covered by C>120.

Proof: The product of any [$A] (respectively [$A], [+ A]) connected graphs
of maximum degree at most A can be covered by S<g (respectively S<g, S<15)
due to Theorem 6. Thus due to Lemma 8 the product of any 3[$A]+3[$A] +
[zA] < |£5A] + 7 such graphs can be covered by C>120. In case that
the product consists of more graphs than necessary, we use Theorem 4 to get

its covering. O

Corollary 2 For each ¢ > In % there exists ¢’ such that the product of any at
least [cA| + ¢ connected graphs of mazimum degree at most A can be covered
by 02120.

k+3 ok
Proof: Consider the product of Zfzzkif ! [+A] connected graphs of maxi-

mum degree at most A for £ > 0. The product of [1A] such graphs can be
covered by S<; due to Theorem 6. Thus there exists a covering of the considered
product by Scokr+s X+ X Scor+sior_1. We can cover the considered product by
Scgrpz X ooe X S<2k+2+2k—1_,1 due to Lemma 3 applied to the pairs of the con-
secutive members of the product Scgris X - -+ X S<ort+syor_1; we conclude by
repeated application of Lemma 3 in this manner that the considered product

can be covered by S<s. We obtain by the same reasoning that the product of
ok+3 gk+1_g 1 — ok+4 g 1 3

Diortsror | 7Al Yimgrta_gn[7AT, connected graphs of maximum degree at

most A for £ > 0 can be covered by S<g, S<i5. Thus we conclude in the same

manner as in the proof of Corollary 1 that the following number of graphs in
the product is enough:

ok+3 4ok 1 ok+3 4 gkt1_ g 1 ok+4 g 1
3y [—.A-‘+3 ) [-.A]+ )y [-.A]g
i:2k+3 ? i:2k+3+2k ? i:2k+4_2k 4



ok+3 gk+1_y ok+4_q 1
<3 > =+ X A +3-2ktat
imaets L pka_gk !
We examine the behaviour of the linear coefficient in the expression for large
value of k:
ok+3 gk+1_y ok+4_q

1 2
lim |3 Z -+ Z - —31n§+ln—6 ln—5

k—o00 ? 4 15 12
i=2k+3 i=2k+1 2k

We can choose for any ¢ > ln the value of k large enough to be the linear
coefficient smaller than c; the value of ¢’ is bounded by 3. 2k+1 4 2%,

Lemma 9 For any A > 32, the product of a cycle of length at least 120 and at
least | g5 A + [log, AT — 6 graphs of mazimum degree at most A can be covered
by CZA‘

Proof: Let k be [log, Al — 6; £ > 0, since A > 32. The theorem holds
trivially due to Theorem 4 for k = 0 (32 < A < 64). Otherwise, consider
the product of Zf 1 [555rA] graphs of maximum degree at most A. For all
1 < i < k the product of [60 57 A] graphs can be covered by S gg.: due to
Theorem 6. We conclude by repeated application of Theorem 1 to the product
of the cycle and the stars of the coverings that the product of Z s Al
graphs of maximum degree at most A and a cycle of length at least 120 can be
covered by cycles of length at least 120 - 2 > A. The lemma follows now from
the simple upper estimate of the number of graphs needed:

ul 1 G|
2[60-21'4 s L;ao-wAJ tk<

=1

< \‘Z 601 21AJ + [log, A] — 6 = {6—10AJ + [log, A1 — 6

i=1

The immediate corollaries of the previous lemma are the following:

Corollary 3 The product of any at least | 33 A| + [log, A]+1 connected graphs
of mazimum degree at most A can be covered by C>a whenever A > 32.

Proof: Due to Corollary 1 the product of | 25A| + 7 of them can be covered
by C>120; due to Lemma 9 the product of a cycle of length at least 120 and
l&A] + [log, Al — 6 connected graphs can be covered by C>a. The corollary
immediately follows from these two facts and from Theorem 4 (the product may
consist of more graphs than necessary). O

If we use Corollary 2 instead of Corollary 1, we obtain the following:

10



Figure 4: Construction of a small maximum degree spanning tree in a product
of two trees

Corollary 4 For each ¢ > ln% + % there exists ¢’ such that the product of
any at least |cA| + ¢’ connected graphs of mazimum degree at most A can be
covered by C>129 for A > 32.

Lemma 10 The product of any number of connected graphs of mazimum degree
at most A contains a spanning tree of maximum degree at most A + 1.

Proof: We prove that the product of a tree of maximum degree at most A and
a tree of maximum degree at most A + 1 contains a spanning tree of maximum
degree at most A 4 1; the lemma easily follows from this statement by induction
on the number of graphs in the product.

Let S be the tree of maximum degree at most A and let T be the tree of
maximum degree at most A+ 1. Let v be any leaf of T. We describe a spanning
tree of S x T' of maximum degree at most A + 1. The desired spanning tree
consists of edges in copies of T' (all the edges with the same S—vertex coordinate)
and the edges of S which are in the copy of S with the T—vertex coordinate equal
to v (see the Figure 4). The maximum degree of this tree is clearly at most A+1.
O

Theorem 8 The product of any at least |32 A| + [logy A] + 3 connected graphs
of mazximum degree at most A is hamiltonian for A > 32.

Proof: We can suppose w.l.o.g. that one of the graphs in the product has max-
imum degree exactly A — call this graph H. Let G be any other of the graphs
and let I be the product of the rest (at least [$2A] + [log, A] + 1) graphs.
The graph I can be covered by C>a due to Corollary 3 — let Fc be the edges
of the cycles in this covering. I contains a spanning tree of maximum degree
at most A + 1 due to Lemma 10; let us call this spanning tree T. Let Fp be
the minimal set of edges of T" such that the subgraph of I induced by the edges
of Fo U Fr is connected; clearly each vertex of I is adjacent to at most A + 1
edges of Fr and the only cycles of the subgraph of I induced by the edges of
Fco UFr are those of the covering of 1. We can colour the edges of Fi by colours

11



Figure 5: Concatenation procedure applied to two different cycles

{1,...,A + 1} such that no vertex of I is adjacent to two edges of the same
colour; this is due to the fact that the subgraph of I induced by the edges of
Fr is a forest.

The product of H and each cycle of the covering of I is hamiltonian due
to Theorem 1; this gives us a covering of H x I by C>2a; let Ec be the set of
edges of cycles in this covering. Let v1,...,v441 be any distinct vertices of H;
it contains at least A + 1 vertices since the maximum degree of H is exactly
A. Let Er be the set of all the edges [v;, z][vi, y] such that zy € Fr and it
is coloured by colour i. Clearly, the subgraph of H x I induced by edges of
Er U E¢ is connected and its only cycles are those of the covering of H x I.
Each vertex of H x I is adjacent to at most one edge of Er due to the choice of
the edges of E7 — there is no vertex in I adjacent to two edges of F7 coloured
with the same colour.

We are now ready to prove that G x H x I is hamiltonian. We assume
that G is a tree; let u be any of its leaves and let v be its (only) neighbour.
First, consider a product of a cycle of length at least 2A and G. We cover this
product by the copies of the cycle corresponding to each vertex except for u
and v; the product of the cycle and the edge uv we cover by a comb graph as
shown in Figure 6. We introduce a concatenation procedure: Let [z, a][z, b] and
[y, a][y,b] be edges of two distinct cycles in a covering and let zy be an edge,
then we can concatenate these two cycles by replacing [z, a][z, b] and [y, a][y, b]
with [z, a][y, a] and [z, b][y, b] (see Figure 5). We can apply the concatenation
procedure to all the copies of one cycle, since there are at least A edges with
the same G-coordinate in each such a copy (see Figure 6); actually the same
idea was used in [1] to prove Theorem 1.

We now concatenate all the cycles covering G x H x I together. Let zy
be an edge of Er. The edges [u,z][v,z] and [u,y][v,y] are in different cycles
covering G x H x I and we can apply the concatenation procedure to them — see
Figure 6. Each vertex of H x I is adjacent to at most one edge of Fr and thus
we can apply the concatenation procedure to all the edges of Er simultaneously.
Since the subgraph of H x I induced by E¢ U E7r is connected and its only cycles
are those of the covering of H x I, we obtain the hamiltonian cycle of G x H x I.
O

12



Even-cycle Odd-cycle

Figure 6: Covering the product of cycles and G by comb graphs and cycles and
their concatenation

13



If we use Corollary 4 instead of Corollary 3 in the proof of Theorem 8, we
obtain the following theorem:

Theorem 9 For each ¢ > In % + 61—0 there exists ¢’ such that the product of any
at least |cA] + [log, Al + ¢’ connected graphs of mazimum degree at most A is
hamiltonian for 32 < A.

5 Conclusion

The question of precise determining of hp,.x(A) remains open. Theorem 8 and
Theorem 9 get better upper bounds on hyax(A) for large values of A then
Theorem 2 — their linear (in A) upper bounds for hp,.x(A) grow slower but
their constant parts are large. It seems to be an easier (but not less attractive)
question to describe the linear behaviour of Amax(A) for large A. Theorem 3
states that:

liminf "2 (8) S 119 40,6031

A— o0 A

On the other hand Theorem 9 states that:

. himax(A) 25 1

1 —— " <In—+ — ~ 0.7506

O N DR
We conjecture that:

. hmax(A)
Am A =2

The products of stars are in the just suggested question the worst case: Let
h3 .« (A) be the minimal k such that all the graphs S% , are hamiltonian, then

max
it follows from the proof of Theorem 8 (note that the hamiltonian cycle of any
S
graph of SZ‘Z“(A) has the length at least 2'"24 > A, since hS, (A) > h(Sa) >
Aln2) that:

hmax (D) < hiay (D) +2

max

Thus it holds that:

. hmax(A) . RS i (D)

lim sup ———~ < lim sup —=ax—~7

A—)oop A - A~>oop A
Acknowledgement

Our attention was attracted to the problem of hamiltonian cycles in strong graph
products by Moshe Rosenfeld during his stay at Charles University, Prague.
The research was done as a part of Research Experience for Undergraduates
programme; this is a joint programme of DIMACS at Rutgers University and
DIMATTA at Charles University. The REU supervisors were Jinos Komlés and
Endre Szemerédi from Rutgers and Jan Kratochvil and Jaroslav Negetfil from
Charles University.

14



References

[1] J. C. Bermond, A. Germa, M. C. Heydemann: Hamiltonian Cycles in Strong
Products of Graphs, Canad. Math. Bull. Vol. 22 (3), 1979, pp. 305-309.

[2] D. Kral’, J. Maxova, P. Podbrdsky and R. Sdémal: On Bermond, Germa and
Heydemann’s Conjecture, KAM-DIMATIA Series 2001-511.

[3] M. Rosenfeld , D. Barnette: Hamiltonian Circuits in Certain Prisms, Dis-
crete Math. 5, 1973, pp. 389-394.

[4] J. Zaks: Hamiltonian cycles in products of graphs, Canadian Math. Bull.
vol. 17 (5), 1975, pp. 763-765.

15



