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Abstra
t

An (n;m)-graph is a graph with both ar
s, 
oloured from the set

f1; 2; : : : ; ng and undire
ted edges 
oloured from the set f1

0

; 2

0

; : : : ;m

0

g.

An (n;m;P)-universal graph is an (n;m)-graph into whi
h every (n;m)-

graph whose underlying graph is planar maps homomorphi
ally. Su
h

graphs are known to exist for all (n;m). We �nd ne
essary 
onditions

for an (n;m)-graph to be (n;m;P)-universal and prove that su
h a

graph must have at least 1 + (2n+m) + �(2n+m)

2

+ (2n+m)

3

ver-

ti
es, where � is 1 when m is odd or zero and 2 when m is even and

positive. In the 
ase (n;m) = (1; 0) (un
oloured oriented graphs) we

obtain the better lower bound of 17.

1 Introdu
tion

A homomorphism from a graph G

1

= (V

1

; E

1

) to G

2

= (V

2

; E

2

) is a fun
tion

from V

1

to V

2

with the property that if two verti
es are adja
ent in G

1

then their images are adja
ent in G

2

This notion has natural generalizations

to digraphs and to edge 
oloured graphs, in whi
h 
ase homomorphisms

are required to preserve orientation and edge 
olour respe
tively. Re
ently

Ne�set�ril and Raspaud [7℄ have 
ombined these 
ases by 
onsidering 
oloured

mixed graphs.

�
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An (n;m)-mixed 
olored graph (for brevity an (n;m)-graph) 
ontains

both ar
s, 
oloured from the set of 
olours f1; 2; : : : ; ng and undire
ted edges


oloured from the set f1

0

; 2

0

; : : : ; m

0

g su
h that the underlying un
oloured

undire
ted graph is simple.

A homomorphism between two su
h graphs G

1

= (V

1

; E

1

) and G

2

=

(V

2

; E

2

) is de�ned to be a mapping � : V

1

7�! V

2

with the property that

if fu; vg (resp. (�(u); �(v))) is an edge (resp. ar
) of a given 
olour then

f�(u); �(v)g (resp. (u; v)) is an edge (resp. ar
) of a the same 
olour.

Let C be a 
lass of (un
oloured undire
ted simple) graphs. An (n;m; C)-

universal graph is an (n;m)-graphG into whi
h every (n;m)-graph whose un-

derlying graph lies in C maps homomorphi
ally (there is no requirement that

G itself have underlying graph in C). We may abbreviate to \C-universal" or

just \universal" when the parameters are 
lear from the 
ontext. A universal

graph is minimal if none of its proper subgraphs are.

Given C, n and m, the most obvious question about (n;m; C)-universal

graphs is whether or not they exist (observe that the answer to this question

would be
ome trivially \yes" if we admitted in�nite graphs or graphs with

loops and would redu
e to the un
oloured undire
ted 
ase if we admitted

multiple edges). In fa
t this question is 
ompletely solved by Kosto
hka,

Sopena and Zhu [5℄ who prove that (n;m; C)- universal graphs exist only if

there is a bound on the a
y
li
 
hromati
 numbers of the graphs in C and by

Ne�set�ril and Raspaud [7℄ who prove the 
onverse.

Given that (n;m; C)-universal graphs exist we 
an then ask how small

su
h graphs 
an be made. We de�ne the uniform 
hromati
 number �(n;m; C)

to be smallest possible order of an (n;m; C)-universal graph (�(n;m; C) =1

2



if no su
h graph exists).

Closely related but distin
t from this is the 
hromati
 number �(n;m;G)

of an (n;m)-graph, de�ned to be the smallest possible order of a homomor-

phi
 image of G. In the 
ase of un
oloured undire
ted graphs (n = 0, m = 1)

this 
oin
ides with the familiar de�nition. The 
hromati
 number �(n;m; C)

of a 
lass C is then de�ned to be the (possibly in�nite) supremum of the


hromati
 numbers of it members.

Of 
ourse

�(n;m; C) � �(n;m; C): (1)

If C is a 
omplete 
lass of graphs, that is given any two graphs in C, there is

a third whi
h 
ontains them both as subgraphs, then equality holds above.

We let P and L represent respe
tively the 
lasses of planar graphs and paths.

These 
lasses are both 
omplete.

Expli
it upper bounds have been found for �(1; 0; C), where C is the 
lass

of planar graphs with bounded girth [8℄, [3℄, k-trees [10℄, graphs with bounded

degree [3℄, forests [7℄ and graphs with bounded a
y
li
 
hromati
 number [7℄.

For the last two 
lasses, bounds have been found for all �(n;m; C).

The main subje
t of this paper is universal graphs and 
hromati
 numbers

for the 
lass of planar graphs. A motivation for this work is the four 
olour

theorem, whi
h 
an be formulated as the statement that K

4

is (0; 1;P)-

universal. Of 
ourse, sin
e K

4

is also the unique minimal su
h graph, we

have a 
omplete 
hara
terization of (0; 1;P)-universal graphs. We 
an then

ask how far it is possible to �nd analogues of the four 
olour theorem for

(n;m)-graphs.

3



For (n;m) 6= (0; 1) there seems to be no reason to believe that there

should be a unique minimal P-universal graph or even that there should be

�nitely many of them but we might at least hope to identify the P-universal

graph of smallest order, and so to determine �(n;m;P)(= �(n;m;P)). Even

this goal is presumably diÆ
ult sin
e it still in
ludes the four 
olour theorem.

The best known bounds for �(n;m;P) are [9℄

(2n+m)

3

+ 3 � �(n;m;P) � 5(2n+m)

4

;

with the sharper lower bound of 15 being known for (n;m) = (1; 0) [10℄.

We derive some ne
essary 
onditions for P-universality (Theorem 11) and

use these to improve the lower bound above to

1 + (2n+m) + �(2n +m)

2

+ (2n+m)

3

; (2)

where � is 1 when m is odd or zero and 2 when m is even and positive.

From se
tion 2 we deal ex
lusively with the 
ase (n;m) = (1; 0) that is

un
oloured oriented graphs, the main theorem of this paper being

Theorem 1 �(1; 0;P) � 17

In other words every (1; 0;P)-universal graph has order at least 17. The

proof has two main steps. First we show that the only possible (1; 0;P)-

universal of order 16 or less are the Tromp graph T

16

, des
ribed in se
tion

2, or extensions of T

16

obtained by adding some new ar
s. We 
omplete the

proof by exhibiting an oriented planar graph whi
h does not map into T

16

or

any su
h extensions.
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1.1 Notation

To avoid having to 
ontinually refer to \edges of the same 
olour or ar
s of

the same 
olour and orientation", we will use the following terminology. Let

E = E

2n+m

= f(k;�1)j 1 � k � ng [ f(k; 1)j 1 � k � ng [ fkj 1 � k � mg:

We say that an ordered pair (u; v) of adja
ent verti
es has type (k;�1), (k; 1)

or k a

ording as (v; u) is an ar
 
oloured k, (u; v) is an ar
 
oloured k or

fu; vg is an edge 
oloured k.

If v is a vertex of an (n;m)-graph G and 
 2 E then N




(v), the set of


-neighbours of v is de�ned by N




(v) = fw 2 Gj (v; w) is of type 
g. We let

V (G) denote the vertex set of an (n;m)-graph G.

By a slight abuse of notation we will say an (n;m)-graph has a property

su
h as planarity, being a path, being in 
lass C et
. when its underlying

un
oloured undire
ted graph has this property.

2 Tromp graphs

For ea
h p � 3 mod 4 we de�ne QR

p

to be the tournament with vertex

set Z

p

and ar
s f(a; b)j b� a is a nonzero quadrati
 residueg. The 
ondition

p � 3 mod 4 ensures that ea
h pair of distin
t verti
es is joined by exa
tly

one ar
. The symmetry group of QR

p


omprises the linear maps u! au+ b

where a; b 2 Z

7

and a is a quadrati
 residue. It follows that QR

p

is vertex

transitive.

From these graphs we 
onstru
t another family of highly symmetri
 graphs,

using a 
onstru
tion initially due to Tromp [11℄ and generalized by Albiero
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and Sopena [2℄. For ea
h p � 3 mod 4, de�ne T

2p+2

to be the oriented

graph with vertex set 
omprising two 
opies of Z

p

, whi
h we denote by

f0; 1; : : : p � 1g and f0

0

; 1

0

; : : : (p� 1)

0

g and two other verti
es whi
h we de-

note by V and V

0

and the following ar
s: (a; b) and (b; a

0

), where a; b 2 Z

p

and b � a is a nonzero quadrati
 residue, (V; a), (a; V

0

) (V

0

; a

0

) and (a

0

; V )

for all a 2 Z

p

.

De�nition:- For ea
h T

2p+2

, � is the involution of V (T

2p+2

) de�ned by

�(x) = x

0

, �(x

0

) = x, whenever x 2 Z

p

[ fV g. We refer to �(x) as the


omplement of x. (We have thus used � to refer to a whole family of di�erent

fun
tions, but this should 
ause no 
onfusion.)

It is easy to see that the ar
 between x to �(y) is in the reverse dire
tion

to the ar
 between x and y and hen
e that � is an automorphism. Observe

that two verti
es of T

2p+2

are joined by an ar
 if and only if they are not


omplements of ea
h other.

Theorem 2 Ea
h T

2p+2

is vertex transitive.

Proof:- Every automorphism � of Z

p


an be extended to a unique automor-

phism

~

� of T

2p+2

whi
h �xes V and V

0

. Expli
itly

~

�(V ) = V

~

�(V

0

) = V

0

,

~

�(m) = �(m) and

~

�(m

0

) = (�(m))

0

. These automorphisms, together with � ,

a
t transitively on V (T

2p+2

) n fV; V

0

g so that, to prove the theorem, we only

need �nd an automorphism whi
h maps V to vertex not in fV; V

0

g.

Let r be any �xed nonquadrati
 residue in Z

p

, then the fun
tion  whi
h

maps 0 to V

0

, V to 0, ea
h nonzero quadrati
 residue n to (rn

�1

)

0

and ea
h

non-quadrati
 residue n to rn

�1

and whose values on the other verti
es of

6



T

2p+2

are determined by the requirement  � = � is easily 
he
ked to be an

automorphism. 2

3 P

k

and Q

k

graphs

The following is a natural generalization to mixed graphs of a de�nition

introdu
ed by Sopena [10℄ for oriented graphs.

De�nition:- An (n;m)-graph G has property P

k

if, for every sequen
e

v

1

; v

2

; : : : v

l

of l � k verti
es spanning a an l-
lique in G and every sequen
e




1

; 


2

; : : : 


l

of l (not ne
essarily distin
t) members of E , there exists a vertex

v of G su
h that for 1 � i � l v 2 N




i

(v

i

).

The smallest order (0; m)-graphs with property P

1

are the well known

graphs of order m + 1 or m + 2 with a proper edge 
olouring. Ne�set�ril and

Raspaud [7℄ have identi�ed smallest order graphs with property P

1

for all

values of (m;n).

For every k, plenty of (n;m)-graphs with property P

k

exist (a suÆ
iently

large 
omplete graph with ar
 
olours and orientations 
hosen randomly will

almost surely be P

k

) but �nding \ni
e" small order graphs with property

P

k

for k � 2 seems mu
h harder and little is known ex
ept in the dire
ted


ase, whi
h is dis
ussed in [10℄. In parti
ular QR

7

and T

16

are the smallest

orientated graphs with properties P

2

and P

3

respe
tively. The following is

an obvious adaption to mixed graphs of Theorem 3.7 of [10℄

Lemma 3 If G has property P

k

then, for every v 2 V (G) and 
 2 E, the

subgraph indu
ed by N




(v) has property P

(k�1)

Proof:- Let l � k and let v

1

; v

2

; : : : v

l�1

and 


1

; 


2

; : : : 


l�1

be sequen
es of

7



distin
t verti
es in N




(v) and 
olours in E . Let v

l

= v and 


l

= 
. Sin
e G

has property P

k

, there is a vertex w su
h that for 1 � i � l w 2 N




i

(v

i

). In

parti
ular, w 2 N




(v) so N




(v) has property P

(k�1)

. 2

A similar generalization of Theorem 3.4 of [10℄ gives the result that every

(n;m)-graph G with property P

k

is (k-tree)-universal. When 
onsidering

P-universality the following weaker property is useful.

De�nition:- Every (n;m)-graph has property Q

0

. An (n;m)-graph G

has property Q

(k+1)

if there exists a subgraph G

0

of G su
h that 8
 2 E ; 8v 2

V (G

0

) the subgraph of G

0

indu
ed by N




(v) has property Q

k

.

Note that it is an immediate 
onsequen
e of the de�nition that every

extension of a graph with property Q

k

itself has property Q

k

.

We 
an obtain a \sharp" version property of Q

k

by requiring G

0

= G

in the above de�nition. In fa
t it will be useful to de�ne a slightly weaker

property Q

(m)

k

where sharpness is required only in the last m steps of the

indu
tion.

De�nition:- An (n;m)-graph has property Q

(0)

k

if it has property Q

k

. It

has property Q

(m)

k

(1 � m � k) if 8
 2 E ; 8v 2 V (G) the subgraph of G

indu
ed by N




(v) has property Q

(m�1)

k

.

Lemma 4 Every (n;m)-graph with property P

k

has property Q

k

.

Proof:- A straightforward indu
tion using Lemma 3.

Proposition 5 For un
oloured oriented graphs

1. There is no Q

1

graph of order less than 3. The only Q

1

graph of order

3 is the triangular 
y
le.
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2. There is no Q

2

graph of order less than 7. The only Q

2

graph of order

7 is QR

7

.

3. There is no Q

3

graph of order less than 16. The only Q

3

graphs of

order 16 are T

16

and its extensions.

Proof:- The �rst statement is trivial and the se
ond easy to prove. The

proof of the last statement involves a long and tedious 
al
ulation and is

relegated to the last se
tion of this paper.

Remark:- In view of the aforementioned results from [10℄, the smallest

order oriented graphs with property P

k

and with property Q

k


oin
ide for

k � 3.

De�nition:- Let G be an (n;m)-graph. G

0

is the (n;m)-graph by taking

2n +m disjoint 
opies of G fG




j 
 2 Eg indexed by E , and one new vertex

A and joining A to ea
h vertex of ea
h G




by an edge or ar
 of type 
. Let

G

(k)

be de�ned indu
tively by G

(0)

= G and G

(k+1)

= (G

(k)

)

0

.

Observation:- If G is a path then G

0

is outerplanar and G

(2)

is planar.

An easy indu
tion shows that G

(k)

has property Q

k

. The following result

generalizes this observation slightly.

Proposition 6 If G and H be (n;m)-graphs and k � 0 have the following

properties.

1. Every homomorphi
 image of G into H has property Q

t

,

2. If K and K

0

are k-
liques in G

(k)

and H respe
tively then every homo-

morphism from K to K

0

extends to homomorphism from G

(k)

to H (if

9



k = 0, interpret this to mean that there is some homomorphism from

G

(k)

to H),

then H has property Q

(k)

(k+t)

Proof:- The proof is by indu
tion on k. If k = 0 the result is immediate.

Suppose that the proposition is true for k = l � 1 and that G, H and

k = l satisfy the hypotheses of the proposition. Let v 2 V (G

(l)

), w 2

V (H) and 
 2 E . Let K

1

and K

0

1

be an (l � 1)-
liques in N




(v) and N




(w)

respe
tively and suppose that there is an isomorphism  mapping K

1

to

K

0

1

. This extends to an isomorphism from the subgraph of G

(l)

indu
ed by

fvg [ V (K

1

) to the subgraph of H indu
ed by fwg [ V (K

0

1

), whi
h must

in turn, by hypothesis, extend to a homomorphism from G

(l)

to H. The

restri
tion of this homomorphism to N




(v) maps into N




(w). Sin
e N




(v) is

isomorphi
 to G

(l�1)

, the indu
tion hypothesis gives that N




(w) has property

Q

(k)

(l�1+t)

when
e, sin
e w and 
 are 
hosen arbitrarily, h has property Q

(k)

(l+t)

.

This 
ompletes the indu
tion step. 2

De�nition:- A 
lass C of (un
oloured undire
ted) graphs is k-
omplete

if, for any l � k, given graphs G

1

; G

2

2 C 
ontaining respe
tively l-
liques

K

1

and K

2

and an isomorphism between K

1

and K

2

, the graph G obtained

from the disjoint union of G

1

and G

2

by identifying verti
es of K

1

and K

2

whi
h are paired by the isomorphism, is also in C.

For example the 
lass of k-trees is k-
omplete, and P is 2-
omplete.

Proposition 7 Let C be a 2-
omplete 
lass of graphs, and H a minimal C-

universal (n;m)-graph. If G 2 C, K

1

and K

2

are both 1-
liques or 2-
liques

10



in G and H respe
tively and � is an isomorphism from K

1

to K

2

then � 
an

be extended to a homomorphism from G to H.

Proof:- We may assume that K

1

and K

2

are both 2-
liques (the other


ase follows easily), when
e they are the sets of endpoints of edges or ar
s,

(u; v) and (u

0

; v

0

) respe
tively of the same type 
. First note that there must

be some G

1

2 C with the property that every homomorphism G

1

! H

in
ludes u and v in its range (otherwise the subgraph obtained by deleting

(u; v) would be universal, 
ontrary to the minimality hypothesis).

Let U = f(a; b)j a; b 2 V (G

1

); (a; b) is of type 
g (Note that if (u; v) is an

edge then ea
h pair of verti
es appears twi
e, on
e in ea
h order).

Now 
onstru
t G

2

by taking a 
olle
tion fG

(a;b)

j(a; b) 2 Ug disjoint 
opies

of G indexed by U and one 
opy of G

1

and then identify u and v in ea
h

G

(a;b)

with a and b respe
tively.

Sin
e C is 2-
omplete, G

2

2 C so that there is a homomorphism � : G

2

!

H. For some type 
 edge or ar
 (a; b) of the imbedded G

1

, �(a) = u

0

and

�(b) = v

0

. therefore � restri
ted to G

(a;b)

must take u and v to u

0

and v

0

respe
tively, as required. 2

Lemma 8 Let C be a 
omplete 
lass of graphs. For ea
h n, m and k there

exists an (n;m)-graph G in C with the property that every homomorphi


image of G of order at most k is (n;m; C)-universal.

Proof:- For ea
h (n;m)-graph H of order at most k whi
h is not C-

universal, there exists an (n;m)-graph in C whi
h admits no homomorphism

into H. By 
ompleteness of C there is a graph in C whi
h 
ontains all these

11



graphs as subgraphs and this graph 
learly has the property required by the

lemma. 2

Lemma 9 If (n;m) 2 f(0; 1); (0; 2); (1; 0)g then every (n;m;L)-universal

graph H has property Q

1

.

Proof:- This is trivial when (n;m) = (0; 1), sin
e a single edge has property

Q

1

. For (n;m) = (0; 2), H must 
ontain a minimal subgraph H

0

with the

property that every path with edges of alternating 
olour maps homomor-

phi
ally into H

0

. For suÆ
iently long paths all homomorphisms into H

0

must

be onto (otherwise, as in the proof of Proposition 7, minimality of H

0

would

be 
ontradi
ted). It follows that H

0

, hen
e H, has property Q

1

. A similar

argument applies in the 
ase (n;m) = (1; 0), using dire
ted paths in pla
e of

alternating ones. 2

Remark:- This lemma is false in other 
ases [6℄.

Lemma 10 Every (n;m;L)-universal graph H has order at least (2n+m)+�,

where � is 1 when m is odd or zero and 2 when m is even and positive.

Proof:- [6℄.

Theorem 11 1. Every (n;m;P)-universal graph has order at least

1 + (2n+m) + �(2n +m)

2

+ (2n+m)

3

; (3)

where � is 1 when m is odd or zero and 2 when m is even and positive.

2. If (n;m) 2 f(0; 1); (0; 2); (1; 0)g then every minimal (n;m;P)-universal

graph has property Q

(2)

3

.
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Proof:- Let U be a (n;m;P)-universal graph. Using Lemma 8, there is a

path L with the property that every homomorphi
 image of L of order at most

jU j is L-universal The graph L

(2)

is planar and two points of L

(2)


an have

the same homomorphi
 image only if they belong to the same imbedded 
opy

of L. The lower bound (3) follows, using lemma 10. The se
ond statement

follows from Proposition 6 (with k = 2 and t = 1), using Proposition 7 and

Lemmas 8 and 9. 2

Remark:- The only properties of P used in the above theorem are the

fa
ts that it is 2-
omplete and 
ontains L

(2)

. Thus we may substitute any


lass with these properties for P above. For example, Theorem 11 holds

for 3-trees and, together with Proposition 5 proves that the only possible

(3-tree)-universal of order at most 16 are extensions of T

16

. Sopena [10℄ has

proved that 
onversely T

16

is (3-tree)-universal.

In the same vein as Theorem 11 we have

Theorem 12 If U is a minimal P-universal graph then for every pair of

adja
ent verti
es v

1

and v

2

in U and every 


1

; 


2

2 E, the subgraph indu
ed

by N




1

(v

1

) \N




2

(v

2

) is L-universal.

Proof:- As in the proof of Theorem 11, there is a path L with the property

that every homomorphi
 image of L of order at most jU j is L-universal. Let

e be a single edge or ar
 with endpoints u

1

and u

2

su
h that (u

1

, u

2

) is of

the same type as (v

1

, v

2

). Let H be the graph 
onstru
ted by, for i = 1; 2,

joining u

i

to every vertex of L by an edge or ar
 of type 


i

. By Proposition

7 there is a homomorphism from H to U whi
h maps u

1

to v

1

and u

2

to

v

2

. Sin
e the image of the imbedded path L must be L-universal, U has the

13



property required by the theorem. 2

Corollary 13 Every minimal P-universal graph has property P

2

.

4 Homomorphisms into T

16

In this se
tion we 
onstru
t a planar oriented graph whi
h admits no homo-

morphisms into T

16

. The basi
 method is to begin with an oriented 4-
ir
uit

and repeatedly subdivide it by adjoining a new point to three verti
es of the

\innermost" 4-
ir
uit. By 
hoosing the subdivisions 
arefully we eventually

obtain a graph where the innermost 
ir
uit (and hen
e the graph) does not

map into T

16

.

Let � and  be homomorphisms from an oriented graph H to T

16

. Let

� �  if � = � for some automorphism of T

16

. Clearly � is an equivalen
e

relation and we denote the equivalen
e 
lass of � by [�℄.

We identify some parti
ular automorphisms of T

16

. Let

� = (0123456)(0

0

1

0

2

0

3

0

4

0

5

0

6

0

)

� = (V 0

0

V

0

0)(131

0

3

0

)(252

0

5

0

)(464

0

6

0

)

These automorphisms give expli
it maps from any point to V . Spe
i�
ally,

��

�n

maps n to V and ��

�n

� maps n

0

to V .

Let � be the automorphism whi
h maps n to 2n and n

0

to (2n)

0

and �xes

V and V

0

Observe that the automorphism subgroup whi
h �xes V and 0 is the


y
li
 group of order 3 generated by �.

14



It is routine to 
he
k that there are, up to isomorphism, four oriented

4-
ir
uits. If we suppose the vertex sets of ea
h to be fa; b; 
; dg, then they

may taken to be the graphs A, B, C and D, with edge sets as follows.

E(A) = f(a; b); (b; 
); (
; d); (d; a)g

E(B) = f(a; b); (b; 
); (
; d); (a; d)g

E(C) = f(a; b); (b; 
); (d; 
); (a; d)g

E(D) = f(a; b); (
; b); (
; d); (a; d)g

We now 
lassify up to equivalen
e all the homomorphisms of these graphs

into T

16

.

Lemma 14 Let E 2 fA;B;C;Dg. Every homomorphism E ! T

16

is equiv-

alent to a unique homomorphism � for whi
h

�(a) = V �(b) = 0

�(
) 2 f1; 3; V; 1

0

; 3

0

; V

0

g

if �(
) 2 fV; V

0

g then �(d) 2 f0; 1; 3; 0

0

; 1

0

; 3

0

g

Proof:- Let � : E ! T

16

. By applying to � in turn an automorphism of the

form ��

�n

or ��

�n

� , a power of �, and a power of �, we 
an shift the value

of �(a) to V , of �(b) to 0 and �(
) to a member of the set f1; 3; V; 1

0

; 3

0

; V

0

g.

If �(
) is moved into fV; V

0

g we may apply another power of � to get �(d)

into f0; 1; 3; 0

0

; 1

0

; 3

0

g Uniqueness is 
lear if one observes that no automor-

phism �xing V and 0 maps any member of fV; 0; 1; 3; V

0

; 0

0

; 1

0

; 3

0

g to another

member of the same set. 2

15



Using this lemma we �nd nine equivalen
e 
lasses of homomorphisms

D! T

16

and a 
anoni
al representative of ea
h 
lass. Sin
e we have assumed

that �(a) = V and �(b) = 0, these homomorphisms are determined by their

values at 
 and d. We tabulate and name (as D

i

(1 � i � 9)) these nine

homomorphisms below.

name D

1

D

2

D

3

D

4

D

5

D

6

D

7

D

8

D

9

�(
) 1

0

1

0

1

0

3 3 3 V V V

�(d) 0 4 6 0 4 5 0 1 3

A similar analysis �nds six 
lasses of homomorphism B ! T

16

(In this


ase �(
) = V

0

is impossible), whi
h we tabulate and name below.

name B

1

B

2

B

3

B

4

B

5

B

6

�(
) 1 1 1 3

0

3

0

3

0

�(d) 2 3 5 1 2 6

We do not use maps from A or C to T

16

but it is not diÆ
ult to �nd that

there are 9 
lasses in ea
h of these 
ases too. In fa
t every homomorphism in

h(D; T

16

) 
an be 
hanged to a homomorphism in h(A; T

16

) (resp. homomor-

phism in h(C; T

16

)) by repla
ing the values at 
 and d (resp. at 
) by their


omplements, and these 
orresponden
es are 
learly bije
tive.

Let H

D

= fD

i

j 1 � i � 9g withH

A

, H

B

andH

C

being de�ned in a similar

manner. We now de�ne four relations between these sets whi
h 
orrespond

to 
ertain subdivisions of the graphs.

Let S

(i)

(1 � i � 4) be extensions of B, B, B and D respe
tively ob-

tained by adding in ea
h 
ase a new vertex u and three new ar
s joining

U to existing verti
es. Spe
i�
ally, let these ar
s be f(u; a); (u; 
)(u; d)g,

f(u; b); (
; u)(d; u)g, f(u; b); (u; 
)(u; d)g and f(u; a); (
; u)(u; d)g for S

(1)

, S

(2)

,

16



S

(3)

and S

(4)

respe
tively. Let �

i

be the subgraph of S

(i)

indu
ed by the ver-

tex sets fa; b; 
; ug for i 2 f1; 4g and fa; b; d; ug for i 2 f2; 3g. Ea
h �

i

is

a 4-
ir
uit, isomorphi
 to D when i = 3 and to B in the other 
ases. Fi-

nally de�ne �

i

: B ! �

i

(i 6= 3) and �

3

: D! �

3

by �

1

(a; b; 
; d) = (u; a; b; 
),

�

2

(a; b; 
; d) = (a; d; u; b), �

3

(a; b; 
; d) = (a; b; u; d) and �

4

(a; b; 
; d) = (
; u; a; b)

(where �

1

(a; b; 
; d) = (u; a; b; 
) abbreviates �

1

(a) = u, �

1

(b) = a et
.). Now

de�ne relations R

1

and R

2

on B, R

3

from B to D and R

4

from D to B, by,

for k = 1; 2,

R

k

= f(i; j)j there is an extension  of B

i

to S

(k)

for whi
h ( j

�

i

)Æ�

k

� B

j

g;

and for k = 3; 4, by the above, substituting D

j

for B

j

and D

i

for B

i

respe
-

tively.

Given i, we may determine whi
h (i; j) 2 R

k

as follows: Find all exten-

sions of B

i

(or D

i

) to S

(k)

, restri
t to �

i

, 
ompose with �

i

(whi
h amounts

to remaming the verti
es to 
onform with the 
anoni
al labelling of B) and

�nally apply automorphisms of T

16

to put these homomorphisms into 
anon-

i
al form. The 
al
ulations are routine so we do only an illustrative example.

Suppose k = i = 1. To extend B

1

to S

(1)

we require that

�(u) 2 T

�

16

(�(a)) \ T

�

16

(�(
)) \ T

�

16

(�(d))

= T

�

16

(V ) \ T

�

16

(1) \ T

�

16

(2)

= f3

0

g; (4)

so that �(u) = 3

0

gives the unique extension of B

1

to S

(1)

. Restri
ting to

�

1

and 
omposing with �

1

gives the homomorphism  : B ! T

16

, whi
h

takes a, b, 
 and d to 3

0

, V , 0 and 1 respe
tively. To get a mapped to V , let

17



 

1

= ��

�3

� whi
h maps a, b, 
 and d to V , 0, 6

0

and 2 respe
tively. As it

happens this also maps b to the required value of 0 (if it did not we 
ould

have 
omposed with an appropriate power of �), so it remains only to move

 

1

(
) to the set f1; 3

0

g, whi
h is done by applying �

2

. Finally  

2

= �

2

 

1

maps a, b, 
 and d to V , 0, 3

0

and 1 respe
tively. This fun
tion is in the


anoni
al form given by lemma 14 and inspe
tion of the table shows that

 

2

= B

4

. That is (1; j) 2 R

1

if and only if j = 4. Similar 
al
ulations give

the rest of R

1

(whi
h is in fa
t a permutation of H

B

) and other relations as

shown in table below.

The relations R

1

-R

4

are summarized in the table below. (We omit bra
es

when writing sets in this table.)

n 1 2 3 4 5 6 7 8 9

R

1

[n℄ 4 5 1 3 6 2

R

2

[n℄ 3 1 4 6 2 5

R

3

[n℄ 8 6,9 3,9 2 5 3,6

R

4

[n℄ 1 3 2 4,5 4,6 5,6 ; ; ;

De�nition:- Let G = (G;�; �) be a triple where G is an oriented graph, �

is an imbedded 4-
ir
uit in G and � is a homomorphism of E 2 fA;B;C;Dg

into G whose image is �. Let G

0

be the set of indi
es of equivalen
e 
lasses

of restri
tions to � of homomorphisms from G to T

16

, that is

G

0

= fj j 9f 2 h(G; T

16

); f Æ � � E

j

g

If E 
an be subdivided into one of the S

(i)

de�ned previously (in whi
h


ase E is B or D) then we de�ne G

i

= (

~

G

i

; ~�(�

i

); ~�Æ�

i

), where

~

G

i

is obtained

from G by adding a new vertex u

0

and three new ar
s in su
h a way that �

18



extends to a map ~� : S

(i)

!

~

G

i

mapping u to u

0

, �

i

is the 4-
ir
uit of S

(i)

and �

i

the mapping of B or D into �

i

de�ned above.

Observation:- If G is planar and � is a fa
e of G then

~

G

i

is planar and

~�(�

i

) is a fa
e of

~

G

i

.

The next lemma follows straightforwardly from the above de�nitions.

Lemma 15 G

0

i

= R

i

[G

0

℄

Proof of theorem 1:- By Proposition 5 and Theorem 11 the only possi-

ble minimal P-universal graphs of order 16 are graphs with an imbedded T

16

.

Every order 16 proper extension of T

16

must 
ontain an edge joining some

vertex v to its 
omplement v

0

. But su
h a graph does not have property

P

2

and so, by Corollary 13 is not minimal P-universal. Thus, to prove the

theorem, it suÆ
es to �nd an oriented planar admitting no homomorphisms

into T

16

itself.

Let G be the graph obtained from B by adding an extra ar
 from a to


, � = B and � : B ! G the in
lusion map. Let G

(0)

= (G;�; �) and

de�ne G

(k)

= (G

(k)

;�

(k)

; �

(k)

) indu
tively by G

(k+1)

= G

(k)

�(k)

, where �(0) =

�(3) = 2, �(1) = �(4) = �(7) = 3, �(2) = �(5) = �(8) = 4 and �(6) =

1. It is routine to 
he
k that ea
h of these operations is well de�ned and,

by the above observation the G

(k)

are all planar. For k = 2; 5; 8, �

(k)

is

isomorphi
 to D. For the rest it is isomorphi
 to B. Using Lemma 15

one �nds that (G

(0)

)

0

; (G

(1)

)

0

; (G

(2)

)

0

; : : : (G

(9)

)

0

are in turn f1; 2; 3g, f1; 3; 4g,

f2; 3; 8; 9g, f2; 3g, f1; 4g, f2; 8g, f3g, f1g, f8g and �nally ;. Thus G

(9)

is a

planar graph admitting no homomorphisms into T

16

. 2
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Table 1: In
omplete in
iden
e table for G

a b 
 d e f g

a � + + + � � �

b � � �


 � + �

d � �

e + �

f + �

g + + �

5 Proof of theorem 5 (3)

Let � be a Q

3

oriented graph of order 16. We prove that � must 
ontain an

imbedded T

16

. The proof, whi
h is really just a 
omputation, turns on the

fa
t that for ea
h v 2 � at least one of �

+

(v) and �

�

(v) is of order 7 and

so, by part 2 of the theorem, is isomorphi
 to QR

7

. Often just a few entries

in the in
iden
e matrix (shown here as a table) for a QR

7

are suÆ
ient to

determine it entirely. If G is isomorphi
 to QR

7

, a 2 V (G), fb; 
; dg = G

+

(a)

and fe; f; gg = G

�

(a) then ea
h of these sets is a triangular 
ir
uit and

there is a bije
tion � : G

+

(a) ! G

�

(a), with the property that, for ea
h

v 2 G

+

(a), there is an ar
 from �(x) to x and from x to the other two

members of G

�

(a). Moreover � is orientation reversing, so that the 
y
le

�(a), �(b), �(
) is oriented the opposite way to a, b, 
.

Thus for example if the an in
omplete in
iden
e table for G is as shown

below then it 
an only be 
ompleted in one way, whi
h is shown in the next

table. (In this example we have �(b) = f , �(
) = g and �(d) = e.)

It is not ne
essary to know every vertex in G to draw inferen
es about

20



Table 2: Completed in
iden
e table for G

a b 
 d e f g

a � + + + � � �

b � � � + + � +


 � + � � + + �

d � � + � � + +

e + � � + � + �

f + + � � � � +

g + � + � + � �

the table. As few as four may suÆ
e (for example fa; b; 
; dg above). It is

also useful to be able to show show that a 
ertain order 7 digraph is not QR

7

.

For example this would be the 
ase above if there were an ar
 from f to 
.

The following observation will also be useful

Lemma 16 Let � be a Q

3

oriented graph of order 16.

For any verti
es v; w 2 V (�), if j�

�

(v)\�

�

(w)j � 4 and w 2 �

�

(v), then

j�

�

(v)j = 8 when
e j�

�

(v)j = 7. If j�

�

(v) \ �

�

(w)j � 5 then the subgraph

indu
ed by �

�

(v) n fwg, is isomorphi
 to QR

7

.

Proof:- We must have 7 � j�

�

(v)j � 8. Sin
e the subgraph indu
ed by

�

�

(v) must be Q

2

, either �

�

(v) n fwg is also Q

2

or else �

�

(v) \ �

+

(w) and

�

�

(v) \ �

�

(w) are both Q

1

, and so 
ontain at least three verti
es ea
h. By

assumption one of these sets a
tually 
ontains at least four verti
es. Both

these 
ases entail j�

�

(v)j = 8. If the stronger inequality holds then only the

�rst alternative is possible. 2

We abbreviate the statement \ j�

+

(v)\�

�

(v

0

)j � 5 and j�

�

(v)\�

+

(v

0

)j �
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5" to (?v). By lemma 16, (?v) implies that j�

�

(v)nfv

0

gj = 7 for both 
hoi
es

of sign, when
e ea
h of the 
orresponding indu
ed subgraphs is QR

7

. The

in
iden
e tables for these subgraphs 
an then yield information about �.

We now show that the general result redu
es to the 
ase where � is a

tournament. Assume that the result holds in this 
ase. Let � be any Q

3

oriented graph of order 16 and

~

� be a tournament obtained by adding ar
s

between verti
es of �. By assumption

~

� is isomorphi
 to an extension of

T

16

so that for every vertex v of

~

�, there is another vertex v

0

su
h that

j

~

�

�

(v) \

~

�

�

(v

0

)j = 7, when
e j�

�

(v) \ �

�

(v

0

)j � 5. By the above lemma the

subgraph of � indu
ed by �

�

(v) n fv

0

g, is isomorphi
 to QR

7

, when
e v is

joined to every other vertex of � ex
ept possibly v

0

, so that � also 
ontains

an imbedded T

16

.

We may thus assume that � is a tournament. We assume that V (�) =

V (T

16

). Let

A = fv 2 V (�)j j�

+

(v)j = 7g

B = fv 2 V (�)j j�

�

(v)j = 7g

By 
ounting, jAj = jBj = 8 and there are 28 ar
s dire
ted from verti
es in A

to verti
es in B. The verti
es of A thus have a mean of 3.5 out neighbours

in B, when
e some vertex, whi
h we may assume to be V , has at least four

out-neighbours in B. We may assume that �

+

(V ) = T

+

16

(V ) = f0; 1; : : : 6g

and that the subgraphs indu
ed by this set is the same in both graphs. Sin
e

the verti
es of B \ T

+

16

(V ) must in
lude a transitive triangle, and any two

transitive triangles in QR

7


an be mapped to ea
h other by an automorphism
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of QR

7

, we may assume that f0; 3; 5g � B. We have fV; 3; 5; 6g � �

�

(0)

and we may assume that the remaining three verti
es are f4

0

; 2

0

; 1

0

g so that

�

�

(0) = T

�

16

(0), and that this set indu
es the same subgraphs in � and T

16

(Table 1).

Next �

�

(5) 
ontains fV; 1; 3; 4; 2

0

g. Sin
e j�

�

(5) \ �

�

(0)j = 3, neither 1

0

nor 4

0


an be in �

�

(5) and we may assume by symmetry that the remaining

members are 6

0

and 0

0

and further that (6

0

; 0

0

) 2 �. We may now partially �ll

the in
iden
e matrix for �

�

(5) (Table 2) and in
orporate this new information

into the in
iden
e table for � (Table 3).

Now �

�

(3) 
ontains fV; 1; 2; 6; 4

0

g. Sin
e j�

�

(3)\�

�

(5)j = 3, �

�

(3) must

also 
ontain exa
tly one of f0

0

; 6

0

g. By symmetry, we may assume that the

remaining vertex in �

�

(3) is 5

0

. There are thus two 
ases to 
onsider:

� Case 1: 6

0

2 �

�

(3)

� Case 2: 0

0

2 �

�

(3)

There is now enough information in ea
h 
ase to �ll the in
iden
e tables

for �

�

(5) (Tables 4 and 10) and then to partially �ll in
iden
e tables for

�

�

(3) (using the tables for �

�

(5))

For ea
h 
ase there are three possible ways to �ll the in
iden
e table for

�

�

(3), giving rise to the following three sub
ases for ea
h

� Case 1.1: (6; 6

0

) 2 �

� Case 1.2: (6

0

; 6); (4

0

; 2) 2 �

� Case 1.3: (6

0

; 6); (2; 4

0

) 2 �
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� Case 2.1: (1; 4

0

) 2 �

� Case 2.2: (4

0

; 1); (0

0

; 2) 2 �

� Case 2.3: (4

0

; 1); (2; 0

0

) 2 �.

See tables 7-9, 13-15. Note that in only one 
ase (namely 2.1) does �

as 
onstru
ted so far 
oin
ide with T

16

(with some additional edges between

verti
es not joined in T

16

). We show �rst that every 
ase but this one leads

to a 
ontradi
tion and then that the graph of 
ase 2.1 must be an extension

of T

16

.

Case 1.1: If j�

�

(6

0

)j = 7 then it in
ludes the set f0; 1; 4; 6; 2

0

; 5

0

g and one

other point, whi
h must be from the set fV

0

; 3

0

; 1

0

g. Sin
e f1; 4; 5

0

g � �

+

(0),

this point must be in �

�

(0), when
e it must be 1

0

. But now

�

�

(6

0

) \ �

�

(1

0

) = f1; 4; 5

0

g;

whi
h indu
es a transitive triangle. This is impossible if j�

�

(6

0

)j = 7. There-

fore j�

�

(6

0

)j = 8 and j�

+

(6

0

)j = 7. By 
ompleting the in
iden
e table for

�

+

(6

0

) we infer

(2; 0

0

); (0

0

; 4

0

) 2 � (5)

Using (5) above, we have that �

�

(4

0

) 
ontains f0

0

; 2; 5; 6; 6

0

; 2

0

g. If j�

�

(4

0

)j =

7 then the in
iden
e table for �

�

(4

0

) for
es (0

0

; 6

0

) 2 �, a 
ontradi
tion.

Therefore j�

+

(4

0

)j = 7 and the in
iden
e table for this subgraph yields

(1

0

; 5

0

); (1; 1

0

) 2 � (6)

If j�

�

(1)j = 7 then (4

0

; 0

0

) 2 �, 
ontradi
ting (5) above. Therefore

j�

+

(1)j = 7, whi
h gives (5

0

; 1

0

) 2 �, 
ontradi
ting (6) above.
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Case 1.2: j�

�

(4

0

)j = 7 is impossible, when
e j�

+

(4

0

)j = 7 whi
h gives

(2; 1

0

); (1

0

; 5

0

) 2 � (7)

j�

+

(6)j = 7 is impossible, when
e j�

�

(6)j = 7 whi
h gives

(1

0

; 4); (6

0

; 1

0

) 2 � (8)

Now (?1

0

), when
e j�

+

(1

0

)j = 7, but this is impossible so we have a


ontradi
tion.

Case 1.3:

j�

�

(6

0

)j = 7 is impossible, when
e j�

+

(6

0

)j = 7 whi
h gives

(0

0

; 5

0

); (6; 0

0

) 2 � (9)

j�

�

(2)j = 7 is impossible, when
e j�

+

(2)j = 7 whi
h gives

(4; 4

0

) 2 � (10)

j�

+

(4)j = 7 is impossible, when
e j�

�

(4)j = 7 whi
h gives

(2; 2

0

) 2 � (11)

j�

+

(1)j = 7 and j�

�

(1)j = 7 are both impossible, giving the required


ontradi
tion.

Case 2.2:

�

�

(6) � fV; 2; 4; 5; 5

0

; 1

0

g and, if j�

�

(6)j = 7 the remaining member must

be in �

�

(5) when
e it is 6

0

. Now both j�

�

(6)j = 7 and j�

+

(6)j = 7 lead to


ontradi
tions.
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Case 2.3: j�

�

(2)j = 7 and j�

�

(0

0

)j = 7 are both impossible and the

tables for j�

+

(2)j and j�

+

(0

0

)j yield in turn

(4

0

; 4); (2

0

; 5

0

) 2 � (12)

Now j�

+

(4

0

)j = 7 is also impossible and �

�

(4

0

) � f2; 5; 6; 5

0

; 2

0

g. If j�

�

(4

0

)j =

7 then the remaining two members must be in �

�

(5) and so 
an only be 4

and 6

0

. This 
ase then also leads to a 
ontradi
tion.

Case 2.1

Sin
e 5 2 �

�

(5

0

) and f0; 2; 6; 4

0

g � �

�

(5

0

) \ �

+

(5), Lemma 16 gives

j�

�

(5

0

)j = 8, when
e j�

+

(5

0

)j = 7. �

+

(5

0

) \ �

+

(V ) � f1; 3g, and the only

other vertex available to be the third is 4. Hen
e (5

0

; 4) 2 �.

Now (?4), when
e the in
iden
e tables for �

�

(4) and �

+

(4

0

) yield

(5

0

; 6

0

); (6

0

; 2); (2; 1

0

); (1

0

; 5

0

) 2 �

Now (?6) and the tables for �

�

(6) give

(0

0

; 1

0

); (1

0

; 4); (5

0

; 2

0

) 2 �

Now (?1). We �nally break the symmetry between 3

0

and V

0

and assume

(1; V

0

); (3

0

; 1) 2 �:

The tables for �

�

(1) now give

(4; 3

0

); (3

0

; 6); (2

0

; 3

0

); (4

0

; 6

0

); (2; V

0

); (V

0

; 0

0

); (V

0

; 4

0

); (V

0

; 6

0

); (3

0

; 5

0

) 2 �
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For the following values of v (taken in the order given) (?v) holds and we


an �ll the gaps, other than in positions (v; v

0

) and (v

0

; v), in row and 
olumn

v of the in
iden
e table of � using j�

�

(v)nfv

0

gj = 7: v = 0

0

; 4; 6; 5

0

; V

0

; 4

0

; 2; 3

0

; 1

0

The in
iden
e table of � is now �lled 
ompletely ex
ept for some of the

positions (v; v

0

) and � 
ontains an imbedded T

16

. 2

In the following tables 
ir
led entries denote new entries.
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Table 3: � in
orporating �

�

(V ) and �

�

(0)

V 0 1 2 3 4 5 6 6

0

5

0

4

0

3

0

2

0

1

0

0

0

V

0

V � + + + + + + + � � � � � � � �

0 � � + + � + � � + + � + � � + +

1 � � � + + � + �

2 � � � � + + � +

3 � + � � � + + � � + +

4 � � + � � � + +

5 � + � + � � � + + � +

6 � + + � + � � � + + �

6

0

+ � �

5

0

+ � �

4

0

+ + + � � � � +

3

0

+ � �

2

0

+ + � + � + � �

1

0

+ + � � + � + �

0

0

+ � �

V

0

+ � �
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Table 4: �

�

(5)

V 1 3 4 6

0

2

0

0

0

V � + + + � � �

1 � � + �

3 � � � + +

4 � + � �

6

0

+ � � +

2

0

+ � + � �

0

0

+ � + �

Table 5: � in
orporating �

�

(5) and table 5

V 0 1 2 3 4 5 6 6

0

5

0

4

0

3

0

2

0

1

0

0

0

V

0

V � + + + + + + + � � � � � � � �

0 � � + + � + � � + + � + � � + +

1 � � � + + � + �

2 � � � � + + � +

3 � + � � � + + � � + +

4 � � + � � � + +

5 � + � + � � � + � + + + � + � +

6 � + + � + � � � + + �

6

0

+ � + � � +

5

0

+ � � �

4

0

+ + + � � � � +

3

0

+ � � �

2

0

+ + � + � + + � � �

1

0

+ + � � + � + �

0

0

+ � + � + �

V

0

+ � � �
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Table 6: �

�

(3), Case 1

V 1 2 6 6

0

4

0

5

0

V � + + + � � �

1 � � + � +

2 � � � +

6 � + � � +

6

0

+ � �

4

0

+ � �

5

0

+ �

Table 7: �

�

(5), Case 1

V 1 3 4 6

0

2

0

0

0

V � + + + � � �

1 � � + � + + �

3 � � � + � + +

4 � + � � + � +

6

0

+ � + � � � +

2

0

+ � � + + � �

0

0

+ + � � � + �
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Table 8: �, Case 1, in
orporating �

�

(3) and table 5

V 0 1 2 3 4 5 6 6

0

5

0

4

0

3

0

2

0

1

0

0

0

V

0

V � + + + + + + + � � � � � � � �

0 � � + + � + � � + + � + � � + +

1 � � � + + � + � + + �

2 � � � � + + � +

3 � + � � � + + � � � � + + + + +

4 � � + � � � + + + � +

5 � + � + � � � + � + + + � + � +

6 � + + � + � � � + + �

6

0

+ � � + � + � � +

5

0

+ � + � �

4

0

+ + + � � � � +

3

0

+ � � � �

2

0

+ + � � + + � + + � � �

1

0

+ + � � + � + �

0

0

+ � + � � + � + �

V

0

+ � � � �

Table 9: �

�

(3), Case 1.1, (6; 6

0

) 2 �

V 1 2 6 6

0

4

0

5

0

V � + + + � � �

1 � � + � + 	 �

2 � � � + 	 � �

6 � + � � � + 	

6

0

+ � � 	 � � 	

4

0

+ � 	 � 	 � �

5

0

+ 	 	 � � 	 �
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Table 10: �

�

(3), Case 1.2 (6

0

; 6); (4

0

; 2) 2 �

V 1 2 6 6

0

4

0

5

0

V � + + + � � �

1 � � + � + � 	

2 � � � + � 	 �

6 � + � � 	 + �

6

0

+ � 	 � � � 	

4

0

+ 	 � � 	 � �

5

0

+ � 	 	 � 	 �

Table 11: �

�

(3), Case 1.3, (6

0

; 6); (2; 4

0

) 2 �

V 1 2 6 6

0

4

0

5

0

V � + + + � � �

1 � � + � + 	 �

2 � � � + � � 	

6 � + � � 	 + �

6

0

+ � 	 � � 	 �

4

0

+ � 	 � � � 	

5

0

+ 	 � 	 	 � �

Table 12: �

�

(3), Case 2

V 1 2 6 4

0

0

0

5

0

V � + + + � � �

1 � � + � +

2 � � � +

6 � + � � +

4

0

+ � �

0

0

+ � �

5

0

+ �
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Table 13: �

�

(5) Case 2

V 1 3 4 6

0

2

0

0

0

V � + + + � � �

1 � � + � + � +

3 � � � + + + �

4 � + � � � + +

6

0

+ � � + � � +

2

0

+ + � � + � �

0

0

+ � + � � + �

Table 14: � Case 2 in
orporating �

�

(5) and table 5

V 0 1 2 3 4 5 6 6

0

5

0

4

0

3

0

2

0

1

0

0

0

V

0

V � + + + + + + + � � � � � � � �

0 � � + + � + � � + + � + � � + +

1 � � � + + � + � � 	 �

2 � � � � + + � +

3 � + � � � + + � � 	 � � + + 	 �

4 � � + � � � + + 	 � �

5 � + � + � � � + � + + + � + � +

6 � + + � + � � � + + �

6

0

+ � 	 	 � + � � +

5

0

+ � � � �

4

0

+ + + � � � � +

3

0

+ � 	 � �

2

0

+ + � � 	 + � + + � � �

1

0

+ + � � + � + �

0

0

+ � 	 � 	 + � + �

V

0

+ � 	 � �
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Table 15: �

�

(3), Case 2.1, (1; 4

0

) 2 �

V 1 2 6 4

0

0

0

5

0

V � + + + � � �

1 � � + � � + 	

2 � � � + 	 � �

6 � + � � + 	 �

4

0

+ 	 � � � 	 �

0

0

+ � 	 � � � 	

5

0

+ � 	 	 	 � �

Table 16: �

�

(3), Case 2.2, (4

0

; 1); (0

0

; 2) 2 �

V 1 2 6 4

0

0

0

5

0

V � + + + � � �

1 � � + � 	 + �

2 � � � + � 	 �

6 � + � � + � 	

4

0

+ � 	 � � 	 �

0

0

+ � � 	 � � 	

5

0

+ 	 	 � 	 � �

Table 17: �

�

(3), Case 2.3, (4

0

; 1); (2; 0

0

) 2 �

V 1 2 6 4

0

0

0

5

0

V � + + + � � �

1 � � + � 	 + �

2 � � � + � � 	

6 � + � � + 	 �

4

0

+ � 	 � � � 	

0

0

+ � 	 � 	 � �

5

0

+ 	 � 	 � 	 �
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Table 18: � Case 2.1 (in
orporating �

�

(3))

V 0 1 2 3 4 5 6 6

0

5

0

4

0

3

0

2

0

1

0

0

0

V

0

V � + + + + + + + � � � � � � � �

0 � � + + � + � � + + � + � � + +

1 � � � + + � + � + 	 � � +

2 � � � � + + � + � 	 �

3 � + � � � + + � + � � + + + � +

4 � � + � � � + + � + +

5 � + � + � � � + � + + + � + � +

6 � + + � + � � � � + + � 	

6

0

+ � � � + + � � +

5

0

+ � � 	 + � 	 � 	 �

4

0

+ + 	 � + � � � � � + 	

3

0

+ � � � �

2

0

+ + + � � + � + + � � �

1

0

+ + � � + � + �

0

0

+ � � 	 + � + � � 	 � + �

V

0

+ � � � �
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