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Abstra
t

We present a new expression for the partition fun
tion of the dimer

arrangements and the Ising partition fun
tion of the 3-dimensional


ubi
 latti
e. We use the PfaÆan method. The partition fun
tions

are expressed by means of expe
tations of determinants of matri
es

naturally asso
iated with the 
ubi
 latti
e.

The dimer problem and the Ising problem. The 
lose-pa
ked dimer model

of statisti
al me
hani
s 
an be stated as follows. One 
onsiders a set of

sites and a set of bonds 
onne
ting 
ertain pairs of sites. Ea
h bond b 
an

absorb a 'dimer' (whi
h represents a diatomi
 mole
ule) with 
orresponding

energy E

b

. It is required that ea
h site is o

upied exa
tly on
e by one of

the atoms of a dimer. A state s is an arrangement of dimers whi
h meets

this requirement, and its energy E(s) is

P

E

b

where the sum is taken over

�

Partially supported by the Proje
t LN00A056 of the Cze
h Ministery of Edu
ation,

by GAUK 158 grant, and by FONDAP on applied mathemati
s; 
urrently visiting S
hool

of Mathemati
s, Georgia Institute of Te
hnology, Atlanta, GA 30332-0160, U.S.A.

1



all bonds b whi
h absorb a dimer. Then the partition fun
tion of the dimer

model may be viewed as a density fun
tion of energy levels.

The dimer model was �rst 
onsidered by Roberts [1℄ in 1935, and by

Fowler and Rushbrook [2℄. The dimer model for 2-dimensional latti
es ap-

pears in 
al
ulations of the thermodynami
 properties of a system of diatomi


mole
ules-dimers. It has been solved by Kasteleyn [3℄ and by Temperley and

Fisher [4℄. The same problem for 3-dimensional latti
es remains an important

open problem of statisti
al physi
s (see [5℄ for referen
es).

Many fundamental observations about the dimer and monomer-dimer

model in general latti
e graphs have been given by Heilmann and Lieb [6℄,

[7℄.

Another model we 
onsider here is the Ising version of the Edwards-

Anderson model. It 
an be des
ribed as follows. A 
oupling 
onstant J

ij

is

assigned to ea
h bond fi; jg of a given latti
e graph G; the 
oupling 
onstant


hara
terizes the intera
tion between the parti
les represented by sites i and

j. A physi
al state of the system is an assignment of spin �

i

2 f+1;�1g

to ea
h site i. The Hamiltonian (or energy fun
tion) is de�ned as H(�) =

�

P

fi;jg2E

J

ij

�

i

�

j

. The distribution of physi
al states over all possible energy

levels is en
apsulated in the partition fun
tion Z(�) =

P

�

e

��H(�)

from whi
h

all fundamental physi
al quantities may be derived.

The literature on the 3-dimensional dimer problem and the 3-dimensional

Ising problem is vast but there is general feeling and some eviden
e (see e.g.

[8℄) that no 
losed solution similar to the solutions of the 2-dimensional 
ase

nor a deterministi
 eÆ
ient algorithm may be found for the 
ubi
 latti
es.

This however does not rule out a statisti
al treatment. We believe that

our new expressions are natural enough to allow su
h further analysis.

Re
ent papers [9℄, [10℄ also study the problems using a PfaÆan method.

They obtain new expressions by means of a series of PfaÆans with a topologi-


al signature. Our approa
h is more 
ombinatorial in nature. We express the

partition fun
tions by means of expe
tations of the determinants of matri
es

naturally asso
iated with the 
ubi
 latti
e. Determinants and spe
tral prop-

erties of random matri
es are extensively studied (see e.g. [11℄) and a goal of

this letter is to draw attention to possible appli
ations of related ma
hinery

to the 3-dimensional statisti
al me
hani
s problems.

We may reformulate the dimer problem and the Ising problem in graph

theoreti
 terms as follows. A graph is a pair G = (V;E) where V is a set

of verti
es and E is a set of unordered pairs of elements of V , 
alled edges.
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A graph with some regularity properties may be 
alled a latti
e graph. We

asso
iate with ea
h edge e of G a weight w(e) and for a subset of edges

A � E, w(A) will denote the sum of the weights w(e) asso
iated with the

edges in A.

A subset of edges P � E is 
alled perfe
t mat
hing or dimer arrangement

if ea
h vertex belongs to exa
tly one element of P . The dimer partition

fun
tion may be viewed as polynomial P(G; x) whi
h equals the sum of x

w(P )

over all perfe
t mat
hings P of G.

The Ising partition fun
tion is very 
lose to the generating fun
tion of 
uts

whi
h is a standard 
on
ept in graph theory. A 
ut of a graph G = (V;E)

is a partition of its verti
es into two disjoint subsets V

1

; V

2

� V , and the

implied set of edges between the two parts:

C(V

1

; V

2

) = ffu; vg 2 E : u 2 V

1

; v 2 V

2

g

The generating fun
tion of 
uts C(G; x) equals the sum of x

w(C)

over all 
uts

C of G.

If we set the 
oupling 
onstant J

ij

as the weight w(fi; jg) of the edge

fi; jg, the generating fun
tion of 
uts be
omes very similar to the partition

fun
tion:

Z(�) = 2

X


utC

e

��(2w(C)�W )

= 2e

�W

C(G; e

�2�

)

where W is the sum of all the edge weights.

3-dimensional 
ubi
 latti
es. This letter studies properties of �nite 
ubi


latti
es. Let us now �x notation for them. Let m be odd positive integer and

k even positive integer. The 
ubi
 latti
e Q

m;m;k

is the following graph:

Q

mmk

has verti
es V

xyz

, x; y = 1; :::; m, z = 1; :::; k, and the following

edges:

1. The verti
al edges v

xyz

= fV

xyz

; V

xy(z+1)

g,

z = 1; :::; k � 1,

2. The width edges w

xyz

= fV

xyz

; V

x(y+1)z

g,

y = 1; :::; m� 1,

3. The horizontal edges h

xyz

= fV

xyz

; V

(x+1)yz

g,

x = 1; :::m� 1.
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Let us denote the ordered set (V

xy1

; :::; V

xyk

) by V

xy

. V

xy

will also stand

for the verti
al path of Q

mmk

from V

xy1

to V

xyk

.

Q

mmk

is a bipartite graph, whi
h means that its verti
es may be parti-

tioned into two sets Z

1

; Z

2

su
h that if e is an edge of Q

mmk

then je \ Z

1

j =

je \ Z

2

j = 1. Moreover, we have also that jZ

1

j = jZ

2

j = mmk=2. Let Z be

square (Z

1

�Z

2

) matrix de�ned by Z

ij

= x

w(ij)

if ij is an edge of Q

mmk

and

Z

ij

= 0 otherwise.

We will 
onsider matrix Z with its rows and 
olumns ordered in aggree-

ment with the natural order (V

11

; V

12

; :::; V

1m

; V

21

; :::; V

mm

) and we will assume

that V

111

2 Z

1

.

Note that P(Q

mmk

; x) equals the permanent of Z. In this letter we show

that P(Q

mmk

; x) may be 
omputed from the average of determinants of CER-

TAIN signings of Z, where a signing of a matrix is obtained by multiplying

some of the entries of the matrix by �1.

The signings of Z 
orrespond to orientations of Q

mmk

.

An orientation of a graph G = (V;E) is a digraph D = (V;A) obtained

from G by assigning an orientation to ea
h edge of G, i.e., by ordering the

elements of ea
h edge of G. The elements of A are 
alled ar
s. We say

that signing Z of Z 
orresponds to orientation D of Q

mmk

if Z

ij

= x

w(ij)

if

(ji) 2 A(D), Z

ij

= �x

w(ij)

if (ij) 2 A(D), and Z

ij

= 0 otherwise.

An expression of similar 
avour as our result exists already: a seminal

observation of Heilmann and Lieb [6℄, [7℄ asserts that P(Q

mmk

; x) equals the

average of (det(Z))

2

over ALL signings Z of Z.

A di�eren
e of our expression with the result of Heilmann and Lieb is

that we repla
e the average of a multiquadrati
 fun
tion by the average of a

multilinear fun
tion, with a restri
ted range.

Statement of the main result. An orientation D of Q

mmk

is 
alled stable

if all verti
al edges are oriented in D in agreement with the natural order.

For edge e we let s

D

(e) = 0 if the orientation of e agrees with the natural

order, and s

D

(e) = 1 otherwise.

Let D be a stable orientation. Then we let sgn(D) = 1 if

X

A

s

D

(w

x(2y)z

)s

D

(w

x(2y

0

�1)z

0

) =

X

B

s

D

(h

(2x)yz

)s

D

(h

(2x

0

�1)y

0

z

0

)
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modulo 2 and sgn(D) = �1 otherwise, where

A = f(xyzy

0

z

0

); 1 � x � m; 1 � y � (m� 1)=2; 1 � z � k;

1 � y

0

� y; z � z

0

� z + 1g

and

B = f(x; y; z; x

0

; y

0

; z

0

); 1 � x � (m� 1)=2; 1 � z � k;

1 � y � m; 1 � x

0

� x;

(y; z) � (y

0

; z

0

) � (y

00

; z

00

)g:

In the de�nition of B the order of pairs of integers is lexi
ographi
 and (y

00

; z

00

)

is the immediate su

essor of (y; z). Let M be unique perfe
t mat
hing of

Q

mmk


onsisting of verti
al edges only.

Theorem 1

P(Q

mmk

; x) = �2

C

r

x

w(M)

+ �(2

C

r

+ 1)

where � equals the average of det(Z(D)), D stable orientation of Q

mmk

with

sgn(D) = +1, and C

r

= km(m� 1).

Having the expression for the partition fun
tion of the dimer problem

given in Theorem 1, let me now brie
y indi
ate how to transform the 3-

dimensional Ising problem to the dimer problem of lo
ally modi�ed 
ubi


latti
e. This transformation goes ba
k to Kasteleyn [3℄ and Fisher [12℄ and

it is well des
ribed e.g. in [13℄. An eulerian subgraph of a graph G = (V;E)

is a set of edges U � E su
h that ea
h vertex of V is in
ident with an

even number of edges from U . The generating fun
tion of eulerian subgraphs

E(G; x) equals the sum of x(U) over all eulerian subgraphs U of G. The

partition fun
tion of the Ising problem of a graph (with zero magneti
 �eld)


an be expressed as the generating fun
tion of eulerian subgraphs of the

same graph, with modi�ed edge variables.This 
lassi
 relation between the

Ising partition fun
tion and the generating fun
tion of eulerian subgraphs

was dis
overed by van der Waerden [14℄:

Z(�) = 2

n

Y

fi;jg2E


osh(�J

ij

) E(G; tanh(�J

ij

)):

The generating fun
tion of eulerian subgraphs of the 
ubi
 latti
e may be

transformed into the generating fun
tion of perfe
t mat
hings of a lo
ally
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modi�ed graph Q

�

mmk

. A Fisher's 
onstru
tion [12℄ is useful sin
e it is lo
al

in the sense that it only modi�es ea
h vertex in a way dependent on its degree

and it preserves the embedding of Q

mmk

.

Hen
e an expression analogous to the one des
ribed in this paper for the

dimer problem holds for the Ising problem as well. In fa
t, one should �nd

an analogous expression for the 3-dimensional variants of the problems whi
h

may be treated by the PfaÆan method in 2 dimensions, like a variant of the

i
e problem.

A Theory of PfaÆan Orientations. The proof of our result is involved:

this paper may be viewed as a 
ontinuation of three papers [15℄, [16℄, [13℄. A

theorem of Gallu

io and Loebl [15℄ expresses P(G; x), where G is an arbi-

trary graph, as a linear 
ombination of PfaÆans of matri
es asso
iated with

relevant orientations of G. When G is a bipartite graph like the 
ubi
 latti
e,

the PfaÆans may be turned into determinants. The relevant orientations

may be naturally des
ribed when the graph is embedded in a 
ertain way on

an orientable surfa
e.

This 'PfaÆan approa
h' to the dimer problem was started by Kasteleyn

[3℄. Kasteleyn [3℄ and Fisher [12℄ also des
ribed methods how to �nd the

Ising partition fun
tion for a graph G as the dimer partition fun
tion of a

lo
ally modi�ed G. One su
h transformation was brie
y indi
ated above. In

[16℄ and [13℄, the PfaÆan method leads to an eÆ
ient algorithmi
 treatment

of the Ising problem for �nite latti
es whi
h may be embedded on a �xed

surfa
e, e.g. on a torus.

We use the PfaÆan method to prove Theorem 1 as follows: we embed

the three-dimensional 
ubi
 latti
e to a 2-dimensional orientable surfa
e, use

the theory developed in [15℄ and �nally 
hara
terize the 
oeÆ
ients of the

resulting linear 
ombination and turn it into a probabilisti
 expression.

Even though geometry of the 
ubi
 latti
e plays a key role in the proof,

we �nd it 
urious that the �nal result in Theorem 1 is formulated without

mentioning it.

A Curious Corollary. Applying elementary probabilisti
 analysis to the

statement of Theorem 1 I have obtained a 
urious 
orollary whi
h may be of

independent interest. On
e dis
overed, the 
orollary may be proved dire
tly

without using Theorem 1.

Let Q

0

be a 
ubi
 latti
e with added boundary edges, i.e. degree of ea
h

vertex of Q

0

is equal to six. A subset C of verti
es of Q

0

is 
alled 
over if

ea
h edge of Q

0

is in
ident with exa
tly one vertex of C. Note that Q

0

has
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exa
tly 2 
overs. A subgraph of Q

0

is 
alled part if it is obtained from Q

0

by

deleting both horizontal and/or verti
al edges in
ident with ea
h vertex of a

�xed 
over C of Q

0

. Hen
e ea
h vertex of C has degree 2 or 4 in any part. A

part P is 
alled even if the number of verti
es of C of degree 2 in P is even,

and P is 
alled odd otherwise.

Theorem 2.

P(Q

0

; x) =

X

W2A

P(W;x)�

X

W2B

P(W;x)

where A 
onsists of the even parts and B 
onsists of the odd parts.

Proof. Let M be a perfe
t mat
hing of Q

0

. We will 
ompute how does

M 
ontribute to the RHS. Let Z be the subset of verti
es of Q

0

in
ident to

a verti
al edge of M, and let z = jZj. M 
ontributes to a term of the RHS


orresponding to a part P if and only if M is a perfe
t mat
hing of P. Hen
e,

the 
ontribution of M equals

P

z

i=0

(�1)

i

2

z�i

�

z

i

�

, whi
h equals (2� 1)

z

= 1 by

binomial theorem.

Con
lusion. We have expressed the partition fun
tions of the dimer prob-

lem and the Ising problem in 3-dimensional �nite 
ubi
 latti
es by means of

expe
tations of the determinants of matri
es naturally asso
iated with the


ubi
 latti
es. This may open a possibility to apply fundamentally di�erent

statisti
al methods and Monte Carlo simulations to study these problems.
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