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Abstract

In this paper we study labeled—tree analogues of (generalized)
Davenport—Schinzel sequences.

We say that two sequences ai...ag, b1 ...,b; of equal length k
are isomorphic, if a; = a; iff b; = b; (for all ,j). For example, the
sequences 11232, 33141 are isomorphic. We investigate the maximum
size of a labeled (rooted) tree with each vertex labeled by one of n
labels in such a way that, besides some technical conditions, the se-
quence of labels along any path (starting from the root) contains no
subsequence isomorphic to a fixed “forbidden” sequence u.

We study two models of such labeled trees. Each of the models is
known to be essentially equivalent also to other models. The labeled
paths in a special case of one of our models correspond to classical
Davenport—Schinzel sequences.

We investigate, in particular, for which sequences u the labeled tree
has at most O(n) vertices. In both models, we answer this question
for any forbidden sequence u over a two-element alphabet and also for
a large class of other sequences w.
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1 Introduction

1.1 Basic Definitions and Notation

By a sequence, we always mean a finite sequence (possibly of length 0). Let
u be a (finite) sequence. Then |u| denotes the length of u, L(u) denotes the
alphabet of u, i.e., the set of elements (letters) appearing in the sequence u,
and ||u|| = |L(u)| denotes the size of L(u). For example, the sequence u =
125625 (for simplicity, we do not separate terms in a sequence by commas)
has length |u| = 6, its alphabet is L(u) = {1,2,5,6}, and thus ||u|| = 4.
Elements of L(u) are called letters. A contiguous part of a sequence is called
interval. We say that u is k-sparse, if no interval in u of length at most &
contains two occurrences of the same letter, i.e., |I| = ||/|| for every interval
I in u with |I| < k. Two sequences u = ayaz...a, and v = byby...b; of
equal length are said to be isomorphic, if there is a bijection ¥ between L(u)
and L(v) such that b; = ¥(a;) for each i = 1,..., k. We say that a sequence
v is u-free if it has no subsequence isomorphic to u. Otherwise we say that
v contains u.

A sequence aa...a consisting of k£ a-occurrences is shortly denoted by
a®. In a natural way, we write u = w usy...uy, if u is a concatenation of
sequences (and/or letters) wuy,us, ..., ur. For a sequence u, T denotes the
sequence u written in the reversed order.

1.2 Davenport—Schinzel Trees

For an integer n and a sequence u, a u-free ||u||-sparse sequence over at most
n elements (letters) is called an (n, u)-sequence. Let f,(n) be the maximum
length of an (n, u)-sequence. For the alternating sequence abab. .. of length
s+2, fu(n) is the intensively studied function As(n) known from the theory of
Davenport—Schinzel sequences (see the book [SA95] devoted to Davenport—
Schinzel sequences). For other sequences u, the function f,(n) has been also
studied in a series of papers (e.g., [AKV92, KV94, K192, K194, K195, K197,
K199, V99b]). We mention some of the results on the functions f,(n) and
their applications in Section 9.

In this paper we develop an idea of Klazar [K195] by considering another
generalization of Davenport—Schinzel sequences, Davenport—Schinzel trees.
We use a general notion Davenport-Schinzel trees to denote (rooted) trees
with vertices labeled by n labels in such a way that, besides some technical



conditions, the sequence of labels along any path (from the root) contains
no subsequence isomorphic to a fixed sequence u. We give results about the
maximum size of Davenport—Schinzel trees.

A labeled tree T = (T,1) is a tree T = (V, E) with a labeling [ : V' — IN,
which assigns a label to each vertex. A rooted labeled tree is a labeled tree
with one vertex specified as the root. The set {l(v) : v € V} of labels
appearing in 7 is denoted by L(T), its size by ||T]|.

Let u be a sequence. We say that a rooted labeled tree T = (T,1) is
u-free if, for every path vjvy ... v in 7T starting in the root (v; = root), the
sequence [(vq)l(v2)...[(vg) of labels along the path is u-free. We say that
a labeled tree T = (T,1) is u-free if, for every path vjvy...v, in T (not
necessarily starting from the root), the sequence [(v1)l(v2) ... [(vg) is u-free.

We say that a labeled tree is k-sparse, if no two vertices at distance less
than k are labeled by the same label. Thus, a labeled tree is 2-sparse, if no
two adjacent vertices are labeled by the same label.

Let n be an integer and let u be a sequence. An (n,u)-tree ((n,a)-tree,
respectively) is a u-free (u-free, respectively) ||u||-sparse rooted labeled tree
whose vertices are labeled by at most n distinct labels.

We consider the problem of estimating the maximum size of an (n, u)-tree
((n,u)-tree, respectively) satisfying still an additional technical condition.
An additional technical condition is needed to get reasonable tree analogues
of Davenport—Schinzel sequences. For example, if u = abab, an additional
technical condition is needed to avoid arbitrarily large (n,u)-trees such as
the star in Fig. 1.

L Root

(n, abab)-tree spider

Figure 1: An arbitrarily large (n, abab)-tree (for n > 2) and an example of a
spider.

A labeled rooted tree 7 is called spider, if for each label ¢ € L(T), all



vertices in T labeled by i lie on a path starting in the root (see Fig. 1).

If an (n,u)-tree ((n,@)-tree, respectively) is a spider we call it an (n,u)-
spider ((n,a)-spider, respectively) for short.

We investigate the following two functions:

ou(n) = the maximum size (i.e., number of vertices) of an (n, u)-spider,

~

04(n) = the maximum size of an (n, @)-spider.

Observe that f,(n) < o,(n) and 6,(n) < o,(n) for each u and n. If u is
isomorphic to @ (u is “symmetric”), then also f,(n) < 6,(n).

L (Root)

Figure 2: A labeled star giving the lower bound o,(n) > n for any u with
Juf > min{||ul], 2}.

1.3 Main Results

The star in Fig. 2 gives o,(n) > n (unless |u| = ||u]| < 2) and 6,(n) > n
(unless |u| = ||ul| < 3). Our paper is motivated by the following problem:

Problem 1 Determine sequences u with o,(n) = O(n) (6,(n) = O(n), re-
spectively).

Here are the main results of this paper giving a partial solution to Prob-
lem 1:

Theorem 1 Let L denote the class of all sequences u with o,(n) = O(n).
Then:

(i) The sequence a* lies in L for any i > 1 (a is a letter).

(ii) (monotone property) If v contains u and v € L then u € L.
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(7ii) (letter duplication) Let uy, us be two sequences, let a be a letter, and let
wa*uy € L. Then uyaduy € L.

(iv) (first-letter and last-letter duplications) Let u be a sequence and let a
be a letter. Then, if ua € L then ua® € L, and if au € L then a?u € L.

(v) (letter insertions) Let u = auyauy be a sequence in L, where uy,usy
are sequences (possibly empty), a,b are letters, and b ¢ L(u). Then the
sequence u' = bauyabaus also lies in L.

(vi) (sequence insertion) Let ui, ug, w be three sequences, let a be a letter,
let u = uya®uy, and let L(u) N L(w) = 0. Moreover, let u,w lie in L.
Then also uyawausy lies in L.

Theorem 2

(i) If u contains at least one of the four sequences ababa, aba?b, abcabe,
abcach, then
ou(n) = Q(na(n)).

(ii) If u cannot be written as u = vw, L(v)NL(w) = (), so that the sequences
v, w are ababa-, aba’b-, abcabe-, and abcach-free then

Gu(n) = Q(na(n)).

Theorem 1 describes the class of sequences for which we are able to prove
ou(n) = O(n). At the end of Section 4, we derive it from more general results
given in Sections 2-4. Theorem 2 is obtained from a construction given in
Section b.

We do not state an analogue of Theorem 1 for the function 6,(n). The
reason is that all sequences u for which we know &,(n) = O(n) are obtained
by combining Theorem 1 with Theorem 6 below.

The following theorems, derived from Theorems 1 and 2, determine the
validity of o,(n) = O(n) and 6,(n) = O(n) for a large class of sequences w.

Theorem 3 (two-letter theorem)

(i) If u is a sequence with ||u|| < 2, then o,(n) = O(n) if and only if u is
ababa-free and aba?b-free.



(11) If u is a sequence with ||u|| < 2, then 6,(n) = O(n) if and only if u is
ababa-free and ab*a?b-free.

Theorem 4 If u is abab-free, then

Theorem 5 If u = ai'ay ...aF, where ay,as,...,a are letters (not neces-
sarily distinct), iy,ix > 1, and i, 13, .. .,ix_1 > 2, then

ou(n) =0(n) < 6,(n) = 0(n) <= u is abab-free.

Some more results derived from Theorem 1 and from our construction
can be found in Paragraph 10.1 in [V99b].

1.4 Relations between o and &

Here is an important rule allowing to derive an upper bound on 6,(n) from
upper bounds on the functions o,(n):

Theorem 6 (derivation rule) For any sequence u with |u| > ||ul|,
ou(n) = O(min{oz(n) + 0,(n) : u = vw, L(v) N L(w) = 0}).

(For the empty sequence € and for each n, we take o.(n) =0.)

We remark that Theorem 6 holds also for sequences u with |u| = ||u|| &
{2,4}. However, in the case |u| = |Ju|| we easily get 6,(n) < 2 (if |u|] =
llul| < 3) or 6,(n) = n (if |u| = [|u|]] > 3). Therefore any analogues of

Theorem 6 are not too interesting in this case.
The bound in Theorem 6 is asymptotically best possible for “symmetric”
sequences:

Theorem 7 If u is isomorphic to T (u is “symmetric”), then

du(n) = O(min{ogz(n) + oy(n) : v = vw, L(v) N L(w) = 0}).



1.5 General Estimates

Klazar proved an almost linear upper bound on 6,(n) (originally stated for
a somewhat different model — see Section 9):

Theorem 8 (Klazar [K199]) For any sequence u, there is a constant ¢ =
c(u) such that
6u(n) =0 (ng(a(n))C) :

where a(n) is the functional inverse to the Ackermann function.

The definition of the Ackermann function and its functional inverse «/(n)
can be found e.g. in [Ro67, SA95, VI9b]. We remark that the term 2(*()°
appearing in Theorem 8 is a function which grows extremely slowly to infinity.
In particular, it grows to infinity slower than the functional inverse of any
unbounded primitive recursive function (see [Ro67, SA95]). On the other
hand, o,(n) > n for any n and v with |u| > min{||ul|, 2} (see Fig. 2).

Theorem 8 is improved in [V00]:

( altr [ v 00]) For any sequence u, there is a constant ¢ = c(u)
such that
&u(n) < U“(n) =0 (n20(a(n))|"|+l\u\|—5) ‘

The following proposition gives more information about the possible asymp-
totic behavior of the function o,(n).

Proposition 10 ([V99b]) For any sequence u, the function o,(n) behaves
asymptotically in one of the following three ways:

(1) ou(n) <1 for all n,
(ii) o,(n) =0O(n), or

(111) ‘T"T(") tends very slowly to infinity as n tends to infinity (it tends to
infinity slower than the functional inverse of any unbounded primitive
recursive function).

An analogous statement holds also for the function 6,(n). It is not diffi-
cult to see that case (i) in Proposition 10 holds if and only if |u| = ||u|| < 2.
Once we have Proposition 10 and the upper bound in Theorem 9, it may
seem almost needless to work on Problem 1. However, Davenport—Schinzel
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and generalized Davenport—Schinzel sequences lead to analogous extremal
functions As(n) and f,(n), respectively, for which the distinction between a
linear and an almost linear bound plays an important role in applications
(e.g., see the book [SA95] and the survey paper [VI9b)).

The functions o, (n) and 6,(n) might be also interesting for their unusual
asymptotic behavior — we show that there are sequences u (e.g., u = ababa)
with o,(n) = Q(na(n)). It follows that the inverse of the function U“T(") is
not primitive recursive. Perhaps, for some sequences u, the inverse of the
function ‘T“T(n) may grow even much faster than the Ackermann function.

We remark that Klazar [K195, K197, K199] originally considered a some-
what different model of unrooted labeled trees. It has been shown in [VOO]
that Klazar’s model leads for any sequence u to an extremal function of order
©(64(n)). Thus, there is no essential difference between Klazar’s model and
our model of (n,u)-spiders. We study the functions o,(n) and &,(n) since
they seem to be more natural and easier to handle with than the correspond-
ing extremal function in Klazar’s model. The other models are described in
Section 9 (see also [V99b, Section 8] and [V00] for more details).

1.6 More Definitions and Notation

Throughout the rest of the paper, |7| denotes the number of vertices in a
spider T. i-vertices are vertices labeled by 7. The path between two vertices
u, v is called [u, v]-path. If u, v are i-vertices, then we say that the [u, v]-path
is an z-path.

In the pictures we always draw a spider with the root on the top. Cor-
respondingly, if u, v are two different vertices in a spider and v lies on the
[root, u]-path, then we say that u lies under v and v lies above u. A vertex u is
the topmost vertex (the bottommost vertex, respectively) of a set U C V(T)
of vertices of 7, if U contains u and all other vertices of U lie under u (above
u, respectively).

A spider 7' = ((V', E"),l') is a subspider of a spider T = ((V, E), 1), if
V' CV, E'"CE,l'=I]y, and the topmost (in T) vertex of V' is the root of
T

If 7 =((V,E),l)is aspider and U C V is a set of vertices in 7 containing
the root of 7, then the U-reduction of T is defined as the spider on the vertex
set, U with the root in the root of 7 and with two vertices v, v, € U connected
by an edge if and only if v; lies above or under vy and the [vy, vo]-path in T
contains no other vertices of U (see Fig. 3). If 7" is a U-reduction of T for

8



Figure 3: A rooted tree 7T and its U-reduction, where U =
{v1,v3,v5, v6, U8, V9, V10, V14, V15 }-

some U C V, we say that T’ is a reduction of T.
Observation 11
(1) Any reduction of a spider is also a spider,

(11) any reduction of a u-free (u-free, respectively) spider is also u-free (a-
free, respectively).

A reduction 7" of a spider T = (T,1) is called an induced reduction, if
the subgraph of 7" induced by the vertices of 7' is a tree. Equivalently, an
induced reduction of 7 is any subspider containing the root of 7.

If 7 is an (n,u)-spider of the maximum size o,(n), then we say that T
is (n, u)-critical.

1.7 Organization of the Paper

The paper is organized as follows. In Section 2 we describe and prove aux-
iliary lemmas which are then used in Sections 3 and 4 to obtain two strong
results about the asymptotic behavior of the maximum size of Davenport—
Schinzel trees. The proof of Theorem 1 is derived from the results of Sec-
tions 2—4 at the end of Section 4. A lower bound construction for Davenport—
Schinzel trees giving Theorem 2 is given in Section 5. Theorems 3-5 are de-
rived from Theorems 1 and 2 in Section 6. The derivation rule (Theorem 6)



and its corollary (Theorem 7) are proved in Section 7. In Section 8 we dis-
cuss conclusions of general results for short sequences. Section 9 contains
concluding remarks.

2 Basic Tools

In this section we prove 8 lemmas (Lemmas 12-19) which give the easier
parts (i)-(iv) of Theorem 1 and describe some useful tools and properties of
the function o, (n) used in the proofs of the parts (v),(vi), such as monotone
and additive properties, weak super- and sub-additivity, and some others.

Lemma 12 (sparsity lemma) Let u be a sequence, and let I > ||u||. Then
there exists a positive constant € = (u,l) > 0 such that for any u-free ||ul|-
sparse spider T there is an [-sparse reduction of T with at least €| T | vertices.

Before the proof of Lemma 12, we present a simple greedy algorithm B(k)
giving a k-sparse reduction for a given spider.

Let k > 2, and let T = (T,1) be a spider. The algorithm B(k) finds a
k-sparse reduction B(7,k) of T as follows. Let V = {vi,...,v7} be the
vertex set of 7 listed so that v; does not lie below v; for any i < j (e.g., the
vertices may be listed in the order of search—to—depth or search—to—width).
We inductively define vertex sets V; C {vy,...,v;},i=1,...,|T], as follows.
We set Vi = {v;} = {root}. Further, fori =1,...,|7|—1,

Vo ViU{viq1}, if the (V; U {v;11})-reduction of T is k-sparse,
EE [ 7 otherwise.

The Vjz|-reduction of 7T is taken for B(T, k). (see Fig. 4).

Proof of Lemma 12.  We obtain Lemma 12 by running the algorithm
B(l) on T. The spider B(T,1) is u-free (by Observation 11 (ii)) and [-sparse,
so it remains to show the required bound on the size of B(T,1).

For a vertex v of B(T,1), let T, be the maximal subspider of T rooted in
v such that v is the only vertex of 7, lying in the vertex set of B(T,1).

It follows from the definition of B(7,[) that the spider 7, is u-free and
its vertices are labeled by at most [ — 1 labels (namely, by the labels used on
the first [ — 1 vertices on the path in B(7,[) from v to the root of B(T,1)).
Thus, 7, contains at most o, (I — 1) vertices. Since each vertex of 7 lies in
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Figure 4: A spider 7 and the spider B(7,2) obtained from 7 by running the
algorithm B(2).

exactly one tree T,,v € B(T,1), we get |T| < B(T,l)-0,(l —1). The lemma

with € = m follows. O

Lemma 13 (reduction lemma) For any integer [ > 0 and for any ¢ €
(0,1), there is an &' > 0 with the following property. Let T be a [l/c]-sparse
spider and let Ty be a reduction of T with at least e|T| vertices. Then Ty has
an l-sparse reduction with at least £'|T| vertices.

Proof. Let 7 be a [l/c]-sparse spider, let V] be a set of at least £|T|
vertices of 7, and let 77 be the Vi-reduction of 7. We obtain the required
reduction of 7; by running the algorithm B(l) on 7;. Let 7' = B(71,() be
the reduction obtained by the algorithm. 7' is an [-sparse reduction of Ty,
so it remains to show that 7" has at least &'| 7| vertices.

For a vertex u € V1, let v(u) be the first vertex of 7' on the [u, root|-path
in 7 (or in 7;) (thus, if w lies in 77 then v(u) = u). If the distance between
uw and v(u) in T is less than [l/e], then we say that u is of type I'; otherwise
we say that u is of type II.

Let v be any vertex in 7', and let U, be the set of vertices u € V; of type
I with v(u) = v. By the [l/e]-sparsity of T, vertices of U, are labeled by
pairwise different labels. Since all vertices of U, different from v are discarded
by the algorithm B(l), they are labeled only by the (at most) [ — 1 labels
used on the first (at most) [ — 1 vertices of the [v, root]-path in 7". It follows
that each U, contains at most 1 + (I — 1) = [ vertices. Consequently, there
are at most [ - || vertices of type L.
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To estimate the number of vertices of type II, we count in two ways the
size of the set Z of pairs (u, x) of vertices such that u € Vj is a vertex of type
IT and z equals u or lies above u in 7 at distance less than [l/e].

Each vertex u € V; of type II lies in exactly [I/e] pairs (u,x) € Z. Thus,
the number of vertices of type II is % On the other hand, for a vertex z in
T, let C(x) be the set of vertices u such that (u,x) € Z. All vertices of C(z)
different from x lie under = at distance less than [l/e] from z. Therefore,
since T is [l/e]-sparse, C'(x) contains no pair of vertices labeled by the same
label. Let u € C'(x). By the definition of type II, the [u, z]-path in 7 contains
no vertex of 7'. Thus, u is discarded by the algorithm B([) and is therefore
labeled by one of the labels used on the first (at most) [ — 1 vertices of the
[v(u) = v(z),root]-path in 7'. It follows that the size of C'(z) is at most

[ —1. Thus, |Z| < (I —1)|T]. Hence, T; contains 42 < UL vertices of

/el —  (/e)
type II.
Altogether, 7; contains at most
[ —1)|T] 1
LT’ (7 =1.17 1—Z=
T+ Sy = 1T+ (= eI

vertices. On the other hand, it contains at least |7 | vertices. Comparing
these bounds, we get

, 9
WEETG

Lemma 14 (letter duplication) Let u;,uy be two sequences, and let a be
a letter. Then

Ouradus (1) = O(0u; 020, (1))
We remark that repeated applications of Lemma 14 give
Ouraiu (1) = O(Ouya2u, (1)),

for any fixed ¢ > 3.

Proof of Lemma 14.  Clearly, 0,434, (1) > 04,424, (7). On the other hand,
let T be a (n,uja’ug)-critical spider. By the sparsity lemma (Lemma 12),
T contains a 2||uyausy||-sparse reduction Ty of size Q(|T]). Let 7; be the
reduction of 7, obtained from 7y by removing every vertex v such that the
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[root, v]-path contains an even number of [(v)-vertices. Thus, if there are k

i-vertices in 7y (for some i € L(Tp)) then there are [£] i-vertices in 77. It

follows that |77| > @ It is easy to see that 7y is uja?us-free (otherwise
7o would contain u;auy). By the reduction lemma (Lemma 13, applied
with [ = ||uia?uy||,e = 1/2), T; has a ||uia®us||-sparse reduction 7 of size
Q7)) = QT|) = Q0u,a3u,(n)). Therefore,

Ourazuz (M) 2 | T2| = Q0w a8u, (1))

Lemma 15 (first—letter and last—letter duplications) Let u be a sequence
and let a be a letter. Then

Tq2u(1) = Oau(n) + O(n),
Oua2(n) = 0ua(n) + O(n).
We remark that repeated applications of Lemma 15 give
Taiu(n) = 0au(n) + O(n) and 0y (n) = oua(n) + O(n),

for any fixed 7 > 2.

Proof of Lemma 15. Let 7 = (T,1) be a (n, a*u)-critical spider, and let
d = ||a*ul|. Let V; C V be the set of vertices v in T with the property that
no [(v)-vertex lies above v. (Thus, V; contains just the topmost i-vertex of
T for each i € L(T).) Hence, |Vi| = ||T]||- Let Ty be the maximum induced
reduction of 7 such that no path in 7y from the root to an internal vertex
contains d consecutive vertices lying in V' \ V1. Let V4 be the vertex set of
7o, and let z be a vertex of V'\ (Vo U V) closest to the root in 7 (thus, every
vertex above z lies in V5 U V7). We change the label of the root to /(z) and
consider the ((V'\ (VobU Vi U{2})) U{root})-reduction 7" of T. T" is au-free
— otherwise 7 would contain a?u (the choice of V;,z ensures this in case
a € L(u), the choice of Vj, z ensures it in case a ¢ L(u)). In the sequel we
find a large d-sparse reduction of 7.

Let V5 be the set of vertices in 7' of degree at most two. The subgraph of
T induced by V5 \ {root} is a union of disjoint paths. We denote these paths
Py, ..., P, so that if : < j then no vertex of F; lies under a vertex of P;.
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We now consecutively construct vertex sets

{root} =Wy CW; C---CW, =W C U V(P;) U {root},

i=1
where V' (P;) is the vertex set of P;, such that the W;-reduction of 7T is d-
sparse for each i and the final W-reduction will contain all but at most O(n)
vertices of 7. We set Wy := {root}. For i = 1...,n, W, is obtained from
W;_1 by adding some of the vertices of P;. We will make sure that all but at
most f,,(3d — 4) + d vertices of P; are put to W;. If |P| < f,.(3d —4) +d,
then we set W; := W;_;. Otherwise, let vi,...,vy,,(3d-4)+a4 be the topmost
Jau(3d — 4) 4 d vertices in P; (listed from top to bottom), and let L; be the
set, of d — 1 labels labeling the bottommost d — 1 vertices of W;_; on the
[root, vq]-path (if fewer than d — 1 vertices of W;_; lie on the [root, v;]-path,
then all their labels form L,). Further, let Ly = {l(v;) : j = fou(3d — 4) +
2,..., fau(3d — 4) + d}. Since T' is au-free and T is d-sparse, the sequence
l(v1), ..., l(vf,,(3d—4)+1) is au-free and d-sparse. Thus, it contains at least
3d — 3 distinct labels [(vj,), ..., (vj,,_,). Among these labels, we find d — 1
labels, l(vk,),...,l(vk,_,), not lying in L; U Ly (note that |L;| < d — 1,
|Lo| =d —1). We set

Wi = Wi,1 U (V(PZ) \ {Ul, cey Ufau(3d74)+1}) U {Ukla P 7vkd—1}‘

It is easily checked that the Wj-reduction of T is d-sparse (assuming the
W;_j-reduction was d-sparse). Thus, the (W = W, )-reduction 7" of T is
(d = ||aul|)-sparse and au-free. Hence, |T"| < 04,(n). On the other hand,
T" is constructed so that |7"| > |Va| — m(fou(3d — 4) + d). In the sequel we
derive from this that |7"| > |T| — O(n), and the lemma will easily follow.

First, we estimate |V5|. Throughout the estimate we consider the V-
reduction 75. Let Vj be the set of leaves (in 7p) different from the root.
Vertices in Vj are labeled by distinct labels. Therefore, |V{| < n. Let V' be
the set of vertices lying in Vj or at distance at most d — 1 above a vertex of
Vy. Clearly, |Vy'| < d-|Vy| < dn.

For any vertex € V;\ V{'. there is an inner vertex ' below x at distance
d —1 from x. At least one of the d vertices on the [z,2']-path lies in V} —
otherwise the [root, z']-path would be in contradiction with the definition of
To. Thus, there are at least |Vj \ V{'| pairs (z,2") of vertices such that x €
Vo\Vy', 2" € Vi, and that either 2" = x or 2" lies below z at distance at most
d—1. On the other hand, each vertex z” € V] can be in at most d such pairs.

It follows that |Vo\ Vy'| < d|Vi|. We get [Vo] < |Vy'|+d|Vi| < dn+dn = 2dn.
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It is not hard to verify that m < |V| + 2n = 3n. Consequently,

Oau(n) > |T"| = |W| Va| = m(fau(3d — 4) + d)

(T = (n = 1)) = 3n(fou(3d — 4) + d)

(7] = Vol = Vi = (n = 1)) = 3n(feu(3d — 4) + d)
[T = (2d + 2 + 3(fau(3d — 4) + d))n

Og2(n) — O(n).

vV IV VIV

On the other hand,
Oau(n) < 0424(n).

This finishes the proof of the first part (o42,(n) = 04(n) + O(n)).

The second part, the estimate oy.2(n) = ou.(n) + O(n), is somewhat
easier to prove. Let 7 = (T,1) be a (n,ua?)-critical spider. We define V| be
the set of vertices v in 7 with the property that no [(v)-vertex lies below wv.
(Thus, V; contains just the bottommost i-vertex of 7 for each i € L(T).)
Then the ((V'\ V1) U {root})-reduction 7" is ua-free. Analogously as above,
we can show that it has a ||ual|-sparse reduction 7" of size |T'| — O(n) =
|T| — O(n) = 0ue2(n) — O(n). This, combined with the trivial estimate
Oua(n) < 0442(n), gives the second part of the lemma. O

The following lemma is an easy consequence of the sparsity lemma:

Lemma 16 (monotone property) If u; contains us, then there is a con-
stant € > 0 such that, for any n,

Ouy (n) > e Ouy (TL)

Proof. Let T bea (n, us)-critical spider. By the sparsity lemma (Lemma 12),
T has a ||u; ||-sparse reduction of size at least ¢|7T | for some € = e(uy, ||u1]]) >
0. Thus, o,,(n) > |T|=¢c - 04,(n). O

Lemma 17 (weak super-additivity) Ifu is a sequence with |u| > min{||u||, 2},
then there is a positive constant ¢ = ¢(u) > 0 such that

r T

UU(Z nz) Z € Z Uu(nz)
i=1 i=1
holds for any positive integers r,ny,no, ..., N,.
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Proof. The star in Fig. 2 gives o,(n) > n for all n and u with |u| >
min{(lul],2}.

We choose a (n;,u)-critical spider 7; for each i = 1,2,...,r, so that
L(T;) # L(T;) for all i # j. For each i, let z; be the root of 7;. We consider
the spider 7 with the root in z; obtained from the disjoin union of the
spiders 7; by adding the edges 212;,i = 2,3,...,r (see Fig. 5). Clearly 7 has

Figure 5: The spider 7 constructed in the proof of Lemma 17.

> ou(n;) vertices labeled by at most n labels and is au-free, where a is the
first letter of u. Thus,

r
Oau (Tl) Z Zo—u (nz)a
i=1
where n =n; + ...+ n,. By Lemma 15, there is a ¢ > 0 such that
Oau(n) < oy(n) +c-n < (c+ 1)oy(n).

It follows that

ou(n) >

1 r
ct 1 2 O'U(TLZ)

Lemma 18 (additive property) Let uj,uy be two sequences with L(uy) N
L(uz) = 0. Then there are two positive constants cy,co > 0 such that, for
any n,

€1 (Uul (n) + Ou, (n)) < Oujug (n) < Ouy (n) + 62(0u2 (n) + n)
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Proof. The first inequality follows from the monotone property (Lemma 16).
For the second inequality, consider a (n,ujug)-critical spider 7. Let T be
the maximum wu;-free induced reduction of 7.

The size of 7' is at most o, (n). If we remove vertices of 7' from T, we
get a disjoint union of subspiders of 7. Let 7y,...,7, be these subspiders.
We have L(7;) N L(T;) = 0 for i # j.

Let ¢ € {1,...,p}. The sequence of labels along the [root(T), root(7;)]-
path contains a subsequence s; isomorphic to u; (by the maximality of 7).
Let W; be the set of vertices of 7; labeled by a label not lying in L(s;).
Then the (W; U{root(7;)})-reduction of 7; is aus-free, where a is the element
appearing in us on the first position (otherwise 7 would contain ujus). Thus,
Wil < 0aus (||Wil]) = O(ow, (||Wil])+]|Wil]) (the second estimate follows from
Lemma 15).

In two ways, we now count the number Z of pairs (w, z), where w € W;,
x & Wi, and x lies in 7; below w at distance at most ||ujuz|| — 1 from w. We
get

ol (T2 = 1] = Wil) < Z < [l Wil

Consequently,
|7l = O(IWil + | Til ).
We get that
P
Tuu(n) =T < |T'[+ 3|7l
i—1
p
< ou(n) + X O(Wil +[|7])
i=1
P
< ou(n) + 320 (0w, (IWi) + Wil + [I7])
i—1
P
< oy (n) + 30 (0w, (1Tl + 17:11)
i=1
< oy (n) + O(oy,(n) +n)
(the last inequality follows from Lemma 17). O

Lemma 19 (weak sub-additivity) For any sequence u and for any inte-
ger k > 1, there is a ¢ = c(u, k) > 0 such that o,(kn) < c¢-o,(n), for any
integer n.
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Proof. Let T bea (kn,u)-critical spider. By the sparsity lemma (Lemma 12),
T has a kl||ul||-sparse reduction Ty of size at least €|T|. Let L(Ty) = L; U
... U L be any partition of the label set L(7;) into k sets of size at most
n. By the pigeon-hole principle, labels of one of the sets L; occur altogether
at least 1|7o| times in 75. Let Vi be the set of vertices labeled by these
labels, and let 77 be the Vi-reduction of 7y. Thus, |7;| > %|76| > 7|T| and
||71]] < n. By the reduction lemma (Lemma 13, with [ = |ju|| and e = ),
Ti has a ||ul|-sparse reduction of size at least &'|T;| > Z£|T| = £ - oy (kn).

The lemma with ¢ = % follows. d

3 Letter Insertions
In this section we prove the following generalization of Theorem 1(v).

Theorem 20 (letter insertions) Let u = auja®uy, v’ = bauiabaus, where
uy, ug are two sequences (possibly empty), a,b are letters, and b ¢ L(u). Then

ow (n) = O(oyu(n)).
The following lemma is the key part of the proof of Theorem 20.

Lemma 21 (density lemma) For every sequence u and for every p > 1,
there exists a constant € = e(u, p) > 0 with the following property: Let T be
a ||ul||-sparse u-free spider, and let < be any linear order on L(T). Then T
has a ||u||-sparse reduction T®) on at least £|T| vertices such that, for any
label i and for any two different i-vertices vy, vy in T®, at least p labels j
with 7 < i occur on the path in T connecting vy, vs.

Before proving Lemma 21, we derive Theorem 20 from it.

Proof of Theorem 20. Let 7 be a (n,u')-critical spider. Consider the
partial order < on L(7) such that ¢ < j if and only if there is an i-vertex
lying above all j-vertices. Let < be any linear extension of <. We apply the
density lemma (Lemma 21) with p = ||u|| + 1, obtaining a ||u||-sparse spider
TP

We prove that 7® is u-free. Suppose to the contrary that 7® contains
u. Thus, T® has a path P from the root such that the sequence [(P) of
labels along P has a subsequence @ = ati;a%4y isomorphic to u. By the choice

18



of T®) [(P) has a subsequence diiyabail, for at least ||u|| + 1 = |L(@)] + 1
labels b,b < @ Choose b such that b ¢ L(@). Since b < @, at least one
occurrence of b precedes any occurrence of @ in I(P). Consequently, [(P) has
a subsequence batabais isomorphic to u' — a contradiction. Thus, 7® is
u-free.

From [T®)| > ¢|T| we get

ou(n) > |TP| > ¢|T| =c-0w(n).

Consequently,

as required. O

It remains to prove the density lemma (Lemma 21). We first prove the
following weaker statement:

Lemma 22 For every sequence u and for every p > 1, there exists a constant
g0 = go(u,p) > 0 with the following property: Let T be a ||u||-sparse u-free
spider, and let < be any linear order on L(T). Then T has a ||ul|-sparse
reduction T' on at least y|T| vertices such that, for any label i and for any
two different i-vertices vy, ve in T', at least p vertices on the [vy, vo]|-path in
T are labeled by labels smaller than i (smaller with respect to <).

Proof. We may suppose that p > 2 (the case p = 2 implies the case p = 1).
Since the lemma is easy to prove for ||u|| = 1 (with gy = ‘u'%l), we may also
assume that ||u|| > 1.

Suppose that L(7) = {1,2,...,n} and that < coincides with the usual
order of integers. By the sparsity lemma (Lemma 12), there is a 84p||ul|-
sparse reduction 77 of T with [75| > ¢|7|. From now on, we consider the
spider 7.

If |7o] < (210p — 21)n, then we may take 7' as any reduction of T
containing exactly one i-vertex for each i € L(T). Then the size of T’ is
n > 215’_‘21 > 210;_21|7'| and the lemma holds with any g, < We
further suppose that |7y > (210p — 21)n.

Let ¢ € L(7p). All but at most 10p — 1 i-vertices in 7y can be covered
by pairwise disjoint ¢-paths, each containing exactly 10p i-vertices. We fix
such pairwise disjoint ¢-paths and call them i-blocks. We partition the 10p -
vertices in each i-block into 5p pairs of i-vertices determining pairwise disjoint

__ &
210p—21"
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i-paths further called i-arcs. A path in 7y is called block or arc, if it is an
i-block or an i-arc for some i € L(7Ty), respectively. Certainly, the spider 7y

—(10p— To|—(10p—1)- L0l
t ol (1100” B Va2 (and at most )
P 10p

contains at leas > Top 2
blocks. The number of arcs is 5p times bigger.

Now, we construct n + 1 auxiliary sets U@, YD, . Y™ of pairwise dis-
joint arcs in Ty. We start with /() = (). We now describe how to construct
UD from YUY, We say that an i-block in Ty is good if it has non-empty
intersection With at least p + 1 arcs of U0~V otherwise we say that it is
bad. The set % is obtained from L{ (=1) in the following way: For each bad
i-block B in Ty, remove from Y~V the (at most p) arcs intersecting B and
add to U0~ the 5p i-arcs contained in B. The obtained set of arcs is taken
for U®)

The next step in the proof is to estimate the number of bad blocks from
above and consequently the number of good blocks from below.

To get the first estimate, consider the set & = U™. Certainly, U is a
set of pairwise disjoint arcs in 7. Since 7y is 2-sparse, every arc contains at
least 3 vertices. Thus, |U| < ‘Lgol On the other hand, we can easily estimate
the size of U from below by the number of bad blocks. If b is the number of
bad blocks in Tp, then |U| > (5p — p)b = 4pb, since to every bad block we
can assign an addition of (its) 5p arcs to U and a removal of at most p arcs
from U. Thus, 4pb < |U] < ‘TO‘ , which implies b < |T°‘
2|To

| blocks, there are at least 270l _ [Tol _ 7ol

Since 7, contains at least S0 12p = Bdp

good blocks in 7.

Now, we show for any ¢ that if an ¢-block is good then it contains at
least p vertices labeled by labels smaller than ¢. Suppose B is a good i-
block. Then it intersects at least p+ 1 arcs of Y=Y, These arcs are pairwise
disjoint. Thus, at least p of them do not contain the topmost vertex of B.
The topmost vertex of each such arc lies in B. This gives us the desired set
of p vertices in B labeled by labels smaller than .

Let V; be the set of the topmost vertices of good blocks in 7y. Thus, the
size of V] equals the number of good blocks in 7y, and is therefore at least

| 70|
840p — 84p|T| .

Suppose first that V; contains the root of 7y, and define 7; as the V;-
reduction of 7y. Any ¢-path in 7y connecting two ¢-vertices of V| contains the
(good) i-block starting from its higher end-vertex. Therefore, it contains at

least p vertices labeled by labels smaller than .
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If V1 does not contain the root of 7y, then we remove from V; the topmost
A-vertex lying in V; (A := the label of the root), replace it in V} by the root of
To, and define 77 as the V;-reduction of 7y. Again, any i-path in 7 connecting
two i-vertices of V| contains at least p vertices labeled by labels smaller than
i

In either case, the spider 7; partially satisfies Lemma 22. The only
problem is that 77 does not have to be ||u||-sparse. To achieve the ||ul|-
sparsity, we apply the reduction lemma. By the reduction lemma (Lemma 13,
with [ = ||u||, ¢ = =), Ti has a ||ul|-sparse reduction T of size at least

84p
e'|To| > €'e|T|. 0

We are ready to prove the density lemma.

Proof of Lemma 21. Let 7®J) be the spider obtained from 7 by j
applications of Lemma 22. We set 7® := 7®P) ie. T® is the reduction
of T obtained from 7 by p applications of Lemma 22. Clearly, 7® has the
required size. It remains to verify the “density” property of paths in 7®.
If two vertices u,v in T® = T®P) are labeled by the same label, then
the path in 7®P~1) between them contains p vertices labeled by smaller
labels. If all p vertices are labeled by pairwise different labels then we are
done. Otherwise, consider two of these vertices, u, vy, labeled by the same
label. Then the path in 7®?~2) between them contains p vertices labeled by
smaller labels. Again, if all p vertices are labeled by pairwise different labels
then we are done. Otherwise, consider two of these vertices, us, v9, labeled
by the same label, etc. Continuing this process, we either find p vertices
labeled by pairwise different labels or we construct p vertices wuy, us, ..., u,
with decreasing (thus, pairwise different) labels smaller than [(u) = [(v). O

4 Sequence Insertions

In this section we prove the following result, which gives Theorem 1(vi).

Theorem 23 (sequence insertion) Let u = uja®uy, w be two sequences,
where uy, uy are two sequences, a s a letter, and L(u) N L(w) = 0. Then

Ouiawaus (n) = O(O'w(au(n)) + Uu(n))

In particular, if o,(n),o,(n) = O(n), then also oy, gwau,(n) = O(n).
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Proof. Consider the sequence w' = wyws ... W42, L(w;) N L(w;) =0 (i #
j), of length (||u|| 4 1)||w|| 4 1 consisting of ||u|| + 2 intervals wy, ..., Wyu|+2
over pairwise disjoint alphabets such that wy, ..., w41 are isomorphic to
w and wyj,||+2 is a sequence of length 1. By Lemma 18 (additive property),

[u||+2
ow(n) =0 ( > ow,(n)+ n) = O(oyu(n) +n). (1)

1=1

For a spider S, we define §* as the maximal induced w'-free reduction of
S. More generally, if G is a “multispider” (S;,¢ € I) (i.e., a disjoin union of
spiders S;, i € I), then we define G* as the multispider (5,7 € I).

Let 7 be a (n,t)-critical spider, where ¢t = ujawauy. We set G; = T,
and inductively define multispiders G, Gs, ... by taking G;11 as the induced
subgraph of §; obtained from G; by removing all vertices of G. In each
component of G; 1, the topmost vertex is taken for the root of the component.
Clearly, each G; (and also each G) is a multispider such that no label is used
on more than one spider belonging to G; (to G;), and each vertex of 7T lies in

exactly one of the graphs Gy, G5, .... Since each component in G is w'-free,
the weak super-additivity of o, (Lemma 17) and (1) imply
|Gi| = O(ow ([1G71])) = Olow([IG/1]) + 197 1])- (2)

For each i > 2, we choose arbitrarily a set V; of ||GF|| vertices in G such
that no two vertices of V; are labeled by the same label. For i = 1,2, a set
V; is chosen arbitrarily so that it contains the root of 7 and other ||GF|| — 1
vertices of G such that no two vertices in V; are labeled by the same label.

Let Vogqa = ViU VU VsU. .. and Veyen = Vo U V3 U Vg U ... Further, let
Sodad and Sgyen be the Vogq- and Vien-reductions of T, respectively. We now
get estimates on the size of Spqq and Seyven by showing that they are u-free
and have relatively large ||u||-sparse reductions.

First, we show that S,qq is u-free. Suppose to the contrary that there is a
path P in S,qq from the root such that the sequence [(P) of labels appearing
along the path P has a subsequence % = @,a%@y isomorphic to u. By the
construction of S,qq, the two @’s in @ (between @; and wg) correspond to
two vertices z,y lying in different multispiders G35, ,,G5;.,,, j < k. By the
maximality of G3; ,, if P’ denotes the part of P lying in GJ;,,, then the
sequence of labels along P’ has a subsequence s . .. wW)y||+1 isomorphic to
Wi ... W41 (otherwise G5, could be enlarged by the topmost vertex of
P NG5 — acontradiction with the definition of Gj; ).

22



The label set L(%) has a non-empty intersection with at most |L(a)| =
||u|| of the sets L(w;). Thus, there is an index i € {1,2,...,||u|| + 1} such
that L(z) N L(w;) = (. Consequently, @;aw;ats is a subsequence of I(P)
isomorphic to ¢ — a contradiction. Thus, S,qq is u-free.

We now show that S,qq has a ||u||-sparse reduction S 4 of size Q(|Soqql)-
In fact, 844 can be obtained from S,qq by running the algorithm B(]|ul|)
(introduced below Lemma 12).

Let R be one of the spiders forming the multispider G3; ; for some 7.
Then we say that R is internal, if at least one path in 7 from the root to
Gs;4o goes through R. Otherwise we say that R is external.

Obviously, each label appears in at most one external spider (in the whole
Soaa). Thus, all external spiders contain altogether at most ||Seqql|| vertices
of Spaqa- Consequently, all internal spiders contain altogether at least |Soqq| —
||Soaal| vertices of Syqq-

If R is internal and P is any path from the root to G3;,, intersecting R,
then the label set L(P NR) of their intersection has size at least ||w'|| —1 =
[|lwl]|(||u|] + 1) > |Ju|| + 1 (otherwise G3;,, together with the topmost vertex
of PN Gy, is w'-free — a contradiction with the maximality of G3;. ;).
Thus, if R is internal, then it contains ||R]|| > ||u|| + 1 vertices of Syqq
and, by the definition of the algorithm B(]|u||), at least ||R|| — (||u|| — 1) >
IRI| = (lul] — 1)L = 2[R vertices of Shyq.

Since internal spiders contain altogether at least |Soqa| —||Soaa|| vertices of
Sodd, we get that |S) 4| > W(|Sodd|— ||Sodal])- If we sum up this inequality
with the inequality |S) 4| > ||Soaal| > WHSOMH (following directly from
the definition of B(||u||) and from ||u|| > 1), we get

2
2|18 | > ————|Soaal-
| 0dd|— ||U||—|—1| dd|
Thus,
|Sodal < (HJul] + 1)Shaal < (l[ul] + L)ow(n). (3)
Similarly, we could prove that
|Seven| < ([[u]] + 1)ou(n). (4)

Now we are ready to finish the proof. By (2), (3), (4), by the weak
super-additivity of o, (Lemma 17), and by the weak sub-additivity of o,
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(Lemma 19),
ai(n) = |T] = > 197
i—1

(2), Legma 17 0(%(2 161D + S 162 + ol X2 11671 +

¢ odd ¢ odd i even

= O (Uw(|50dd|) + |Sodd| + Uw(|Seven|) + |Seven|)
L 20y (Il + Doum) + (llull + ou(n))

Lm0 (1, (0, (n) + 0 ().

We now summarize the proof of Theorem 1 contained in Sections 2—4.

Proof of Theorem 1. Part (i) is trivial, part (ii) follows from Lemma 16.
Part (iii) is a corollary of Lemma 14, part (iv) a corollary of Lemma 15. Part
(v) follows from Theorem 20, and part (vi) from Theorem 23. O

5 A Lower Bound Construction

Here we describe a construction giving Theorem 2. For any two positive
integers k and m, we construct a spider 7 (k,m) with the following five
properties:

(P1) T (k,m) is ababa-, aba?b-, abcabc-, and abcach-free,

(P2) ¢(k,m) = HT(l:I;m)H is an integer,

(P3) for each label i € L(T (k,m)), there is a (unique) leaf z(7) labeled by i;
moreover, the leaves z(i) form c(k, m) pairwise disjoint fans, where fan
is a set of m leaves having a common neighbor (father),

(P4) in each fan in 7 (k,m), there is a leaf labeled by the same label as its
father; otherwise no two neighbors in 7 (k, m) are labeled by the same
label,

Tem) — &
(P5) 1 > 2
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The spiders T (k, m) are constructed by double induction on k and m as
follows.

For k =1 and any m, T (1, m) consists of the root and a single fan of m
leaves connected to the root (see Fig. 6).

1. Root

fan

Figure 6: The spider 7(1,m)

For k£ > 1 and m = 1, we construct 7 (k,1) from 7 (k — 1,2) by adding
an edge and a vertex in each fan as shown in Fig. 7. We get two one-term
fans in 7 (k,1) in place of each two-term fan in 7(k —1,2).  For k > 1

Figure 7: Obtaining 7 (k, 1) from 7 (k—1,2) (dotted rectangles denote fans).

and m > 1, we construct 7 (k,m) from the spiders T = T (k,m — 1) and
V=T(k—-1,M), where M = c(k,m—1) = HT(’;niT;UH is the number of fans
in 7, as follows (see Fig. 8). Let Fi, Fy,..., Fp be the fans in V (listed in
an arbitrary order). For each i = 1,..., P, we take a spider 7; isomorphic to
T = T (k,m—1) such that the label sets L(V), L(T1), ..., L(Tp) are pairwise
disjoint. For i = 1,..., P, we denote the leaves in F; by fi1, fiz,---, finr (in
an arbitrary order) and their common father by f;. Further, we denote the
root of 7; by r; and the fans in 7; by G;1,Gi, ..., Gy For j =1,..., M,
let g;; be the common father of the leaves in Gj;.
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Tm:

Figure 8: The inductive construction of 7 (k,m), k> 1, m > 1.
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The spider 7 (k,m) is obtained from the disjoint union of the spiders V,
Ti ..., Tp in the following four steps made for each i = 1,..., P (see Fig. 8):

1. remove all edges connecting the vertices in the fans F;, G;1, Gia, ..., Gip
with their fathers,

2. connect f; with r; by an edge,

3. for each j = 1,..., M, connect f;; by an edge with the vertex g;; and
with all vertices of the fan G,

4. for each j =1,..., M, add a new vertex (leaf) f;; labeled by I(f;;) and
connect it by an edge to f;;.

The fans in 7(k,m) are G;; U{f};},i=1,...,P,j=1,..., M.

Properties (P2)—(P5) follow directly from the construction. We now verify
(P1). It follows from the construction that if 7(k,m),k,m > 1, contains
some sequence u, then wu is a subsequence of some sequence ujusa3 or
ujaue?, where |a| = |3] = 1, L(uya) N L(upB) = 0, S(k—1,¢(k,m—1)) =V
contains ujcy, and T (k,m — 1) =T contains uy/3.

Consequently, it easily follows by induction that if any spider T (k,m)
contains a sequence v with ||u|| < 2, then w is isomorphic to some sequence
a’b?a"b’, p,q,s > 0, r € {0,1}. Thus, the spiders T (k,m) are ababa-free and
aba’b-free.

Consequently, again by induction, we get that if any spider 7 (k, m) con-
tains a sequence with ||u|| < 3, then u is isomorphic to some sequence
albla" b d'b*dY or to some sequence d'a”bla”b*d®bY. It follows that the spiders
T (k,m) are also abcabc-free and abcach-free. This finishes the verification of
property (P1).

We do not know if there is a ababa-, aba®b-, abcabc-, and abcachb-free
sequence u with o,(n) # O(n) (the above construction does not help here —
every ababa-, aba?b-, abcabc-, and abcachb-free sequence u is contained in at
least one spider T (k,m)).

We are ready to prove Theorem 2.

Proof of Theorem 2.  We prove only part (i), part (ii) then easily follows
from the monotone property (Lemma 16).

It follows from properties (P1)—(P5) that %‘1(”) and %”(") are un-
bounded, since the removal of all leaves in 7 (k, m) gives a (|| 7 (k, m)||, ababa)-
spider (and a (||T(k,m)||, aba®b)-spider) of size at least (5§ — 1)||T (k, m)]].
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Since T (k, m) is also abcabc-free and abcach-free, Lemma 12 (sparsity lemma,
with « = ababa, | = 3) implies that also ”“”“f”(") and ”“”“f”(") are un-
bounded. Now, let u be any sequence containing at least one of the sequences
ababa, aba®b, abcabe, and abcach. Then from above and by Proposition 10,
uln) _y o,

nActually, the numbers c(k,m) grow analogously as the “Ackermann”
numbers A(k,m):

e ¢(l,m)=1, form > 1,
e c(k,1)=2-¢c(k—1,2), for k > 1,
e c(k,m)=c(k,m—1)-c(k—1,¢(k,m—1)), for k> 1,m > 1.

Therefore, the numbers ||7 (m, m)|| = m - ¢(m,m), m > 1, grow asymptot-
ically as the Ackermann function A(m) = A(m,m). From this and from
reasoning as above we get o, (||7(m, m)||) = Q(m - ||T (m,m)||) for the four
sequences u = ababa, aba*b, abcabe, abcach. Tt follows that the spiders 7 (k, m)
give (i) (and also (ii)) in Theorem 2. O

Our construction also gives the following result:
Theorem 24 ([V99b]) Ifu is a 2-sparse sequence with |u| > 3||u||—2, then
ou(n) > 6,(n) = Q(na(n)).

Theorem 24 is obtained from the above construction in [V99b, Thm. 43, page 386].
The bound |u| > 3||u|| — 2 in it is best possible (see [V99b]).

6 Proofs of the Corollaries

In this section we derive Theorems 3-5 from Theorems 1 and 2.

Proof of Theorem 3. (i) Let u be a sequence with ||Ju|| < 2. By
Theorem 2, if u contains ababa or aba®b, then o,(n) = Q(na(n)). Suppose
now that u is ababa-free and aba®b-free. Then wu is isomorphic to some se-
quence a‘b’a*bl, i,5,1 > 0,k € {0,1}. By Theorem 1(ii), we may suppose
that j > 2,k = 1. By Theorem 1(i), o,(n) = O(n) holds for the sequence
u = . Consequently, by Theorem 1(v), o,(n) = O(n) holds also for the
sequence u = ab/ab'. Part (i) now follows from Theorem 1(iv).
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(ii) Let ||u|| < 2. If u is isomorphic to some sequence a‘b’a*, 4,4,k > 0,
then 6,(n) < o,(n) = O(n) by (i), and (ii) holds.

If u contains ababa then 6,(n) > Gupapa(n) = Capara(n) = Q(na(n)) ac-
cording to Theorem 2, and (ii) holds again.

It remains to verify (ii) for every sequence u = a'b’a*b', i, k,1 > 1. If u
contains ab’a®b (i.e., j,k > 2), then Theorem 2(ii) gives 6,(n) = Q(na(n)).
If u is ab*a®b-free, then j =1 or k = 1. If k = 1, then 6,(n) < o,(n) = O(n)
by (i). If j =1, then 6,(n) = dz(n) < ogz(n) = O(n) also by (i). O

Proof of Theorem 4. We proceed by induction on |u|. If |u| < 1, then
the statement clearly holds. Suppose now that |u| > 2 and that 6,(n) <
oy(n) = O(n) holds for any abab-free sequence with |v| < |u|. Write u =
ruyx?uy . . up 77 u,, where x € L(u), © & L(u;), j; >0 (fori=1...,r).

Since wu is abab-free, the alphabets L(u;) are pairwise disjoint. By the
induction assumption, o,,(n) = O(n) for each 7. By Theorem 1(i), we have
o¢(n) = O(n) for the sequence ¢t = z/t++»T1 By repeated applications of
Theorem 1(vi), we then get o,(n) = O(n) consecutively for the sequences
t = gttty t = gt Tieewy, alru,x, .t = g w2 =
uz. Hence, 6,(n) < 0y(n) < oye(n) = O(n). O

Proof of Theorem 5. If u is abab-free, then Theorem 5 follows from
Theorem 4.

If u contains abab, then it also contains ab*a?b and thus o,(n) > 6,(n) =
Q(na(n)) by Theorem 2(ii) and by Theorem 1(ii). O

7 Relation between 6,(n) and o,(n)

In this section we prove Theorem 6 (derivation rule) and derive Theorem 7
from it.

Proof of Theorem 6. Let u be a sequence with |u| > [|u||, and let
u =vw, L(v) N L(w) = (. We have to show that &,(n) = O(oz(n) + o,(n)).

Let T ba a (u, n)-critical spider (i.e., it is a u-free ||u||-sparse spider with
|T| = 6u(n), ||T]] < n). For an induced V'-reduction 7' of T, consider
the collection of subspiders (S;,i € I) of 7 obtained from 7 by removing
vertices of 7'. From now on, let 7' be minimal with the property that all
spiders S;,1 € I, are t-free, where ¢ = ay ... pu|+2 is a sequence obtained by
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concatenating ||u||+2 sequences a;,i = 1,.. ., ||u||+ 2, which are isomorphic
to T each and have pairwise disjoint label sets L(«;).

We now separately estimate |7’| and |[T| — |T'| = Yier|Sil- The spi-
ders S; have distinct label sets L(S;). Thus, by the weak super-additivity
(Lemma 17) and by the additive property (Lemma 18, repeatedly applied),

TI =171 =218 < 3 ou([[Sil]) = Olou(n)) = O(ow(n) + n).

To estimate | 7’|, we consider the structure of 7'. Let y be the topmost
vertex in 7' such that it has at least two neighbors lying under it (see Fig. 9).
T' can be partitioned into the [root,y|-path P and a spider V rooted in y

Root Root
p o splders S;
y ‘ly
% .
T T

Figure 9: The trees 7', T, and the considered paths in 7.

and containing y and all vertices under y (P and V intersect in the unique
vertex y).

We recall from [V99b, Lemma 15] that f,(n) = O(f,(n) + fu(n)). Since
the sequence of labels along P has to be u-free, we get

< fuln)
O(fu(n) + fu(n))

1P|
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= O(fs(n) + fu(n))
O(o5(n) + ow(n)).

We now show that V is w-free. Suppose to the contrary that there is
a path ) from the root y such that the sequence of labels along ) has a
subsequence w isomorphic to w. Let yo be a neighbor of y lying under y and
not lying on (). Further, let Ry be any maximal path in V from y with the
first edge yyo. Then the last vertex of Ry, denoted yy, is adjacent to the root
of some spider S; (S}, say) such that the sequence of labels along the path
from y; to some vertex s in S; has a subsequence t=ay... (||| |+2 iSOmorphic

to t = a1...Q)uw|+2. At least one of the ||w|| + 1 sequences s, ..., &ju||+2
contains no element of L(w) (since the sets L(«a;) are pairwise disjoint and
|L(w)| = ||w]|). We denote this sequence by &;. Then the sequence &;w

is isomorphic to u. Since the vertices corresponding to it lie on a path, T
contains u — a contradiction.
Thus, V is w-free and |V| < g,,(n). It follows that

T’ = [P+ V] = 1 = O(03(n) + ouw(n))-
Consequently,
Gu(n) =T =|T'|+(T|=|T"]) = O(o5(n) +ow(n) +n) = O(o5(n) +0u(n)).
l
Proof of Theorem 7. Let u be isomorphic to @, and let u = ugu; ... u, be
the partition of v into the maximum number of non-empty intervals such that
their label sets L(u;) are pairwise disjoint. Then wouy .. @; = u;... UG is

isomorphic to wu,_ju,_ji1 ... u, for each j =0,...,7. Hence, setting ¢ = [5],
we get

min{oz(n) + o, (n) : v = vw, L(v) N L(w)

0} = O(0uyugssoun(n))

from the monotone property (Lemma 16).
Since the sequences gty . . U[Z], Uglgy1 - - - Uy ATE isomorphic, any
Uglgt1 - - - Up-free spider is d-free. We get

a-u(n) > Ougqugs1...ur (7’1,) = @(mlﬂ{gﬁ(n) + O'w(n) U =vw, L(U) N L(w) = (Z)})
On the other hand,

6y (n) = O(min{ogz(n) + oy (n) : w = vw, L(v) N L(w) = 0})
by Theorem 6. 0
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8 2-Sparse Sequences over 3 Letters

It can be verified from Theorem 1, Theorem 6, and from results on f,(n) given
in [AKV92] (see also [V99b]) that all three function f,(n), o,(n), 6,(n) are
of order O(n) for any 2-sparse sequence u of length at most 5 not isomorphic
with ababa. On the other hand, the functions f,(n), o,(n), and 6,(n) are of
order Q(na(n)) for any sequence u containing ababa according to the mono-
tone property of f, (see [VI9b]), fupara(n) = O(na(n)) (proved in [HS86],
see also [Ko88, WS88, SA95]), and obvious inequalities o, (n) > f,(n) and
Gu(n) > fuln).

Here is a table showing what we know about the validity of f,(n) = O(n),
ou(n) = O(n), and 6, (n) = O(n) for the remaining sixteen 2-sparse sequences
u with ||u|| = 3:

u ou(n)
ababcb
abacac
abacab
abcbab
abcacb
abcbac
abcabc
abacbc
abcbcea
ababcbce
abcbabce
abacabc
abcacbc —
abacacb —
abcbcac ?
abacacbc — —

=
=
~
Q»
S
=
=
=
~J
=
S
=
=
~J

~ 4+
v+ o+ 4|

|+ + +
|+ o+ +

~

|
|
ww w0t 4+ 4+ + + 4|

The +’s in the last column are explained in [V99b], they all follow from
the result mentioned below in the first paragraph in Section 9. The other
+’s follow from Theorems 1, 2, and 6.

The sequence u = abcbab satisfies o,(n) = O(n) and oz(n) # O(n) (by
Theorem 3, this holds also for u = ab*ab). This shows that o,(n) and ogz(n)
may be significantly different. One may compare this with the equalities
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ou(n) = oz(n) and f,(n) = fz(n) holding clearly for all v and n. By these
equalities, in the above table the row for u may differ from the row for @ only

in the first column (pairs u, @ of “mutually reversed” sequences lie in these
rows: 1./2.,3./4.,5./6.,12./13., 14./15.).

9 Concluding Remarks

1. An analogue of Theorem 1 for generalized Davenport—Schinzel
sequences. A result very similar to Theorem 1 holds for the set of sequences
u with f,(n) = O(n). In fact, we can get the wording of a result of [KV94]
from the wording of Theorem 1 by the following three changes: 1. change
ou(n) = 0(n) to f,(n) = O(n) on the first line, 2. change v’ = bau,abauy to
u' = bauyab’auy in part (v), 3. add a new rule: (vii) (symmetry) If u lies in
L then w lies also in L.

It is interesting that the little changes allow to prove f,(n) = O(n) even
for many sequences for which o, (n) # O(n) is known. In this respect the two
results are quite different. Of course, we were strongly motivated by [KV94].
In the proof of Theorem 1 we used some of the ideas of the proof [KV94]
of the above mentioned analogue. However, on many places the proof of
Theorem 1 is more difficult and we had to find new techniques to accomplish
it.

2. Comparison of f,(n), o,(n), and ,(n). The above mentioned
analogue of Theorem 1 gives also an analogue of Theorem 3 for the function
fu(n) (see also [VI9b)):

Theorem 25 (two-letter theorem [AKV92]) Ifu is a sequence with ||u|| <
2 then f,(n) = O(n) if and only if u is ababa-free.

Thus,
fu(n) =0(n), 6u(n) #0(n), ou(n)#O(n)
holds for all sequences u = a’®/a*b',i,1 > 1,5,k > 2, and
fuln) =0(n), 6u(n) =0(n), ou(n)#O(n)

holds for all sequences u = a’ba*b',i,1 > 1,k > 2.
This shows that the functions f,(n), o,(n), 6,(n) are significantly differ-
ent already for sequences over two letters.
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3. Other models of Davenport—Schinzel trees. Let 7 be a labeled
tree. For a label 4, let 7; be the smallest (labeled) subtree of 7 containing
all vertices labeled by i. We say that T is

e weakly spidery if 7T; is a path for every label i,

o skeletal if, for every label ¢, all vertices in 7; of degree more than 2 are
labeled by ¢.

Clearly, every spider is weakly spidery and every weakly spidery labeled tree
is skeletal. Define

o, (n) = the maximum size (i.e., number of vertices) of a weakly spidery

u
(n,u)-tree,
T4(n) = the maximum size of a skeletal (n,u)-tree (unless ||u|| = 1).

If ||u|| = 1 then we set 7,(n) := o),(n) for technical reasons (the above
definition would give 7,(n) = +oo for |u| > 2, ||u|| = 1). Here are “unrooted”
analogues of the above functions:

o, (n) = the maximum size of a weakly spidery (n, @)-tree,

7.(n) = the maximum size of a skeletal (n,u)-tree (unless ||u|| = 1).
If ||u|| = 1 then we set 7,(n) := 6/,(n) for technical reasons (the above
definition would give 7, (n) = +oo for |u| > 3, ||u]| =1).

The function 7,(n) (originally denoted by Ex(u,n)") was introduced in
[K195] and further investigated in [KI97, K199, V99a|, while the function
d4(n) is considered in [V0O, V99b]. The remaining four functions o,(n),
ol (n), Tu(n), 6. (n) were introduced in [VO0], where it was shown that the
functions 6,(n), o.,(n), 7,(n) (and also the functions o,(n), o, (n), 7,(n))
have the same asymptotic behavior for each u:

Theorem 26 (Valtr [V00]) For any sequence u,
O(ou(n)) = O(0,(n)) = O(ru(n)) and  O(Gu(n)) = O(,(n)) = O(7u(n)).

Let us remark that the definitions give



ou(n) <ou(n),  Tu(n) <7uln),  6,(n) < oy(n),

for each v and n. If u is isomorphic to @ (u is “symmetric”), then also
Fuln) < Galn).

Due to Theorem 26, asymptotic results on the function o,(n) hold also for
the functions o} (n) and 7,(n). Similarly, asymptotic results on the function
d4(n) hold also for the functions &/, (n) and 7,(n). In this paper we worked
with the functions o,(n) and &,(n), since the model of spiders is much easier
to handle with than the models of skeletal and weakly spidery trees.

4. Applications of (generalized) Davenport—Schinzel sequences.
Our main motivation for the study of Davenport—Schinzel trees is their close
relation to (generalized) Davenport—Schinzel sequences, which have many ap-
plications. Classical Davenport—Schinzel sequences were applied to numerous
problems in computational and combinatorial geometry (see [SA95]), their
generalized version was applied to Turan—type questions for geometric graphs
[VI7, V98] (see also [VI9b]) and to an enumeration problem of Stanley and
Wilf concerning the number of permutations avoiding a fixed permutation-
pattern [AF00, KI100].

5. Davenport—Schinzel theory of matrices. Problems for matrices
avoiding fixed “forbidden” submatrix-patterns were considered in several pa-
pers, e.g. see papers [AF00, FH92, FP94] containing also other references.
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