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Abstra
t

In this paper we study labeled{tree analogues of (generalized)

Davenport{S
hinzel sequen
es.

We say that two sequen
es a

1

: : : a

k

, b

1

: : : ; b

k

of equal length k

are isomorphi
, if a

i

= a

j

i� b

i

= b

j

(for all i; j). For example, the

sequen
es 11232, 33141 are isomorphi
. We investigate the maximum

size of a labeled (rooted) tree with ea
h vertex labeled by one of n

labels in su
h a way that, besides some te
hni
al 
onditions, the se-

quen
e of labels along any path (starting from the root) 
ontains no

subsequen
e isomorphi
 to a �xed \forbidden" sequen
e u.

We study two models of su
h labeled trees. Ea
h of the models is

known to be essentially equivalent also to other models. The labeled

paths in a spe
ial 
ase of one of our models 
orrespond to 
lassi
al

Davenport{S
hinzel sequen
es.

We investigate, in parti
ular, for whi
h sequen
es u the labeled tree

has at most O(n) verti
es. In both models, we answer this question

for any forbidden sequen
e u over a two-element alphabet and also for

a large 
lass of other sequen
es u.
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1 Introdu
tion

1.1 Basi
 De�nitions and Notation

By a sequen
e, we always mean a �nite sequen
e (possibly of length 0). Let

u be a (�nite) sequen
e. Then juj denotes the length of u, L(u) denotes the

alphabet of u, i.e., the set of elements (letters) appearing in the sequen
e u,

and jjujj = jL(u)j denotes the size of L(u). For example, the sequen
e u =

125625 (for simpli
ity, we do not separate terms in a sequen
e by 
ommas)

has length juj = 6, its alphabet is L(u) = f1; 2; 5; 6g, and thus jjujj = 4.

Elements of L(u) are 
alled letters. A 
ontiguous part of a sequen
e is 
alled

interval. We say that u is k-sparse, if no interval in u of length at most k


ontains two o

urren
es of the same letter, i.e., jIj = jjIjj for every interval

I in u with jIj � k. Two sequen
es u = a

1

a

2

: : : a

k

and v = b

1

b

2

: : : b

k

of

equal length are said to be isomorphi
, if there is a bije
tion 	 between L(u)

and L(v) su
h that b

i

= 	(a

i

) for ea
h i = 1; : : : ; k. We say that a sequen
e

v is u-free if it has no subsequen
e isomorphi
 to u. Otherwise we say that

v 
ontains u.

A sequen
e aa : : : a 
onsisting of k a-o

urren
es is shortly denoted by

a

k

. In a natural way, we write u = u

1

u

2

: : : u

k

, if u is a 
on
atenation of

sequen
es (and/or letters) u

1

; u

2

; : : : ; u

k

. For a sequen
e u, u denotes the

sequen
e u written in the reversed order.

1.2 Davenport{S
hinzel Trees

For an integer n and a sequen
e u, a u-free jjujj-sparse sequen
e over at most

n elements (letters) is 
alled an (n; u)-sequen
e. Let f

u

(n) be the maximum

length of an (n; u)-sequen
e. For the alternating sequen
e abab : : : of length

s+2, f

u

(n) is the intensively studied fun
tion �

s

(n) known from the theory of

Davenport{S
hinzel sequen
es (see the book [SA95℄ devoted to Davenport{

S
hinzel sequen
es). For other sequen
es u, the fun
tion f

u

(n) has been also

studied in a series of papers (e.g., [AKV92, KV94, Kl92, Kl94, Kl95, Kl97,

Kl99, V99b℄). We mention some of the results on the fun
tions f

u

(n) and

their appli
ations in Se
tion 9.

In this paper we develop an idea of Klazar [Kl95℄ by 
onsidering another

generalization of Davenport{S
hinzel sequen
es, Davenport{S
hinzel trees.

We use a general notion Davenport{S
hinzel trees to denote (rooted) trees

with verti
es labeled by n labels in su
h a way that, besides some te
hni
al
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onditions, the sequen
e of labels along any path (from the root) 
ontains

no subsequen
e isomorphi
 to a �xed sequen
e u. We give results about the

maximum size of Davenport{S
hinzel trees.

A labeled tree T = (T; l) is a tree T = (V;E) with a labeling l : V ! IN,

whi
h assigns a label to ea
h vertex. A rooted labeled tree is a labeled tree

with one vertex spe
i�ed as the root . The set fl(v) : v 2 V g of labels

appearing in T is denoted by L(T ), its size by jjT jj.

Let u be a sequen
e. We say that a rooted labeled tree T = (T; l) is

u-free if, for every path v

1

v

2

: : : v

k

in T starting in the root (v

1

= root), the

sequen
e l(v

1

)l(v

2

) : : : l(v

k

) of labels along the path is u-free. We say that

a labeled tree T = (T; l) is û-free if, for every path v

1

v

2

: : : v

k

in T (not

ne
essarily starting from the root), the sequen
e l(v

1

)l(v

2

) : : : l(v

k

) is u-free.

We say that a labeled tree is k-sparse, if no two verti
es at distan
e less

than k are labeled by the same label. Thus, a labeled tree is 2-sparse, if no

two adja
ent verti
es are labeled by the same label.

Let n be an integer and let u be a sequen
e. An (n; u)-tree ((n; û)-tree,

respe
tively) is a u-free (û-free, respe
tively) jjujj-sparse rooted labeled tree

whose verti
es are labeled by at most n distin
t labels.

We 
onsider the problem of estimating the maximum size of an (n; u)-tree

((n; û)-tree, respe
tively) satisfying still an additional te
hni
al 
ondition.

An additional te
hni
al 
ondition is needed to get reasonable tree analogues

of Davenport{S
hinzel sequen
es. For example, if u = abab, an additional

te
hni
al 
ondition is needed to avoid arbitrarily large (n; u)-trees su
h as

the star in Fig. 1.

1

2

Root

2

2

2

1

1

1

2

2

2

3

4

5

6

6

7

8

8

8

7

Root

(n; abab)-tree

spider

9

Figure 1: An arbitrarily large (n; abab)-tree (for n � 2) and an example of a

spider.

A labeled rooted tree T is 
alled spider , if for ea
h label i 2 L(T ), all
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verti
es in T labeled by i lie on a path starting in the root (see Fig. 1).

If an (n; u)-tree ((n; û)-tree, respe
tively) is a spider we 
all it an (n; u)-

spider ((n; û)-spider , respe
tively) for short.

We investigate the following two fun
tions:

�

u

(n) = the maximum size (i.e., number of verti
es) of an (n; u)-spider,

�̂

u

(n) = the maximum size of an (n; û)-spider.

Observe that f

u

(n) � �

u

(n) and �̂

u

(n) � �

u

(n) for ea
h u and n. If u is

isomorphi
 to u (u is \symmetri
"), then also f

u

(n) � �̂

u

(n).

1

2

3

4

n

(Root)

Figure 2: A labeled star giving the lower bound �

u

(n) � n for any u with

juj > minfjjujj; 2g.

1.3 Main Results

The star in Fig. 2 gives �

u

(n) � n (unless juj = jjujj � 2) and �̂

u

(n) � n

(unless juj = jjujj � 3). Our paper is motivated by the following problem:

Problem 1 Determine sequen
es u with �

u

(n) = O(n) (�̂

u

(n) = O(n), re-

spe
tively).

Here are the main results of this paper giving a partial solution to Prob-

lem 1:

Theorem 1 Let L denote the 
lass of all sequen
es u with �

u

(n) = O(n).

Then:

(i) The sequen
e a

i

lies in L for any i � 1 (a is a letter).

(ii) (monotone property) If v 
ontains u and v 2 L then u 2 L.
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(iii) (letter dupli
ation) Let u

1

; u

2

be two sequen
es, let a be a letter, and let

u

1

a

2

u

2

2 L. Then u

1

a

3

u

2

2 L.

(iv) (�rst{letter and last{letter dupli
ations) Let u be a sequen
e and let a

be a letter. Then, if ua 2 L then ua

2

2 L, and if au 2 L then a

2

u 2 L.

(v) (letter insertions) Let u = au

1

a

2

u

2

be a sequen
e in L, where u

1

; u

2

are sequen
es (possibly empty), a; b are letters, and b 62 L(u). Then the

sequen
e u

0

= bau

1

abau

2

also lies in L.

(vi) (sequen
e insertion) Let u

1

, u

2

, w be three sequen
es, let a be a letter,

let u = u

1

a

2

u

2

, and let L(u) \ L(w) = ;. Moreover, let u; w lie in L.

Then also u

1

awau

2

lies in L.

Theorem 2

(i) If u 
ontains at least one of the four sequen
es ababa; aba

2

b; ab
ab
,

ab
a
b, then

�

u

(n) = 
(n�(n)):

(ii) If u 
annot be written as u = vw, L(v)\L(w) = ;, so that the sequen
es

v; w are ababa-, aba

2

b-, ab
ab
-, and ab
a
b-free then

�̂

u

(n) = 
(n�(n)):

Theorem 1 des
ribes the 
lass of sequen
es for whi
h we are able to prove

�

u

(n) = O(n). At the end of Se
tion 4, we derive it from more general results

given in Se
tions 2{4. Theorem 2 is obtained from a 
onstru
tion given in

Se
tion 5.

We do not state an analogue of Theorem 1 for the fun
tion �̂

u

(n). The

reason is that all sequen
es u for whi
h we know �̂

u

(n) = O(n) are obtained

by 
ombining Theorem 1 with Theorem 6 below.

The following theorems, derived from Theorems 1 and 2, determine the

validity of �

u

(n) = O(n) and �̂

u

(n) = O(n) for a large 
lass of sequen
es u.

Theorem 3 (two-letter theorem)

(i) If u is a sequen
e with jjujj � 2, then �

u

(n) = O(n) if and only if u is

ababa-free and aba

2

b-free.
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(ii) If u is a sequen
e with jjujj � 2, then �̂

u

(n) = O(n) if and only if u is

ababa-free and ab

2

a

2

b-free.

Theorem 4 If u is abab-free, then

�̂

u

(n) � �

u

(n) = O(n):

Theorem 5 If u = a

i

1

1

a

i

2

2

: : : a

i

k

k

, where a

1

; a

2

; : : : ; a

k

are letters (not ne
es-

sarily distin
t), i

1

; i

k

� 1, and i

2

; i

3

; : : : ; i

k�1

� 2, then

�

u

(n) = O(n) () �̂

u

(n) = O(n) () u is abab-free:

Some more results derived from Theorem 1 and from our 
onstru
tion


an be found in Paragraph 10.1 in [V99b℄.

1.4 Relations between � and �̂

Here is an important rule allowing to derive an upper bound on �̂

u

(n) from

upper bounds on the fun
tions �

v

(n):

Theorem 6 (derivation rule) For any sequen
e u with juj > jjujj,

�̂

u

(n) = O(minf�

v

(n) + �

w

(n) : u = vw; L(v) \ L(w) = ;g):

(For the empty sequen
e " and for ea
h n, we take �

"

(n) = 0.)

We remark that Theorem 6 holds also for sequen
es u with juj = jjujj 62

f2; 4g. However, in the 
ase juj = jjujj we easily get �̂

u

(n) � 2 (if juj =

jjujj � 3) or �̂

u

(n) = n (if juj = jjujj > 3). Therefore any analogues of

Theorem 6 are not too interesting in this 
ase.

The bound in Theorem 6 is asymptoti
ally best possible for \symmetri
"

sequen
es:

Theorem 7 If u is isomorphi
 to u (u is \symmetri
"), then

�̂

u

(n) = �(minf�

v

(n) + �

w

(n) : u = vw; L(v) \ L(w) = ;g):

6



1.5 General Estimates

Klazar proved an almost linear upper bound on �̂

u

(n) (originally stated for

a somewhat di�erent model | see Se
tion 9):

Theorem 8 (Klazar [Kl99℄) For any sequen
e u, there is a 
onstant 
 =


(u) su
h that

�̂

u

(n) = O

�

n2

(�(n))




�

;

where �(n) is the fun
tional inverse to the A
kermann fun
tion.

The de�nition of the A
kermann fun
tion and its fun
tional inverse �(n)


an be found e.g. in [Ro67, SA95, V99b℄. We remark that the term 2

(�(n))




appearing in Theorem 8 is a fun
tion whi
h grows extremely slowly to in�nity.

In parti
ular, it grows to in�nity slower than the fun
tional inverse of any

unbounded primitive re
ursive fun
tion (see [Ro67, SA95℄). On the other

hand, �

u

(n) � n for any n and u with juj > minfjjujj; 2g (see Fig. 2).

Theorem 8 is improved in [V00℄:

Theorem 9 (Valtr [V00℄) For any sequen
e u, there is a 
onstant 
 = 
(u)

su
h that

�̂

u

(n) � �

u

(n) = O

�

n2


(�(n))

juj+jjujj�5

�

:

The following proposition gives more information about the possible asymp-

toti
 behavior of the fun
tion �

u

(n).

Proposition 10 ([V99b℄) For any sequen
e u, the fun
tion �

u

(n) behaves

asymptoti
ally in one of the following three ways:

(i) �

u

(n) � 1 for all n,

(ii) �

u

(n) = �(n), or

(iii)

�

u

(n)

n

tends very slowly to in�nity as n tends to in�nity (it tends to

in�nity slower than the fun
tional inverse of any unbounded primitive

re
ursive fun
tion).

An analogous statement holds also for the fun
tion �̂

u

(n). It is not diÆ-


ult to see that 
ase (i) in Proposition 10 holds if and only if juj = jjujj � 2.

On
e we have Proposition 10 and the upper bound in Theorem 9, it may

seem almost needless to work on Problem 1. However, Davenport{S
hinzel
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and generalized Davenport{S
hinzel sequen
es lead to analogous extremal

fun
tions �

s

(n) and f

u

(n), respe
tively, for whi
h the distin
tion between a

linear and an almost linear bound plays an important role in appli
ations

(e.g., see the book [SA95℄ and the survey paper [V99b℄).

The fun
tions �

u

(n) and �̂

u

(n) might be also interesting for their unusual

asymptoti
 behavior | we show that there are sequen
es u (e.g., u = ababa)

with �

u

(n) = 
(n�(n)). It follows that the inverse of the fun
tion

�

u

(n)

n

is

not primitive re
ursive. Perhaps, for some sequen
es u, the inverse of the

fun
tion

�

u

(n)

n

may grow even mu
h faster than the A
kermann fun
tion.

We remark that Klazar [Kl95, Kl97, Kl99℄ originally 
onsidered a some-

what di�erent model of unrooted labeled trees. It has been shown in [V00℄

that Klazar's model leads for any sequen
e u to an extremal fun
tion of order

�(�̂

u

(n)). Thus, there is no essential di�eren
e between Klazar's model and

our model of (n; û)-spiders. We study the fun
tions �

u

(n) and �̂

u

(n) sin
e

they seem to be more natural and easier to handle with than the 
orrespond-

ing extremal fun
tion in Klazar's model. The other models are des
ribed in

Se
tion 9 (see also [V99b, Se
tion 8℄ and [V00℄ for more details).

1.6 More De�nitions and Notation

Throughout the rest of the paper, jT j denotes the number of verti
es in a

spider T . i-verti
es are verti
es labeled by i. The path between two verti
es

u; v is 
alled [u; v℄-path. If u; v are i-verti
es, then we say that the [u; v℄-path

is an i-path.

In the pi
tures we always draw a spider with the root on the top. Cor-

respondingly, if u; v are two di�erent verti
es in a spider and v lies on the

[root; u℄-path, then we say that u lies under v and v lies above u. A vertex u is

the topmost vertex (the bottommost vertex , respe
tively) of a set U � V (T )

of verti
es of T , if U 
ontains u and all other verti
es of U lie under u (above

u, respe
tively).

A spider T

0

= ((V

0

; E

0

); l

0

) is a subspider of a spider T = ((V;E); l), if

V

0

� V , E

0

� E, l

0

= lj

V

0

, and the topmost (in T ) vertex of V

0

is the root of

T

0

.

If T = ((V;E); l) is a spider and U � V is a set of verti
es in T 
ontaining

the root of T , then the U-redu
tion of T is de�ned as the spider on the vertex

set U with the root in the root of T and with two verti
es v

1

; v

2

2 U 
onne
ted

by an edge if and only if v

1

lies above or under v

2

and the [v

1

; v

2

℄-path in T


ontains no other verti
es of U (see Fig. 3). If T

0

is a U -redu
tion of T for

8



Root= v

1

v

2

v

3

v

4

v

5

v

6

v

7

v

8

v

9

v

11

v

10

v

12

v

13

v

14

v

15

Root= v

1

v

3

v

5

v

6

v

8

v

9

v

10

v

14

v

15

Figure 3: A rooted tree T and its U -redu
tion, where U =

fv

1

; v

3

; v

5

; v

6

; v

8

; v

9

; v

10

; v

14

; v

15

g.

some U � V , we say that T

0

is a redu
tion of T .

Observation 11

(i) Any redu
tion of a spider is also a spider,

(ii) any redu
tion of a u-free (û-free, respe
tively) spider is also u-free (û-

free, respe
tively).

2

A redu
tion T

0

of a spider T = (T; l) is 
alled an indu
ed redu
tion, if

the subgraph of T indu
ed by the verti
es of T

0

is a tree. Equivalently, an

indu
ed redu
tion of T is any subspider 
ontaining the root of T .

If T is an (n; u)-spider of the maximum size �

u

(n), then we say that T

is (n; u)-
riti
al.

1.7 Organization of the Paper

The paper is organized as follows. In Se
tion 2 we des
ribe and prove aux-

iliary lemmas whi
h are then used in Se
tions 3 and 4 to obtain two strong

results about the asymptoti
 behavior of the maximum size of Davenport{

S
hinzel trees. The proof of Theorem 1 is derived from the results of Se
-

tions 2{4 at the end of Se
tion 4. A lower bound 
onstru
tion for Davenport{

S
hinzel trees giving Theorem 2 is given in Se
tion 5. Theorems 3{5 are de-

rived from Theorems 1 and 2 in Se
tion 6. The derivation rule (Theorem 6)

9



and its 
orollary (Theorem 7) are proved in Se
tion 7. In Se
tion 8 we dis-


uss 
on
lusions of general results for short sequen
es. Se
tion 9 
ontains


on
luding remarks.

2 Basi
 Tools

In this se
tion we prove 8 lemmas (Lemmas 12{19) whi
h give the easier

parts (i)-(iv) of Theorem 1 and des
ribe some useful tools and properties of

the fun
tion �

u

(n) used in the proofs of the parts (v),(vi), su
h as monotone

and additive properties, weak super- and sub-additivity, and some others.

Lemma 12 (sparsity lemma) Let u be a sequen
e, and let l � jjujj. Then

there exists a positive 
onstant " = "(u; l) > 0 su
h that for any u-free jjujj-

sparse spider T there is an l-sparse redu
tion of T with at least "jT j verti
es.

Before the proof of Lemma 12, we present a simple greedy algorithm B(k)

giving a k-sparse redu
tion for a given spider.

Let k � 2, and let T = (T; l) be a spider. The algorithm B(k) �nds a

k-sparse redu
tion B(T ; k) of T as follows. Let V = fv

1

; : : : ; v

jT j

g be the

vertex set of T listed so that v

i

does not lie below v

j

for any i < j (e.g., the

verti
es may be listed in the order of sear
h{to{depth or sear
h{to{width).

We indu
tively de�ne vertex sets V

i

� fv

1

; : : : ; v

i

g; i = 1; : : : ; jT j; as follows.

We set V

1

= fv

1

g = frootg. Further, for i = 1; : : : ; jT j � 1,

V

i+1

=

(

V

i

[ fv

i+1

g; if the (V

i

[ fv

i+1

g)-redu
tion of T is k-sparse,

V

i

; otherwise.

The V

jT j

-redu
tion of T is taken for B(T ; k). (see Fig. 4).

Proof of Lemma 12. We obtain Lemma 12 by running the algorithm

B(l) on T . The spider B(T ; l) is u-free (by Observation 11 (ii)) and l-sparse,

so it remains to show the required bound on the size of B(T ; l).

For a vertex v of B(T ; l), let T

v

be the maximal subspider of T rooted in

v su
h that v is the only vertex of T

v

lying in the vertex set of B(T ; l).

It follows from the de�nition of B(T ; l) that the spider T

v

is u-free and

its verti
es are labeled by at most l� 1 labels (namely, by the labels used on

the �rst l � 1 verti
es on the path in B(T ; l) from v to the root of B(T ; l)).

Thus, T

v


ontains at most �

u

(l � 1) verti
es. Sin
e ea
h vertex of T lies in

10



(Root)

1

1

1

1
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3

4

4

5

6

7

7

8

8

(Root)

1

1

2

3

4

5

6

7

7
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Figure 4: A spider T and the spider B(T ; 2) obtained from T by running the

algorithm B(2).

exa
tly one tree T

v

; v 2 B(T ; l), we get jT j � B(T ; l) � �

u

(l� 1). The lemma

with " =

1

�

u

(l�1)

follows. 2

Lemma 13 (redu
tion lemma) For any integer l � 0 and for any " 2

(0; 1), there is an "

0

> 0 with the following property. Let T be a dl="e-sparse

spider and let T

1

be a redu
tion of T with at least "jT j verti
es. Then T

1

has

an l-sparse redu
tion with at least "

0

jT j verti
es.

Proof. Let T be a dl="e-sparse spider, let V

1

be a set of at least "jT j

verti
es of T , and let T

1

be the V

1

-redu
tion of T . We obtain the required

redu
tion of T

1

by running the algorithm B(l) on T

1

. Let T

0

= B(T

1

; l) be

the redu
tion obtained by the algorithm. T

0

is an l-sparse redu
tion of T

1

,

so it remains to show that T

0

has at least "

0

jT j verti
es.

For a vertex u 2 V

1

, let v(u) be the �rst vertex of T

0

on the [u; root℄-path

in T (or in T

1

) (thus, if u lies in T

0

then v(u) = u). If the distan
e between

u and v(u) in T is less than dl="e, then we say that u is of type I ; otherwise

we say that u is of type II .

Let v be any vertex in T

0

, and let U

v

be the set of verti
es u 2 V

1

of type

I with v(u) = v. By the dl="e-sparsity of T , verti
es of U

v

are labeled by

pairwise di�erent labels. Sin
e all verti
es of U

v

di�erent from v are dis
arded

by the algorithm B(l), they are labeled only by the (at most) l � 1 labels

used on the �rst (at most) l� 1 verti
es of the [v; root℄-path in T

0

. It follows

that ea
h U

v


ontains at most 1 + (l � 1) = l verti
es. Consequently, there

are at most l � jT

0

j verti
es of type I.

11



To estimate the number of verti
es of type II, we 
ount in two ways the

size of the set Z of pairs (u; x) of verti
es su
h that u 2 V

1

is a vertex of type

II and x equals u or lies above u in T at distan
e less than dl="e.

Ea
h vertex u 2 V

1

of type II lies in exa
tly dl="e pairs (u; x) 2 Z. Thus,

the number of verti
es of type II is

jZj

dl="e

. On the other hand, for a vertex x in

T , let C(x) be the set of verti
es u su
h that (u; x) 2 Z. All verti
es of C(x)

di�erent from x lie under x at distan
e less than dl="e from x. Therefore,

sin
e T is dl="e-sparse, C(x) 
ontains no pair of verti
es labeled by the same

label. Let u 2 C(x). By the de�nition of type II, the [u; x℄-path in T 
ontains

no vertex of T

0

. Thus, u is dis
arded by the algorithm B(l) and is therefore

labeled by one of the labels used on the �rst (at most) l � 1 verti
es of the

[v(u) = v(x); root℄-path in T

0

. It follows that the size of C(x) is at most

l � 1. Thus, jZj � (l � 1)jT j. Hen
e, T

1


ontains

jZj

dl="e

�

(l�1)jT j

(l=")

verti
es of

type II.

Altogether, T

1


ontains at most

l � jT

0

j+

(l � 1)jT j

(l=")

= l � jT

0

j+ (1�

1

l

)"jT j

verti
es. On the other hand, it 
ontains at least "jT j verti
es. Comparing

these bounds, we get

jT

0

j �

"

l

2

jT j:

2

Lemma 14 (letter dupli
ation) Let u

1

; u

2

be two sequen
es, and let a be

a letter. Then

�

u

1

a

3

u

2

(n) = �(�

u

1

a

2

u

2

(n)):

We remark that repeated appli
ations of Lemma 14 give

�

u

1

a

i

u

2

(n) = �(�

u

1

a

2

u

2

(n));

for any �xed i � 3.

Proof of Lemma 14. Clearly, �

u

1

a

3

u

2

(n) � �

u

1

a

2

u

2

(n): On the other hand,

let T be a (n; u

1

a

3

u

2

)-
riti
al spider. By the sparsity lemma (Lemma 12),

T 
ontains a 2jju

1

a

2

u

2

jj-sparse redu
tion T

0

of size 
(jT j). Let T

1

be the

redu
tion of T

0

obtained from T

0

by removing every vertex v su
h that the

12



[root; v℄-path 
ontains an even number of l(v)-verti
es. Thus, if there are k

i-verti
es in T

0

(for some i 2 L(T

0

)) then there are d

k

2

e i-verti
es in T

1

. It

follows that jT

1

j �

jT

0

j

2

. It is easy to see that T

1

is u

1

a

2

u

2

-free (otherwise

T

0

would 
ontain u

1

a

3

u

2

). By the redu
tion lemma (Lemma 13, applied

with l = jju

1

a

2

u

2

jj; " = 1=2), T

1

has a jju

1

a

2

u

2

jj-sparse redu
tion T

2

of size


(jT

0

j) = 
(jT j) = 
(�

u

1

a

3

u

2

(n)). Therefore,

�

u

1

a

2

u

2

(n) � jT

2

j = 
(�

u

1

a

3

u

2

(n)):

2

Lemma 15 (�rst{letter and last{letter dupli
ations) Let u be a sequen
e

and let a be a letter. Then

�

a

2

u

(n) = �

au

(n) + O(n);

�

ua

2

(n) = �

ua

(n) + O(n):

We remark that repeated appli
ations of Lemma 15 give

�

a

i

u

(n) = �

au

(n) +O(n) and �

ua

i
(n) = �

ua

(n) +O(n);

for any �xed i � 2.

Proof of Lemma 15. Let T = (T; l) be a (n; a

2

u)-
riti
al spider, and let

d = jja

2

ujj. Let V

1

� V be the set of verti
es v in T with the property that

no l(v)-vertex lies above v. (Thus, V

1


ontains just the topmost i-vertex of

T for ea
h i 2 L(T ).) Hen
e, jV

1

j = jjT jj. Let T

0

be the maximum indu
ed

redu
tion of T su
h that no path in T

0

from the root to an internal vertex


ontains d 
onse
utive verti
es lying in V n V

1

. Let V

0

be the vertex set of

T

0

, and let z be a vertex of V n (V

0

[V

1

) 
losest to the root in T (thus, every

vertex above z lies in V

0

[ V

1

). We 
hange the label of the root to l(z) and


onsider the ((V n (V

0

[ V

1

[ fzg))[ frootg)-redu
tion T

0

of T . T

0

is au-free

| otherwise T would 
ontain a

2

u (the 
hoi
e of V

1

; z ensures this in 
ase

a 2 L(u), the 
hoi
e of V

0

; z ensures it in 
ase a 62 L(u)). In the sequel we

�nd a large d-sparse redu
tion of T

0

.

Let V

2

be the set of verti
es in T

0

of degree at most two. The subgraph of

T indu
ed by V

2

n frootg is a union of disjoint paths. We denote these paths

P

1

; : : : ; P

m

so that if i < j then no vertex of P

i

lies under a vertex of P

j

.

13



We now 
onse
utively 
onstru
t vertex sets

frootg = W

0

� W

1

� � � � � W

n

=W �

m

[

i=1

V (P

i

) [ frootg;

where V (P

i

) is the vertex set of P

i

, su
h that the W

i

-redu
tion of T is d-

sparse for ea
h i and the �nal W -redu
tion will 
ontain all but at most O(n)

verti
es of T . We set W

0

:= frootg. For i = 1 : : : ; n, W

i

is obtained from

W

i�1

by adding some of the verti
es of P

i

. We will make sure that all but at

most f

au

(3d� 4) + d verti
es of P

i

are put to W

i

. If jP

i

j � f

au

(3d� 4) + d,

then we set W

i

:= W

i�1

. Otherwise, let v

1

; : : : ; v

f

au

(3d�4)+d

be the topmost

f

au

(3d� 4) + d verti
es in P

i

(listed from top to bottom), and let L

1

be the

set of d � 1 labels labeling the bottommost d � 1 verti
es of W

i�1

on the

[root; v

1

℄-path (if fewer than d� 1 verti
es of W

i�1

lie on the [root; v

1

℄-path,

then all their labels form L

1

). Further, let L

2

= fl(v

j

) : j = f

au

(3d � 4) +

2; : : : ; f

au

(3d� 4) + dg. Sin
e T

0

is au-free and T is d-sparse, the sequen
e

l(v

1

); : : : ; l(v

f

au

(3d�4)+1

) is au-free and d-sparse. Thus, it 
ontains at least

3d� 3 distin
t labels l(v

j

1

); : : : ; l(v

j

3d�3

). Among these labels, we �nd d� 1

labels, l(v

k

1

); : : : ; l(v

k

d�1

), not lying in L

1

[ L

2

(note that jL

1

j � d � 1,

jL

2

j = d� 1). We set

W

i

:=W

i�1

[ (V (P

i

) n fv

1

; : : : ; v

f

au

(3d�4)+1

g) [ fv

k

1

; : : : ; v

k

d�1

g:

It is easily 
he
ked that the W

i

-redu
tion of T is d-sparse (assuming the

W

i�1

-redu
tion was d-sparse). Thus, the (W = W

n

)-redu
tion T

00

of T

0

is

(d = jjaujj)-sparse and au-free. Hen
e, jT

00

j � �

au

(n). On the other hand,

T

00

is 
onstru
ted so that jT

00

j � jV

2

j �m(f

au

(3d� 4) + d). In the sequel we

derive from this that jT

00

j � jT j � O(n), and the lemma will easily follow.

First, we estimate jV

0

j. Throughout the estimate we 
onsider the V

0

-

redu
tion T

0

. Let V

0

0

be the set of leaves (in T

0

) di�erent from the root.

Verti
es in V

0

0

are labeled by distin
t labels. Therefore, jV

0

0

j � n. Let V

00

0

be

the set of verti
es lying in V

0

0

or at distan
e at most d� 1 above a vertex of

V

0

0

. Clearly, jV

00

0

j � d � jV

0

0

j � dn.

For any vertex x 2 V

0

nV

00

0

. there is an inner vertex x

0

below x at distan
e

d � 1 from x. At least one of the d verti
es on the [x; x

0

℄-path lies in V

1

|

otherwise the [root; x

0

℄-path would be in 
ontradi
tion with the de�nition of

T

0

. Thus, there are at least jV

0

n V

00

0

j pairs (x; x

00

) of verti
es su
h that x 2

V

0

nV

00

0

, x

00

2 V

1

, and that either x

00

= x or x

00

lies below x at distan
e at most

d�1. On the other hand, ea
h vertex x

00

2 V

1


an be in at most d su
h pairs.

It follows that jV

0

nV

00

0

j � djV

1

j. We get jV

0

j � jV

00

0

j+djV

1

j � dn+dn = 2dn.
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It is not hard to verify that m < jV

1

j+ 2n = 3n. Consequently,

�

au

(n) � jT

00

j = jW j � jV

2

j �m(f

au

(3d� 4) + d)

> (jT

0

j � (n� 1))� 3n(f

au

(3d� 4) + d)

� (jT j � jV

0

j � jV

1

j � (n� 1))� 3n(f

au

(3d� 4) + d)

> jT j � (2d+ 2 + 3(f

au

(3d� 4) + d))n

= �

a

2

u

(n)�O(n):

On the other hand,

�

au

(n) � �

a

2

u

(n):

This �nishes the proof of the �rst part (�

a

2

u

(n) = �

au

(n) +O(n)).

The se
ond part, the estimate �

ua

2

(n) = �

ua

(n) + O(n), is somewhat

easier to prove. Let T = (T; l) be a (n; ua

2

)-
riti
al spider. We de�ne V

1

be

the set of verti
es v in T with the property that no l(v)-vertex lies below v.

(Thus, V

1


ontains just the bottommost i-vertex of T for ea
h i 2 L(T ).)

Then the ((V n V

1

) [ frootg)-redu
tion T

0

is ua-free. Analogously as above,

we 
an show that it has a jjuajj-sparse redu
tion T

00

of size jT

0

j � O(n) =

jT j � O(n) = �

ua

2

(n) � O(n). This, 
ombined with the trivial estimate

�

ua

(n) � �

ua

2

(n), gives the se
ond part of the lemma. 2

The following lemma is an easy 
onsequen
e of the sparsity lemma:

Lemma 16 (monotone property) If u

1


ontains u

2

, then there is a 
on-

stant " > 0 su
h that, for any n,

�

u

1

(n) � " � �

u

2

(n):

Proof. Let T be a (n; u

2

)-
riti
al spider. By the sparsity lemma (Lemma 12),

T has a jju

1

jj-sparse redu
tion of size at least "jT j for some " = "(u

2

; jju

1

jj) >

0. Thus, �

u

1

(n) � "jT j = " � �

u

2

(n). 2

Lemma 17 (weak super-additivity) If u is a sequen
e with juj > minfjjujj; 2g,

then there is a positive 
onstant " = "(u) > 0 su
h that

�

u

(

r

X

i=1

n

i

) � "

r

X

i=1

�

u

(n

i

)

holds for any positive integers r; n

1

; n

2

; : : : ; n

r

.
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Proof. The star in Fig. 2 gives �

u

(n) � n for all n and u with juj >

minfjjujj; 2g.

We 
hoose a (n

i

; u)-
riti
al spider T

i

for ea
h i = 1; 2; : : : ; r, so that

L(T

i

) 6= L(T

j

) for all i 6= j. For ea
h i, let z

i

be the root of T

i

. We 
onsider

the spider T with the root in z

1

obtained from the disjoin union of the

spiders T

i

by adding the edges z

1

z

i

; i = 2; 3; : : : ; r (see Fig. 5). Clearly T has

T

1

T

2

T

3

T

r

z

1

z

2

z

3

z

r

Figure 5: The spider T 
onstru
ted in the proof of Lemma 17.

P

r

i=1

�

u

(n

i

) verti
es labeled by at most n labels and is au-free, where a is the

�rst letter of u. Thus,

�

au

(n) �

r

X

i=1

�

u

(n

i

);

where n = n

1

+ : : :+ n

r

. By Lemma 15, there is a 
 > 0 su
h that

�

au

(n) � �

u

(n) + 
 � n � (
+ 1)�

u

(n):

It follows that

�

u

(n) �

1


 + 1

r

X

i=1

�

u

(n

i

):

2

Lemma 18 (additive property) Let u

1

; u

2

be two sequen
es with L(u

1

)\

L(u

2

) = ;. Then there are two positive 
onstants 


1

; 


2

> 0 su
h that, for

any n,




1

(�

u

1

(n) + �

u

2

(n)) � �

u

1

u

2

(n) � �

u

1

(n) + 


2

(�

u

2

(n) + n):
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Proof. The �rst inequality follows from the monotone property (Lemma 16).

For the se
ond inequality, 
onsider a (n; u

1

u

2

)-
riti
al spider T . Let T

0

be

the maximum u

1

-free indu
ed redu
tion of T .

The size of T

0

is at most �

u

1

(n). If we remove verti
es of T

0

from T , we

get a disjoint union of subspiders of T . Let T

1

; : : : ; T

p

be these subspiders.

We have L(T

i

) \ L(T

j

) = ; for i 6= j.

Let i 2 f1; : : : ; pg. The sequen
e of labels along the [root(T ); root(T

i

)℄-

path 
ontains a subsequen
e s

i

isomorphi
 to u

1

(by the maximality of T

0

).

Let W

i

be the set of verti
es of T

i

labeled by a label not lying in L(s

i

).

Then the (W

i

[froot(T

i

)g)-redu
tion of T

i

is au

2

-free, where a is the element

appearing in u

2

on the �rst position (otherwise T would 
ontain u

1

u

2

). Thus,

jW

i

j � �

au

2

(jjW

i

jj) = O(�

u

2

(jjW

i

jj)+jjW

i

jj) (the se
ond estimate follows from

Lemma 15).

In two ways, we now 
ount the number Z of pairs (w; x), where w 2 W

i

,

x 62 W

i

, and x lies in T

i

below w at distan
e at most jju

1

u

2

jj � 1 from w. We

get

jju

2

jj(jT

i

j � jjT

i

jj � jW

i

j) � Z � jju

1

jjjW

i

j:

Consequently,

jT

i

j = O(jW

i

j+ jjT

i

jj):

We get that

�

u

1

u

2

(n) = jT j � jT

0

j+

p

X

i=1

jT

i

j

� �

u

1

(n) +

p

X

i=1

O(jW

i

j+ jjT

i

jj)

� �

u

1

(n) +

p

X

i=1

O (�

u

2

(jjW

i

jj) + jjW

i

jj+ jjT

i

jj)

� �

u

1

(n) +

p

X

i=1

O (�

u

2

(jjT

i

jj) + jjT

i

jj)

� �

u

1

(n) +O(�

u

2

(n) + n)

(the last inequality follows from Lemma 17). 2

Lemma 19 (weak sub-additivity) For any sequen
e u and for any inte-

ger k � 1, there is a 
 = 
(u; k) > 0 su
h that �

u

(kn) � 
 � �

u

(n); for any

integer n.
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Proof. Let T be a (kn; u)-
riti
al spider. By the sparsity lemma (Lemma 12),

T has a kjjujj-sparse redu
tion T

0

of size at least "jT j. Let L(T

0

) = L

1

[

: : : [ L

k

be any partition of the label set L(T

0

) into k sets of size at most

n. By the pigeon-hole prin
iple, labels of one of the sets L

i

o

ur altogether

at least

1

k

jT

0

j times in T

0

. Let V

1

be the set of verti
es labeled by these

labels, and let T

1

be the V

1

-redu
tion of T

0

. Thus, jT

1

j �

1

k

jT

0

j �

"

k

jT j and

jjT

1

jj � n. By the redu
tion lemma (Lemma 13, with l = jjujj and " =

1

k

),

T

1

has a jjujj-sparse redu
tion of size at least "

0

jT

1

j �

"

0

"

k

jT j =

"

0

"

k

� �

u

(kn).

The lemma with 
 =

k

"

0

"

follows. 2

3 Letter Insertions

In this se
tion we prove the following generalization of Theorem 1(v).

Theorem 20 (letter insertions) Let u = au

1

a

2

u

2

, u

0

= bau

1

abau

2

, where

u

1

; u

2

are two sequen
es (possibly empty), a; b are letters, and b 62 L(u). Then

�

u

0

(n) = O(�

u

(n)).

The following lemma is the key part of the proof of Theorem 20.

Lemma 21 (density lemma) For every sequen
e u and for every p � 1,

there exists a 
onstant " = "(u; p) > 0 with the following property: Let T be

a jjujj-sparse u-free spider, and let < be any linear order on L(T ). Then T

has a jjujj-sparse redu
tion T

(p)

on at least "jT j verti
es su
h that, for any

label i and for any two di�erent i-verti
es v

1

; v

2

in T

(p)

, at least p labels j

with j < i o

ur on the path in T 
onne
ting v

1

; v

2

.

Before proving Lemma 21, we derive Theorem 20 from it.

Proof of Theorem 20. Let T be a (n; u

0

)-
riti
al spider. Consider the

partial order � on L(T ) su
h that i � j if and only if there is an i-vertex

lying above all j-verti
es. Let < be any linear extension of �. We apply the

density lemma (Lemma 21) with p = jjujj+1, obtaining a jjujj-sparse spider

T

(p)

.

We prove that T

(p)

is u-free. Suppose to the 
ontrary that T

(p)


ontains

u. Thus, T

(p)

has a path P from the root su
h that the sequen
e l(P ) of

labels along P has a subsequen
e ~u = ~a~u

1

~a

2

~u

2

isomorphi
 to u. By the 
hoi
e

18



of T

(p)

, l(P ) has a subsequen
e ~a~u

1

~a

~

b~a~u

2

for at least jjujj + 1 = jL(~u)j + 1

labels

~

b;

~

b < ~a. Choose

~

b su
h that

~

b 62 L(~u). Sin
e

~

b < ~a, at least one

o

urren
e of

~

b pre
edes any o

urren
e of ~a in l(P ). Consequently, l(P ) has

a subsequen
e

~

b~a~u

1

~a

~

b~a~u

2

isomorphi
 to u

0

{ a 
ontradi
tion. Thus, T

(p)

is

u-free.

From jT

(p)

j � "jT j we get

�

u

(n) � jT

(p)

j � "jT j = " � �

u

0

(n):

Consequently,

�

u

0

(n) = O(�

u

(n));

as required. 2

It remains to prove the density lemma (Lemma 21). We �rst prove the

following weaker statement:

Lemma 22 For every sequen
e u and for every p � 1, there exists a 
onstant

"

0

= "

0

(u; p) > 0 with the following property: Let T be a jjujj-sparse u-free

spider, and let < be any linear order on L(T ). Then T has a jjujj-sparse

redu
tion T

0

on at least "

0

jT j verti
es su
h that, for any label i and for any

two di�erent i-verti
es v

1

; v

2

in T

0

, at least p verti
es on the [v

1

; v

2

℄-path in

T are labeled by labels smaller than i (smaller with respe
t to <).

Proof. We may suppose that p � 2 (the 
ase p = 2 implies the 
ase p = 1).

Sin
e the lemma is easy to prove for jjujj = 1 (with "

0

=

1

juj�1

), we may also

assume that jjujj > 1.

Suppose that L(T ) = f1; 2; : : : ; ng and that < 
oin
ides with the usual

order of integers. By the sparsity lemma (Lemma 12), there is a 84pjjujj-

sparse redu
tion T

0

of T with jT

0

j � "jT j. From now on, we 
onsider the

spider T

0

.

If jT

0

j < (210p � 21)n, then we may take T

0

as any redu
tion of T


ontaining exa
tly one i-vertex for ea
h i 2 L(T ). Then the size of T

0

is

n >

jT

0

j

210p�21

�

"

210p�21

jT j and the lemma holds with any "

0

�

"

210p�21

. We

further suppose that jT

0

j � (210p� 21)n.

Let i 2 L(T

0

). All but at most 10p � 1 i-verti
es in T

0


an be 
overed

by pairwise disjoint i-paths, ea
h 
ontaining exa
tly 10p i-verti
es. We �x

su
h pairwise disjoint i-paths and 
all them i-blo
ks. We partition the 10p i-

verti
es in ea
h i-blo
k into 5p pairs of i-verti
es determining pairwise disjoint
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i-paths further 
alled i-ar
s. A path in T

0

is 
alled blo
k or ar
, if it is an

i-blo
k or an i-ar
 for some i 2 L(T

0

), respe
tively. Certainly, the spider T

0


ontains at least

jT

0

j�(10p�1)n

10p

�

jT

0

j�(10p�1)�

jT

0

j

210p�21

10p

=

2jT

0

j

21p

(and at most

jT

0

j

10p

)

blo
ks. The number of ar
s is 5p times bigger.

Now, we 
onstru
t n + 1 auxiliary sets U

(0)

;U

(1)

; : : :U

(n)

of pairwise dis-

joint ar
s in T

0

. We start with U

(0)

= ;. We now des
ribe how to 
onstru
t

U

(i)

from U

(i�1)

. We say that an i-blo
k in T

0

is good if it has non-empty

interse
tion with at least p + 1 ar
s of U

(i�1)

, otherwise we say that it is

bad . The set U

(i)

is obtained from U

(i�1)

in the following way: For ea
h bad

i-blo
k B in T

0

, remove from U

(i�1)

the (at most p) ar
s interse
ting B and

add to U

(i�1)

the 5p i-ar
s 
ontained in B. The obtained set of ar
s is taken

for U

(i)

.

The next step in the proof is to estimate the number of bad blo
ks from

above and 
onsequently the number of good blo
ks from below.

To get the �rst estimate, 
onsider the set U = U

(n)

. Certainly, U is a

set of pairwise disjoint ar
s in T

0

. Sin
e T

0

is 2-sparse, every ar
 
ontains at

least 3 verti
es. Thus, jUj �

jT

0

j

3

. On the other hand, we 
an easily estimate

the size of U from below by the number of bad blo
ks. If b is the number of

bad blo
ks in T

0

, then jUj � (5p � p)b = 4pb, sin
e to every bad blo
k we


an assign an addition of (its) 5p ar
s to U and a removal of at most p ar
s

from U . Thus, 4pb � jUj �

jT

0

j

3

, whi
h implies b �

jT

0

j

12p

.

Sin
e T

0


ontains at least

2jT

0

j

21p

blo
ks, there are at least

2jT

0

j

21p

�

jT

0

j

12p

=

jT

0

j

84p

good blo
ks in T

0

.

Now, we show for any i that if an i-blo
k is good then it 
ontains at

least p verti
es labeled by labels smaller than i. Suppose B is a good i-

blo
k. Then it interse
ts at least p+1 ar
s of U

(i�1)

. These ar
s are pairwise

disjoint. Thus, at least p of them do not 
ontain the topmost vertex of B.

The topmost vertex of ea
h su
h ar
 lies in B. This gives us the desired set

of p verti
es in B labeled by labels smaller than i.

Let V

1

be the set of the topmost verti
es of good blo
ks in T

0

. Thus, the

size of V

1

equals the number of good blo
ks in T

0

, and is therefore at least

jT

0

j

84p

�

"

84p

jT j.

Suppose �rst that V

1


ontains the root of T

0

, and de�ne T

1

as the V

1

-

redu
tion of T

0

. Any i-path in T

0


onne
ting two i-verti
es of V

1


ontains the

(good) i-blo
k starting from its higher end-vertex. Therefore, it 
ontains at

least p verti
es labeled by labels smaller than i.
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If V

1

does not 
ontain the root of T

0

, then we remove from V

1

the topmost

�-vertex lying in V

1

(� := the label of the root), repla
e it in V

1

by the root of

T

0

, and de�ne T

1

as the V

1

-redu
tion of T

0

. Again, any i-path in T

0


onne
ting

two i-verti
es of V

1


ontains at least p verti
es labeled by labels smaller than

i.

In either 
ase, the spider T

1

partially satis�es Lemma 22. The only

problem is that T

1

does not have to be jjujj-sparse. To a
hieve the jjujj-

sparsity, we apply the redu
tion lemma. By the redu
tion lemma (Lemma 13,

with l = jjujj, " =

1

84p

), T

1

has a jjujj-sparse redu
tion T

0

of size at least

"

0

jT

0

j � "

0

"jT j. 2

We are ready to prove the density lemma.

Proof of Lemma 21. Let T

(p;j)

be the spider obtained from T by j

appli
ations of Lemma 22. We set T

(p)

:= T

(p;p)

, i.e., T

(p)

is the redu
tion

of T obtained from T by p appli
ations of Lemma 22. Clearly, T

(p)

has the

required size. It remains to verify the \density" property of paths in T

(p)

.

If two verti
es u; v in T

(p)

= T

(p;p)

are labeled by the same label, then

the path in T

(p;p�1)

between them 
ontains p verti
es labeled by smaller

labels. If all p verti
es are labeled by pairwise di�erent labels then we are

done. Otherwise, 
onsider two of these verti
es, u

1

; v

1

, labeled by the same

label. Then the path in T

(p;p�2)

between them 
ontains p verti
es labeled by

smaller labels. Again, if all p verti
es are labeled by pairwise di�erent labels

then we are done. Otherwise, 
onsider two of these verti
es, u

2

; v

2

, labeled

by the same label, et
. Continuing this pro
ess, we either �nd p verti
es

labeled by pairwise di�erent labels or we 
onstru
t p verti
es u

1

; u

2

; : : : ; u

p

with de
reasing (thus, pairwise di�erent) labels smaller than l(u) = l(v). 2

4 Sequen
e Insertions

In this se
tion we prove the following result, whi
h gives Theorem 1(vi).

Theorem 23 (sequen
e insertion) Let u = u

1

a

2

u

2

, w be two sequen
es,

where u

1

, u

2

are two sequen
es, a is a letter, and L(u) \ L(w) = ;. Then

�

u

1

awau

2

(n) = O(�

w

(�

u

(n)) + �

u

(n)):

In parti
ular, if �

u

(n); �

w

(n) = O(n), then also �

u

1

awau

2

(n) = O(n).
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Proof. Consider the sequen
e w

0

= w

1

w

2

: : : w

jjujj+2

, L(w

i

)\L(w

j

) = ; (i 6=

j), of length (jjujj+1)jjwjj+1 
onsisting of jjujj+2 intervals w

1

; : : : ; w

jjujj+2

over pairwise disjoint alphabets su
h that w

1

; : : : ; w

jjujj+1

are isomorphi
 to

w and w

jjujj+2

is a sequen
e of length 1. By Lemma 18 (additive property),

�

w

0

(n) = O

0

�

jjujj+2

X

i=1

�

w

i

(n) + n

1

A

= O(�

w

(n) + n): (1)

For a spider S, we de�ne S

�

as the maximal indu
ed w

0

-free redu
tion of

S. More generally, if G is a \multispider" (S

i

; i 2 I) (i.e., a disjoin union of

spiders S

i

; i 2 I), then we de�ne G

�

as the multispider (S

�

i

; i 2 I).

Let T be a (n; t)-
riti
al spider, where t = u

1

awau

2

. We set G

1

= T ,

and indu
tively de�ne multispiders G

2

;G

3

; : : : by taking G

i+1

as the indu
ed

subgraph of G

i

obtained from G

i

by removing all verti
es of G

�

i

. In ea
h


omponent of G

i+1

, the topmost vertex is taken for the root of the 
omponent.

Clearly, ea
h G

i

(and also ea
h G

�

i

) is a multispider su
h that no label is used

on more than one spider belonging to G

i

(to G

�

i

), and ea
h vertex of T lies in

exa
tly one of the graphs G

�

1

;G

�

2

; : : :. Sin
e ea
h 
omponent in G

�

i

is w

0

-free,

the weak super-additivity of �

w

0

(Lemma 17) and (1) imply

jG

�

i

j = O(�

w

0

(jjG

�

i

jj)) = O(�

w

(jjG

�

i

jj) + jjG

�

i

jj): (2)

For ea
h i > 2, we 
hoose arbitrarily a set V

i

of jjG

�

i

jj verti
es in G

�

i

su
h

that no two verti
es of V

i

are labeled by the same label. For i = 1; 2, a set

V

i

is 
hosen arbitrarily so that it 
ontains the root of T and other jjG

�

i

jj � 1

verti
es of G

�

i

su
h that no two verti
es in V

i

are labeled by the same label.

Let V

odd

= V

1

[ V

3

[ V

5

[ : : : and V

even

= V

2

[ V

4

[ V

6

[ : : :. Further, let

S

odd

and S

even

be the V

odd

- and V

even

-redu
tions of T , respe
tively. We now

get estimates on the size of S

odd

and S

even

by showing that they are u-free

and have relatively large jjujj-sparse redu
tions.

First, we show that S

odd

is u-free. Suppose to the 
ontrary that there is a

path P in S

odd

from the root su
h that the sequen
e l(P ) of labels appearing

along the path P has a subsequen
e ~u = ~u

1

~a

2

~u

2

isomorphi
 to u. By the


onstru
tion of S

odd

, the two ~a's in ~u (between ~u

1

and ~u

2

) 
orrespond to

two verti
es x; y lying in di�erent multispiders G

�

2j+1

;G

�

2k+1

, j < k. By the

maximality of G

�

2j+2

, if P

0

denotes the part of P lying in G

�

2j+2

, then the

sequen
e of labels along P

0

has a subsequen
e ~w

1

~w

2

: : : ~w

jjujj+1

isomorphi
 to

w

1

: : : w

jjujj+1

(otherwise G

�

2j+2


ould be enlarged by the topmost vertex of

P \ G

�

2j+3

| a 
ontradi
tion with the de�nition of G

�

2j+2

).
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The label set L(~u) has a non-empty interse
tion with at most jL(~u)j =

jjujj of the sets L( ~w

i

). Thus, there is an index i 2 f1; 2; : : : ; jjujj + 1g su
h

that L(~u) \ L( ~w

i

) = ;. Consequently, ~u

1

~a ~w

i

~a~u

2

is a subsequen
e of l(P )

isomorphi
 to t | a 
ontradi
tion. Thus, S

odd

is u-free.

We now show that S

odd

has a jjujj-sparse redu
tion S

0

odd

of size 
(jS

odd

j).

In fa
t, S

0

odd


an be obtained from S

odd

by running the algorithm B(jjujj)

(introdu
ed below Lemma 12).

Let R be one of the spiders forming the multispider G

�

2i+1

for some i.

Then we say that R is internal , if at least one path in T from the root to

G

�

2i+2

goes through R. Otherwise we say that R is external .

Obviously, ea
h label appears in at most one external spider (in the whole

S

odd

). Thus, all external spiders 
ontain altogether at most jjS

odd

jj verti
es

of S

odd

. Consequently, all internal spiders 
ontain altogether at least jS

odd

j�

jjS

odd

jj verti
es of S

odd

.

If R is internal and P is any path from the root to G

�

2i+2

interse
ting R,

then the label set L(P \R) of their interse
tion has size at least jjw

0

jj � 1 =

jjwjj(jjujj+ 1) � jjujj+ 1 (otherwise G

�

2i+1

together with the topmost vertex

of P \ G

�

2i+2

is w

0

-free | a 
ontradi
tion with the maximality of G

�

2i+1

).

Thus, if R is internal, then it 
ontains jjRjj � jjujj+ 1 verti
es of S

odd

and, by the de�nition of the algorithm B(jjujj), at least jjRjj � (jjujj � 1) �

jjRjj � (jjujj � 1)

jjRjj

jjujj+1

=

2

jjujj+1

jjRjj verti
es of S

0

odd

.

Sin
e internal spiders 
ontain altogether at least jS

odd

j�jjS

odd

jj verti
es of

S

odd

, we get that jS

0

odd

j �

2

jjujj+1

(jS

odd

j�jjS

odd

jj). If we sum up this inequality

with the inequality jS

0

odd

j � jjS

odd

jj �

2

jjujj+1

jjS

odd

jj (following dire
tly from

the de�nition of B(jjujj) and from jjujj � 1), we get

2jS

0

odd

j �

2

jjujj+ 1

jS

odd

j:

Thus,

jS

odd

j � (jjujj+ 1)jS

0

odd

j � (jjujj+ 1)�

u

(n): (3)

Similarly, we 
ould prove that

jS

even

j � (jjujj+ 1)�

u

(n): (4)

Now we are ready to �nish the proof. By (2), (3), (4), by the weak

super-additivity of �

w

(Lemma 17), and by the weak sub-additivity of �

w
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(Lemma 19),

�

t

(n) = jT j =

1

X

i=1

jG

�

i

j

(2), Lemma 17

= O

 

�

w

(

X

i odd

jjG

�

i

jj) +

X

i odd

jjG

�

i

jj+ �

w

(

X

i even

jjG

�

i

jj) +

X

i even

jjG

�

i

jj

!

= O (�

w

(jS

odd

j) + jS

odd

j+ �

w

(jS

even

j) + jS

even

j)

(3), (4)

= 2 �O(�

w

((jjujj+ 1)�

u

(n)) + (jjujj+ 1)�

u

(n))

Lemma 19

= O(�

w

(�

u

(n)) + �

u

(n)):

2

We now summarize the proof of Theorem 1 
ontained in Se
tions 2{4.

Proof of Theorem 1. Part (i) is trivial, part (ii) follows from Lemma 16.

Part (iii) is a 
orollary of Lemma 14, part (iv) a 
orollary of Lemma 15. Part

(v) follows from Theorem 20, and part (vi) from Theorem 23. 2

5 A Lower Bound Constru
tion

Here we des
ribe a 
onstru
tion giving Theorem 2. For any two positive

integers k and m, we 
onstru
t a spider T (k;m) with the following �ve

properties:

(P1) T (k;m) is ababa-, aba

2

b-, ab
ab
-, and ab
a
b-free,

(P2) 
(k;m) :=

jjT (k;m)jj

m

is an integer,

(P3) for ea
h label i 2 L(T (k;m)), there is a (unique) leaf z(i) labeled by i;

moreover, the leaves z(i) form 
(k;m) pairwise disjoint fans, where fan

is a set of m leaves having a 
ommon neighbor (father),

(P4) in ea
h fan in T (k;m), there is a leaf labeled by the same label as its

father; otherwise no two neighbors in T (k;m) are labeled by the same

label,

(P5)

jT (k;m)j

jjT (k;m)jj

>

k

2

.
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The spiders T (k;m) are 
onstru
ted by double indu
tion on k and m as

follows.

For k = 1 and any m, T (1; m) 
onsists of the root and a single fan of m

leaves 
onne
ted to the root (see Fig. 6).

1

1

2

Root

m

fan

Figure 6: The spider T (1; m)

For k > 1 and m = 1, we 
onstru
t T (k; 1) from T (k � 1; 2) by adding

an edge and a vertex in ea
h fan as shown in Fig. 7. We get two one-term

fans in T (k; 1) in pla
e of ea
h two-term fan in T (k � 1; 2). For k > 1

x

y

x

x

x

y

y

Figure 7: Obtaining T (k; 1) from T (k�1; 2) (dotted re
tangles denote fans).

and m > 1, we 
onstru
t T (k;m) from the spiders T = T (k;m � 1) and

V = T (k� 1;M), where M = 
(k;m� 1) =

jjT (k;m�1)jj

m�1

is the number of fans

in T , as follows (see Fig. 8). Let F

1

; F

2

; : : : ; F

P

be the fans in V (listed in

an arbitrary order). For ea
h i = 1; : : : ; P , we take a spider T

i

isomorphi
 to

T = T (k;m�1) su
h that the label sets L(V); L(T

1

); : : : ; L(T

P

) are pairwise

disjoint. For i = 1; : : : ; P , we denote the leaves in F

i

by f

i1

; f

i2

; : : : ; f

iM

(in

an arbitrary order) and their 
ommon father by f

i

. Further, we denote the

root of T

i

by r

i

and the fans in T

i

by G

i1

; G

i2

; : : : ; G

iM

. For j = 1; : : : ;M ,

let g

ij

be the 
ommon father of the leaves in G

ij

.
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V

f

i

F

1

F

i

F

P

f

i1

f

iM

f

P

f

1

T

1

r

1

T

i

r

i

g

i1

g
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G
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Figure 8: The indu
tive 
onstru
tion of T (k;m), k > 1, m > 1.
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The spider T (k;m) is obtained from the disjoint union of the spiders V;

T

1

: : : ; T

P

in the following four steps made for ea
h i = 1; : : : ; P (see Fig. 8):

1. remove all edges 
onne
ting the verti
es in the fans F

i

; G

i1

; G

i2

; : : : ; G

iM

with their fathers,

2. 
onne
t f

i

with r

i

by an edge,

3. for ea
h j = 1; : : : ;M , 
onne
t f

ij

by an edge with the vertex g

ij

and

with all verti
es of the fan G

ij

,

4. for ea
h j = 1; : : : ;M , add a new vertex (leaf) f

0

ij

labeled by l(f

ij

) and


onne
t it by an edge to f

ij

.

The fans in T (k;m) are G

ij

[ ff

0

ij

g, i = 1; : : : ; P; j = 1; : : : ;M .

Properties (P2){(P5) follow dire
tly from the 
onstru
tion. We now verify

(P1). It follows from the 
onstru
tion that if T (k;m); k;m > 1, 
ontains

some sequen
e u, then u is a subsequen
e of some sequen
e u

1

�u

2

�� or

u

1

�u

2

�

2

, where j�j = j�j = 1, L(u

1

�)\L(u

2

�) = ;, S(k�1; 
(k;m�1)) = V


ontains u

1

�, and T (k;m� 1) = T 
ontains u

2

�.

Consequently, it easily follows by indu
tion that if any spider T (k;m)


ontains a sequen
e u with jjujj � 2, then u is isomorphi
 to some sequen
e

a

p

b

q

a

r

b

s

, p; q; s � 0, r 2 f0; 1g. Thus, the spiders T (k;m) are ababa-free and

aba

2

b-free.

Consequently, again by indu
tion, we get that if any spider T (k;m) 
on-

tains a sequen
e with jjujj � 3, then u is isomorphi
 to some sequen
e

a

p

b

q

a

r

b

s

d

t

b

x

d

y

or to some sequen
e d

t

a

p

b

q

a

r

b

s

d

x

b

y

. It follows that the spiders

T (k;m) are also ab
ab
-free and ab
a
b-free. This �nishes the veri�
ation of

property (P1).

We do not know if there is a ababa-, aba

2

b-, ab
ab
-, and ab
a
b-free

sequen
e u with �

u

(n) 6= O(n) (the above 
onstru
tion does not help here |

every ababa-, aba

2

b-, ab
ab
-, and ab
a
b-free sequen
e u is 
ontained in at

least one spider T (k;m)).

We are ready to prove Theorem 2.

Proof of Theorem 2. We prove only part (i), part (ii) then easily follows

from the monotone property (Lemma 16).

It follows from properties (P1){(P5) that

�

ababa

(n)

n

and

�

aba

2

b

(n)

n

are un-

bounded, sin
e the removal of all leaves in T (k;m) gives a (jjT (k;m)jj; ababa)-

spider (and a (jjT (k;m)jj; aba

2

b)-spider) of size at least (

k

2

� 1)jjT (k;m)jj.
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Sin
e T (k;m) is also ab
ab
-free and ab
a
b-free, Lemma 12 (sparsity lemma,

with u = ababa, l = 3) implies that also

�

ab
ab


(n)

n

and

�

ab
a
b

(n)

n

are un-

bounded. Now, let u be any sequen
e 
ontaining at least one of the sequen
es

ababa, aba

2

b, ab
ab
, and ab
a
b. Then from above and by Proposition 10,

�

u

(n)

n

!1.

A
tually, the numbers 
(k;m) grow analogously as the \A
kermann"

numbers A(k;m):

� 
(1; m) = 1, for m � 1,

� 
(k; 1) = 2 � 
(k � 1; 2), for k > 1,

� 
(k;m) = 
(k;m� 1) � 
(k � 1; 
(k;m� 1)), for k > 1; m > 1.

Therefore, the numbers jjT (m;m)jj = m � 
(m;m), m � 1, grow asymptot-

i
ally as the A
kermann fun
tion A(m) = A(m;m). From this and from

reasoning as above we get �

u

(jjT (m;m)jj) = 
(m � jjT (m;m)jj) for the four

sequen
es u = ababa; aba

2

b; ab
ab
; ab
a
b. It follows that the spiders T (k;m)

give (i) (and also (ii)) in Theorem 2. 2

Our 
onstru
tion also gives the following result:

Theorem 24 ([V99b℄) If u is a 2-sparse sequen
e with juj > 3jjujj�2, then

�

u

(n) � �̂

u

(n) = 
(n�(n)):

Theorem 24 is obtained from the above 
onstru
tion in [V99b, Thm. 43, page 386℄.

The bound juj > 3jjujj � 2 in it is best possible (see [V99b℄).

6 Proofs of the Corollaries

In this se
tion we derive Theorems 3{5 from Theorems 1 and 2.

Proof of Theorem 3. (i) Let u be a sequen
e with jjujj � 2. By

Theorem 2, if u 
ontains ababa or aba

2

b, then �

u

(n) = 
(n�(n)). Suppose

now that u is ababa-free and aba

2

b-free. Then u is isomorphi
 to some se-

quen
e a

i

b

j

a

k

b

l

, i; j; l � 0; k 2 f0; 1g. By Theorem 1(ii), we may suppose

that j � 2; k = 1. By Theorem 1(i), �

u

(n) = O(n) holds for the sequen
e

u = b

j+l

. Consequently, by Theorem 1(v), �

u

(n) = O(n) holds also for the

sequen
e u = ab

j

ab

l

. Part (i) now follows from Theorem 1(iv).
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(ii) Let jjujj � 2. If u is isomorphi
 to some sequen
e a

i

b

j

a

k

, i; j; k � 0,

then �̂

u

(n) � �

u

(n) = O(n) by (i), and (ii) holds.

If u 
ontains ababa then �̂

u

(n) � �̂

ababa

(n) = �

ababa

(n) = 
(n�(n)) a
-


ording to Theorem 2, and (ii) holds again.

It remains to verify (ii) for every sequen
e u = a

i

b

j

a

k

b

l

, i; j; k; l � 1. If u


ontains ab

2

a

2

b (i.e., j; k � 2), then Theorem 2(ii) gives �̂

u

(n) = 
(n�(n)).

If u is ab

2

a

2

b-free, then j = 1 or k = 1. If k = 1, then �̂

u

(n) � �

u

(n) = O(n)

by (i). If j = 1, then �̂

u

(n) = �̂

u

(n) � �

u

(n) = O(n) also by (i). 2

Proof of Theorem 4. We pro
eed by indu
tion on juj. If juj � 1, then

the statement 
learly holds. Suppose now that juj � 2 and that �̂

v

(n) �

�

v

(n) = O(n) holds for any abab-free sequen
e with jvj < juj. Write u =

x

j

1

u

1

x

j

2

u

2

: : : u

r�1

x

j

r

u

r

, where x 2 L(u), x 62 L(u

i

), j

i

> 0 (for i = 1 : : : ; r).

Sin
e u is abab-free, the alphabets L(u

i

) are pairwise disjoint. By the

indu
tion assumption, �

u

i

(n) = O(n) for ea
h i. By Theorem 1(i), we have

�

t

(n) = O(n) for the sequen
e t = x

j

1

+:::+j

r

+1

. By repeated appli
ations of

Theorem 1(vi), we then get �

t

(n) = O(n) 
onse
utively for the sequen
es

t = x

j

1

+:::+j

r

u

r

x, t = x

j

1

+:::+j

r�1

u

r�1

x

j

r

u

r

x; : : :, t = x

j

1

u

1

: : : u

r�1

x

j

r

u

r

x =

ux. Hen
e, �̂

u

(n) � �

u

(n) � �

ux

(n) = O(n). 2

Proof of Theorem 5. If u is abab-free, then Theorem 5 follows from

Theorem 4.

If u 
ontains abab, then it also 
ontains ab

2

a

2

b and thus �

u

(n) � �̂

u

(n) =


(n�(n)) by Theorem 2(ii) and by Theorem 1(ii). 2

7 Relation between �̂

u

(n) and �

v

(n)

In this se
tion we prove Theorem 6 (derivation rule) and derive Theorem 7

from it.

Proof of Theorem 6. Let u be a sequen
e with juj � jjujj, and let

u = vw; L(v) \ L(w) = ;. We have to show that �̂

u

(n) = O(�

v

(n) + �

w

(n)).

Let T ba a (û; n)-
riti
al spider (i.e., it is a û-free jjujj-sparse spider with

jT j = �̂

u

(n), jjT jj � n). For an indu
ed V

0

-redu
tion T

0

of T , 
onsider

the 
olle
tion of subspiders (S

i

; i 2 I) of T obtained from T by removing

verti
es of T

0

. From now on, let T

0

be minimal with the property that all

spiders S

i

; i 2 I, are t-free, where t = �

1

: : : �

jjujj+2

is a sequen
e obtained by
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on
atenating jjujj+2 sequen
es �

i

; i = 1; : : : ; jjujj+2, whi
h are isomorphi


to v ea
h and have pairwise disjoint label sets L(�

i

).

We now separately estimate jT

0

j and jT j � jT

0

j =

P

i2I

jS

i

j. The spi-

ders S

i

have distin
t label sets L(S

i

). Thus, by the weak super-additivity

(Lemma 17) and by the additive property (Lemma 18, repeatedly applied),

jT j � jT

0

j =

X

i2I

jS

i

j �

X

i2I

�

t

(jjS

i

jj) = O(�

t

(n)) = O(�

v

(n) + n):

To estimate jT

0

j, we 
onsider the stru
ture of T

0

. Let y be the topmost

vertex in T

0

su
h that it has at least two neighbors lying under it (see Fig. 9).

T

0


an be partitioned into the [root; y℄-path P and a spider V rooted in y

Root

P

y

V

Root

P

y

V

Root

P

y

Q

R

0

y

0

s

S

1

T

T

0

spiders S

i

y

1

Figure 9: The trees T

0

, T , and the 
onsidered paths in T .

and 
ontaining y and all verti
es under y (P and V interse
t in the unique

vertex y).

We re
all from [V99b, Lemma 15℄ that f

u

(n) = O(f

v

(n) + f

w

(n)). Sin
e

the sequen
e of labels along P has to be u-free, we get

jP j � f

u

(n)

= O(f

v

(n) + f

w

(n))
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= O(f

v

(n) + f

w

(n))

= O(�

v

(n) + �

w

(n)):

We now show that V is w-free. Suppose to the 
ontrary that there is

a path Q from the root y su
h that the sequen
e of labels along Q has a

subsequen
e ~w isomorphi
 to w. Let y

0

be a neighbor of y lying under y and

not lying on Q. Further, let R

0

be any maximal path in V from y with the

�rst edge yy

0

. Then the last vertex of R

0

, denoted y

1

, is adja
ent to the root

of some spider S

i

(S

1

, say) su
h that the sequen
e of labels along the path

from y

1

to some vertex s in S

1

has a subsequen
e

~

t = ~�

1

: : : ~�

jjwjj+2

isomorphi


to t = �

1

: : : �

jjwjj+2

. At least one of the jjwjj + 1 sequen
es ~�

2

; : : : ; ~�

jjwjj+2


ontains no element of L( ~w) (sin
e the sets L(�

i

) are pairwise disjoint and

jL( ~w)j = jjwjj). We denote this sequen
e by ~�

j

. Then the sequen
e ~�

j

~w

is isomorphi
 to u. Sin
e the verti
es 
orresponding to it lie on a path, T


ontains u | a 
ontradi
tion.

Thus, V is w-free and jVj � �

w

(n). It follows that

jT

0

j = jP j+ jVj � 1 = O(�

v

(n) + �

w

(n)):

Consequently,

�̂

u

(n) = jT j = jT

0

j+(jT j�jT

0

j) = O(�

v

(n)+�

w

(n)+n) = O(�

v

(n)+�

w

(n)):

2

Proof of Theorem 7. Let u be isomorphi
 to u, and let u = u

0

u

1

: : : u

r

be

the partition of u into the maximum number of non-empty intervals su
h that

their label sets L(u

i

) are pairwise disjoint. Then u

0

u

1

: : : u

j

= u

j

: : : u

1

u

0

is

isomorphi
 to u

r�j

u

r�j+1

: : : u

r

for ea
h j = 0; : : : ; r. Hen
e, setting q = d

r

2

e,

we get

minf�

v

(n) + �

w

(n) : u = vw; L(v) \ L(w) = ;g = �(�

u

q

u

q+1

:::u

r

(n))

from the monotone property (Lemma 16).

Sin
e the sequen
es u

0

u

1

: : : u

b

r

2




, u

q

u

q+1

: : : u

r

are isomorphi
, any

u

q

u

q+1

: : : u

r

-free spider is û-free. We get

�̂

u

(n) � �

u

q

u

q+1

:::u

r

(n) = �(minf�

v

(n) + �

w

(n) : u = vw; L(v) \ L(w) = ;g):

On the other hand,

�̂

u

(n) = O(minf�

v

(n) + �

w

(n) : u = vw; L(v) \ L(w) = ;g)

by Theorem 6. 2
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8 2-Sparse Sequen
es over 3 Letters

It 
an be veri�ed from Theorem 1, Theorem 6, and from results on f

u

(n) given

in [AKV92℄ (see also [V99b℄) that all three fun
tion f

u

(n), �

u

(n), �̂

u

(n) are

of order O(n) for any 2-sparse sequen
e u of length at most 5 not isomorphi


with ababa. On the other hand, the fun
tions f

u

(n), �

u

(n), and �̂

u

(n) are of

order 
(n�(n)) for any sequen
e u 
ontaining ababa a

ording to the mono-

tone property of f

u

(see [V99b℄), f

ababa

(n) = �(n�(n)) (proved in [HS86℄,

see also [Ko88, WS88, SA95℄), and obvious inequalities �

u

(n) � f

u

(n) and

�̂

u

(n) � f

u

(n).

Here is a table showing what we know about the validity of f

u

(n) = O(n),

�

u

(n) = O(n), and �̂

u

(n) = O(n) for the remaining sixteen 2-sparse sequen
es

u with jjujj = 3:

u �

u

(n) = O(n)? �̂

u

(n) = O(n)? f

u

(n) = O(n)?

abab
b + + +

aba
a
 + + +

aba
ab � + +

ab
bab + + +

ab
a
b � ? +

ab
ba
 ? ? +

ab
ab
 � � +

aba
b
 + + +

ab
b
a + + +

abab
b
 + + +

ab
bab
 � � +

aba
ab
 � � ?

ab
a
b
 � � ?

aba
a
b � ? ?

ab
b
a
 ? ? ?

aba
a
b
 � � ?

The +'s in the last 
olumn are explained in [V99b℄, they all follow from

the result mentioned below in the �rst paragraph in Se
tion 9. The other

�'s follow from Theorems 1, 2, and 6.

The sequen
e u = ab
bab satis�es �

u

(n) = O(n) and �

u

(n) 6= O(n) (by

Theorem 3, this holds also for u = ab

2

ab). This shows that �

u

(n) and �

u

(n)

may be signi�
antly di�erent. One may 
ompare this with the equalities
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�̂

u

(n) = �̂

u

(n) and f

u

(n) = f

u

(n) holding 
learly for all u and n. By these

equalities, in the above table the row for u may di�er from the row for u only

in the �rst 
olumn (pairs u; u of \mutually reversed" sequen
es lie in these

rows: 1./2., 3./4., 5./6., 12./13., 14./15.).

9 Con
luding Remarks

1. An analogue of Theorem 1 for generalized Davenport{S
hinzel

sequen
es. A result very similar to Theorem 1 holds for the set of sequen
es

u with f

u

(n) = O(n). In fa
t, we 
an get the wording of a result of [KV94℄

from the wording of Theorem 1 by the following three 
hanges: 1. 
hange

�

u

(n) = O(n) to f

u

(n) = O(n) on the �rst line, 2. 
hange u

0

= bau

1

abau

2

to

u

0

= bau

1

ab

2

au

2

in part (v), 3. add a new rule: (vii) (symmetry) If u lies in

L then u lies also in L.

It is interesting that the little 
hanges allow to prove f

u

(n) = O(n) even

for many sequen
es for whi
h �

u

(n) 6= O(n) is known. In this respe
t the two

results are quite di�erent. Of 
ourse, we were strongly motivated by [KV94℄.

In the proof of Theorem 1 we used some of the ideas of the proof [KV94℄

of the above mentioned analogue. However, on many pla
es the proof of

Theorem 1 is more diÆ
ult and we had to �nd new te
hniques to a

omplish

it.

2. Comparison of f

u

(n), �

u

(n), and �̂

u

(n). The above mentioned

analogue of Theorem 1 gives also an analogue of Theorem 3 for the fun
tion

f

u

(n) (see also [V99b℄):

Theorem 25 (two-letter theorem [AKV92℄) If u is a sequen
e with jjujj �

2 then f

u

(n) = O(n) if and only if u is ababa-free.

Thus,

f

u

(n) = O(n); �̂

u

(n) 6= O(n); �

u

(n) 6= O(n)

holds for all sequen
es u = a

i

b

j

a

k

b

l

; i; l � 1; j; k � 2, and

f

u

(n) = O(n); �̂

u

(n) = O(n); �

u

(n) 6= O(n)

holds for all sequen
es u = a

i

ba

k

b

l

; i; l � 1; k � 2.

This shows that the fun
tions f

u

(n), �

u

(n), �̂

u

(n) are signi�
antly di�er-

ent already for sequen
es over two letters.

33



3. Other models of Davenport{S
hinzel trees. Let T be a labeled

tree. For a label i, let T

i

be the smallest (labeled) subtree of T 
ontaining

all verti
es labeled by i. We say that T is

� weakly spidery if T

i

is a path for every label i,

� skeletal if, for every label i, all verti
es in T

i

of degree more than 2 are

labeled by i.

Clearly, every spider is weakly spidery and every weakly spidery labeled tree

is skeletal. De�ne

�

0

u

(n) = the maximum size (i.e., number of verti
es) of a weakly spidery

(n; u)-tree,

�

u

(n) = the maximum size of a skeletal (n; u)-tree (unless jjujj = 1).

If jjujj = 1 then we set �

u

(n) := �

0

u

(n) for te
hni
al reasons (the above

de�nition would give �

u

(n) = +1 for juj > 2; jjujj = 1). Here are \unrooted"

analogues of the above fun
tions:

�̂

0

u

(n) = the maximum size of a weakly spidery (n; û)-tree,

�̂

u

(n) = the maximum size of a skeletal (n; û)-tree (unless jjujj = 1).

If jjujj = 1 then we set �̂

u

(n) := �̂

0

u

(n) for te
hni
al reasons (the above

de�nition would give �̂

u

(n) = +1 for juj > 3; jjujj = 1).

The fun
tion �̂

u

(n) (originally denoted by Ex(u; n)

T

) was introdu
ed in

[Kl95℄ and further investigated in [Kl97, Kl99, V99a℄, while the fun
tion

�̂

u

(n) is 
onsidered in [V00, V99b℄. The remaining four fun
tions �

u

(n),

�

0

u

(n), �

u

(n), �̂

0

u

(n) were introdu
ed in [V00℄, where it was shown that the

fun
tions �̂

u

(n), �̂

0

u

(n), �̂

u

(n) (and also the fun
tions �

u

(n), �

0

u

(n), �

u

(n))

have the same asymptoti
 behavior for ea
h u:

Theorem 26 (Valtr [V00℄) For any sequen
e u,

�(�

u

(n)) = �(�

0

u

(n)) = �(�

u

(n)) and �(�̂

u

(n)) = �(�̂

0

u

(n)) = �(�̂

u

(n)):

Let us remark that the de�nitions give

f

u

(n) � �

u

(n) � �

0

u

(n) � �

u

(n); �̂

u

(n) � �̂

0

u

(n) � �̂

u

(n);
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�̂

u

(n) � �

u

(n); �̂

u

(n) � �

u

(n); �̂

0

u

(n) � �

0

u

(n);

for ea
h u and n. If u is isomorphi
 to u (u is \symmetri
"), then also

f

u

(n) � �̂

u

(n).

Due to Theorem 26, asymptoti
 results on the fun
tion �

u

(n) hold also for

the fun
tions �

0

u

(n) and �

u

(n). Similarly, asymptoti
 results on the fun
tion

�̂

u

(n) hold also for the fun
tions �̂

0

u

(n) and �̂

u

(n). In this paper we worked

with the fun
tions �

u

(n) and �̂

u

(n), sin
e the model of spiders is mu
h easier

to handle with than the models of skeletal and weakly spidery trees.

4. Appli
ations of (generalized) Davenport{S
hinzel sequen
es.

Our main motivation for the study of Davenport{S
hinzel trees is their 
lose

relation to (generalized) Davenport{S
hinzel sequen
es, whi
h have many ap-

pli
ations. Classi
al Davenport{S
hinzel sequen
es were applied to numerous

problems in 
omputational and 
ombinatorial geometry (see [SA95℄), their

generalized version was applied to Tur�an{type questions for geometri
 graphs

[V97, V98℄ (see also [V99b℄) and to an enumeration problem of Stanley and

Wilf 
on
erning the number of permutations avoiding a �xed permutation-

pattern [AF00, Kl00℄.

5. Davenport{S
hinzel theory of matri
es. Problems for matri
es

avoiding �xed \forbidden" submatrix-patterns were 
onsidered in several pa-

pers, e.g. see papers [AF00, FH92, FP94℄ 
ontaining also other referen
es.
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