Point configurations in d-space without large subsets in convex position^∗

Gyula Károlyi

Department of Algebra and Number Theory, Eötvös University Kecskeméti u. 10–12, H–1053, Budapest karolyi@cs.elte.hu

Pavel Valtr

Department of Applied Mathematics, Charles University and Institute for Theoretical Computer Science (ITI), Charles University Malostranské nám. 25, 118 00 Praha 1 valtr@kam.mff.cuni.cz

Abstract

In this paper we give a lower bound for the Erdős-Szekeres theorem in higher dimensions. Namely, in two different ways we construct for every n > d ≥ 2, a configuration of n points in general position in R^d containing at most c_d(log n)^{d−1} points in convex position. (Points in R^d are in convex position if none of them lies in the convex hull of the others.)

∗Research by Gy. Károlyi was supported by Hungarian research grants OTKA F030822 and FKFP 0151/1999. Research by P. Valtr was supported by project LN00A056 of The Ministry of Education of the Czech Republic, and by Charles University grants No. 99/158 and 99/159. The work on this paper was partially done during Gy. Károlyi’s visit at the Charles University in Prague, supported by Czech Republic Grant GAČR 201/99/0242.

1 Introduction

A set of points in d-dimensional Euclidean space R^d is said to be in general position if any ≤ d + 1 of the points are affinely independent. In their classical paper written in 1935, Erdős and Szekeres [2] proved that, for any n ≥ 3, there is a smallest integer f(n) such that any set of at least f(n) points, in general position in the plane R^2 , contains the vertex set of a convex n-gon. In fact, they proved the following quantitative result.

Theorem 1 (Erdős and Szekeres [2, 3])

2^{n−2} + 1 ≤ f(n) ≤ ( 2n − 4 n − 2 ) + 1.

Various extensions of this result, and its relation to Ramsey theory are explored e.g. in [7] and [9]. The lower bound is conjectured to be sharp [2, 3]. The best upper bound so far is f(n) ≤ (_{2n−5} n−2 ) + 2, see [8].

Much less is known about the situation in higher dimensions. We say that a set of points in R^d is in convex position if none of them lies in the convex hull of the others. Let, for n > d ≥ 2, f_d(n) denote the smallest integer such that any set of at least f_d(n) points, in general position in R^d , contains n points in convex position. Thus, f(n) = f_2(n). For d ≥ 3, the only known values of f_d(n) are f_d(n) = 2n − d − 1 for d + 1 ≤ n ≤ ⌊3d/2⌋ + 1 (see [1] for the upper bound and [7] for the lower bound), and f_3(6) = 9 [1].

The study of f_d(n) was initiated by Grünbaum in [4] who also established its existence for every n > d via Ramsey’s theorem. A more effective general upper bound f_d(n) ≤ f(n) follows from a simple projective argument (see [10]) and is slightly improved to f_d(n) ≤ f(n − d + 2) + d − 2 ≤ (_{2n−2d−1} n−d ) +d in [6]. The aim of the present paper is to obtain the following general lower bound.

Theorem 2 For every d ≥ 2, there is a constant c = c_d > 1 such that

f_d(n) = Ω(c^{n1/(d−1)} ) .

Equivalently, for every N > d ≥ 2, there exists a configuration of N points in general position in Euclidean d-space which does not contain more than c^′_d(log N)^{d−1} points in convex position.

We present two proofs for this result based on two different constructions. After we introduce some notation in Section 2, the first proof is presented in Section 3. The second proof is based on the notion of so-called d- Horton sets which generalize Horton’s construction of planar point sets that do not contain empty convex 7-gons, see [5, 10]. This notion is explained in Section 4 and is used in Section 5 for the second proof of Theorem 2.

2 Preliminaries

Fix the dimension d ≥ 2. Identify, for every 1 ≤ e ≤ d, R^e with the unique e-dimensional subspace of R^d spanned by the first e coordinate axes. This way R^f is identified with a subspace of R^e , for every f ≤ e ≤ d.

For any e ≤ d, denote by π_e the orthogonal projection from R^d onto R^e . Thus, π_e((a_1, . . . , a_d)) = (a_1, . . . , a_e). We will also use the same symbol to denote the restriction of π_e to any R^f , e ≤ f ≤ d. If it is not a cause for ambiguity we will denote the projection from R^e to R^{e−1} simply by π. We say that a set P of points in R^e is in strongly general position if it is in general position and, for f = 1, . . . , e − 1, any f + 1 points of P determine an f-dimensional affine subspace which is not parallel to the (e − f)-dimensional subspace of R^e spanned by the last e − f coordinate axes of R^e . In this case |π_f (P )| = |P | and π_f (P ) is in strongly general position in R^f for every 1 ≤ f ≤ e.

The maximum size of any subset of P in convex position will be denoted by mc(P ).

3 Recursive construction

We will need the following general construction. Suppose that X = {x_1, . . . , x_t} is in strongly general position in R^e . Let α > 0. Choose, for every x ∈ X a vector v(x) = (v_1, . . . , v_e) such that 0 < v_1 < v_2 < . . . < v_e < α and v_f < αv_{f+1} for every 1 ≤ f < e. If y_i ∈ {x_i − v(x_i), x_i, x_i + v(x_i)} for 1 ≤ i ≤ t, then the sequence (y_1, . . . , y_t) has the same order type (combinatorial structure) as (x_1, . . . , x_t), assuming that α > 0 is small enough. If, moreover, the set X^′ = {x ± v(x) | x ∈ X} of size 2|X| is in strongly general position, then X^′ is called an α-double of X.

It is clear that such an α-double of X can be constructed for any α > 0. Note that if X^′ is an α-double of X then π_f (X^′) is an α-double of π_f (X) for any 1 ≤ f ≤ e. The key observation is compressed in the following lemma.

Lemma 3 Let X ⊂ R^e be in strongly general position. If α > 0 is small enough, then for any α-double X^′ of X

mc(X^′) ≤ mc(X) + mc(π(X)) .

Proof. Suppose that C ⊆ X^′ is in convex position. Consider first C_1 = {x ∈ X | x − v(x) ∈ C or x + v(x) ∈ C}. By the definition of α-double, C_1 is also in convex position. Thus, |C_1| ≤ mc(X). Next, consider C_2 = {x ∈ X | x − v(x) ∈ C and x + v(x) ∈ C}. If α is small enough, then the vectors v(x), x ∈ X, are almost parallel to the e^{th} coordinate axis, and therefore (also due to the strongly general position) π(C_2) is in convex position. Thus, |C_2| = |π(C_2)| ≤ mc(π(X)). Since |C| = |C_1| + |C_2|, the result follows. □

Proof of Theorem 2. Fix any one-point set X_0 in R^d . Suppose that, for some integer i ≥ 0, a set X_i of points in strongly general position in R^d has already been defined. Choose a very small α_i > 0 and consider an α_idouble X^′_i of X_i; then π_e(X^′_i) is an α_i-double of π_e(X_i) for every 1 ≤ e ≤ d. Applying Lemma 3 to the sets π_e(X_i) for d ≥ e ≥ 2, we obtain that, if α_i is small enough, then mc(π_e(X^′_i)) ≤ mc(π_e(X_i)) + mc(π_{e−1}(X_i)), for 2 ≤ e ≤ d. Choose such a small α_i, and set X_{i+1} = X^′_i.

This way an infinite sequence X_0, X_1, X_2, . . . of sets, in strongly general position in R^d is constructed such that |X_i| = 2^i. Theorem 2 follows immediately from the following lemma.

Lemma 4 mc(π_e(X_i)) ≤ 2i^{e−1} for every 1 ≤ e ≤ d and i ≥ 1.

Proof. The statement is clearly valid if e = 1 or i = 1. For double induction let e ≥ 2, i ≥ 1 and suppose that the assertion has already been proved for the pairs e, i and e − 1, i. Then, according to the construction of X_{i+1},

mc(π_e(X_{i+1})) ≤ mc(π_e(X_i)) + mc(π_{e−1}(X_i)) ≤ 2i^{e−1} + 2i^{e−2} ≤ 2(i + 1)^{e−1},

as stated. □

A more careful calculation in fact yields that mc(π_e(X_i)) ≤^2_{(e−1)!} i^{e−1} + O(i^{e−2}). Thus, for large n and N, Theorem 2 is valid with c_d ≈ 2^{0.37d} and c^′_d ≈^2_{(d−1)!} , respectively.

4 d-Horton sets

Before we define d-Horton sets, we need to define some other notions.

We say that a point a lies below a hyperplane h, if a + (0, 0, . . . , 0, c) lies on h for a unique c > 0. Similarly, a lies above h, if a + (0, 0, . . . , 0, c) lies on h for a unique c < 0.

Let A, B be two finite sets of points in strongly general position in R^d . We say that A lies deep below B and B lies high above A if there are two sets A^′ ⊇ A, B^′ ⊇ B in strongly general position, each of size at least d, such that the following holds: Any point of A^′ lies below any hyperplane determined by d points of B^′ and any point of B^′ lies above any hyperplane determined by d points of A^′.

We denote the (d − 1)th prime number by p_d (thus, p_2 = 2, p_3 = 3, . . .). Let H = {h_0, h_1, ..., h_k} be a set of points in strongly general position in R^d , d ≥ 2, ordered according to the first coordinate (i.e., if i < j then h_i has smaller first coordinate than h_j ). (Note that the definition of strongly general position implies that any two points of H differ in the first coordinate.) We define p_d sets H_z, z = 0, . . . , p_d − 1, forming a partition of H as follows: H_z := {h_i ∈ H : i ≡ z (mod p_d)}, z = 0, . . . , p_d − 1. We now define so-called d-Horton sets introduced in [10]. A finite set of points in strongly general position in R^d , d ≥ 1, is said to be a d-Horton set if either d = 1 or |H| ≤ 1 or if it satisfies the following three recursive conditions:

(a) π(H) is (d − 1)-Horton,

(b) each of the sets H_z, z = 0, 1, ..., p_d − 1, is d-Horton,

(c) any index set I, I ⊆ {0, 1, ..., p_d − 1}, |I| ≥ 2, can be partitioned into nonempty sets J and I − J in such a way that the set ⋃ z∈J H_z lies deep below the set ⋃ z∈(I−J) Hz. 5 Construction using d-Horton sets

A recursive construction of d-Horton sets of arbitrary size was given in [10]. Thus, it suffices to prove the following theorem:

Theorem 5 No d-Horton set of size n ≥ 2 contains a subset in convex position of size ≥ c^{′′}_d log^{d−1} n.

The proof of Theorem 5 relies on the following lemma.

Lemma 6 Let A_1, A_2, A_3 be three finite sets of points in strongly general position in R^d such that A_i lies deep below A_j for all 1 ≤ i < j ≤ 3. If C is a set in convex position intersecting both A_1 and A_3, then π(C ∩ A_2) ⊂ R^{d−1} is in convex position.

Proof. Suppose that the set π(C ∩ A_2) is not in convex position. Then there are points t, t_1, . . . , t_k ∈ C ∩ A_2 such that π(t) lies in the convex hull of π(t_1), . . . , π(t_k). Consequently, t lies in the convex hull of k + 2 points t_1, . . . , t_k, a, b ∈ C, where a is any point in C ∩ A_1 and b is any point in C ∩ A_3 — a contradiction. □

Proof of Theorem 5. We proceed by induction on d. The statement is trivially true for d = 1, since no three points in R^1 are in convex position. Now, let d > 1, let H be a d-Horton set of size n ≥ 2, and let C ⊆ H be in convex position.

We inductively choose d-Horton sets H = H^{(0)} ⊇ H^{(1)} ⊇ H^{(2)} ⊇ . . . so that, for each s ≥ 0, H^{(s+1)} is one of the p_d sets H^{(s)}_i intersecting C, and all other sets H^{(s)}_i intersecting C lie high above it. (The existence of such a set H^{(s)}_i follows from condition (c) in the definition of d-Horton sets.) Similarly, we inductively choose d-Horton sets H = G^{(0)} ⊇ G^{(1)} ⊇ G^{(2)} ⊇ . . . so that, for each s ≥ 0, G^{(s+1)} is one of the sets G^{(s)}_i intersecting C, and all other sets G^{(s)}_i intersecting C lie deep below it.

If possible, we choose different sets H^{(1)} and G^{(1)}. We may then assume that H^{(1)} ≠ G^{(1)}, since otherwise we could consider the smaller set H^{(1)} ⊇ C instead of H.

We have |H^{(s+1)}| ∈ {⌊|H^{(s)}|/p_d⌋, ⌈|H^{(s)}|/p_d⌉}. It follows that |H^{(w)}| = 1, where w = ⌈log_{pd} n⌉. Similarly, |G^{(w)}| = 1.

We consider the decomposition of H into sets H \ (H^{(1)} ∪ G^{(1)}), H^{(1)} \ H^{(2)}, . . . , H^{(w−1)} \ H^{(w)}, H^{(w)}, G^{(1)} \ G^{(2)}, . . . , G^{(w−1)} \ G^{(w)}, G^{(w)}. We will show that each of these 2w + 1 sets contains at most (p_d − 1)c^{′′}_{d−1} log^{d−1} n points of C. Then the size of C is at most (2w + 1)(p_d − 1)c^{′′}_{d−1} log^{d−1} n < c^{′′}_d log^d n, where c^{′′}_d = 10(p_d − 1)c^{′′}_{d−1} (say), and the theorem follows.

For each s = 1, . . . , w − 1, the set H^{(s)} \ H^{(s+1)} is a disjoint union of the p_d − 1 sets H^{(s)}_i different from H^{(s+1)}. If we intersect any of these sets with C and make the π-projection, the resulting set is a subset of π(H) in convex position by Lemma 6 (applied on A_1 := H^{(s+1)}, A_2 := H^{(s)}_i , A_3 := G^{(1)} — here we use that H^{(1)} ≠ G^{(1)}). Since π(H) is a (d − 1)-Horton set of size n, it follows from the inductive hypothesis that H^{(s)} \ H^{(s+1)} contains at most (p_d − 1)c^{′′}_{d−1} log^{d−1} n points of C. Analogously, the same estimate holds for each of the sets G^{(s)} \ G^{(s+1)} and also for the set

H \ (H^{(1)} ∪ G^{(1)}). It certainly also holds for the one-point sets H^{(w)} and G^{(w)}. □

References

[1] T. Bisztriczky and V. Soltan, Some Erdős-Szekeres type results about points in space, Monatsh. Math. 118 (1994) 33-40.

[2] P. Erdős and G. Szekeres, A combinatorial problem in geometry, Comp. Math. 2 (1935) 463–470.

[3] P. Erdős and G. Szekeres, On some extremum problems in elementary geometry, Ann. Univ. Sci. Budapest. R. Eötvös, Sectio Mathematica 3/4 (1960/61) 53–62.

[4] B. Grünbaum, Convex Polytopes, Wiley, New York, 1967.

[5] J.D. Horton, Sets with no empty convex 7-gons, Canadian Math.

Bull. 26 (1983) 482–484.

[6] Gy. Károlyi, Ramsey-remainder for convex sets and the Erdős- Szekeres theorem, Discrete Applied Math., to appear.

[7] W. Morris and V. Soltan, Erdős-Szekeres problem on points in convex position – a survey, Bull. Amer. Math. Soc., to appear.

[8] G. Tóth and P. Valtr, Note on the Erdős-Szekeres theorem, Discrete Comput. Geom. 19 (1998) 457–459.

[9] P. Valtr, Several Results Related to the Erdős-Szekeres Theorem, Ph.D. Thesis, Charles University, Prague, 1996.

[10] P. Valtr, Sets in R^d with no large empty convex subsets, Discrete Math. 108 (1992) 115–124.