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Abstra
t

In this paper we study the 
lassi
al problem of �nding

disjoint paths in graphs. This problem has been studied by

a number of authors both for spe
i�
 graphs and general


lasses of graphs. Whereas for spe
i�
 graphs many (almost)

mat
hing upper and lower bounds are known for the 
om-

petitiveness of on-line algorithms, not mu
h is known about

how well on-line algorithms 
an perform in the general set-

ting. In several papers the expansion has been used to mea-

sure the performan
e of o�-line and on-line algorithms in

this �eld. We study a 
lass of simple deterministi
 on-line al-

gorithms, 
alled bounded greedy algorithms, and show that

they a
hieve a 
ompetitive ratio that is asymptoti
ally equal

to the best possible 
ompetitive ratio that 
an be a
hieved

by any deterministi
 on-line algorithm. For this we use a

parameter 
alled routing number that allows more pre
ise re-

sults than the expansion. Interestingly, our upper bound on

the 
ompetitive ratio is even better than the best approxi-

mation ratio known for o�-line algorithms. Furthermore, we

introdu
e a re�ned variant of the routing number and show

that this variant allows to 
onstru
t on-line algorithms with a


ompetitive ratio that 
an be signi�
antly below the best pos-

sible upper bound for deterministi
 on-line algorithms if only

the routing number or expansion of a network is known. We

also show that our on-line algorithms 
an be transformed into

eÆ
ient algorithms for the related unsplittable 
ow problem.
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1 Introdu
tion

The disjoint paths problem (here 
alled DPP) is de�ned as follows. Given

an undire
ted graph G = (V;E) and a set T of k pairs of nodes (s

i

; t

i

),

1 � i � k, de
ide whether there exist k edge disjoint paths P

1

; � � � ; P

k

,

su
h that the path P

i


onne
ts s

i

and t

i

. It was shown by Karp [15℄

that this is an NP{
omplete problem. The optimization variant of this

problem is 
alled the maximum disjoint paths problem (MDPP), whi
h

is simply to �nd the maximum subset of T for whi
h there exist edge

disjoint paths. Several approximation algorithms have been proposed

for it. A short summary is given in Se
tion 1.1.

A generalization of the MDPP is the unsplittable 
ow problem (UFP)

[16℄: ea
h edge e 2 E is given a 
apa
ity of 


e

and ea
h request (s

i

; t

i

)

has a demand of d

i

. The task is to 
hoose a subset T

0

� T su
h that ea
h

request (s

i

; t

i

) in T

0


an send d

i


ow along a single path, all 
apa
ity


onstraints are kept, and the sum of the demands of the requests in T

0

is maximized.

We will mainly 
on
entrate on how to solve the maximum disjoint

paths problem in an on-line setting, that is, the requests arrive one after

another, and for ea
h of them the algorithm has to de
ide before knowing

the next requests in the input sequen
e whether to a

ept it or not. If

the request is a

epted, a path has to be provided for it that is disjoint to

all the paths established previously. This on-line variant of the MDPP

is also 
alled 
all admission and routing problem [8, 24℄. Our aim is to

�nd algorithms for this problem with a small 
ompetitive ratio. The


ompetitive ratio of a deterministi
 on-line algorithm is de�ned as


 = sup

�

OPT (�)

ON(�)

;

where the suprenum is taken over all possible sequen
es � of requests,

ON(�) is the number of requests a

epted by the on-line algorithm,

and OPT (�) is the number of requests a

epted by an optimal o�-line

algorithm [8℄. In the 
ase of a randomized on-line algorithm, ON(�)

is a random variable. We therefore de�ne the 
ompetitive ratio of a
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randomized algorithm as


 = sup

�

OPT (�)

E[ON(�)℄

:

For the rest of the paper we will only 
ompare the performan
e of our

on-line algorithms against oblivious adversaries. Su
h an adversary does

not see the de
isions of the algorithm and therefore 
annot take them

into a

ount for sele
ting the requests [31, 8℄. We note, however, that our

upper and lower bounds in Se
tion 2 also hold for adaptive adversaries.

1.1 Previous work

Due to the NP-
ompleteness of the DPP, a lot of attention was given to

the sear
h for good approximation algorithms for the MDPP problem.

However, the problem seems to be hard to approximate. If the size of

the network, N , is the only parameter that is known, then the trivial de-

terministi
 lower bound of 
(N) for the line shows that there is no hope

for deterministi
 algorithms with reasonable 
ompetitive ratio. Bartal,

Fiat and Leonardi [6℄ prove this e�ort to be in vain even for randomized

algorithms by giving an 
(N

�

) lower bound for randomized on-line algo-

rithms on general networks, where � = 2=3

1�log

4

3

. When more parame-

ters are known, the best known approximation ratios for arbitrary graphs

are O(maxf

p

M;diam(G)g) by Kleinberg [16℄ and O(�

2

�

�2

log

3

N) by

Srinivasan [32℄, where � denotes the maximal degree in the graph, �

the expansion of the graph, N is the number of nodes, and M is the

number of edges. The latter result is based on multi
ommodity 
ow

algorithms, whi
h is one of the most 
ommon approa
hes for the MDPP

and related problems [28, 22, 23, 17, 33℄. The other frequently used

approa
h is based on random walks, whi
h was useful espe
ially for ex-

pander graphs [27, 9, 10, 12, 11℄. Other important results for spe
i�


graphs are polylogarithmi
 and later O(1) approximations for mesh-like

graphs [5, 1, 18, 19, 16℄. There are also a few results that relate the

quality of the approximation ratio to the average path length d

0

in the

optimal solution. Srinivasan [32℄ and later Kolliopoulos and Stein [20℄

by a di�erent method gave d

0

-approximation algorithms.
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The O(maxf

p

M;diam(G)g) approximation for the MDPP [16℄ ap-

plies also for the UFP. In the 
ase of the UFP it is usually assumed

that all 
apa
ities are at least as large as the maximum demand. Let

a(T ) denote the optimal value for a given UFP instan
e. Under the as-

sumption above, Bajeva and Srinivasan [7℄ des
ribe an algorithm with

approximation ratio O(1) if a(T ) �M and O(minfM=a(T );

p

a(T )g) if

a(T ) < M . For a spe
ial 
ase of the UFP, the uniform-
apa
ity UFP

(that is, all edges have the same 
apa
ity), they des
ribe an algorithm

with O(�

2

�

�2

log

3

N) approximation ratio.

The on-line MDPP has also been studied for many spe
i�
 topologies.

On-line algorithms with an at most polylogarithmi
 
ompetitive ratio

have been found for the N -node line network [13, 14, 4℄, trees [3, 4, 5℄,

meshes [18℄, and 
ertain 
lasses of planar graphs [5℄. All these algo-

rithms are randomized. The reason for this is that the lower bounds for

deterministi
 algorithms for many of these topologies are mu
h higher.

As we already mentioned above, for the line network there is a trivial

lower bound of 
(N) (e.g. [2℄), whi
h 
an be easily generalized to 
(d)

for any diameter d tree. Awerbu
h et al [5℄ mention a deterministi



(

p

N) lower bound for the N � N mesh by Blum, Fiat, Karlo� and

Rabani. Kleinberg [16℄ provides an alternative proof. The known deter-

ministi
 on-line algorithms for the MDPP with at most polylogarithmi



ompetitive ratios are for the hex [5℄, for graphs with strong expansion

properties [17℄ and for hyper
ubi
 networks [21℄. For the expanders and

the hyper
ubi
 networks the bounded greedy algorithm is shown to have

this performan
e.

Most of the afore-mentioned randomized algorithms su�er from the

drawba
k that only the expe
ted 
ompetitive ratio is good. It may

happen that they 
ompute a very poor solution with high probability.

Leonardi, Mar
hetti-Spa

amela, Pres
iutti and Ros�en [25℄ 
onsider this

problem and propose alternative randomized algorithms for trees and

meshes with optimal 
ompetitive ratios that a
hieve a good solution

with high probability.

The problem appears to be mu
h easier when requests allo
ate only

a small fra
tion of link 
apa
ities. If ea
h request requires at most a

fra
tion of O(1= logN) of the link 
apa
ities, then there is an O(logN){
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ompetitive algorithm for general topologies by Awerbu
h, Azar and

Plotkin [2℄. The authors also gave a mat
hing lower bound for this

setting.

1.2 Terminology

Before we present our results, we introdu
e a new parameter 
alled the

D-bounded routing number. Let S

n

denote the set of all permutations

from f1; : : : ; ng to f1; : : : ; ng. Consider an arbitrary graph G of n nodes.

For any permutation � 2 S

n

and any D that is at least the diameter

of G, let R(G;D; �) be the minimum possible number of steps required

to route pa
kets in G a

ording to � using paths of length at most D.

Then the D-bounded routing number R(G;D) of G is de�ned by

R(G;D) = max

�

R(G;D; �) :

If D � R, we simply 
all R(G;D) the (unbounded) routing number of

G [29℄. In the 
ase that there is no risk of 
onfusion, we will simply write

R instead of R(G;D).

The 
ongestion C of a path 
olle
tion is de�ned as the maximum

number of paths that share an edge, and the dilation D of a path 
olle
-

tion is de�ned as the length of its longest path (measured in the number

of edges). Obviously, the following lemma holds.

Lemma 1.1 For any graph with D-bounded routing number R, there is

a path 
olle
tion for any permutation routing problem with 
ongestion at

most R and dilation at most D.

Leighton and Rao [22℄ proved the following lemma.

Lemma 1.2 For any graph with expansion � and routing number R it

holds that �(�

�1

) � R � �(�

�1

logn).

Furthermore, the following result is known [23, 29℄.

Lemma 1.3 For any 1 � �

�1

� n= logn there are graphs of size n with

R = �(�

�1

) and graphs of size n with R = �(�

�1

logn).

Now we are ready to state our new results.
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1.3 New Results

In this paper, we present a 
lass of simple deterministi
 algorithms, 
alled

bounded greedy algorithms, that a
hieves for any graph G of maximum

degree � and routing number R a 
ompetitive ratio of O(� �R). Using

Lemma 1.2, this implies a 
ompetitive ratio of O(� � �

�1

logn), whi
h

is substantially better than the best previously known approximation

ratio of O(�

2

� �

�2

log

3

n) for o�-line algorithms. Sin
e in general the

best possible 
ompetitive ratio that 
an be obtained for a determinis-

ti
 on-line algorithm when applied to a graph with routing number R

(resp. expansion � and n nodes) is 
(R) (resp. 
(�

�1

logn)), our results

together with Lemma 1.2 and Lemma 1.3 imply that the routing number

a
hieves a more pre
ise bound on the 
ompetitive ratio than the expan-

sion. Another advantage of the routing number is that, in 
ontrast to the

expansion, it is quite easy to 
onstru
t a 
onstant fa
tor approximation

algorithm for the routing number of a graph (see, e.g., [29℄).

Furthermore, we present a randomized on-line algorithm that, for

any graph G with maximum degree � and D-bounded routing number

R, a
hieves a 
ompetitive ratio of O(� �

p

D �R) with high probability.

Sin
e D 
an be mu
h smaller than R, this allows to a
hieve a 
ompeti-

tive ratio that 
an be signi�
antly below the best 
ompetitive ratio one


an hope to a
hieve for deterministi
 on-line algorithms if only R (or

�) is known. If we allow an edge to be used by up to two paths, we

show that a 
ompetitive ratio of O(

p

� �D �R) 
an even be a
hieved

by a deterministi
 on-line algorithm. We also provide a lower bound

of 
(

p

R +D) on the 
ompetitive ratio that holds for all deterministi


on-line algorithms.

Consequen
es of our results are o�-line and on-line approximation

algorithms for the uniform-
apa
ity UFP with same or similar approxi-

mation ratios as their 
ounterparts for the MDPP.

2 The Bounded Greedy Algorithm

The bounded greedy algorithm (BGA) works as follows [16℄. Let L be a

suitably 
hosen parameter. Given a request, reje
t it if there is no free
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path of length at most L between its terminal nodes. Otherwise a

ept it

and sele
t any su
h path for it. First we prove two general lower bounds

for the 
ompetitive ratio, and afterwards we provide a mat
hing upper

bound on the 
ompetitive ratio of the bounded greedy algorithm.

Theorem 2.1 For any R and n for whi
h there is a graph G of size

n and routing number R there is a graph G

0

of size �(n) and routing

number �(R) su
h that the 
ompetitive ratio of any deterministi
 on-line

algorithm on G

0

is at least R.

Proof. To obtain the graph G

0

, atta
h a line of R edges to any one node

of the graph G. Let v

0

; v

1

; � � � ; v

R

denote the nodes on the line. Consider

the following two sequen
es of requests. The �rst sequen
e just 
onsists

of (v

0

; v

R

), and the se
ond 
onsists of (v

0

; v

R

) followed by (v

i

; v

i+1

) for

all i 2 f0; : : : ; R� 1g. To have a bounded 
ompetitive ratio for the �rst

sequen
e, any deterministi
 algorithm must a

ept (v

0

; v

R

). Hen
e, for

the se
ond sequen
e, a deterministi
 algorithm 
an only a

ept (v

0

; v

R

),

whereas an optimal algorithm 
an a

ept R requests. ut

For the expansion, the following lower bound 
an be shown.

Theorem 2.2 For every 1 � �

�1

� n= logn there is a 
onstant degree

graph of size n with expansion �(�) su
h that the 
ompetitive ratio of

any deterministi
 on-line algorithm on G

0

is 
(�

�1

logn).

Proof. A

ording to [29℄ it holds that for every 1 � �

�1

� n= logn

there is a 
onstant degree graph of size n that has an expansion of � and

a diameter of 
(�

�1

logn). Let G be any su
h graph. Repla
e every

edge in G by a path of length 3. Obviously, the resulting graph G

0

still

has an expansion of �(�) and a diameter of 
(�

�1

logn). Take now

any two nodes v and w that are a distan
e of 
(�

�1

logn) apart. Sin
e

the on-line algorithm is deterministi
, it will 
hoose some �xed path of

length 
(�

�1

logn) to 
onne
t these two nodes. Hen
e, the sequen
e


onsisting of (v; w) plus all pairs of nodes that are in the middle of the

path pie
es of length 3 (formerly representing edges in G) along the path

from v to w will result in a 
ompetitive ratio of 
(�

�1

logn). ut
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Next we prove an upper bound for the bounded greedy algorithm.

Theorem 2.3 Given a network G of maximum degree � and routing

number R, the 
ompetitive ratio of the BGA with parameter L = 2 � R

on G is at most (� + 4) � R.

Proof. If for any sequen
e of requests there exists an optimal solution

that uses paths of length at most L, then the 
ompetitive ratio of the

BGA is 
learly at most L: if a request 
orresponding to a path p in the

optimal solution is reje
ted by the BGA, then p interse
ts in an edge

with some other path a

epted by the BGA. But sin
e the paths in the

optimal solution are edge disjoint, ea
h request a

epted and routed by

the BGA 
an 
ause reje
tion of at most L other requests that appear

in the optimal solution, namely of those that interse
t with its route.

However, there is no su
h guarantee that the optimal solution 
onsists

of short paths only. There 
an be many long paths that do not interse
t

with any paths that are used by the BGA. We need to bound the number

of these. Fortunately, it is possible to transform an optimal solution that


ontains long paths into an `illegal' solution 
onsisting of short paths only

that `do not interse
t too mu
h' with the paths a

epted by the BGA.

Let B denote the set of paths for the requests a

epted by the BGA

and O be the set of paths in the optimal solution. We say that a path

q 2 B is a witness for a path p if q and p share an edge in G. Obviously,

a request that is routed in the optimal solution on a short path and is

reje
ted by the BGA must have a witness in B. Let O

0

� O denote the

set of paths that are longer than 2 � R and that 
orrespond to requests

not a

epted by the BGA and that do not have a witness in B. Sin
e all

other paths in O either have a witness or are a

epted by the BGA, we

know from above that jO�O

0

j � (1+2 �R) � jBj. To be able to bound the

size of the set O

0

we will transform O

0

into a set S of short paths that

have the same pairs of endpoints as the paths in O

0

and, moreover, do

not interse
t too mu
h with the paths of the BGA. To be more spe
i�
,

we will ensure that (a) ea
h path in O

0

has a path in S of length at

most 2 � R 
onne
ting the same verti
es, and (b) ea
h path in S has a

witness in B but all the paths in B altogether are witnesses to at most

(� + 1) � R � jBj paths in S. This will 
omplete the proof.
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short
ut l

p

b

i

b

1

l

b

R

long path p

b

R�1

a

R

a

i

a

2

a

1

Figure 1: A short
ut l for a long path p 2 O

0

It remains to des
ribe the transformation of O

0

into S. For a path

p 2 O

0

between s and t let a

p;1

= s; a

p;2

; � � � ; a

p;R

denote its �rst R

nodes and b

p;1

; � � � ; b

p;R�1

; b

p;R

= t its last R nodes. Let L be de�ned as

the (multi-)set

S

p2O

0

S

R

i=1

f(a

p;i

; b

p;i

)g. Sin
e the paths in O

0

are edge

disjoint, ea
h node of the graphG appears in at most � pairs in L. Thus,

the pairs 
an be split into d

�+1

2

e �

�+2

2

(partial) permutation routing

problems (
f. [34℄). It follows from Lemma 1.1 that there exists a set

of paths 
onne
ting the pairs in L with 
ongestion at most

�+2

2

�R and

dilation at most R. Let P be su
h a set of paths. For l 2 P 
onne
ting

nodes a

p;i

and b

p;i

of a long path p 2 O

0

, let p

l

denote the path going

�rst from a

p;1

to a

p;i

along the path p, then from a

p;i

to b

p;i

along l, and

�nally from b

p;i

to b

p;R

along p again (Figure 1).

The length of p

l

is at most 2 �R. Therefore, l will be 
alled a short
ut

for the path p (re
all that p was longer than 2 � R). The aim is now to


hoose a subset P

0

� P su
h that ea
h path in O

0

has a short
ut in P

0

and the paths in B are witnesses to at most (�+2) �R � jBj paths in P

0

.

8



Let us perform a random experiment: independently for ea
h long

path p 2 O

0

, 
hoose exa
tly one of its R short
uts uniformly at random.

Let P

0

be the set of the 
hosen short
uts. For a �xed short
ut l 2 P ,

the probability that l is the 
hosen one, i.e. l 2 P

0

, is 1=R. Let

X = f(l; q) j l 2 P

0

; q 2 B; q is a witness for lg :

The size of X gives an upper bound on how many paths in P

0

have

a witness in B (re
all that it suÆ
es to 
on
entrate on P

0

sin
e the

paths in O

0

do not have a witness in B). For every l 2 P , let v

l

=

jfq j q 2 B; q is a witness for lgj and for every q 2 B, let w

q

= jfl j l 2

P ; q is a witness for lgj. Furthermore, for every l 2 P , let the binary

random variable X

l

be one if and only if l is 
hosen to be in P

0

. Sin
e

w

q

� 2R � (

�+2

2

� R), we obtain

E[X ℄ � E

"

X

l2P

0

v

l

�X

l

#

=

X

l2P

1

R

� v

l

=

1

R

X

q2B

w

q

� (� + 2) �R � jBj :

It follows that there exists a set P

0

with at most (�+2) �R � jBj witnesses

in B. By the de�nition of O

0

, no path in it has a witness in B. Thus,

S =

S

l2P

0

p

l

is the set we are looking for: all paths in S have length

at most 2 � R, ea
h of them has a witness in B but the paths in B are

witnesses to at most (�+2)�R�jBj paths from S, i.e. jSj � (�+2)�R�jBj.

Re
alling that jO � O

0

j � (1 + 2 � R) � jBj and jO

0

j = jSj, the proof is


ompleted. ut

It is worth noting that for the analysis of the BGA we do not need the


on
i
ts between the paths in the transformed optimal and the greedy

solution to be distributed evenly in the network. The important thing

is the total number of the 
on
i
ts.

2.1 De
reasing the maximum path length

Is it possible to de
rease the value of the parameter L in the BGA in

order to obtain the same or even better bounds on the 
ompetitive ratio?

For the 
ase that we work with D-bounded routing numbers instead of

simply routing numbers, the following theorem holds.
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Theorem 2.4 Given a network G of maximum degree � and D-bounded

routing number R, the 
ompetitive ratio of the BGA with parameter L =

2 �D on G is at most (� + 4) �R.

Proof. The 
onstru
tion is exa
tly the same as in the proof of The-

orem 2.3. Paths longer than 2 � D in the optimal solution are suitably

transformed into shorter ones and then it is shown that, on average, ea
h

path in the greedy solution interse
ts with at most (� + 4) � R of the

transformed paths, and ea
h transformed path has a witness in B. ut

The main 
ontribution of the above theorem is that it makes the

BGA algorithm more eÆ
ient: it is 
omputationally easier to sear
h for

paths of length at most 2 �D than of length 2 �R.

Sin
e graphs 
an be easily 
onstru
ted where the 
ompetitive ratio of

BGA(2 �D) is substantially better than that of BGA(2 �R), the question

is whether the upper bound given in Theorem 2.4 is tight, or whether a

BGA with parameter L = o(R) 
an a
hieve a better 
ompetitive ratio

than O(R). We will show in the next theorem that there are 
ertain

limits to this, even when using the BGA in an o�-line setting.

Theorem 2.5 For any network G of size N with D-bounded routing

number R where �(logN) � D � �(R) there is a network G

0

of size

�(N) with �(D)-bounded routing number �(R) so that the 
ompetitive

ratio of the BGA with parameter L, �(D) � L � �(R), is 
(R=L+L).

Proof. To obtain the network G

0

, we atta
h to a node of G a spe
ial

network T with �(R) nodes and a diameter of �(D). Before we de�ne

this network for all R and D, we start with the situation that R = �(n)

and D = 2 logn.

The network T will be a graph 
onsisting of the 
omplete binary tree

with n leaves that are 
onne
ted via additional edges in su
h a way that

they form a linear array. Obviously, no matter how the tree leaves are

atta
hed to the binary array, T has a diameter of 2 logn and a �(logn)-

bounded routing number of O(n).

Consider now a BGA with parameter L=2, where L = ` � logn for

some ` � 2 (w.l.o.g. we will assume that ` is a power of two). We 
onne
t

the leaves of T with the linear array in the following way:

10



Consider the linear array to be laid out as shown in Figure 2, with

2L nodes per `
olumn' and n=(2L) leaves per `row'. The node at 
olumn

i and row j is 
alled v

i;j

. The nodes of every row are 
onne
ted via a


omplete binary tree. The roots of these binary trees are 
onne
ted in

su
h a way that for every i 2 f0; : : : ; `� 1g the roots of the trees in rows

i�logn; : : : ; (i+1) logn�1 and rows (2`�(i+1)) logn; : : : ; (2`�i) logn�1

form a tree 
alled T

i

. The roots r

i

of the trees T

i

are 
onne
ted by

another 
omplete binary tree

^

T on top to from a single, 
omplete binary

tree.

w

w

r0

T

r r r1 2  l−1

v0,2L−1

v0,0 v1,0 v2,0 v3,0 vn/(2L),0

complete binary tree over each row

Figure 2: The 
onstru
tion of the network T from a linear array and a

binary tree.

Suppose now that we have a set S of requests (v

i;0

; v

i;L

) for all i 2

f0; : : : ; n=(2L) � 1g. A path p 
onne
ting any of these requests is said

to 
over k leaves of

^

T if the number of leaves r

i

under the nodes in

^

T

visited by p is equal to k. Then the following lemma holds.

Lemma 2.6 Any path p of length at most L=2 that 
onne
ts a request

in S must have the property that it 
overs at least `=2 leaves of T

0

.

Proof. Consider a path p of length at most L=2 
onne
ting any request

in S. W.l.o.g. let this be the request (v

0;0

; v

0;L

). Suppose that p 
overs

less than `=2 leaves of T

0

. Then the total distan
e it 
an `bridge' on the

linear array from v

0;0

to v

0;L

must be less than L=2. Sin
e the edges

within a subtree T

i


annot be used to have a short
ut for the linear

11



array, p would have to use at least L=2 further edges to get from v

0;0

to

v

0;L

. Sin
e p is only allowed to have a length of at most L=2, this is a


ontradi
tion to our assumption. ut

The lemma implies that the BGA with parameter L=2 is only able to


onne
t at most 2 of the requests. Be
ause the total number of requests

is n=(2L), we arrive at a 
ompetitive ratio of at least R=(4L).

If the BGA uses parameter L instead of L=2 in our 
onstru
tion

above, then all requests 
an be 
onne
ted. However, in this 
ase we

know that n=(2L)� 2 of the 
orresponding paths must have a length of

at least L=2. If n=(2L) � 4, that is L � n=8, then we extend the requests

by adding L new requests requiring a path of length 1 overlapping with

ea
h request that got a path of length at least L=2. In this 
ase we arrive

at a 
ompetitive ratio of at least 
(L).

Repla
ing now ea
h (tree and linear array) edge in T of size R=Æ by

a path of length Æ with Æ = D= logn also yields all other 
ombinations

of R and D, whi
h 
on
ludes the proof of the theorem. ut

The proof of Theorem 2.5 
an also be used to prove the following

result.

Theorem 2.7 For any network G of size n with D-bounded routing

number R there is a network G

0

of size �(n) with �(D)-bounded routing

number �(R) so that the 
ompetitive ratio of any deterministi
 on-line

algorithm applied to G

0

is at least 
(

p

R+D).

Proof. The proof is based on the 
onstru
tion of T for L = �(

p

R).

(

p

R minimizes the bound R=L + L in Theorem 2.5). As in the proof

of Theorem 2.5, we 
onsider the set of requests (v

i;0

; w

i;L

) for all i 2

f0; : : : ; n=(2L) � 1g. Any deterministi
 on-line algorithm either has to

reje
t many of these requests or must 
onne
t many of them with a path

of length at least L=2. In the latter 
ase we extend the requests by many

short requests that have to be reje
ted. This 
auses for both 
ases the


ompetitive ratio to be at least 
(

p

R). If D �

p

R, then it follows from

Theorem 2.1 that the 
ompetitive ratio 
an be improved to 
(D). ut

12



Iterative BGA. As mentioned already in the introdu
tion, there are

algorithms [20, 32℄ with approximation ratio d

0

, where d

0

denotes the

average path length in the optimal solution, for the given instan
e of the

problem. Consider the following o�-line modi�
ation of the BGA, 
alled

Iterative BGA: run the BGA logn times, starting with parameter L = 1,

and doubling L in ea
h subsequent run. Finally, as your solution 
hoose

the best one.

Theorem 2.8 For an instan
e of the MDPP, let d

0

denote the average

path length in the optimal solution. Then the approximation ratio of the

Iterative BGA is 8 � d

0

.

Proof. Clearly, one of the 
hoi
es for L ex
eeds the routing diameter

by a fa
tor of two, at worst. This 
hoi
e guarantees the approximation

ratio 2 � (�+4) �R. Moreover, sin
e one of the 
hoi
es for L ex
eeds the

value 2 � d

0

by a fa
tor of two, at worst, and sin
e at least half of the

paths in the optimal solution are shorter than 2 � d

0

, the approximation

fa
tor is in the worst 
ase 8 � d

0

. ut

2.2 Unsplittable 
ow problem

The BGA 
an be also eÆ
iently used for solving the uniform-
apa
ity

unsplittable 
ow problem in the o�-line setting. For simpli
ity we will

assume that ea
h edge in G has integral 
apa
ity C and that also all

requests are integral. This will in
uen
e our bounds only by a 
onstant.

Consider the following pro
edure. First, sort all the requests a

ording

to their demands, starting with the heaviest. Then run the BGA with

L = 2 � R on the requests in this order.

Theorem 2.9 Given a uniform-
apa
ity C network G, let R denote the

routing number of G and � the maximal degree in G. The approxima-

tion ratio of the BGA, when run on requests ordered a

ording to their

demands, is O(� R) = O(� �

�1

logn), for the unsplittable 
ow problem.

Proof. As usually, let B denote the set of paths for the requests a

epted

by the BGA and O be the set of paths in the optimal solution. The

13



notion of the witness has to be modi�ed. For this purpose the following

notion will be useful. For a path p 2 B or p 2 O let d(p) denote

the demand of the 
orresponding request. For a set Q of paths let

jjQjj =

P

p2Q

d(p), that is jjQjj denotes the sum of demands of its paths

(for simpli
ity we will sometimes talk about a demand of a path, meaning

the demand of the 
orresponding request). For an edge e 2 E and a path

p 2 O, let D(e; p) denote the sum of demands of all paths from B passing

through e whose demand is at least as large as the demand of p, that is,

D(e; p) = jjfq j q 2 B; e 2 q; d(q) � d(p) gjj. A path q 2 B is a witness

for a path p if d(q) � d(p) and q and p interse
t in an edge e su
h that

D(e; p) + d(p) > C. We say that q serves as a witness on the edge e and

p has a witness on the edge e. For an edge e let W(e;B) denote the set

of paths from B that serve as a witness on e, and let V(e;Q) denote the

set of paths from Q that have a witness on e. We start with a simple

observation.

Lemma 2.10 For any path p and edge e: if p has a witness on e then

jjW(e;B)jj � C=2.

Proof. Let q be the witness of p on e. Assume, by 
ontradi
tion, that

jjW(e;B)jj < C=2. From jjW(e;B)jj < C=2 it easily follows that d(q) <

C=2. But then, sin
e jjW(e;B)jj � D(e; p), the 
onditions d(p) � d(q)

and D(e; p)+ d(p) > C are mutually ex
lusive, whi
h is a 
ontradi
tion.

ut

Let O

0

� O be the set of paths that are longer than 2 � R and that


orrespond to requests not a

epted by the BGA and that do not have

a witness in B. The next two bounds on jjO � O

0

jj and jjO

0

jj 
omplete

the proof. ut

Lemma 2.11

jjO �O

0

jj � (1 + 4 �R) � jjBjj :

Proof. Consider the following partitioning of O � O

0

into two parts.

Let O

1

� O�O

0


onsist of the paths 
orresponding to requests a

epted

by the BGA and let O

2

= (O �O

0

) �O

1

. First note that ea
h p 2 O

2

14



must have a witness in B. Let E

0

� E denote the set of edges on whi
h

some path from O

2

has a witness. Then jjO

2

jj �

P

e2E

0

jjW(e;O

2

)jj �

P

e2E

0

C � 2�

P

e2E

0

jjW(e;B)jj � 4�R�jjBjj, with the help of Lemma 2.10

and the fa
t that all paths in B are of length at most 2 � R. Obviously

jjO

1

jj � jjBjj whi
h 
on
ludes the proof. ut

Lemma 2.12

jjO

0

jj � 4 �� �R � jjBjj :

Proof. For this purpose we are going to modify the set of 
ows O

0

into

a set of short 
ows only. For a path p 2 O

0

between s and t let a

p;1

=

s; a

p;2

; � � � ; a

p;R

denote its �rst R nodes and b

p;1

; � � � ; b

p;R�1

; b

p;R

= t

its last R nodes. Let L be the multiset

S

p2O

0

S

R

i=1

S

d(p)

j=1

f(a

p;i

; b

p;i

)g.

Sin
e the paths in O

0

satisfy the 
apa
ity 
onstraints, ea
h node of the

graph G appears in at most � � C pairs in L. Thus, the pairs 
an

be split into

��C+2

2

(partial) permutation routing problems. It follows

from Lemma 1.1 that there exists a set of paths 
onne
ting the pairs

in L with 
ongestion at most R �

��C+2

2

and dilation at most R. Let

us perform a random experiment: for ea
h long path p 2 O

0


hoose

uniformly independently at random exa
tly one its R � d(p) short
uts.

Let P

0

be the set of the 
hosen short
uts. For every l 2 P , let the

binary random variable X

l

be one if and only if l is 
hosen to be in

P

0

. Assume now that ea
h of the short
uts is used to 
arry the original

demand of the 
orresponding long 
ow. Sin
e the BGA pro
essed the

requests a

ording to their demands, starting from the heaviest, ea
h of

the short
uts in P

0

will have a witness. Let E

0

� E = fe j jjW(e;B)jj �

C=2 g. Sin
e jjO

0

jj = jjP

0

jj it suÆ
es to give an upper bound on jjP

0

jj =

E [jjP

0

jj℄.

E [jjP

0

jj℄

(1)

� E

"

X

e2E

0

jjV(e; P

0

)jj

#

(2)

� E

"

X

e2E

0

X

l2P

0

:e2l

d(l)

#

(3)

= E

"

X

e2E

0

X

l2P:e2l

X

l

� d(l)

#

(4)

=

X

e2E

0

X

l2P:e2l

d(l)

R � d(l)
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(5)

�

X

e2E

0

1

R

� R �

� � C + 2

2

(6)

� 2 ��

X

e2E

0

W(e;P)

(7)

� 4 �� �R � jjBjj

The following fa
ts were used in the reasoning:

(1) ea
h path in P

0

has a witness, Lemma 2.10 and de�nition of E

0

(2) de�nition of V(e;P

0

)

(3) de�nition of X

l

(4) E[X

l

℄ =

1

R�d(l)

(5) the 
ongestion of paths for L is at most R �

��C+2

2

(6) Lemma 2.10 and the assumption that � � 2

(7) all paths in B are of length at most 2 �R

ut

The problem of the UFP in the on-line setting is that an a

eptan
e

of a single request with very small demand may 
ause a reje
tion of a

request with very large demand whi
h results in a 
ompetitive ratio that


annot be bounded in terms of the network G. This is a reason for

fo
using on problem instan
es that satisfy an additional 
onstraint: an

instan
e of the UFP is �{bounded for � > 0, if the maximum demand is

at most 1� � [16℄. Then we arrive at the following result for the on-line

uniform-
apa
ity UFP:

Theorem 2.13 Given a uniform-
apa
ity network G, let R denote the

routing number of G and � the maximal degree in G. If the sequen
e of

requests is �{bounded then the 
ompetitive ratio of the BGA is O(�

�1

� R) =

O(�

�1

� �

�1

logn).

Proof. Consider the following modi�
ation of D(e; p): let D(e; p) be

the sum of demands of paths in B passing through the edge e that were

a

epted by the BGA prior to appearan
e of the request 
orresponding

to p in the input sequen
e. Then the bound of lemma 2.10 
hanges into

jjW(e;B)jj � � � C. ut
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3 Relaxing the Disjointness Constraint

In this se
tion slightly di�erent 
onditions on the established paths are


onsidered. Instead of insisting on edge{disjointness, a 
ongestion of two

is allowed, both for the on-line algorithm as well as for the optimal o�-line

solution. This will substantially simplify the proof of the performan
e

of the on-line algorithm. In the next se
tion it will be shown how this

relaxation 
an be avoided at the 
ost of introdu
ing randomization in

the de
isions.

Suppose we have a graph of D-bounded routing number R. The

algorithm is again rather simple. We may think of the graph as a graph

with two 
opies of ea
h edge, a blue and a red one. Given a request

(s; t), a

ept it whenever there exists a free path with at most 2�R blue

edges and at most 2 �D red edges for some �xed � 2 [D=R; 1℄. We stress

that this is a deterministi
 algorithm.

Theorem 3.1 Suppose we have a network G of maximum degree � and

D-bounded routing number R. For any � 2 [D=R; 1℄, the 
ompetitive

ratio of the BGA with parameters (2�R; 2D) is at most 4 � (�R + (� +

3) �D=�).

Proof. We 
all a path q a witness for a path p if p and q share an edge

in G, no matter whether their 
olors mat
h or not. Let B denote the set

of paths a

epted by the BGA and O be the set of paths in the optimal

solution. Let O

0

� O denote the subset of paths that are longer than

2 � (�R+D), that 
orrespond to requests not a

epted by the BGA and

that do not have a witness in B. Then jO �O

0

j � 4 � (�R +D) � jBj.

As in the proof of Theorem 2.3, we are going to transform the paths

in O

0

into paths ful�lling the restri
tions of the BGA that, at the same

time, do not interse
t mu
h with paths of the BGA. For a path p 2 O

0

between s and t let a

p;1

= s; a

p;2

; � � � ; a

p;�R

denote its �rst �R nodes

and b

p;1

; � � � ; b

p;�R�1

; b

p;�R

= t its last �R nodes. Let L be the set

S

p2O

0

S

�R

i=1

f(a

p;i

; b

p;i

)g. Sin
e every edge is used by at most two paths

in O

0

, ea
h node of the graph G appears in at most 2 �� requests in L.

Similar to the proof of Theorem 2.3 there exists a set of paths 
onne
ting

the requests in L with 
ongestion at most (� + 2) � R and dilation at
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most D. Now, ea
h path p 2 O

0


hooses uniformly and independently

at random exa
tly one of its possible short
uts, say (a

p

; b

p

). We route

all the short
uts on the red edges and everything else (i.e., the initial

and �nal parts of the paths in O

0

) on the blue edges. This may 
ause

up to two paths in O

0

to use the same blue edge. By exa
tly the same

argument as in the proof of Theorem 2.3, it is possible to show that the

expe
ted 
ongestion of short
uts on red edges is (� + 2)=� only. Let

S denote the set of all sele
ted short
uts. Obviously, every path in S

must have a witness in B. In parti
ular, there must be a path in B using

the 
orresponding edge also as a red edge. Sin
e ea
h path of the BGA


onsists of at most 2 � D red edges, ea
h path in B is a witness to at

most 2 �D � (�+ 2)=� paths in S. Thus, putting together the bounds on

jO � O

0

j and on jO

0

j = jSj, the 
ompetitive ratio of the algorithm is as

desired. ut

Obviously, the (asymptoti
ally) best possible 
ompetitive ratio is

rea
hed when �R = �D=�. If � is required to be more than 1 for this, we

simply use the BGA to obtain a 
ompetitive ratio of O(R). Otherwise,

we obtain the following result.

Corollary 3.2 Suppose we have a network G of maximum degree � and

D-bounded routing number R. Then the 
ompetitive ratio of the BGA

with parameters (2

p

R=(� �D); 2D) is O(

p

� �D �R).

It is worth noting that the sizes of optimal solutions for 
ongestion

one and 
ongestion two problems may di�er dramati
ally. Think about

the bri
k wall and let a

1

; � � � ; a

m

denote the border nodes on the upper

side, going from left to right, and b

1

; � � � ; b

m

denote the border nodes

on the lower side, going from right to left. If

S

m

i=1

(a

i

; b

i

) is the set of

requests, then the size of an optimal solution for 
ongestion one is only

1, whereas for 
ongestion two it is m.

4 The Shrewd Algorithm

In this se
tion we will present a randomized on-line algorithm that

a
hieves a similar 
ompetitive ratio as the deterministi
 algorithm in
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Se
tion 3. It 
onsists of a prepro
essing phase and a path sele
tion

phase.

4.1 Prepro
essing

Suppose that we have a graph of maximum degree � and D-bounded

routing number R. Before the algorithm sele
ts any path, it �rst 
om-

putes a path system T (
onsisting of a path for every sour
e-destination

pair) with dilation D and 
ongestion n � R + O(

p

n �R � logn). This


an be done in polynomial time [29℄. Sin
e the O(

p

n �R � logn) term

is signi�
antly smaller than n � R, we will assume in the following for

simpli�
ation reasons that the 
ongestion is at most n � R. Afterwards,

the algorithm randomly sele
ts a well-
onne
ted subset W � V of nodes:

ea
h node de
ides independently at random with probability

1

�R

to be-

long to W , for suitably 
hosen �. Let n

0

denote the size of W . Obvi-

ously, E[n

0

℄ =

n

�R

. Furthermore, it follows from the Cherno� bounds

that n

0

= �(

n

�R

) w.h.p. if � � 1= logn. Let Q � T be a 
olle
tion of

paths that 
ontains all paths in T for all pairs of nodes in W . The set

Q will serve as a path system for W . De�ne the (absolute) 
ongestion of

an edge with regard to Q as the number of paths traversing it, and the

relative 
ongestion of an edge as its absolute 
ongestion divided by n

0

.

These parameters have the following property.

Lemma 4.1 For any �xed edge, its absolute 
ongestion 
on
erning Q is

at most E[n

0

℄=� in the expe
ted 
ase and, for � � 1= logn, also O(E[n

0

℄=�)

with high probability. Furthermore, its expe
ted relative 
ongestion is at

most 1=�.

The proof of the lemma 
an be found in the appendix. In the follow-

ing, we 
all all edges with 
ongestion of n

0

or more due to paths in Q

heavy edges and all other edges light.

4.2 Path sele
tion

Given a request, the Shrewd algorithm a

epts it whenever there is a free

path between its terminal nodes 
onsisting of at most 2 � �R+4 �D edges
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of whi
h at most 4 �D are heavy. Su
h paths are 
alled legal paths. What

is the idea behind this strategy? The heavy edges are (usually) edges

that represent bottlene
ks in the path system. When sele
ting paths

for the requests, the algorithm avoids using too many bottlene
k edges

per path, be
ause a single path passing through many bottlene
ks 
ould


ause the reje
tion of many subsequent requests.

Theorem 4.2 Suppose we have a network G of maximum degree � and

D-bounded routing number R. For any � 2 [D=R; 1℄, the 
ompetitive

ratio of the shrewd algorithm with parameters (2�R; 4 �D) is O(�(�R +

D=�)) in the expe
ted 
ase and also O(�(�R+D=�)) w.h.p. if � � 1= logn.

Proof. Let O denote the set of paths in the optimal solution, B the

set of paths a

epted by the shrewd algorithm and let O

0

� O 
onsist of

all illegal paths in O whose 
orresponding requests were reje
ted by the

shrewd algorithm and that, moreover, have no witness in B (i.e., they do

not interse
t in an edge with any path in B). The proof idea is the same

again: we transform O

0

into an `illegal' solution of almost the same size


onsisting of legal paths only that do not interse
t mu
h with paths in B.

By `illegal' solution we mean that the modi�ed paths are not mutually

edge disjoint. The transformation heavily depends on the path system

Q for the well-
onne
ted subset W . It is done in two main steps. First,

we show how to 
onne
t for most of the paths p 2 O

0

its end nodes s

and t to two nodes a

s

; a

t

2 W . Then, in the se
ond step, for ea
h pair

(a

s

; a

t

) a path between a

s

and a

t

is 
onstru
ted. This is done with the

help of Q. The main diÆ
ulty in the proof is to ensure that the resulting

modi�ed paths will be legal and that they will not interse
t mu
h with

paths from B.

Step 1: With ea
h terminal node s of a path p 2 O

0

a subpath p

s

of the path p is asso
iated. The subpath p

s

is the shorter one of the

following two:

� a subpath of length �R starting in s,

� a minimal subpath 
ontaining D=2 heavy edges starting in s.

In the �rst 
ase, s and p

s

are 
alled inse
ure, in the other 
ase se
ure.

Sin
e ea
h path in O

0

between, say, s and t, 
ontains either more than 4D

20



heavy edges or more than 2�R+4D edges altogether, the two 
onstru
ted

subpaths p

s

and p

t

are (node) disjoint and are well de�ned.

First we show how to 
onne
t se
ure nodes to nodes from W . Ea
h

se
ure subpath p

s


hooses uniformly and independently at random one

of its D=2 heavy edges, say f

s

(
hoi
e 1), and then ea
h of the 
hosen

heavy edges 
hooses, again uniformly and independently at random, one

of the paths from the path system Q that are passing through it (
hoi
e

2). Let q

s

denote the path 
hosen by f

s

. The desired node a

s

2 W for

s is the one of the two terminal nodes of q

s

that is 
loser to f

s

w.r.t. q

s

(Figure 3). Clearly, the 
ombination of p

s

and q

s

between s and a

s


ontains at most D heavy edges and at most �R+D edges in total.

f

s

s

a

s

heavy edge f

s


hosen by p

s

in 
hoi
e 1

heavy not 
hosen edges

path q

s

2 Q 
hosen in 
hoi
e 2 by f

s

paths from the path system Q

se
ure subpath p

s

Figure 3: Conne
tion between a se
ure node s and a node a

s

2 W

In the 
ase of the inse
ure nodes, only a part of them will be provided

with a node from W . Sin
e the nodes in W were 
hosen independently

at random and sin
e the inse
ure subpaths are quite long (�R edges),

many of them will 
ontain a node fromW . If the subpath p

s


ontains at

least one node from W , then the 
losest of them to the terminal node s

is 
hosen as the desired a

s

. If there is no su
h node on it, then no node

a

s

2 W is provided for s and the 
orresponding request will therefore

not be able to parti
ipate in step 2.

If jO

0

j = O(�R+��D=�), we do not 
are how many of the paths in O

0


annot be 
onne
ted to two nodes in W . Sin
e jBj � 1, the 
ompetitive

ratio 
laimed in Theorem 4.2 would immediately follow. Otherwise, let

21



O

00

� O

0

denote the subset of paths for whi
h nodes a

s

and a

t

in W 
an

be provided. The following lemma states that O

00


ontains many of the

paths in O

0

. It's proof 
an be found in the appendix.

Lemma 4.3 For any O

0

with jO

0

j = !(�R + � � D=�), jO

00

j � jO

0

j=4

with high probability.

Step 2: Let L =

S

p2O

00

f(a

p;s

; a

p;t

)g. It remains to provide 
on-

ne
tions for all the pairs (a

s

; a

t

) in L. For this we use the path system

Q and Valiant's tri
k with random intermediate destinations: ea
h pair

(a

s

; a

t

) 2 L 
hooses uniformly and independently at random an interme-

diate destination 


st

2 W (
hoi
e 3) and uses the paths from the path

system Q to 
onne
t a

s

with 


st

and 


st

with a

t

(Figure 4). For a path




st

2W

p

l

p

q

s

t - inse
ure vertex

s - se
ure vertex

paths from Q

illegal path p 2 O

00

a

s

2W

t

s

a

t

2W

Figure 4: A modi�
ation of an illegal path p.

p 2 O

00

from s to t, let l

p

denote the path between a

s

and a

t

via 


st

as

des
ribed above. From the des
ription of the modi�
ation it follows that

all the modi�ed paths are legal.
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Bounding the 
ongestion: Let k

l

be the total number of light edges

and k

h

the total number of heavy edges used by the paths in B. Let P

denote the set of all paths for the pairs in L, that is P =

S

p2O

00

l

p

, and

let U =

S

s se
ure

q

s

.

Consider any node u 2 W . We are going to bound the number of

pairs in L in whi
h u appears. First, we bound the number of se
ure

nodes that 
hose u as a

s

or a

t

. For ea
h heavy edge f , let y

f

be the

number of paths in Q that are passing through f and terminate in u.

Let H

u

= ff j y

f

> 0g. Note that

P

f2H

u

y

f

� n

0

� D, be
ause u is

terminal node of n

0

paths in Q and all paths in Q have length at most

D. For an edge f 2 H

u

, the probability that f was 
hosen in 
hoi
e

1 is at most

2

D

. For an edge f 2 H

u

that was 
hosen in 
hoi
e 1, the

probability that f 
hose in 
hoi
e 2 a path terminating in u is at most

y

f

n

0

. Thus, the expe
ted number of se
ure nodes that 
hose u as a

s

or a

t

is bounded by

P

f2H

u

2

D

�

y

f

n

0

� 2. Con
erning inse
ure nodes, at most �

of them 
an 
hoose u as a

s

or a

t

sin
e the paths in O

0

are edge disjoint.

In total, the expe
ted number (with respe
t to the random 
hoi
es 1, 2

and 3) of pairs from L terminating in u is at most � + 2.

Consider now any light edge e in the graph. We want to bound

the 
ongestion of paths in U and P on e. A path q 2 U adds to the


ongestion of e if there is a heavy edge f on q su
h that f was 
hosen

in 
hoi
e 1 and, moreover, the edge f 
hose the path q in 
hoi
e 2 and

q passes through e (Figure 5). A path l 2 P between a

s

and a

t

adds

to the 
ongestion of e if the pair (a

s

; a

t

) 
hose su
h a node 


st

in 
hoi
e

3 that either the path between a

s

and 


st

or between 


st

and a

t

in the

path system Q is passing through e.

For ea
h heavy edge f , let x

f

be the number of paths in Q that

are passing both through e and f . Let H

e

= ff j x

f

> 0g. Note that

P

f2H

e

x

f

� n

0

� D, be
ause e is a light edge and all paths in Q have

length at most D. For an edge f 2 H

e

, the probability that f was 
hosen

in 
hoi
e 1 is at most

2

D

. For an edge f 2 H

e

that was 
hosen in 
hoi
e

1, the probability that f 
hose in 
hoi
e 2 a path going through e is at

most

x

f

n

0

. The expe
ted 
ongestion of paths from U on e is thus bounded

by

P

f2H

e

2

D

�

x

f

n

0

� 2.
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light edge e

path q

s

2 U 
hosen in 
hoi
e 2 by f

s

heavy edges 
hosen in 
hoi
e 1

heavy not 
hosen edges

f

s

, x

f

s

= 1

a

s

s

e

paths from the paths system Q

subpath p

s

Figure 5: Congestion of paths in U on a light edge e.

For ea
h node u 2 W , let x

u

be the number of paths in Q that

terminate in u and go through e. Note that

P

u2W

x

u

� n

0

. We noti
ed

above that for a �xed u 2 W , the expe
ted number of pairs from L

in whi
h u appears is at most � + 2. For ea
h of these pairs (a

s

; a

t

),

the probability that it 
hose su
h an intermediate node 


st

in 
hoi
e 3

that either the path between a

s

and 


st

or between 


st

and a

t

from Q is

passing through e (depending on whether a

s

= u or a

t

= u) is at most

x

u

n

0

. The expe
ted 
ongestion of paths from P on e is thus bounded by

P

u2W

(�+2) �

x

u

n

0

� �+2. In total, the expe
ted 
ongestion on a light

edge is � + 4.

Re
all the 
ongestion bound in Lemma 4.1. Consider now any heavy

edge e in the graph. Let the random variable C

e

denote the number

of paths in Q that traverse e. Using the same arguments as above,

the expe
ted 
ongestion of paths from U on e is at most 2C

e

=n

0

, and

the expe
ted 
ongestion of paths from P on e is at most (� + 2)C

e

=n

0

.

Thus, the expe
ted number of 
on
i
ts between the modi�ed paths and

the paths in B is at most (� + 4) � k

l

+ (� + 4)

P

heavy e2B

C

e

=n

0

. We
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on
lude that there exist 
hoi
es 1, 2 and 3 with that many 
on
i
ts

at most. A

ording to Lemma 4.1 we know that E[C

e

=n

0

℄ � 1=� (re
all

that C

e

=n

0

is the relative 
ongestion of e) and that for � � 1= logn

both n

0

= �(E[n

0

℄) and C

e

= O(E[n

0

℄=�) w.h.p. Hen
e, both in the

expe
ted 
ase and the high probability 
ase with � � 1= logn, the number

of 
on
i
ts between the modi�ed paths and the paths in B is at most

(�+4) �k

l

+(�+4) �O(k

h

=�). This is also the maximal number of paths

in S that have a witness in B.

Summary: For a path p 2 O

00

between s and t, let p

0

denote its modi-

�
ation as des
ribed in the two steps. That is, p

0

goes from s to a

s

�rst,

then from a

s

to a

t

via 


st

, and �nally from a

t

to t. Let S =

S

p2O

00

p

0

de-

note the set of the modi�
ations. With high probability (with respe
t to

the initial random 
hoi
e of W ), jSj � jO

0

j=4, that is, most of the paths

in O

0

have a modi�
ation in S (Lemma 4.3). All paths in S are legal

and be
ause requests 
orresponding to them were reje
ted by the shrewd

algorithm, ea
h of them must have a witness in B. Thus, in the expe
ted


ase, jSj � (�+4) � k

l

+(�+4) � k

h

=� � (�+4) � (2� �R+4 �D=�) � jBj=

O(� � (�R + D=�)) � jBj. Also, w.h.p. jSj = O(� � (�R + D=�)) � jBj

for � � 1= logn. Hen
e, the shrewd algorithm is O(� � (�R + D=�)){


ompetitive in the expe
ted 
ase and also O(� �(�R+D=�)){
ompetitive

w.h.p. if � � 1= logn. ut

Choosing the best possible �, we arrive at the following result.

Corollary 4.4 Suppose we have a network G of maximum degree �

and D-bounded routing number R. The 
ompetitive ratio of the shrewd

algorithm with parameters (2

p

D � R; 4�D) is O(�

p

D � R) in the expe
ted


ase and also O(�

p

D � R) w.h.p. if R � D log

2

n.

In the same way as the BGA, the shrewd algorithm 
an be used

to solve the uniform-
apa
ity UFP problem. Use several runs of the

shrewd algorithm to transform the expe
ted 
ompetitive ratio into an

approximation ratio that holds w.h.p. for any R and D.

Corollary 4.5 Suppose we have a network G of maximum degree � and

D-bounded routing number R. The approximation ratio of the shrewd
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algorithm with parameters (2

p

D �R; 4�D), when run on requests ordered

a

ording to their demands, is O(�

p

D �R), w.h.p., for the unsplittable


ow problem.

Corollary 4.6 Suppose we have a network G of maximum degree �

and D-bounded routing number R. The 
ompetitive ratio of the shrewd

algorithm with parameters (2

p

D �R; 4 �D) on �{bounded input sequen
e

is O(�

�1

�

p

D �R), w.h.p.

5 Con
lusions

In this paper we presented a simple deterministi
 on-line algorithm for

general networks with an optimal 
ompetitive ratio when using the rout-

ing number of a network. Furthermore, we introdu
ed a new parameter


alled the D-bounded routing number and showed that with the help of

this parameter on-line algorithms 
an be 
onstru
ted with a 
ompetitive

ratio that 
an be signi�
antly below the best possible upper bound of

a deterministi
 on-line proto
ol if only the routing number of a graph

is known. Our upper and lower bounds for the 
ase of using bounded

routing numbers are not tight. It is therefore an interesting open ques-

tion what the best possible 
ompetitive ratio is that 
an be rea
hed by

deterministi
 or randomized on-line algorithms in this setting. Further-

more, it would be interesting to know whether simple algorithms 
an

rea
h su
h an optimal ratio.
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A Proof of Lemma 4.1

We �rst prove bounds for the absolute 
ongestion. Be
ause the 
onges-

tion of T is at most n � R and every node is 
hosen independently at

random with probability

1

�R

to belong to W , the expe
ted 
ongestion at

any �xed edge is at most

n �R �

�

1

�R

�

2

=

n

�R

�

1

�

=

E[n

0

℄

�

:

The main problem for �nding a bound for the 
ongestion that holds with

high probability is that the probabilities for the paths traversing an edge

may not be independent.

In the following, we assume that � � 1= logn. Suppose for a moment

that the paths had independent probabilities to be taken. Let p = (

1

�R

)

2

represent this probability, and for any sequen
e z = (z

1

; : : : ; z

n

) 2 IR

n

let

P

j

(z) =

X

i

1

<i

2

<:::<i

j

z

i

1

z

i

2

� � � z

i

j

:

Consider some �xed edge e. Let T

e

denote the set of all paths in T

that are traversing e, and assume these paths to be numbered from 1 to

m = jT

e

j. Furthermore, for every path i let the binary random variable

X

i

be one if and only if path i belongs to Q, and let X =

P

i

X

i

. Then

we would have that

E[P

j

(X

1

; : : : ; X

m

)℄ = P

j

(p; : : : ; p)

for any j 2 f1; : : : ;mg. We will not be able to show this for our situation,

but what we 
an show is that up to some large enough k 2 f1; : : : ;mg

there is a p

0


lose to p with the property that

E[P

j

(X

1

; : : : ; X

m

)℄ � P

j

(p

0

; : : : ; p

0

)

for all j � k. As we will see later, this allows us to use Cherno� bounds

to estimate the probability that X is far away from its expe
ted value.
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Proposition A.1 For any k 2 f1; : : : ;mg it holds with p

0

= min[1;

k

2

m

℄ +

min[1;

2k�n

m

℄ �

1

�R

+

�

1

�R

�

2

that

E[P

j

(X

1

; : : : ; X

m

)℄ � P

j

(p

0

; : : : ; p

0

)

for any j � k.

Proof. Let path i be represented by its sour
e-destination pair (s

i

; t

i

).

Take any subset U � T

e

= f(s

1

; t

1

); : : : ; (s

m

; t

m

)g of size at most k � 1

and any (s

i

; t

i

) 2 f(s

1

; t

1

); : : : ; (s

m

; t

m

)g n U . We distinguish between

three 
ases.

1. If both s

i

and t

i

already appear in other pairs in U , then we only

know that

Pr

2

4

X

(s

i

;t

i

)

= 1 j

Y

(s

l

;t

l

)2U

X

(s

l

;t

l

)

= 1

3

5

= 1 :

2. If exa
tly one of s

i

and t

i

appears in U , then

Pr

2

4

X

(s

i

;t

i

)

= 1 j

Y

(s

l

;t

l

)2U

X

(s

l

;t

l

)

= 1

3

5

=

1

�R

:

3. If none of s

i

and t

i

appear in U , then

Pr

2

4

X

(s

i

;t

i

)

= 1 j

Y

(s

l

;t

l

)2U

X

(s

l

;t

l

)

= 1

3

5

=

�

1

�R

�

2

:

Suppose now that (s

i

; t

i

) is 
hosen uniformly at random out of

f(s

1

; t

1

); : : : ; (s

m

; t

m

)g n U . Then the probability for 
ase (1) is at most

min

�

1;

(k � 1)

2

� (k � 1)

m� (k � 1)

�

� min

�

1;

k

2

m

�

;
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sin
e there 
an be at most

�

2(k�1)

2

�

� (k � 1)

2

pairs of nodes that use

nodes in U . Furthermore, the probability for 
ase (2) is at most

min

�

1;

2(k � 1) � (n� 1)� (k � 1)

m� (k � 1)

�

� min

�

1;

2k � n

m

�

;

be
ause in the worst 
ase every one of the at most 2(k�1) di�erent nodes

in U has all of the n � 1 paths from T , that 
an have it as endpoint,

running through e. Combining these probabilities with the probabilities

in the 
ases above, we get that for (s

i

; t

i

) 
hosen uniformly at random

out of f(s

1

; t

1

); : : : ; (s

m

; t

m

)g n U ,

Pr

2

4

X

(s

i

;t

i

)

= 1 j

Y

(s

l

;t

l

)2U

X

(s

l

;t

l

)

= 1

3

5

�

min

�

1;

k

2

m

�

+ min

�

1;

2k � n

m

�

�

1

�R

+

�

1

�R

�

2

:

Hen
e, for any j � k,

E[P

j

(X

1

; : : : ; X

m

)℄ � P

j

(p

0

; : : : ; p

0

) ;

where p

0

= min[1;

k

2

m

℄ + min[1;

2k�n

m

℄ �

1

�R

+

�

1

�R

�

2

. ut

Using the te
hniques in [30℄ (in parti
ular, see inequality (1) on page

227), it follows from Proposition A.1 that for m = R � n, � = p

0

�m, and

any Æ > 0,

Pr[X � (1 + Æ)�℄ � e

�(Æ

2

�=3+Æ�=3+k=2)

:

Furthermore,

� = �

�

k

2

+

2k � n

�R

+

n �R

(�R)

2

�

= �(k

2

+E[n

0

℄ � k +E[n

0

℄=�) :

Choosing k = �(logn), we obtain that � = �(E[n

0

℄=�) for any � �

1= logn. Using this in the probability bound above, we obtain a poly-

nomially small probability that X � (1 + Æ)� for some 
onstant Æ > 0.
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Sin
e the probability bound also holds for all m � R � n (just introdu
e

dummy paths to get ba
k to m = R � n), the proof for the bounds of the

absolute 
ongestion is 
ompleted.

Next we 
onsider the relative 
ongestion. Consider some �xed edge e.

Let C

e

denote the absolute 
ongestion 
aused by paths in Q traversing e.

Furthermore, let

�

C

e

= C

e

=n

0

represent its relative 
ongestion. It holds

that

E[

�

C

e

℄ =

X


;m




m

� Pr[C

e

= 
 ^ n

0

= m℄

=

X

m

1

m

� Pr[n

0

= m℄ �

X





 � Pr[C

e

= 
 j n

0

= m℄ :

Furthermore,

Pr[n

0

= m℄ =

�

n

m

��

1

�R

�

m

�

1�

1

�R

�

n�m

and if n

0

= m, then the probability for a �xed path to belong to Q is

equal to

�

n�2

m�2

�

�

n

m

�

=

m(m� 1)

n(n� 1)

�

�

m

n

�

2

:

Hen
e,

X





 � Pr[C

e

= 
 j n

0

= m℄ = E[C

e

j n

0

= m℄ = n �R �

�

m

n

�

2

=

R �m

2

n

:

Therefore,

E[

�

C

e

℄ �

n

X

m=1

1

m

�

�

n

m

��

1

�R

�

m

�

1�

1

�R

�

n�m

�

R �m

2

n

=

R

n

n

X

m=1

m �

�

n� 1

m� 1

�

n

m

�

�

1

�R

�

m

�

1�

1

�R

�

n�m
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=

R

n

� n �

1

�R

n

X

m=1

�

n� 1

m� 1

��

1

�R

�

m�1

�

1�

1

�R

�

n�m

=

1

�

:

This 
ompletes the proof of the lemma.

B Proof of Lemma 4.3

For every path q 2 O

0

, let the binary random variable X

q

be one if and

only if two nodes inW 
an be provided for q. Furthermore, let the binary

random variable Y

q

be one if and only if among the �rst and among the

last �R nodes in p (
alled in the following sour
e part and destination

part) there is at least one node in W . Obviously, if Y

q

= 1 then also

X

q

= 1. Thus,

X

q2O

0

Y

q

�

X

q2O

0

X

q

:

Hen
e, we obtain for X =

P

q

X

q

and Y =

P

q

Y

q

that

Pr[Y � 
℄ � Pr[X � 
℄

for all 
 � 0. Thus, for any p with Pr[Y � 
℄ � p it also holds that

Pr[X � 
℄ � p. We will therefore 
ontinue in the following to bound

Pr[Y � 
℄.

Sin
e the nodes de
ide independently of ea
h other to belong to W ,

the probability that the sour
e part resp. destination part of the path q


ontains a node in W is equal to

1�

�

1�

1

�R

�

�R

� 1�

1

e

:

Hen
e, Pr[Y

p

= 1℄ � (1� 1=e)

2

for all q 2 O

0

, whi
h implies that E[Y ℄ �

(1� 1=e)

2

jO

0

j �

2

5

jO

0

j. Unfortunately the Y

p

are not independent. This

is due to the fa
t that parts of paths may overlap. However, knowing

that a 
ertain set of paths has no node in W 
an only in
rease the
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probability that also some other path has no node in W , sin
e some of

its nodes may be known not to be in W . Hen
e, for any q 2 O

0

and any

subset of paths U � O

0

n fqg we have

Pr

2

4

(1� Y

q

) = 1 j

Y

p2U

(1� Y

p

) = 1

3

5

� Pr[(1� Y

q

) = 1℄

Thus, the random variables Z

q

= (1 � Y

q

) are self-weakening with pa-

rameter � = 1 (see [30, 26℄ for the de�nition). This implies [30, 26℄

that we 
an use the usual Cherno� bounds to obtain that for � =

(1� (1� 1=e)

2

)jO

0

j and for any 0 < Æ � 1 we have

Pr[

X

q

Z

q

� (1 + Æ)�℄ � e

�Æ

2

�=2

:

Hen
e,

Pr[

X

q

(1� Y

q

) � (1 + Æ)�℄ � e

�Æ

2

�=2

;

and therefore

Pr[Y � jO

0

j � (1 + Æ)�℄ � e

�Æ

2

�=2

:

Sin
e

jO

0

j� (1+ Æ)� = ((1�1=e)

2

� Æ(1� (1�1=e)

2

))jO

0

j � (2=5� Æ �3=5)jO

0

j

and Pr[Y � 
℄ � Pr[X � 
℄ for all 
, we get

Pr[X � (2=5� Æ � 3=5)jO

0

j℄ � e

�Æ

2

�=2

:

As any network of maximum degree � must have a diameter of at least

log

��1

n and we have � � 1, it follows that � � D=� � logn. Thus,

jO

0

j = !(logn) and therefore also � = !(logn). Hen
e, the probability

that X � jO

0

j=4 is polynomially small in n, whi
h proves the lemma.
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