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Abstra
t. Those topologi
al spa
es for whi
h not only the latti
e of open sets but

also that of 
losed sets is a frame are des
ribed by means of 
losure operators and

of neighborhood systems. This 
lass of so-
alled web spa
es in
ludes, for example,

all strongly lo
ally 
onne
ted spa
es, and every spa
e o

urs as a dense subspa
e of

a web spa
e. On the other hand, a very weak separation axiom for
es web spa
es

to be dis
rete.

We provide a universal 
onstru
tion prin
iple produ
ing all T

0

web spa
es and

show that those T

0


losure systems whi
h are frames arise pre
isely as the join-

ideal systems asso
iated with so-
alled lo
ally approximating standard extensions

of partially ordered sets. This extends 
lassi
al results about ideal systems and

S
ott topologies of posets and latti
es.
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0. Introdu
tion

It is well-known that every topology is a frame (lo
ale,

W

-distributive latti
e),

that is, a 
omplete latti
e in whi
h binary meets distribute over arbitrary joins.

Not mu
h attention seems to have been paid, however, to topologies that hap-
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pen to be dual frames (
oframes) as well. One reason for the disregard of su
h

spa
es may be that they have almost no separation properties. In fa
t, for T

0

-

topologies in whi
h every nonempty open set 
ontains a nonempty 
losed set

(a postulate mu
h weaker than the T

1

-axiom), the 
oframe property already

implies dis
reteness. On the other hand, it turns out that the 
lass of spa
es

with 
oframe topologies in
ludes many 
lasses that are of interest for general

topology (e.g. strongly lo
ally 
onne
ted and, in parti
ular, lo
ally super
om-

pa
t spa
es). Moreover, many posets equipped with their S
ott topologies are

web spa
es, among them all meet-
ontinuous latti
es. We shall give a pre
ise


hara
terization of all posets whose S
ott topology is a 
oframe.

From the topologi
al point of view, it is important to have handy des
rip-

tions of the spa
es in question by means of their 
losure operator (whi
h is

rather easy and known sin
e two de
ades [10℄) and by suitable systems of

neighborhoods (whi
h is slightly more involved).

In Se
tion 1, we study 
losure frames, i.e., general (not ne
essarily topo-

logi
al) 
losure systems that are frames. Note that abstra
tly every frame is

isomorphi
 to a 
losure frame (viz. that of its prin
ipal ideals). For an arbi-

trary systemM of subsets of a 
losure spa
e (X;�) (with 
losure operator �),

we put together several ne
essary and suÆ
ient 
onditions ensuring that the


losure system of M-ideals (i.e. subsets Y su
h that M � Y entails �M � Y

for all M 2 M [ ffxg : x 2 Xg) be
omes a frame. Mu
h of the material in

Se
tion 1 is already 
ontained in [10℄ and [17℄, but we have in
luded the basi


de�nitions and fa
ts to make the paper self
ontained and easier to understand.

In Se
tion 2, we present a 
onstru
tion of all 
losure frames as 
ertain ideal

systems (in the sense of Se
tion 1) from suitable systems M of subsets of

partially ordered sets, regarded as 
losure spa
es with respe
t to their 
ut

operator. This 
onstru
tion generalizes (and is motivated by) the two fa
ts

that a latti
e is distributive i� its ideal latti
e is a frame [6, 22℄, and meet-


ontinuous i� its latti
e of S
ott-
losed sets is a frame [21℄.

In Se
tion 3, we show that the spa
es with 
oframe topologies are pre
isely

the so-
alled web spa
es, having lo
al bases of web neighborhoods. These are

slightly more general than the strongly 
onne
ted neighborhoods studied in

R.-E. Ho�mann's work on spa
es \admitting a dual" [23℄.

The 
oframe property for topologies is highly non-hereditary. This will fol-

low from the fa
t, to be shown in the last se
tion, that every spa
e may be

represented as a dense subspa
e of a web spa
e (and, moreover, of a spa
e with

a least base).

The (dual) frame property that 
on
erns us here is 
losely related to several
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other relevant properties of topologi
al spa
es that are stable under latti
e

isomorphism of topologies (with the spa
es not ne
essarily homeomorphi
).

Su
h latti
e-invariant properties and their mutual dependen
ies will be studied

in a forth
oming paper. In parti
ular, the interplay between distributivity

properties and low separation axioms will be investigated in more detail.

1. Closure Frames

The downsets (lower sets, lower ends, de
reasing sets, initial segments,...)

of a preordered ( = quasiordered) set (X;�) are the unions of prin
ipal ideals

#y = fx 2 X : x � yg (y 2 X):

They form a (topologi
al) 
losure system A = A(�), the Alexandro� 
om-

pletion. The 
omplements of downsets are the upsets (upper sets,et
.), whi
h


onstitute the Alexandro� topology �(�) [1℄. The asso
iated 
losure operator

(the downset operator) sends ea
h subset Y to

#Y = fx 2 X : x� y for some y 2 Y g =

S

f#y : y 2 Y g:

Spe
i�
 downsets are the (lower) 
uts, that is, the interse
tions of prin
ipal

ideals. They form a 
losure system N = N (�), known as the normal 
om-

pletion, Dedekind-Ma
Neille 
ompletion or 
ompletion by 
uts. The asso
iated


losure operator (the 
ut operator) assigns to ea
h subset Y the 
ut

�Y =

T

f#z : z 2 X; Y �#zg:

Note that whenever Y has a join (supremum), denoted by

W

Y , then x 2 �Y

is tantamount to x �

W

Y .

Re
all the one-to-one 
orresponden
e between 
losure systems and 
losure

operators �, 
hara
terized by the equivalen
e Y � �Z , �Y � �Z. (As in

the spe
i�
 
ases of downset operators and 
ut operators, we omit fun
tional

parentheses whenever 
onvenient). In a

ordan
e with the 
orresponding topo-

logi
al de�nition, the T

0

-axiom for 
losure spa
es requires that

�fxg = �fyg , x = y:

But observe that, in 
ontrast to the situation of topologi
al spa
es, 
losure op-

erators do not preserve �nite unions in general. If � is a 
losure operator then

its range C = C(�) is the asso
iated 
losure system; the pair (X;�) or, alterna-

tively, (X; C) is a 
losure spa
e. Every 
losure spa
e 
arries a natural preorder,

usually referred to as the spe
ialization (pre)order of the spa
e, de�ned by

x � y , x 2 �fyg =

T

fY 2 C : y 2 Y g , �fxg � �fyg:
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In the sequel, all order-theoreti
al statements refer to the spe
ialization pre-

order, unless another order relation is expli
itly mentioned. Thus, for example,

every 
losed set is a downset, being a union of point 
losures #x = �fxg, and

every open set is an upset, being a union of (neighborhood) 
ores, i.e., prin
ipal

dual ideals

"x =

T

fU : x 2 U; X n U 2 Cg:

If a 
losure system, regarded as a 
omplete latti
e, is a frame (that is, if

binary meets distribute over arbitrary joins), we speak of a 
losure frame.

Below, we shall use the shorthand notation

Y

x

=#x\ #Y for x 2 X and Y � X:

The following notions (introdu
ed in [10℄) will be 
entral for our investigations:

an element x of a 
losure spa
e (X;�) is said to �-distribute if

(�Y )

x

� �(Y

x

) for all Y � X;

and to be �-near if

x 2 �Y implies x 2 �(Y

x

) or, equivalently, #x = �Z for some Z �#Y:

The 
ondition #x = �Z implies x =

W

Z (in the T

0


ase), but not 
onversely.

Also note that one may repla
e in
lusion with equality in the de�nition of

�-distributivity, be
ause the reverse in
lusion (�Y )

x

� �(Y

x

) is always valid.

Similarly, x 2 �(Y

x

) is tantamount to # x = �(Y

x

). Every �-distributing

element is �-near and, on the other hand, an element �-distributes whenever

ea
h element below it is �-near.

The name "�-distributing elements" 
omes from the observation that in 
ase

� is the 
ut operator of a 
omplete latti
e (thus �Y =#

W

Y ), su
h elements x

are 
hara
terized by the identity

x ^

W

Y =

W

(x ^ Y ) (Y � X):

�-distributing elements might also be referred to as �-
ontinuous ones. This

is justi�ed by the following

Lemma 1.1 Let a 
losure spa
e (X;�) be a meet-semilatti
e in its spe
ial-

ization order. Then an element x is �-
ontinuous i� the unary meet operation

y 7�!x ^ y is a 
ontinuous selfmap of the 
losure spa
e (X;�).

Proof. The 
ontinuity 
ondition

x ^ �Y � �(x ^ Y ) (Y � X)
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is equivalent to

(�Y )

x

=#x \ �Y =#(x ^ �Y ) � �(x ^ Y ) = � #(x ^ Y ) = �(#x\ #Y ) =

�(Y

x

):

2

The following result, 
hara
terizing 
losure frames by means of their 
losure

operator, has been established in [10℄ (see also [17℄, where more distributive

laws for 
losure systems were investigated):

Proposition 1.2 For a 
losure spa
e (X;�) the following are equivalent:

(a) The 
losure system asso
iated with � is a frame.

(b) � indu
es a homomorphism from the frame of downsets onto C(�).

(
) � preserves binary (resp. �nitary) interse
tions of downsets.

(d) Ea
h element of X is �-distributing.

(e) Ea
h element of X is �-near.

Re
all that a meet-semilatti
e with a topology is said to be semitopologi
al

if all the unary operations y 7�!x ^ y are 
ontinuous. Thus, we obtain

Corollary 1.3 A topologi
al (
losure) spa
e is a semitopologi
al meet-

semilatti
e in its spe
ialization order i� its latti
e of 
losed sets is a frame

in whi
h the spa
e is embedded as a meet-semilatti
e.

Sometimes, it will be 
onvenient to extend the previous de�nitions to so-


alled semi
losure operators, by whi
h we mean fun
tions � on the power set

PX that are extensive (Y � �Y ), preserve in
lusion (Y � Z ) �Y � �Z )

and satisfy

�Y = �(

S

f�fyg : y 2 Y g) (Y � X):

Using the downset operator # asso
iated with the natural preorder, determined

by

x � y , �fxg � �fyg;

we may 
hara
terize semi
losure operators as in
lusion preserving maps �

satisfying the two identities

�fyg =#y and �#Y = �Y:

Clearly, the natural preorder � is a partial order i� � ful�ls the T

0

-axiom, this

time requiring that distin
t points have distin
t semi
losures. Note also that

a 
losure operator is just an idempotent semi
losure operator.
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For any semi
losure operator (and, more generally, for any pre
losure opera-

tor, i.e., for any extensive and in
lusion preserving fun
tion) � : PX �!PX,

the �xed points form a 
losure system

C(�) = fY � X : �Y = Y g;

and the 
orresponding 
losure operator �

1

, given by

�

1

Y =

T

fZ 2 C(�) : Y � Zg;

may be obtained by trans�nite iteration of �: setting

�

0

= id

PX

; �

�+1

= � Æ �

�

and �

�

Y =

S

f�

�

Y : � < �g for limit ordinals

�;

one �nally arrives at an ordinal � with �

�

= �

1

. Clearly, C(�) = C(�

�

) for

� > 0.

In 
ontrast to arbitrary pre
losure operators, our semi
losure operators �

have the advantage that passing to the 
losure operators �

1

does not 
hange

the spe
ialization preorder, be
ause �fyg = ��fyg = �

1

fyg.

By trans�nite indu
tion, one proves the impli
ations

(�Y )

x

=�(Y

x

) ) (�

�

Y )

x

= �

�

(Y

x

) )

(�Y )

x

� �

1

(Y

x

) , (�

�

Y )

x

� �

1

(Y

x

) , (�

1

Y )

x

= �

1

(Y

x

) (� > 0):

Hen
e, every �-distributing element �

1

-distributes, too (but not 
onversely).

Similarly,

x is �-near ) (x 2 �Y implies x 2 �

1

(Y

x

)) , x is �

1

-near.

In order to in
lude a wider range of distributive laws, 
onsider now an arbi-

trary systemM of subsets of X. Of parti
ular relevan
e for our studies is the


olle
tion

M

^

= f#M :M 2 M[ ffxg : x 2 Xgg

of allM-downsets (with respe
t to a given preorder), and the meet-semilatti
e

M

\

of all �nite interse
tions of M-downsets. By de�nition, �

^

is the set of

all prin
ipal ideals (point 
losures), and (PX)

^

is the Alexandro� 
ompletion

A.

For any 
losure operator � : PX �!PX and the asso
iated natural preorder

�, the map

�

M

: PX �!PX; Y 7�!

S

f�M :M 2 M

^

;M �#Y g

is a semi
losure operator (but need not be a 
losure operator), and �

M

has

the same natural preorder as �. Indeed,
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#y = �

M

fyg = �fyg; #Y � �

M

Y � �Y; and

�

M

M = �

1

M

M = �M for all M 2 M[M

^

:

The members of the 
losure system

M

�

= C(�

M

)

are just those downsets Y whi
h satisfy �M � Y for allM 2 M withM � Y .

They are referred to as the M-ideals of the 
losure spa
e (X;�). Note that

�

PX


oin
ides with �, while �

�

is the downset operator #. Thus,

C(�) = (PX)

�

�M

�

� �

�

= A:

An element x with

(�M)

x

= �(M

x

) for all M 2 M

is 
alled �-M-distributing, and an element x with

x 2 �(M

x

) for all M 2 M and x 2 �M

is 
alled �-M-near. Now, we are in a position to summarize the main rela-

tionships between various distribution and nearness properties. For proofs, see

[10℄.

Theorem 1.4 Given a 
losure operator � : PX �!PX and a subset M of

PX, 
onsider the following statements:

(a1) The system of allM-ideals is a 
losure frame with 
losure operator �

M

.

(b1) �

M

indu
es a homomorphism from the frame of downsets to that of

M-ideals.

(
1) �

M

preserves �nite interse
tions of downsets.

(d1) Ea
h element of X is �

M

-distributing.

(e1) Ea
h element of X is �

M

-near.

(a2) The system of all M-ideals is a 
losure frame (with 
losure operator

�

1

M

).

(b2) �

1

M

indu
es a homomorphism from the frame of downsets to that of

M-ideals.

(
2) �

1

M

preserves �nite interse
tions of downsets.

(d2) Ea
h element of X is �

1

M

-distributing.

(e2) Ea
h element of X is �

1

M

-near.

(a3) The system of allM

\

-ideals is a 
losure frame.

(b3) � preserves binary interse
tions of M-downsets.
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(
3) � preserves �nite interse
tions of M-downsets.

(d3) Ea
h element of X is �-M-distributing.

(e3) Ea
h element of X is �-M-near.

The following impli
ations and equivalen
es hold in general:

(a1), (b1)) (
1) ) (d1) , (e1)

+

(a2), (b2), (
2), (d2) , (e2)

+

(a3), (b3), (
3), (d3) , (e3)

For idempotent �

M

, the �rst 10 
onditions are equivalent. If M

\

is equal to

M

^

(or at least M

x

2 M

^

for all M 2 M) then the last 12 
onditions are

equivalent.

An example of a system M for whi
h �

M

is always idempotent (provided �

is a 
losure operator) is that of all �nite subsets; more generally, the system

of all subsets with less than � elements for a regular 
ardinal �.

We 
all a 
losure spa
e (X;�) �nitely M-distributive if

M 2 M and x 2 �M ) x 2 �(M

x

);

in other words, if the equivalent 
onditions (a3) - (e3) are satis�ed. If, more-

over,

M 2 M and x 2 �M ) M

x

2 M

^

and x 2 �(M

x

);

we say the system M is lo
ally approximating for (X;�), or (X;�) is lo
ally

M-approximable. Clearly, this implies the 
onditions (d1) and (e1). Thus,

from Theorem 1.4 we infer the following fa
ts:

Corollary 1.5 For M

�

, the 
losure system of all M-ideals, to be a frame it

is ne
essary that (X;�) be �nitely M-distributive, and suÆ
ient that M be

lo
ally approximating.

Unfortunately, in general neither of these two 
onditions is both ne
essary

and suÆ
ient (although they 
oin
ide in the frequent instan
e ofM

\

=M

^

).

Thus, the question naturally arises whether we 
an �nd suitable systems M

0

(depending on M and �) su
h that the impli
ation

M 2 M and x 2 �M ) M

x

2 M

0

and x 2 �(M

x

)
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is ne
essary and suÆ
ient for the frame property ofM

�

. The answer is in the

aÆrmative but requires some more de�nitions.

Let us 
onsider the following systems:

M

e

= fY � X : �

1

M

Y 2 C(�)g (extended M-sets),

M

f

= fY � X : 9�(�

�

M

Y 2 M

^

)g (�nal M-sets),

M

g

= fY � X : �

1

M

Y 2 M

^

g (generating M-sets),

M

h

= fY � X : �

1

M

Y 2 �

^

g (hulling M-sets).

Note that Y 2M

e

means �

1

M

Y =�Y , while Y 2M

h

means �

1

M

Y =#x for

some x2X. Clearly,

M�M

e

; M

^

�M

f

and M

h

�M

g

�M

f

�M

e

:

O

asionally one may wish to avoid the (possibly 
ompli
ated) operators �

M

and �

1

M

. Then it may be opportune to generalize the previously introdu
ed

\nearness" 
on
epts on
e more: given two systems M;M

0

� PX, we say an

element x 2 X is �-M-M

0

-near if for ea
h M 2 M with x 2 �M , there is an

M

0

2 M

0

su
h that M

0

�#M and #x = �M

0

. Or, given a se
ond semi
losure

operator �

0

, we say an element x is �-M-�

0

-near if for all M 2 M, x 2 �M

entails x 2 �

0

(M

x

).

The following lemma is rather te
hni
al but helpful for 
on
rete 
omputa-

tions:

Lemma 1.6 Let (X;�) be a 
losure spa
e and M;M

0

� PX with M

h

�

M

0

�M

e

. Then:

(1) �

M

-near = �-M-M

^

-near = �-M-�

M

-near.

(2) �

1

M

-near = �-M-M

0

-near = �-M-�

1

M

-near.

(3) �-M-near = �-M-M

\

-near = �-M-�-near.

Proof. M always designates a member of M.

(1) If x is �

M

-near and x 2 �M = �

M

M then x 2 �

M

(M

x

), i.e., x 2 �M

0

for

some M

0

2 M

^

with M

0

�#M

x

, when
e #x � �M

0

� �(M

x

) � �(#x) =#x:

Thus, x is �-M-M

^

-near. This, in turn, together with the hypothesis x 2 �M

implies #x = �M

0

for some M

0

2 M

^

with M

0

�#M , hen
e M

0

� M

x

and

so x 2 �

M

(M

x

), whi
h means that x is �-M-�

M

-near. On the other hand,

x 2 �

M

Y entails x 2 �M

0

for some M

0

2 M

^

with M

0

�# Y , and if x is
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�-M-�

M

-near then it follows that x 2 �

M

(M

0

x

) � �

M

(Y

x

). In other words, x

is �

M

-near.

(2) If x is �

1

M

-near and x 2 �M = �

1

M

M then x 2 �

1

M

(M

x

). This gives the

in
lusions #x � �

1

M

(M

x

) � �(M

x

) � �(#x) =#x; so that M

x

2 M

h

� M

0

.

Thus, x is �-M-M

0

-near. On the other hand, if that property is assumed

then x 2 �M implies #x = �M

0

for some M

0

2 M

0

� M

e

with M

0

� M

x

,

hen
e x 2# x = �M

0

= �

1

M

(M

0

) � �

1

M

(M

x

), and we 
on
lude that x is �-

M-�

1

M

-near. Now assume x has the latter property. Again, x 2 �

M

Y entails

x 2 �M

0

for someM

0

2 M

^

withM

0

� Y . But then eitherM

0

=#M for some

M 2 M, so that x 2 �M and therefore x 2 �

1

M

(M

x

) � �

1

M

(Y

x

), or M

0

=#y

for some y 2 X, and then x 2#x \ �M

0

=#x\ #y = M

0

x

� Y

x

� �

1

M

(Y

x

). In

any 
ase, x 2 �

M

Y entails x 2 �

1

M

(Y

x

), and by an earlier remark, this ensures

�

1

M

-nearness of x.

(3) This is 
lear from the de�nitions (note that M

x

=#x\ #M 2 M

\

).

2

Now, Theorem 1.4 together with Lemma 1.6 yields:

Theorem 1.7 Let (X;�) be a 
losure spa
e and M;M

0

subsets of PX su
h

that M

h

�M

0

�M

e

. Then the following statements are equivalent:

(a) The 
losure system M

�

of all M-ideals is a frame.

(b) M

e

is lo
ally approximating.

(
) M

f

is lo
ally approximating.

(d) M 2 M and x 2 �M imply that M

x

2 M

0

and x 2 �(M

x

):

If (X;�) is a meet-semilatti
e in its spe
ialization order then these 
onditions

are also equivalent to

(e) The unary meet operations y 7�!x ^ y are 
ontinuous as selfmaps of

the

M-ideal 
losure spa
e (X;�

1

M

).

Proof. (a)) (b) : By 1.4 (a2)) (e2), ea
h x 2 X is �

1

M

-near. Hen
e,

x 2 �M = �

1

M

M implies #x = �

1

M

(M

x

) � �(M

x

) �#x and therefore M

x

2

M

h

�M

e

.

(b)) (
) : For M 2 M

f

� M

e

and x 2 �M , it follows that M

x

2 M

e

and

#x = �(M

x

) = �

1

M

(M

x

), when
e M

x

2 M

h

�M

f

.

(
)) (d) is 
lear sin
e M is 
ontained in M

f

, and #M 2 (M

f

)

^

is tanta-

mount to M 2 M

f

.
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(d)) (a) is an immediate 
onsequen
e of Lemma 1.6 (2) and the impli
ation

(e2)) (a2) in Theorem 1.4.

For the equivalen
e of (a) and (e), use 1.1.

2

The next proposition shows that our de�nition of �nitely M-distributive


losure spa
es a
tually generalizes known distributive laws for 
omplete lat-

ti
es.

Proposition 1.8 Let L = (X;�) be a 
omplete latti
e and M� PX. Then

the following statements are equivalent:

(a) L is an M-frame:

x^

W

M =

W

(x^M) (=

W

fx^ y : y 2Mg) for all x 2 X and M 2 M:

(b) L is �nitely M-distributive:

W T

M

0

=

V

f

W

M :M 2 M

0

g for all �nite M

0

�M

^

:

(
) The 
ut 
losure spa
e (X;�) is �nitely M-distributive.

Similarly, (X;�) satis�es the 
onditions

x^

W

M =

W

(x^M) and #(x^M) 2 M

^

for all x 2 X and M 2 M

i� M is lo
ally approximating for the 
ut 
losure spa
e (X;�).

These fa
ts are easy 
onsequen
es of the equalities

M

x

= # (x ^M); �M =#

W

M; �(M

x

) = #

W

(x ^M) and (�M)

x

= #

(x ^

W

M):

On a

ount of 1.8, a 
omplete latti
e with 
ut 
losure spa
e (X;�) is

a frame i� (X;�) is �nitely A-distributive,

distributive i� (X;�) is �nitely F -distributive,

meet-
ontinuous [21℄ i� (X;�) is �nitely D-distributive,

and in all three 
ases, the respe
tive system is, moreover, lo
ally approximat-

ing.

Proposition 1.8 may be generalized from 
omplete latti
es (and their 
ut

spa
es) to arbitrary 
losure spa
es, as follows:

Proposition 1.9 Let (X;�) be a 
losure spa
e, M a subset of PX, and M

0

a subset of P C(�) su
h that M

^

= f

S

Y : Y 2 M

0

g.

Then (X;�) is �nitely M-distributive i� the 
losure system C(�) is �nitely

M

0

-distributive.
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Note. For instan
e, M

0

= ff# y : y 2 Mg : M 2 M

^

g has the property

required.

Proof. If (X;�) is �nitelyM-distributive then, by (e3),M 2 M and x 2 �M

imply x 2 �(M

x

). Let Y 2 M

0

; Z 2 C(�) and x 2 Z ^

W

Y = Z \ �(

S

Y).

Sin
e M =

S

Y 2 M

^

, we get

x 2 �(M

x

) = �(#x \

S

Y) � �(Z \

S

Y) = �(

S

fZ \ Y : Y 2 Yg) =

W

(Z ^ Y):

Conversely, suppose that the 
losure system C(�) is �nitelyM

0

-distributive.

From M 2M and x 2 �M , we infer x 2 �#M with #M =

S

Y for some Y 2

M

0

, hen
e x 2 #x \�(

S

Y) =#x^

W

Y =

W

(#x^Y) = �(#x \

S

Y) = �(M

x

):

2

For a similar result involving \global subset sele
tions", see [14℄, and for

\in�nitary" analogues, [4, 9, 16℄.

2. Closure Frames from Lo
ally Approximating Standard Exten-

sions

As in [11℄ and [12℄, a standard extension of a preordered set is a system of

downsets that 
ontains all prin
ipal ideals. A standard 
ompletion is then

a standard extension that is 
losed under arbitrary interse
tions, in other

words, a 
losure system whose point 
losures are pre
isely the prin
ipal ideals.

Every (T

0

) 
losure system C is the standard 
ompletion of a unique preordered

(partially ordered) set (X;�), namely the underlying set equipped with the

spe
ialization preorder.

For any poset (X;�), the standard 
ompletions form a set of representatives

for the join-dense 
ompletions of (X;�) [2, 28℄, and a similar remark holds for

the standard extensions [12, 19℄. Clearly, the largest standard 
ompletion of

a preordered set is the Alexandro� 
ompletion A, and the smallest standard


ompletion is the Dedekind-Ma
Neille 
ompletion N . Other famous standard


ompletions are the Frink ideal 
ompletion [20℄, 
onsisting of all dire
ted unions

of 
uts, and the S
ott 
ompletion (usually de�ned for posets only), whose

members are the S
ott-
losed sets, i.e. downsets 
losed under joins of dire
ted

subsets. Their 
omplements form the S
ott topology [21℄, denoted by �(X;�)

or �(�).

As explained in a series of papers by the �rst author [9 - 15℄, the above


ompletions are spe
ial instan
es of the following general 
onstru
tion. Let

M be any subset of the power set PX. Then
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M

�

= fA 2 A :M 2 M and M � A imply �M � Ag = C(�

M

)

is the 
losure system of allM-ideals for the 
ut operator �, while

M

_

= fA 2 A :M 2 M; M � A and x =

W

M imply x 2 Ag

is the 
losure system of allM-join ideals. Of 
ourse, the two systemsM

�

and

M

_

are intimately related: indeed, we have M

_

=M

_

�

where M

_


onsists

of all members of M possessing a join; in parti
ular, if (X;�) is M-
omplete

(i.e., all sets in M have joins) then M

_

= M

�

. Denoting by F and D the


olle
tions of all �nite and of all dire
ted subsets of X, respe
tively, we see

that F

�

is the Frink 
ompletion and D

_

is the S
ott 
ompletion, while F

_

is

a modi�ed join-ideal 
ompletion and D

�

is a modi�ed S
ott 
ompletion (
f.

[8, 15℄).

Now, let us 
all a standard extension M of a poset P = (X;�) lo
ally

approximating if

M 2 M and x �

W

M imply M

x

2 M

^

and x =

W

M

x

:

(This is in agreement with our earlier de�nition of lo
ally approximating sys-

tems for 
losure spa
es.) If, in addition, P is M-
omplete, M is said to

be stri
tly lo
ally approximating. Furthermore, we say M is lo
ally prime if

� 62 M and

Y [ Z 2 M

_

x implies Y 2 M

_

x or Z 2 M

_

x,

where

M

_

x = fM 2 M :

W

M = xg:

Now, we are in a position to present the promised 
onstru
tion of all T

0


losure

frames as join-ideal systems. (The 
ase of arbitrary 
losure systems is easily

redu
ed to the T

0


ase, by the usual antisymmetrization pro
ess for preorders

and the T

0

-re
e
tion for spa
es, respe
tively.)

Theorem 2.1 The T

0


losure frames with a given spe
ialization order � onX

are pre
isely the join-ideal systems of (stri
tly) lo
ally approximating standard

extensions for (X;�). In the same vein, the topologi
al T

0


losure frames 
ome

from lo
ally approximating and prime standard extensions.

Proof. From 1.5, we infer that for any lo
ally approximating standard ex-

tension M of a poset P = (X;�), the join-ideal system

M

_

=M

_

�

is in fa
t a 
losure frame, and sin
e its spe
ialization is the original order,

it is T

0

. If, in addition, M is lo
ally prime then, for Y; Z 2 M

_

, we have
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that Y [ Z is a downset, be
ause Y and Z are su
h. In order to 
he
k that

Y [ Z is in M

_

, 
onsider an M 2 M with M � Y [ Z and put x =

W

M .

Then x =

W

((M \ Y ) [ (M \ Z)) and (M \ Y ) [ (M \ Z) = M 2 M

imply M \ Y 2 M

_

x or M \ Z 2 M

_

x, hen
e x =

W

(M \ Y ) 2 Y or

x =

W

(M \ Z) 2 Z; in any 
ase x 2 Y [ Z. Clearly, � 2 M

_

sin
e � 62 M.

In all, this shows that M

_

is a topologi
al 
losure system.

Conversely, let C be an arbitrary T

0


losure frame with 
losure operator �

and spe
ialization order �. Then

M = fM =#M : �M 2 �

^

g

is a standard extension of (X;�). For M 2 M, 
hoose y 2 X with �M =#y.

Then we have y =

W

M , ensuring that (X;�) is M-
omplete. Furthermore,

if x �

W

M = y then x 2 �M , and by 1.2, we 
on
lude that #x = �(M

x

),

when
e M

x

2 M. As before, it follows that x =

W

M

x

, and 
onsequently,

M is (stri
tly) lo
ally approximating. If C happens to be topologi
al, i.e., �

preserves �nite unions, thenM is lo
ally prime. In fa
t, suppose Y [Z 2 M

_

x.

Thus

W

(Y [ Z) = x and #x = �(Y [ Z) = �Y [ �Z. Then x 2 �Y �#x

or x 2 �Z �#x, i.e. Y 2 M

_

x or Z 2 M

_

x. Furthermore, � 62 M sin
e

�� = � 6=#x.

It remains to prove that C = M

_

. Ea
h Y 2 C is a downset with respe
t

to spe
ialization. For M 2 M with M � Y and y =

W

M , we get �M =#y,

when
e y 2 �M � Y , and so Y 2 M

_

. Conversely, assume Y 2 M

_

. Again

by 1.2, x 2 �Y implies # x = �(Y

x

), and as Y is a downset, M = Y

x

2 M.

Now, M � Y entails x =

W

M 2 Y . Thus, Y = �Y 2 C.

2

Next, we are going to apply the results of Se
tion 1 to the 
ut operator � of

a poset (X;�) and to the system M

_

of all members ofM possessing a join.

For these spe
i�
 data, Corollary 1.5 further yields

Proposition 2.2 For M

_

, the system of all M-join ideals of a poset, to be

a frame it is ne
essary that

M 2 M

_

and x �

W

M ) x =

W

M

x

;

and suÆ
ient that

M 2 M

_

and x �

W

M ) x =

W

M

x

and M

x

2 M

^

:

A 
areful analysis shows that neither of these two 
riteria is both ne
essary

and suÆ
ient for the frame property ofM

_

- not even in the \
lassi
al" 
ase of

dire
ted sets, where theM-join ideals are the S
ott-
losed sets. The dis
ussion
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of some relevant 
onstru
tions and examples in that parti
ular framework is

deferred to a separate note.

It will be 
onvenient to write Y

(�)

for �

�

M

_

Y whenever � designates an

ordinal or is the symbol 1. We have

M

f

_

= fY � X : Y

(�)

2 M

^

_

for some �g =

M

g

_

= fY � X : Y

(1)

2 M

^

_

g =

M

h

_

= fY � X : Y

(1)

=#x for some x 2 Xg:

(The equality follows from the fa
t that Y

(�)

2 M

^

_

implies Y

(�+1)

=#

W

Y

(�)

.)

Applying 1.7 to the present situation, we arrive at

Theorem 2.3 Let (X;�) be a poset and M an arbitrary subset of PX.

In order that the 
losure system M

_

of all M-join ideals be a frame, it is

ne
essary and suÆ
ient that

M 2 M

_

and x �

W

M ) x =

W

M

x

and M

(�)

x

2 M

^

for some �:

The last requirement may be omitted if �

M

_

is idempotent or if M

\

=M

^

.

Similar results hold, of 
ourse, for the 
losure system M

�

instead of M

_

.

For spe
i�
 
hoi
es of M, viz. A;F and D, Theorem 2.3 amounts to

Corollary 2.4 Let P = (X;�) be an arbitrary poset.

(1) The 
losure system A

_

of all join-
losed downsets is a frame i� for all

A � X possessing a join, x �

W

A implies x =

W

A

x

.

(2) The 
losure system F

_

of all _-ideals (i.e., downsets 
losed under �nite

joins) is a frame i� for all �nite F � X possessing a join, x �

W

F implies

x =

W

F

x

.

(3) The S
ott topology �(X;�) is a 
oframe i� for all dire
ted D � X

possessing a join, x �

W

D implies that #x is the S
ott 
losure of D

x

(or,

equivalently, x =

W

D

x

and some power of �

D

_

makes D

x

dire
ted).

The latter somewhat tedious restri
tion is automati
ally ful�lled whenever

the dire
ted downsets are 
losed under binary interse
tions, in parti
ular, when

(X;�) is a _- or ^-semilatti
e. A
tually, in these 
ases, D

x

is already dire
ted.

Corollary 2.5 Let (X;�) be a ^-semilatti
e. Then:

(1) A

_

is a frame i� x ^

W

A =

W

(x^A) for all subsets (downsets) A having

a join.
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(2) F

_

is a frame i� x^

W

F =

W

(x^F ) for all �nite subsets F having a join.

(3) D

_

is a frame i� x ^

W

D=

W

(x^D) for all dire
ted D having a join.

That the 
losure system of all S
ott-
losed sets is topologi
al 
an be 
he
ked

dire
tly but also follows from Theorem 2.1 and the fa
t that the dire
ted

downsets always form a lo
ally prime standard extension. Other lo
ally prime

standard extensions are obtained by taking the downsets generated by ar-

bitrary 
hains, by 
ountable 
hains, et
., providing interesting examples for

domain theory.

For a linearly ordered set, every standard extension not 
ontaining the empty

set is lo
ally prime (be
ause all nonempty subsets are dire
ted).

Here are some 
lasses of stri
tly lo
ally approximating standard extensions:

(1) The Alexandro� 
ompletion is stri
tly lo
ally approximating i� the un-

derlying poset is a frame. For any su
h frame, A

_

is the system of all prin
ipal

ideals, hen
e isomorphi
 to the given frame.

(2) The system of all downsets generated by at most two (or a �nite num-

ber of) elements is stri
tly lo
ally approximating i� the underlying poset is a

distributive _-semilatti
e with 0 (
f. [22℄). The ideals of any su
h semilatti
e

form a frame.

(3) The system of all dire
ted downsets is stri
tly lo
ally approximating

i� the underlying poset is stri
tly lo
ally 
ontinuous in the sense that ea
h

dire
ted subset D has a join, and x �

W

D implies that D

x

is dire
ted, too,

with join x. For any su
h poset, the S
ott-
losed sets form a frame.

3. Web Spa
es and D-Spa
es

Let us turn now to a neighborhood des
ription of topologi
al 
losure frames.

As is the 
ustom in topology, we denote, from now on, the 
losure of a subset

Y by Y rather than �Y . Re
all that the prin
ipal ideal #x 
oin
ides with the

point 
losure fxg. By 1.2, the topology of a spa
e X is a 
oframe i�

#x \ Y = #x\ #Y

for all points x and all subsets Y of X, or, equivalently, i�

x 2 Y ) x 2 #x\ #Y

for all x 2 X and Y � X. It is not evident a priori how to 
hara
terize


onveniently su
h spa
es by means of neighborhood systems. Here is a solution:
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Proposition 3.1 The topology of a spa
e X is a 
oframe i� ea
h point x

has a base of (open) neighborhoods W su
h that for ea
h y 2 W , the set

W \ #x\ #y is nonempty.

Neighborhoods of the above type (where the \
enter" of a neighborhood

is 
onne
ted with every other point in the neighborhood via a 
ommon lower

bound) will be referred to as web neighborhoods, and spa
es with the des
ribed

property as web spa
es (whi
h are, perhaps, widespread over the INTERNET).

Thus, Proposition 3.1 may be rephrased as follows:

The web spa
es are those topologi
al spa
es whose latti
e of 
losed sets is a

frame.

Proof. Let X be a web spa
e and W a web neighborhood of some x 2 Y .

Then W interse
ts Y . take a y 2 W \ Y . Thus, there is a z 2 W \ #x\ #y,

when
e W \ #x\ #Y 6= �, and it follows that x 2 #x\ #Y .

Conversely, assume that the 
losed sets form a frame. That is, x 2 Y implies

x 2 #x\ #Y . Let U be any open neighborhood of x. Then there is an open

neighborhood V � U of x with U \ #x\ #y 6= � for all y 2 V . Indeed, for

Y = fy 2 X : U \ #x\ #y = �g, we obtain U \ #x\ #Y = � and hen
e

x 62 #x\ #Y . But then x 62 Y , and we �nd an open V � U , disjoint from Y

and 
ontaining x; by 
ontraposition, y 2 V implies U \ #x\ #y 6= �.

Note that V need not yet be a web neighborhood of x. In order to 
onstru
t

a web one, apply the pre
eding reasoning to ea
h z 2 U and let W (z) be the

largest open neighborhood of z 
ontained in U su
h that U \ # z \ #y 6= �

for all y 2 W (z). We 
laim that W (x) is a web neighborhood of x. Given

y 2 W (x), 
hoose a z 2 U \ #x\ #y. Sitting above z, the element x must

belong to the upset W (z), and for ea
h y 2 W (z), we have U \ #z \ #y 6= �;

a fortiori U \ #x\ #y 6= �. Thus, z 2 W (z) � W (x) by the maximality of

W (x). Consequently, we obtain z 2 W (x)\ #x\ #y 6= �, as desired.

2

The proof also shows that, in the de�nition of web spa
es, it a
tually does

not matter whether the web neighborhoods are required to be open or not.

Closely related to web spa
es are the D-spa
es or strongly lo
ally 
onne
ted

spa
es, that is, spa
es having a base of strongly 
onne
ted open sets. Here

\strongly 
onne
ted" [27℄ (alias \ultra
onne
ted" [29℄) is tantamount to \_-

prime in the latti
e of open sets" and to \down-dire
ted with respe
t to spe
ial-

ization" (whereas \irredu
ible" means \^-prime in the latti
e of open sets",

respe
tively, \(up-)dire
ted with respe
t to spe
ialization"). As observed by

R.-E. Ho�mann [23℄, the strongly lo
ally 
onne
ted spa
es are pre
isely those

spa
es whi
h \have a dual", meaning that their topology is dually isomorphi
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to another topology. Therefore, we have 
hosen the name \D-spa
e", pointing

not only to a base of down-dire
ted sets, but also to the duality property.

Sin
e down-dire
ted neighborhoods are web neighborhoods, all D-spa
es are

web spa
es. While the latter are 
hara
terized by the dual frame property

of their topologies, the former are pre
isely those spa
es whose topologies are

dual spatial frames.

The subsequent more restri
ted 
lasses of topologi
al spa
es have been stud-

ied in [13℄ and elsewhere. (Re
all that the 
ore of a point is the interse
tion

of its neighborhoods.)

A-spa
es = Alexandro� spa
es = spa
es in whi
h all 
ores are open

B-spa
es = monotope spa
es = spa
es having a smallest base [24℄

C-spa
es = 
ore spa
es = spa
es having lo
al bases of 
ores

The impli
ation 
hain

A-spa
es ) B-spa
es ) C-spa
es ) D-spa
es ) web spa
es

shows that we have quite a large store of web spa
es.

4. Subspa
es of Web Spa
es

In this �nal se
tion, we shall see that the web property is highly non-

hereditary. In fa
t, we show that every topologi
al spa
e 
an be densely

embedded in a web spa
e - indeed, in a B-spa
e. Moreover, we shall see

that every T

1

-spa
e arises as the dense subspa
e of all maximal elements in a

T

0

-B-spa
e with the pleasant additional property that

(M) every non-singleton 
ore is open and 
ontains a singleton 
ore.

Using the spe
ialization order, this may be expressed by saying that every non-

maximal element has a least neighborhood and is dominated by a maximal one.

Spa
es with that property will be referred to as B

1

-spa
es. Su
h spa
es are

of interest in domain theory and other parts of theoreti
al 
omputer s
ien
es.

For example, the tree of all �nite or in�nite words over �nite alphabet be
omes

a B

1

-spa
e when endowed with the S
ott topology.

Theorem 4.1 (0) Ea
h topologi
al (T

0

-)spa
e is a dense subspa
e of a (T

0

-

)B-spa
e.

(1) The T

1

-spa
es are the dense subspa
es of all maximal elements in B

1

-

spa
es.

Proof. (0) Let X be a T

0

-spa
e, X

0

the 
olle
tion of all 
omplements of 
ores,

18



i.e., all sets of the form X n "x (x 2 X). By X

1

we denote the 
olle
tion of

all 
losed proper subsets of X. De�ne a topology on the union X = X

0

[ X

1

by de
laring as basi
 open the sets

[A) = fC 2 X : A � Cg:

These sets a
tually form a base be
ause for C 2 [A) \ [B) we obtain C 2

[A [ B) = [A) \ [B) and A [ B is a proper 
losed set, being 
ontained in

C 6= X.

The spe
ialization order of the spa
e X is just the set in
lusion. Indeed, for

C;D 2 X we have (observing that C 6= X):

C�D ) 8A 2 X

1

(A�C ) A�D) ) 8x 2 X (#x�C ) #x � D)

) C�D:

As X is T

0

, the map

' : X �!X ; x 7�!X n fxg

is one-to-one (with range X

0

). We have

A 6� X n "x , x 2 A:

(For ) observe that if A 6� X n "x, there is a y 2"x \A, and so x 2 fyg �

A = A.) Consequently, '

�1

[[A)℄ = fx : A � X n "xg = X nA is open and ' is


ontinuous; further, ea
h 
losed proper subset A of X is equal to '

�1

[X n [A)℄

so that ' is an embedding.

The general 
ase is now easily obtained by \blowing up" points to the blo
ks

of 
losure-equivalent points.

(1) In the T

1


ase, "x = fxg so that X

0

is pre
isely the set of all maximal

elements in X . Hen
e, the non-maximal elements of X are in X

1

and therefore

they have open 
ores [A).

2

Note. With some more e�ort one 
an show that every metri
 spa
e is densely

embedded as the maximal layer of a B

1

-spa
e equipped with the S
ott topol-

ogy. This is 
losely related to re
ent work on so-
alled domain models for

spe
i�
 
lasses of metri
 spa
es (
f. [7, 18, 26℄).
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