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Abstra
t

Ramsey's theorem was not dis
overed by Paul Erd}os. But perhaps

one 
ould say that Ramsey Theory was 
reated largely by him. This

paper will attempt to justify this 
laim.

1 Introdu
tion

Ramsey's theorem was not dis
overed by Paul Erd}os. This was barely te
h-

ni
ally possible: Ramsey proved his theorem in 1928 (or 1930, depending on

�
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the quoted sour
e) and this is prior to the earliest Erd}os publi
ation in 1932.

He was then 19, and at su
h an early age four years makes a big di�eren
e.

Also at this time Erd}os was not predominantly a
tive in 
ombinatori
s. The

majority of the earliest publi
ations of Erd}os are fo
ussed on number theory,

as 
an be seen from the following table:

1932 1933 1934 1935 1936 1937 1938 1939

all papers 2 0 5 10 11 10 13 13

number

theory

2 0 5 9 10 10 12 13

The three 
ombinatorial ex
eptions among his �rst 8

2

papers published in

8 years are two papers on in�nite Eulerian graphs and the paper [1℄ by Erd}os

and G. Szekeres. Thus, the very young P. Erd}os was not a driving for
e in

the development of Ramsey theory or Ramsey-type theorems in the thirties.

That position should be reserved for Issa
 S
hur who not only proved his

sum theorem [2℄ in 1916 but, as it appears now [3℄, also 
onje
tured van der

Waerden's theorem [4℄, proved an important extension to it, and thereby put

it into a 
ontext whi
h inspired his student R. Rado to 
ompletely settle (in

1933) the question of mono
hromati
 solutions of linear equations [5℄. This

result stands apart even after 60 years.

Yet, in retrospe
t, it is fair to say that Paul Erd}os was responsible for

the 
ontinuously growing popularity of the �eld. Ever sin
e his pioneering

work in the thirties he proved, 
onje
tured and asked seminal questions whi
h

together, some 40 to 50 years later, formed the 
ore of Ramsey theory. And

for Erd}os, Ramsey theory was a 
onstant sour
e of problems whi
h motivated

some of the key pie
es of his 
ombinatorial resear
h.

It is the purpose of this note to partially justify these 
laims, using a few

examples of Erd}os' a
tivity in Ramsey theory whi
h we will dis
uss from a


ontemporary point of view.

In the �rst se
tion we 
over paper [1℄ and subsequent developments in

some detail. In Se
tion 2, we 
onsider developments based on Erd}os' work

related to bounds on various Ramsey fun
tions. Finally, in Se
tion 3 we


onsider his work related to stru
tural extensions of Ramsey's theorem.

No mention will be made of his work on in�nite extensions of Ramsey's

theorem (see [7℄ for a survey). This paper is an extension and update of the

authors' arti
le [8℄.
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2 The Erd}os-Szekeres Theorem

F. P. Ramsey dis
overed his 
elebrated theorem [6℄ in a sound mathemati
al


ontext (dealing with the de
ision problem for a 
lass of �rst-order formulas).

But sin
e the time of Diri
hlet, the \S
hubfa
h prin
iple" and its extensions

and variations have played a distinguished role in mathemati
s. The same

holds for the other early 
ontributions of Hilbert [21℄, S
hur [2℄ and van der

Waerden [4℄.

Perhaps be
ause of this 
ontext Ramsey's theorem was never regarded

as a puzzle and/or just a 
ombinatorial 
uriosity. Thanks to Erd}os and

Szekeres [1℄, this theorem found an early appli
ation in a quite di�erent


ontext, namely, plane geometry:

Theorem 2.1 ([1℄) Let n be a positive integer. Then there exists a least

integer N(n) with the following property: If X is a set of N(n) points in

the plane in general position (i.e., no three of whi
h are 
ollinear) then X


ontains an n-tuple whi
h forms the verti
es of a 
onvex n-gon.

One should note that (like Ramsey's original appli
ation in logi
) this

statement does not involve any 
oloring (or partition) and thus, by itself, fails

to be of \Ramsey type". Rather it �ts to a more philosophi
al des
ription of

Ramsey type statements as formulated by Mirsky:

\There are numerous theorems in mathemati
s whi
h assert, 
rudely

speaking, that every system of a 
ertain 
lass possesses a large

subsystem with a higher degree of organization than the original

system."

It is perhaps noteworthy to list the main features of the paper. What a

wealth of ideas it 
ontains!

I. It is proved that N(4) = 5 and this is attributed to Mrs. E. Klein. This

is tied to the so
ial and intelle
tual 
limate in Budapest in the thirties whi
h

has been des
ribed both by Paul Erd}os and Szekeres on several o

asions

(see e.g. [9℄), and with names like the Happy End Theorem.

II. The following two questions related to statement of Theorem 2.1 are

expli
itly formulated:

(a) Does the number N(n) exist for every n?
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(b) If so, estimate the value of N(n).

It is 
lear that the estimates were 
onsidered by Erd}os from the very begin-

ning. This is evident at several pla
es in the arti
le.

III. The �rst proof proves the existen
e of N(n) by applying Ramsey's

theorem for partitions of quadruples. It is proved that N(n) � r(2; 4; f5; ng).

This is still a textbook argument. Another proof based on Ramsey's theorem

for partitions of triples was found more re
ently by A. Tarsi (see [10℄). So

far no proof has emerged whi
h is based on the graph Ramsey theorem only.

IV. The authors give \a new proof of Ramsey's theorem whi
h di�ers en-

tirely from the previous ones and gives for m

i

(k; `) slightly smaller limits".

Here m

i

(k; `) denotes the minimum value of jXj su
h that every partition of

the i-element subsets of X into two 
lasses, say � and �, ea
h k-element sub-

set 
ontains an i-element subset of 
lass � or ea
h `-element subset 
ontains

an i-element subset of 
lass �.

Thus, m

i

(k; `) is the Ramsey number for 2-partitions of i-element subsets.

These numbers are denoted today by r(2; i; fk; `g) or r

i

(k; `). The proof is


lose to the standard textbook proofs of Ramsey's theorem. Several times

Erd}os attributed it to G. Szekeres.

Erd}os and Szekeres expli
itly state that (r

2

(k+1; `+1) =) m

2

(k+1; `+

1) �

�

k+`

2

�

and this value remained for 50 years essentially the best avail-

able upper bound for graph Ramsey numbers until the re
ent (independent)

improvements by R�odl and Thomason. The 
urrent best upper bound (for

k = `) is essentially [11℄

 

2k

k

!

=

p

k :

V. It is not as well known that [1℄ 
ontains yet another proof of the graph-

theoreti
 formulation of Ramsey's theorem (in the above notation, i = 2)

whi
h is stated for its parti
ular simpli
ity. We reprodu
e its formulation

here.

Theorem In an arbitrary graph let the maximum number of independent

points be k; if the number of points is N � m(k; `) then there exists in our

graph a 
omplete graph of order `.
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Proof For ` = 1, the theorem is trivial for any k, sin
e the maximum

number of independent points is k and if the number of points is (k + 1),

there must be an edge (
omplete graph of order 2).

Now suppose the theorem proved for (` � 1) with any k. Then at least

N�k

k

edges start from one of the independent points. Hen
e if

N � k

k

� m(k; `� 1) ;

i.e.,

N � k �m(k; `� 1) + k ;

then out of the endpoints of these edges we may sele
t, by virtue of our

indu
tion hypothesis, a 
omplete graph whose order is (` � 1). Sin
e the

points of this graph are 
onne
ted to the same point, they form together

with this point a 
omplete graph of order `.

This indi
ates that Erd}os and Szekeres were well aware of the novelty of

the approa
h to Ramsey's theorem. Also this is the formulation of Ramsey's

problem whi
h motivated some of the key pie
es of Erd}os' resear
h. First, an

early use of the averaging argument and then the formulation of Ramsey's

theorem in a \high o�-diagonal" form: If a graph G has a bounded 
lique

number (for example, if it is triangle-free) then its independen
e number has

to be large. The study of this phenomenon led Erd}os to key papers [12℄, [13℄,

[14℄ whi
h will be dis
ussed in the next se
tion in greater detail.

VI. The paper [1℄ 
ontains a se
ond proof of Theorem 2.1. This is a more

geometri
al proof whi
h yields a better bound

N(n) �

 

2n� 4

n� 2

!

+ 1

and it is 
onje
tured (based on the exa
t values of N(n) for n = 3; 4; 5) that

N(n) = 2

n�2

+1. This is still an unsolved problem. The se
ond proof (whi
h

50 years later very ni
ely �ts to a 
omputational geometry 
ontext) is based

on yet another Ramsey-type result.

Theorem 2.2 (ordered pigeon-hole prin
iple) Let m;n be positive in-

tegers. Then every set of (m� 1)(n� 1) + 1 distin
t integers 
ontains either

a monotone in
reasing m-set or monotone de
reasing n-set.
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The authors of [1℄ note that the same problem was 
onsidered by R. Rado.

The stage has been set.

The ordered pigeon-hole prin
iple has been generalized in many di�erent

dire
tions (see e.g., [15℄, [16℄).

All this is 
ontained in this truly seminal paper. Viewed from a 
ontem-

porary perspe
tive, the Erd}os-Szekeres paper did not solve any well-known

problem at the time and did not 
ontribute to Erd}os' instant mathemati
al

fame (as a number theorist). But the importan
e of the paper [1℄ for the

later development of 
ombinatorial mathemati
s 
annot be overestimated.

To illustrate this development is one of the aims of this paper.

Apart from the problem of a good estimation of the value of N there is a

pe
uliar stru
tural problem related to [1℄:

Call a set Y � X an n-hole in X if Y is the set of verti
es of a 
onvex

n-gon whi
h does not 
ontain other points of X.

Problem Does there always exist N

�

(n) su
h that ifX is any set of at least

N

�

(n) points in the plane in general position then X 
ontains an n-hole.

It is easy to prove that N

�

(n) exists for n � 5 (see Harborth (1978) where

these numbers are determined). Horton (1983) showed that N

�

(7) does not

exist. Thus, only the existen
e of N

�

(6) is an open problem (see [17℄, [18℄

for re
ent related problems).

3 Estimating Ramsey numbers

Today it seems that the �rst question in this area whi
h one might be tempted

to 
onsider is the problem of determining the a
tual sizes of the sets whi
h are

guaranteed by Ramsey's theorem (and other Ramsey-type theorems). But

one should try to resist this temptation sin
e it is \well-known" that Ramsey

numbers (of all sorts) are diÆ
ult to determine and even good asymptoti


estimates are not easy to obtain.

It seems that these diÆ
ulties were known to both Erd}os and Ramsey.

But Erd}os 
onsidered them very 
hallenging and addressed this question in

several of his key arti
les. In many 
ases his estimations obtained de
ades ago

are still the best available. Not only that, his innovative te
hniques be
ame

standard and whole theories evolved from his seminal papers.

Here is a side 
omment whi
h may partly explain this su

ess: Erd}os was


ertainly one of the �rst number theorists who took an interest in 
ombi-
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natori
s in the 
ontemporary sense (being pre
eded by isolated events, for

example, V. Jarn

�

ik's work on the minimum spanning tree problem and the

Steiner problem [e.g., see [19℄, [20℄℄; in
identally, Jarn

�

ik was one of the �rst


oauthors of Erd}os). Together with Tur�an, Erd}os brought to the \slums of

topology" not only his brillian
e but also his expertise and \good taste". It

is our opinion that these fa
ts profoundly in
uen
ed further development of

the whole �eld. Thus it is not perhaps surprising that if one would isolate

a single feature of Erd}os' 
ontribution to Ramsey theory then it is perhaps

his 
ontinuing emphasis on estimates of various Ramsey-related questions.

From the large number of results and papers we de
ided to 
over several key

arti
les and 
omment on them from a 
ontemporary point of view.

I. The 1947 paper [12℄. In a 
lassi
ally 
lear way, Erd}os proved

2

k=2

� r(k) < 4

k

(1)

for every k � 3.

His proof be
ame one of the standard textbook examples of the power of

the probabilisti
 method, with another example perhaps being the strikingly

simple proof of Shannon of the existen
e of exponentially 
omplex Boolean

fun
tions.

The paper [12℄ pro
eeds by stating (1) in an inverse form: De�ne A(n)

as the greatest integer su
h that given any graph G of n verti
es, either it or

its 
omplementary graph 
ontains a 
omplete subgraph of order A(n). Then

for A(n) � 3,

logn

2 log 2

< A(n) <

2 logn

log 2

:

Despite 
onsiderable e�orts over many years, these bounds have been im-

proved only slightly (see [11℄, [22℄). We 
ommented on the upper bound

improvements above. The best 
urrent lower bound is

r(n) � (1 +O(1))

p

2e

n

2

n=2

whi
h is twi
e the Erd}os bound (when 
omputed from his proof).

The paper [12℄ was one of 23 papers whi
h Erd}os published within 3 years

in the Bulletin of the Amer. Math. So
.! Already here it is mentioned that

although the upper bound for r(3; n) is quadrati
, the present proof does not

yield a nonlinear lower bound. That had to wait for another 10 years.
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II. The 1958 paper [13℄ | Graph theory and probability. The

main result of this paper deals with graphs, 
ir
uits, and 
hromati
 number

and as su
h does not seem to have mu
h to do with Ramsey theory.

Yet the paper starts with the review of bounds for r(k; k) and r(3; k) (all

due to Erd}os and Szekeres). Ramsey numbers are denoted as in most older

Erd}os papers by symbols of f(k), f(3; k), g(k). He then de�nes analogously

the fun
tion h(k; `) as \the least integer so that every graph of h(k; `) verti
es


ontains either a 
losed 
ir
uit of k or fewer lines or the graph 
ontains a set

of ` independent points. Clearly h(3; `) = f(3; `)".

The main result of [13℄ is that h(k; `) > `

1+1=2k

for any �xed k � 3 and

` suÆ
iently large. The proof is one of the most striking early uses of the

probabilisti
 method. Erd}os was probably aware of it and this may explain

(and justify) the title of the paper. It is also proved that h(2k+1; `) < 
`

1+1=k

and this is proved by a variant of the greedy algorithm by indu
tion on `.

Now after this is 
laimed, it is remarked that the above estimation (1) leads

to the fa
t that there exists a graph G with n verti
es whi
h 
ontain no 
losed


ir
uit of fewer than k edges and su
h that its 
hromati
 number is > n

�

.

This side remark is in fa
t perhaps the most well-known formulation of

the main result of [13℄:

Theorem 3.1 For every 
hoi
e of positive integers k; t and `, there exists a

k-graph G with the following properties:

(1) The 
hromati
 number of G > t.

(2) The girth of G > `.

This is one of the few true 
ombinatorial 
lassi
s. It started in the forties with

Tutte [23℄ and Zykov [28℄ for the 
ase k = 2 and ` = 2 (i.e., for triangle-free

graphs). Later, this parti
ular 
ase was redis
overed and also 
onje
tured

several times [24℄, [25℄. Kelly and Kelly [25℄ proved the 
ase k = 2, l � 5,

and 
onje
tured the general statement for graphs. This was settled by Erd}os

in [13℄, and the same probabilisti
 method was applied by Erd}os and Hajnal

[29℄ to yield the general result for k-graphs.

Erd}os and Rado [31℄ proved the extension of k = 2, ` = 2 to trans�nite


hromati
 numbers while Erd}os and Hajnal [30℄ gave a parti
ularly simple


onstru
tion of triangle-free graphs, the so-
alled shift graphs G = (V;E):

V = f(i; j); 1 � i < j � ng and E = f(i; j); (i

0

; j

0

); i < j = i

0

< j

0

g. G

n

is

triangle-free and �(G

n

) = dlogne.
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For many reasons it is desirable to have a 
onstru
tive proof of Theo-

rem 3.1. This was stressed by Erd}os on many o

asions. This appeared to

be diÆ
ult (see [27℄) and a 
onstru
tion in full generality was �nally given by

Lov�asz [32℄. A simpli�ed 
onstru
tion has been found in the 
ontext of Ram-

sey theory by Ne�set�ril and R�odl [33℄. The graphs and hypergraphs with the

above properties (i), (ii) are 
alled highly 
hromati
 (lo
ally) sparse graphs,

for short.

Their existen
e 
ould be regarded as one of the real paradoxes of �nite

set theory and it has always been felt that this result is one of the 
entral

results in 
ombinatori
s.

Re
ently it has been realized that sparse and 
omplex graphs may be

used in theoreti
al 
omputer s
ien
e for the design of fast algorithms. How-

ever, what is needed there is not only a 
onstru
tion of these \paradoxi
al"

stru
tures but also having reasonable size. In one of the most striking re
ent

developments, a program for 
onstru
ting 
omplex sparse graphs has been

su

essfully 
arried out. Using several highly ingenious 
onstru
tions whi
h


ombine algebrai
 and topologi
al methods it has been shown that there are


omplex sparse graphs, the size of whi
h in several instan
es improves on the

size of the 
orresponding random obje
ts (see Margulis [34℄, Alon [36℄ and

Lubotzky et al. [35℄).

In parti
ular, it follows from Lubotzky et al. [35℄ that there are examples

of graphs with girth `, 
hromati
 number t and the size at most t

3`

. A bit

surprisingly, the following is still open:

Problem Find a primitive re
ursive 
onstru
tion of highly 
hromati
 lo-


ally sparse k-uniform hypergraphs. Indeed, even triple systems (i.e., k = 3)

present a problem.

III. r(3; n) [14℄. The paper [14℄ provides the lower bound estimate on the

Ramsey number r(3; n).

Using probabilisti
 methods Erd}os proved r(3; n) �

n

2

log

2

n

(while the upper

bound r(3; n) �

�

n+1

2

�

follows from [1℄).

The estimation of the Ramsey numbers r(3; n) was Erd}os' favorite prob-

lem for many years. We �nd it already in his 1947 paper [12℄ where he

mentioned that he 
annot prove the nonlinearity of r(3; n). Later he stressed

this problem (of estimating r(3; n)) on many o

asions and 
onje
tured var-

ious forms of it. He 
ertainly felt the importan
e of this spe
ial 
ase. How
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right he was is 
lear from the later development, whi
h reads as a saga of

modern 
ombinatori
s. And as isolated as this may seem, the problem of

estimating r(3; n) be
ame a 
radle of many methods and results, perhaps far

ex
eeding the original motivation.

In 1981, Ajtai, Koml�os and Szemer�edi in their important paper [37℄ proved

by a novel method that r(3; n) � 


n

2

log n

. This bound and their method of

proof has found many appli
ations. The Ajtai-Koml�os-Szemer�edi proof was

motivated by yet another Erd}os problem from 
ombinatorial number theory.

In 1941 Erd}os and Tur�an [39℄ 
onsidered problem of dense Sidon sequen
es

(or B

2

-sequen
es). An in�nite sequen
e S = a

1

< a

2

< � � � of natural

numbers is 
alled Sidon sequen
e if all pairwise sums a

i

+ a

j

are distin
t.

De�ne

f

S

(n) = maxfx : a

x

� ng

and for a given n, let f(n) denote the maximal possible value of f

S

(n). In

[39℄, Erd}os and Tur�an proved that for �nite Sidon sequen
es f(n) � n

1=2

(improving Sidon's bound of n

1=4

; Sidon's motivation 
ame from Fourier

analysis [40℄). However for every in�nite Sidon sequen
e S, estimating the

growth of f

S

(n) is a more diÆ
ult problem and as noted by Erd}os and Tur�an,

limf

S

(n)=n

1=2

= 0 :

By using a greedy argument, it was shown by Erd}os [38℄ that f

S

(n) > n

1=3

.

(Indeed, given k numbers x

1

< � � � < x

k

up to n, ea
h triple x

i

< x

j

< x

k

kills at most three other numbers x, x

i

+ x

j

= x

k

+ x, x

i

+ x

k

= x

j

+ x and

x

j

+x

k

= x

i

+x and thus if k+3

�

k

3

�

< 
k

2

< n, we 
an always �nd a number

x < n whi
h 
an be added to S. This also proves that any (in
lusion)

maximal Sidon subset of f1; : : : ; ng has at least n

1=3

elements. I. Ruzsa

re
ently proved [41℄ the existen
e of a maximal Sidon set with (n logn)

1=3

elements. Also, Ajtai, Koml�os and Szemer�edi showed using a novel \random


onstru
tion" the existen
e of an in�nite Sidon sequen
e S su
h that

f

S

(n) > 
 � (n logn)

1=3

:

An analysis of independent sets in triangle-free graphs is the basis of their

approa
h and this yields as a 
orollary the above mentioned upper bound

on r(3; n). (Re
ently, I. Ruzsa [42℄ proved the existen
e of an in�nite Sidon

sequen
e su
h that f

S

(n) > n


+o(1)

, where 
 =

p

2�1 = 0:41421356 : : :. The

best upper bound for f

S

(n) is of order 
 � (n logn)

1=2

.) It should be noted
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that the above Erd}os-Tur�an paper [39℄ 
ontains the following still unsolved

problem: Let a

1

< a

2

< � � � be an arbitrary sequen
e. Denote by f(n)

the number of representations of n as a

i

+ a

j

. Erd}os and Tur�an prove that

f(n) 
annot be a 
onstant for all suÆ
iently large n and 
onje
tured that

if f(n) > 0 for all suÆ
iently large n then lim supf(n) = 1. This is still

open. Erd}os provided a multipli
ative analogue of this 
onje
ture (i.e., for

the fun
tion g(n), the number of representations of n as a

i

a

j

); this is noted

already in [39℄). One 
an ask what this has to do with Ramsey theory. Well,

not only was this the motivation for [37℄ but a simple proof of the fa
t that

lim supg(n) =1 was given by Ne�set�ril and R�odl in [43℄ just using Ramsey's

theorem.

We started this paper by listing the predominan
e of Erd}os' �rst works

in number theory. But in a way this is misleading sin
e the early papers of

Erd}os stressed elementary methods and often used 
ombinatorial or graph-

theoreti
al methods. The Erd}os-Tur�an paper is su
h an example and the

paper [44℄ even more so.

The innovative Ajtai-Koml�os-Szemer�edi paper was the basis for a further

development (see, e.g., [45℄) and this in turn led somewhat surprisingly to the

re
ent remarkable solution of Kim [46℄, who proved that the Ajtai-Koml�os-

Szemer�edi bound is up to a 
onstant fa
tor, the best possible, i.e.,

r(n; 3) > 


n

2

logn

:

Thus r(n; 3) is the only nontrivial in�nite family of (
lassi
al) Ramsey num-

bers with known asymptoti
s.

IV. Constru
tions Erd}os realized early the importan
e of �nding expli
it


onstru
tions of various 
ombinatorial obje
ts whose existen
e he justi�ed by

probabilisti
 methods (e.g., by 
ounting). In most 
ases su
h 
onstru
tions

have not yet been found but yet even 
onstru
tions produ
ing weaker results

(or bounds) formed an important line of resear
h. For example, the sear
h

for an expli
it graph of size (say) 2

n=2

whi
h would demonstrate this Ramsey

lower bound has been so far unsu

essful. This is not an entirely satisfa
tory

situation sin
e it is believed that su
h graphs share many properties with

random graphs and thus they 
ould be good 
andidates for various lower

bounds, for example, in theoreti
al 
omputer s
ien
e for lower bounds for

various measures of 
omplexity. (See the papers [47℄ and [48℄ whi
h dis
uss

properties of pseudo- and quasi-random graphs.)

11



The best 
onstru
tive lower bound for Ramsey numbers r(n) is due to

Frankl and Wilson. This improves on an earlier 
onstru
tion of Frankl [50℄

who found a �rst 
onstru
tive superpolynomial lower bound.

The 
onstru
tion of Frankl-Wilson graphs is simple:

Let p be a prime number, and set q = p

3

. De�ne the graph G

p

= (V;E)

as follows:

V =

 

[q℄

p

2

� 1

!

= fF � f1; : : : ; p

3

g : jF j = p

2

� 1g ;

fF; F

0

g 2 E i� jF \ F

0

j � �1(mod q) :

The graph G

p

has

�

p

3

p

2

�1

�

verti
es. However, the Ramsey properties of the

graph G

p

are not trivial to prove: It follows only from deep extremal set

theory results due to Frankl and Wilson [49℄ that neither G

p

nor its 
omple-

ment 
ontain K

n

for n �

�

p

3

p�1

�

. This 
onstru
tion itself was motivated by

several extremal problems of Erd}os and in a way (again!) the Frankl-Wilson


onstru
tion was a byprodu
t of these e�orts.

The best 
onstru
tive results 
urrently known for the o�-diagonal 
ase

were obtained by N. Alon and P. Pudl�ak [51℄. Their results in turn use a


onstru
tive bound for the bipartite Ramsey theorem due to Koll�ar et al.(see

[52℄).

We already mentioned earlier the developments related to Erd}os paper

[13℄. The 
onstru
tive version of bounds for r(3; n) led Erd}os to geomet-

ri
ally de�ned graphs. An early example is Erd}os-Rogers paper [53℄ where

they prove that there exists a graph G with `

1+


k

verti
es, whi
h 
ontains

no 
omplete k-gon, but su
h that ea
h subgraph with ` verti
es 
ontains a


omplete (k � 1)-gon.

If we denote by h(k; `) the minimum integer su
h that every graph of

h(k; `) verti
es 
ontains either a 
omplete graph of k verti
es or a set of `

points not 
ontaining a 
omplete graph with k � 1 verti
es, then

h(k; `) � r(k; `) :

However, for every k � 3 we still have h(k; `) > `

1+


k

.

This variant of the Ramsey problem is due to A. Hajnal. The 
onstru
-

tion of the graph G is geometri
al: the verti
es of G are points on an n-

dimensional sphere with unit radius, and two points are joined if their Eu-


lidean distan
e ex
eeds

q

2k=(k � 1).

12



Graphs de�ned by distan
es have been studied by many people (e.g., see

[54℄). The best 
onstru
tive lower bound on r(3; n) is due to Alon [55℄ and

gives r(3; n) � 
n

3=2

. See also a remarkable elementary 
onstru
tion [56℄

giving a weaker result.

There are also results in the opposite dire
tion whi
h partially explain the

diÆ
ulties in �nding an expli
it 
onstru
tion for good Ramsey graphs (e.g.,

see [57℄ and the development related to quasi-random graphs, e.g.,[47, 48℄).

4 Ramsey Theory

It seems that the building of a theory per se was never Erd}os' preferen
e.

He was a life long problem solver, problem poser, admirer of mathemati
al

miniatures and beauties. THE BOOK is an ideal (see the popular a

ount of

this legend in [58℄). Instead of developing the whole �eld he seemed always

to prefer 
onsideration of parti
ular 
ases. However, many of these 
ases

turned out to be key 
ases and somehow theories emerged.

Nevertheless, one 
an say that Erd}os and Rado systemati
ally investi-

gated problems related to Ramsey's theorem with a 
lear vision that here

was a new basis for a theory. In their early papers [59℄, [60℄ they investi-

gated possibilities of various extensions of Ramsey's theorem. It is 
lear that

these papers are a result of extended resear
h and a deep understanding of

Ramsey's theorem.

It is as if these two papers summarized what was known, before Erd}os and

Rado went on with their partition 
al
ulus proje
ts re
e
ted by the grand

papers [61℄ and [62℄. But this is beyond the (�nite) s
ope of this paper.

[59℄ 
ontains an extension of Ramsey's theorem for 
olorings by an in�nite

number of 
olors. This is the 
elebrated Erd}os-Rado 
anonization lemma:

Theorem 4.1 ([59℄) For every 
hoi
e of positive integers p and n there ex-

ists N = N(p; n) su
h that for every set X, jXj � N , and for every 
oloring


 :

�

X

p

�

! N (i.e., a 
oloring by arbitrarily many 
olors) there exists an

n-element subset Y of X su
h that the 
oloring 
 restri
ted to the set

�

Y

p

�

is

\
anoni
al".

Here a 
oloring of

�

Y

p

�

is said to be 
anoni
al if there exists an ordering

Y = y

1

< � � � < y

n

and a subset w � f1; : : : ; pg su
h that two n-sets

fz

1

< � � � < z

p

g and fz

0

1

< � � � < z

0

p

g get the same 
olor if and only if z

i

= z

0

i

13



for exa
tly i 2 w. Thus there are exa
tly 2

p


anoni
al 
olorings of p-tuples.

The 
ase w = � 
orresponds to a mono
hromati
 set while w = f1; : : : ; pg

to a 
oloring where ea
h p-tuple gets a di�erent 
olor (su
h a 
oloring is

sometimes 
alled a \rainbow" or \total" multi
oloring).

Erd}os and Rado dedu
ed Theorem 4.1 from Ramsey's theorem. For ex-

ample, the bound N(p; n) � r(2p; 2

2p

; n) gives a hint as to how to prove it.

One of the most elegant forms of this argument was published by Rado [63℄

in one of his last papers.

The problem of estimating N(p; n) was atta
ked by Lefmann and R�odl

[64℄ and Shelah [65℄. One 
an see easily that Theorem 4.1 implies Ramsey's

theorem (e.g., N(p; n) � r(p; n � 2; n)) and the natural question arises as

to how many exponentiations one needs. In [64℄ this was solved for graphs

(p = 2). Shelah [65℄ re
ently solved this problem in full generality: N(p; n) is

the lower fun
tion of the same height r(p; 4; n), i.e., (p� 1) exponentiations.

The Canonization Lemma has found many interesting appli
ations (see,

e.g., [66℄) and it was extended to other stru
tures. For example, the 
anoni
al

van der Waerden theorem was proved by Erd}os and Graham [67℄.

Theorem 4.2 ([67℄) For every 
oloring of positive integers one 
an �nd

either a mono
hromati
 or a rainbow arithmeti
 progression of every length.

(Re
all: a rainbow set is a set with all its elements 
olored di�erently.)

This result was extended by Lefmann [68℄ to all regular systems of linear

equations (see also [93℄).

One of the essential parts of the development of the \new Ramsey theory"

age was the stress on various stru
tural extensions and stru
ture analogies

of the original results. A key role was played by the Hales-Jewett theorem

(viewed as a 
ombinatorial axiomatization of van der Waerden's theorem),

Rota's 
onje
ture (the ve
tor-spa
e analogue of Ramsey's theorem), and

Graham-Roths
hild parameter sets, all dealing with new stru
tures. These

questions and results displayed the ri
hness of the �eld and attra
ted a lot

of attention.

It seems that one of the signi�
ant turns appeared in the late 60's when

Erd}os, Hajnal and Galvin started to ask questions su
h as \whi
h graphs


ontain a mono
hromati
 triangle in any 2-
oloring of its edges". Perhaps

the essential parts of this development 
an be illustrated with this parti
ular

example.

We say that a graph G = (V;E) is t-Ramsey for the triangle (i.e., K

3

)

if for every 
oloring of E by t 
olors, one of the 
olors 
ontains a trian-

14



gle. Symboli
ally we denote this by G ! (K

3

)

2

t

. This is a variant of the

Erd}os-Rado partition arrow. Ramsey's theorem gives us K

6

! (K

3

)

2

2

(and

K

r(2;t;3)

! (K

3

)

2

t

). But there are other essentially di�erent examples. For

example, a 2-Ramsey graph for K

3

need not 
ontain K

6

. Graham [70℄ 
on-

stru
ted the unique minimal graph with this property: The graph K

3

+ C

5

(a triangle and pentagon 
ompletely joined) is the smallest graph G with

G ! (K

3

)

2

2

whi
h does not 
ontain a K

6

. Yet K

3

+ C

5


ontains K

5

and

subsequently Posa, van Lint, Graham and Spen
er 
onstru
ted a graph G

not 
ontaining even a K

5

, with G ! (K

3

)

2

2

. Until re
ently, the smallest ex-

ample was due to Irving [71℄ and had 18 verti
es. Very re
ently, two more


onstru
tions appeared by Eri
kson [72℄ and Bukor [73℄ who found examples

with 17 and 16 verti
es (both of them use properties of Graham's graph).

Of 
ourse, the next question whi
h was asked is whether there exists a

K

4

-free graph G with G ! (K

3

)

2

2

. This question proved to be 
onsiderably

harder and it is possible to say that it has not yet been solved 
ompletely

satisfa
torily.

The existen
e of a K

4

-free graph G whi
h is t-Ramsey for K

3

was settled

by Folkman [74℄ (t = 2) and Ne�set�ril and R�odl [75℄. The proofs are 
ompli-


ated and the graphs 
onstru
ted are very large. Perhaps just to be expli
it

Erd}os [76℄ asked whether there exists a K

4

-free graph G whi
h arrows a tri-

angle with < 10

10

verti
es. This question proved to be very a

urate and it

was �nally shown by Spen
er [77℄ that there exists su
h a graph with 3�10

8

verti
es. Of 
ourse, it is possible that su
h a graph exists with only 100

verti
es!

The proof of this statement is probabilisti
. Probabilisti
 methods were

not only applied to get various bounds for Ramsey numbers. Re
ently, the

Ramsey properties of the Random Graph K(n; p) were analyzed by R�odl and

Ru
i�nski and the threshold probability for p needed to guarantee K(n; p)!

(K

3

)

2

t

with probability tending to 1 as n ! 1, was determined in a series

of important papers (see [80℄, [78, 79, 81℄ and also the re
ent more general

approa
h in [82℄).

Many of these questions were answered in a mu
h greater generality and

this seems to be a typi
al feature for the whole area. These stru
tural results

have found several appli
ations in mathemati
al logi
 and model theory, e.g.,

see [85, 83℄. On the other hand these more general statements explain the

unique role of the original Erd}os problem. Let us be more spe
i�
. We need

a few de�nitions: An ordered graph is a graph with a linearly ordered set

of verti
es. Isomorphism of ordered graphs means isomorphism preserving

15



orderings. If A;B are ordered graphs (for now we will �nd it 
onvenient to

denote graphs by A;B;C; : : :) then

�

B

A

�

will denote the set of all indu
ed

subgraphs of B whi
h are isomorphi
 to A. We say that a 
lass K of graphs

is Ramsey if for every 
hoi
e of ordered graphs A;B from K there exists

C 2 K su
h that C ! (B)

A

2

. Here, the notation C ! (B)

A

2

means: for

every 
oloring 
 :

�

C

A

�

! f1; 2g there exists B

0

2

�

C

B

�

su
h that the set

�

B

0

A

�

is mono
hromati
 (see, e.g., [83℄.) Similarly we say that a 
lass K of graphs

is 
anoni
al if for every 
hoi
e of ordered graphs A;B from K there exists

C 2 K with the following property: For every 
oloring 
 :

�

C

A

�

! N there

exists B

0

2

�

C

B

�

su
h that the set

�

B

0

A

�

has a 
anoni
al 
oloring.

Denote by Forb(K

k

) the 
lass of all K

k

-free graphs. Then we have the

following:

Theorem 4.3 For a hereditary 
lass K of graphs the following statements

are equivalent:

1. K is Ramsey;

2. K is 
anoni
al;

3. K is a union of the following 4 types of 
lasses: the 
lass Forb(K

k

),

the 
lass of 
omplements of graphs from Forb(K

k

), the 
lass of Tur�an

graphs (i.e., 
omplete multipartite graphs) and the 
lass of equivalen
es

(i.e., 
omplements of Tur�an graphs).

(1. , 3. is proved in [86℄, 2. ) 1. is easy, and one 
an prove 1. ) 2.

dire
tly along the lines of Erd}os-Rado proof of 
anonization lemma.) Thus,

as is often the 
ase for Erd}os' questions, the triangle-free graphs were not

just any 
ase but rather the typi
al 
ase.

From today's perspe
tive it seems to be just a natural step to 
onsider

Ramsey properties of geometri
al graphs. This was initiated in a series of

papers by Erd}os, Graham, Montgomery, Roths
hild, Spen
er and Straus

([87℄, [88℄, [89℄). Let us 
all a �nite 
on�guration C of points in E

n

Ramsey

if for every r there is an N = N(r) is that in every r-
oloring of the points of

E

N

, a mono
hromati
 
ongruent 
opy of C is always formed. For example,

the verti
es of a unit simplex in E

n

is Ramsey (with N(r) = n(r � 1) +

1), and it is not hard to show that the Cartesian produ
t of two Ramsey


on�gurations is also Ramsey. More re
ently, Frankl and R�odl [90℄ showed
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that any simplex in E

n

is Ramsey (a simplex is a set of n+ 1 points having

a positive n-volume).

In the other dire
tion, it is known [87℄ that any Ramsey 
on�guration

must lie on the surfa
e of a sphere (i.e., be \spheri
al"). Hen
e, 3-
ollinear

points do not form a Ramsey 
on�guration, and in fa
t, for any su
h set C

3

,

E

N


an always be 16-
olored so as to avoid a mono
hromati
 
ongruent 
opy

of C

3

. It is not known if the value 16 
an be redu
ed (almost 
ertainly it


an). The major open question is to 
hara
terize the Ramsey 
on�gurations.

It is natural to 
onje
ture that they are exa
tly the 
lass of spheri
al sets.

Additional eviden
e of this was found by K�r���z [91℄ who showed for example,

that the set of verti
es of any regular polygon is Ramsey. A fuller dis
ussion

of this interesting topi
 
an be found in [92℄.

5 Adventures in Arithmeti
 Progressions

Besides Ramsey's theorem itself the following result provided 
onstant mo-

tivation for Ramsey Theory:

Theorem 5.1 (van der Waerden [94℄) For every 
hoi
e of positive inte-

gers k and n, there exists a least W (k; n) = W su
h that for every partition

of the set f1; 2; : : : ;Wg into k 
lasses, one of the 
lasses always 
ontains an

arithmeti
 progression with n terms.

The original proof of van der Waerden (whi
h developed through dis
us-

sions with Artin and S
hreier | see [95℄ for an a

ount of the dis
overy)

and whi
h is in
luded in an en
hanting and moving book of Khin
hine [96℄

was until re
ently essentially the only known proof. However, interesting

modi�
ations of the proof were also found, the most important of whi
h is

perhaps the 
ombinatorial formulation of van der Waerden's result by Hales

and Jewett [97℄.

The distin
tive feature of van der Waerden's proof (and also of Hales-

Jewett's proof) is that one proves a more general statement and then uses

double indu
tion. Consequently, this pro
edure does not provide a primitive

re
ursive upper bound for the size ofW (in van der Waerden's theorem). On

the other hand, the best bound (for n prime) is (only!) W (n + 1) � n2

n

, n

prime (due to Berlekamp [98℄). Thus, the question of whether su
h a huge

upper bound was also ne
essary, was and remains to be one of the main

resear
h problems in the area.
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There are several approa
hes to this diÆ
ult problem. One possibility is

to try to devise a new proof of the van der Waerden theorem whi
h would

avoid the double indu
tion. Surprisingly, in 1988 Shelah [99℄ found su
h

proof: he gave a proof of both the van der Waerden and the Hales-Jewett

theorem whi
h provided a primitive re
ursive upper bound forW (k; n). How-

ever the bound is still very large, being of the order of the �fth level in the

A
kermann hierar
hy | the \tower of tower fun
tions". Even for the solu-

tion of the modest looking 
onje
ture W (2; n) � 2

�

�

�

2

�

n, the �rst author of

this paper o�ered $1000.

A solution of this 
ame from entirely di�erent approa
h whi
h goes ba
k

to the Erd}os and Tur�an 1936 paper [100℄.

For the purpose of improving the estimates for the van der Waerden

numbers, Erd}os and Tur�an had the idea of proving a stronger | now 
alled

a density | statement. They 
onsidered (how typi
al!) the parti
ular 
ase

of 3-term arithmeti
 progressions and for a given positive integer N , de�ned

r(N) (their notation) to denote the maximum number elements of a sequen
e

of numbers � N whi
h does not 
ontain a 3-term arithmeti
 progression.

They observed the subadditivity of the fun
tion r(N) (whi
h implies the

existen
e of a limiting value of r(N)=N) and proved r(N) �

�

3

8

+ �

�

N for

all N � N(�).

After that they remarked that probably r(N) = o(N). And in the last few

lines of their short paper they de�ne numbers r

`

(N) to denote the maximum

number of integers less than or equal to N su
h that no ` of them form an

arithmeti
 progression. Although they do not ask expli
itly whether r

`

(N) =

o(N) (as Erd}os did many times sin
e), this is 
learly in their mind as they list


onsequen
es of a good upper bound for r

`

(N): long arithmeti
 progressions

formed by primes and a better bound for the van der Waerden numbers.

As with the Erd}os-Szekeres paper [1℄, the impa
t of the modest Erd}os-

Tur�an note [100℄ is hard to overestimate. Thanks to its originality, both in


ombinatorial and number-theoreti
 
ontexts, and to Paul Erd}os' persisten
e,

this led eventually to beautiful and diÆ
ult resear
h, and probably beyond

Erd}os' expe
tations, to a ri
h general theory. We wish to brie
y mention

some key points of this development.

Good lower estimates for r(N) were obtained soon after by Salem and

Spen
er [101℄ and Behrend [102℄ whi
h still gives the best bound. These

bounds re
ently found a surprising appli
ation in an unexpe
ted area, namely

in the fast multipli
ation of matri
es (Coppersmith, Winograd [103℄).
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The upper bounds and r(N) = o(N) appeared to be mu
h harder. In

1953 K. Roth [104℄ proved r

3

(N) = o(N) and after several years of partial

results, E. Szemer�edi in 1975 [107℄ proved the general 
ase

r

`

(N) = o(N) for every ` :

This is generally re
ognized as the single most important Erd}os solved

problem, the problem for whi
h he has paid the largest amount. By now

there are more expensive problems but they have not yet been solved. And

taking in
ation into a

ount, possibly none of them will ever have as an

expensive solution. Szemer�edi's proof 
hanged Ramsey theory in at least

two aspe
ts. First, several of its pie
es, most notably the so-
alled Regularity

Lemma, proved to be extremely useful in many other 
ombinatorial situations

(see, e.g., [106℄, [107℄, [80℄). Se
ondly, perhaps due to the 
omplexity of

Szemer�edi's 
ombinatorial argument, and the beauty of the result itself, an

alternative approa
h was 
alled for. Su
h an approa
h was found by H.

Furstenberg [108℄, [109℄ and developed further in many aspe
ts in his joint

work with B. Weiss, Y. Katznelson and others. Let us just mention two

results whi
h in our opinion best 
hara
terize the power of this approa
h: In

[110℄ Furstenberg and Katznelson proved the density version of Hales-Jewett

theorem. More re
ently, Bergelson and Leibman [112℄ proved the following

striking result (
onje
tured by Furstenberg):

Theorem 5.2 ([112℄) Let p

1

; : : : ; p

k

be polynomials with rational 
oeÆ
ients

taking integer values on integers and satisfying p

i

(0) = 0 for i = 1; : : : ; k.

Then every set X of integers of positive density 
ontains for every 
hoi
e of

numbers �

1

; : : : ; �

k

, a subset

�+ p

1

(d)�

1

; �+ p

2

(d)�

2

; : : : ; �+ p

k

(d)�

k

for some � and d > 0.

Choosing p

i

(x) = x and �

i

= i, we get the van der Waerden theorem.

Already, the 
ase p

i

(x) = x

2

and �

i

= i was open for several years (this gives

long arithmeti
 progressions in sets of positive density with their di�eren
es

being some square).

For none of these results are 
ombinatorial proofs known. Instead, they

are all proved by a blend of topologi
al dynami
s and ergodi
 theory methods,

proving 
ountable extensions of these results. For this part of Ramsey theory
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this setting seems to be most appropriate. However, it is a long way from

the original Erd}os-Tur�an paper.

Despite of these advan
es the main motivation and hope of Erd}os-Tur�an

was not ful�lled by these proofs: Szemer�edi's proof uses not only the van

der Waerden theorem but also the Regularity Lemma whi
h implies bounds

involving the tower fun
tion (see [113℄). The Furstenberg proof is even less

e�e
tive (however the version of the ergodi
 proof given in [111℄ is perhaps

the most a

essible proof of Szemer�edi's Theorem).

But there is still yet another way: the �rst step towards the Erd}os-Tur�an

density problem was given by K. F. Roth in 1953 [104℄ (where he gave a proof

of r

3

(N) = o(N)) by analyti
al te
hniques (exponential sum estimates). It

took another nearly 40 years until T. Gowers showed that these analyti


te
hniques generalize to the full proof of the Erd}os-Tur�an density problem

[114, 115℄. His approa
h extends profoundly Roth's proof and uses deep

results from additive number theory (most notably Freiman's Theorem with

its strengthenings due to I. Ruzsa, [116, 117℄, see also [118℄).

The important work of Gowers [114, 115℄ was 
ited in his 1998 Fields

Medal 
itation. It not only gives the remarkable third proof of Szemer�edi's

theorem but also presents a ful�llment of the old hopes of Erd}os and Tur�an:

Exa
tly the (quantitative) density theorems yield the best bound for van der

Waerden's theorem. The 
urrent best bound for W (2; n) is a tower of 2's of

height 5 topped by n + 9. (The lower bound is still a simple exponential.)

But to insiders this is a dramati
 improvement and a very small number

(whi
h of 
ourse settles the above-mentioned 
hallenge of the �rst author).

Let us 
lose this se
tion (and this paper) with a re
ent example. In 1983

G. Pisier [119℄ formulated (in a harmoni
 analysis 
ontext) the following

problem: A set of integers x

1

< x

2

< � � � is said to be independent if all �nite

subsums of distin
t elements are distin
t. Now let X be an in�nite set and

suppose for some � > 0 that every �nite subset Y � X 
ontains a subset Z

of size � �jZj whi
h is independent. Is it then true that X is a �nite union

of independent sets?

Despite many e�orts and partial solutions the problem is still open. It was

again Paul Erd}os who qui
kly realized the importan
e of the Pisier problem

(e.g., see the re
ent papers of Erd}os, Ne�set�ril and R�odl [120℄, [121℄ in whi
h

\Pisier type "problems are studied). For various notions of an independen
e

relation, the following question was 
onsidered: Assume that an in�nite set

X satis�es for some � > 0, some hereditary density 
ondition (i.e., we assume

that every �nite set Y 
ontains an independent subsubset of size � �jY j). Is

20



it then true that X 
an be partitioned into �nitely many independent sets?

Positive instan
es (su
h as 
ollinearity, and linear independen
e) as well as

negative instan
es (su
h as Sidon sets) were given in [120℄, [121℄. Also various

\�nitization versions" and analogues of the Pisier problem were answered in

the negative. But at present the original Pisier problem is still open. In a

way one 
an 
onsider Pisier type problems as dual to the density results in

Ramsey theory: One attempts to prove a positive Ramsey type statement

under a strong (hereditary) density 
ondition. This is exempli�ed in [121℄

by the following problem whi
h is perhaps a �tting 
on
lusion to this paper

surveying 60 years of Paul Erd}os' servi
e to Ramsey theory.

The Anti-Szemer�edi Problem [121℄ Does there exist a set X of pos-

itive integers su
h that for some � > 0 the following two 
onditions hold

simultaneously:

(1) For every �nite Y � X there exists a subset Z � X, jZj � �jY j, whi
h

does not 
ontain a 3-term arithmeti
 progression;

(2) Every �nite partition of X 
ontains a 3-term arithmeti
 progression in

one of its 
lasses.

It seems that after all these years, Ramsey Theory, resting �rmly on

Erd}os's pioneering and fundamental work, is very mu
h alive and well.
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