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Abstra
t

In this paper we study a problem related to the 
lassi
al Erd}os{Szekeres

Theorem on �nding points in 
onvex position in planar point sets. We study

for whi
h n and k there exists a number h(n; k) su
h that in every planar

point set X of size h(n; k) or larger, no three points on a line, we 
an �nd n

points forming a vertex set of a 
onvex n-gon with at most k points of X in

its interior. Re
all that h(n; 0) does not exist for n � 7 by a result of Horton.

In this paper we prove the following results. First, using Horton's 
onstru
-

tion with no empty 7-gon we obtain that h(n; k) does not exist for k � 
 � 2

n

4

.

Then we give some exa
t results for 
onvex hexagons: every point set 
ontain-

ing a 
onvex hexagon 
ontains a 
onvex hexagon with at most seven points

inside it and any su
h set of at least 19 points 
ontains a 
onvex hexagon with

at most �ve points inside it. Thus, h(6; 5) = 19.

1 Introdu
tion

In 1935 Erd}os and Szekeres [ES35℄ proved that for any given integer n there exists

a number f(n) su
h that for any set 
ontaining at least f(n) points in the plane,

no three on a line, it is possible to sele
t n points forming a 
onvex n-gon. Later

Erd}os 
onje
tured that for a given n there exists an integer h(n) su
h that every

point set X of size at least h(n) in the plane 
ontains a vertex set of a 
onvex n-gon

with no other point of X in its interior.

Partial answer to the last mentioned question was given in 1978 by Harborth

[Har78℄. He proved that an empty 
onvex pentagon 
an be found in every set of

at least ten points. Five years later, Horton 
onstru
ted an arbitrarily large set

without an empty 
onvex heptagon (see [Hor83℄). Therefore h(n) does not exist for

any n � 7. The problem of empty hexagons remains open.

We generalize Erd}os's question and study whether there exists a number h(n; k)

su
h that in every planar point set X of size h(n; k) or larger, no three points on a

line, we 
an �nd n points forming a 
onvex polygon with at most k points of X in

its interior.

We talk about point sets in the plane and we always assume the set to be in

general position; i.e. no three points 
ollinear. We say that a point set P is in


onvex position if x =2 
onv(P n fxg) for every x 2 P .

The main and basi
 theorem we use is the following Erd}os-Szekeres Theorem

[ES35℄.

�
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Theorem 1 (Erd}os{Szekeres Theorem [ES35℄) For every n 2 IN, there exists

an integer f(n) su
h that any set X of at least f(n) points in general position in

the plane 
ontains n points in 
onvex position.

From now on, f(n) will denote the smallest number satisfying the Erd}os{Szekeres

Theorem. The best known bounds for f(n) are due to Erd}os and Szekeres [ES35,

ES60℄ (the lower bound) and T�oth and Valtr [TV97℄ (the upper bound):

2

n�2

+ 1 � f(n) �

�

2n� 5

n� 2

�

+ 2:

The lower bound is sharp for n � 5 and is 
onje
tured to be sharp for all n.

De�nition 2 We de�ne h(n; k) as the smallest number su
h that for ea
h set X of

at least h(n; k) points in general position in the plane there exists a set P � X of n

points in 
onvex position su
h that jInt(
onvP ) \X j � k.

We use the Horton's 
onstru
tion [Hor83℄ with no empty heptagon to prove the

non-existen
e of h(n; k) for relatively small k.

Theorem 3 For every n 2 IN, h

�

n; 
 � 2

n

4

+O(n)

�

does not exist, where 
 2 IR is

a 
onstant, 


:

= 9.

We prove three results about points in the interior of 
onvex hexagons.

Theorem 4 In every set X of points in general position in the plane, su
h that

there is a subset P � X of 6 points in 
onvex position, there is a subset P

0

� X of

6 points with at most 7 points in its interior. As a 
onsequen
e h(6; 7) = f(6).

Theorem 5

h(6; 6) = f(6):

Theorem 6

h(6; 5) = maxff(6); 19g:

We prove Theorem 3 in Se
tion 2. In Se
tion 3 we prove Theorems 4, and 5 and

sket
h the proof of Theorem 6.

2 Almost empty n-gons

We 
onstru
t an arbitrarily large set, whi
h does not 
ontain a vertex set of a


onvex n-gon with fewer than k points inside, to prove that h(n; k) does not exist

for k � 


i

� 2

n

4

� n � 3. 


i

:

= 3 is a 
onstant dependent on i � n (mod 4). The


onstru
tion we use is due to Horton [Hor83℄ and Valtr [Val92a℄.

Let X and Y be �nite sets of points in general position in the plane. We say

that X lies high above Y (and Y lies deep below X) if the following three 
onditions

are satis�ed:

(i) no two points in X [ Y have the same x-
oordinate,

(ii) Y lies entirely below every line determined by two points of X ,

(iii) X lies entirely above every line determined by two points of Y .
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Consider a planar point set H = f(x

1

; y

1

); (x

2

; y

2

); : : : ; (x

N

; y

N

)g, with the

points ordered by the in
reasing x-
oordinate. H

1

= f(x

1

; y

1

); (x

3

; y

3

) : : :g denotes

the points with odd indi
es, and H

2

= f(x

2

; y

2

); (x

4

; y

4

); : : :g the points with even

indi
es. We say that H is a Horton set if H

2

lies high above H

1

(or H

2

lies deep

below H

1

) and both H

1

and H

2

are Horton sets. Every set H of size jH j � 2 is a

Horton set.

Theorem 7 ([Val92a℄) For every M 2 IN there exists a Horton set of size M .

We say that points 


1

; 


2

; : : : ; 


`

(sorted by the in
reasing x-
oordinate) form a


onvex `-
hain if they are in 
onvex position and all the points 


2

; : : : ; 


`�1

lie below

the line 


1




`

. They form a 
on
ave `-
hain if they are in 
onvex position and the

points 


2

; : : : ; 


`�1

all lie above the line 


1




`

.

We say that a point a = (x; y) lies above a 
onvex `-
hain (or lies below a 
on
ave

`-
hain, respe
tively) 


1

= (x

1

; y

1

), 


2

= (x

2

; y

2

); : : :, 


`

= (x

`

; y

`

), if x

1

< x < x

`

and a lies above (or a lies below) all the lines 


i




i+1

for i = 1; : : : l � 1.

The question is how many points lie above any 
onvex `-
hain and below any


on
ave `-
hain in an arbitrary Horton setH . Consider any Horton setH 
ontaining

a 
onvex `-
hain. 
(`) denotes the smallest number of points of H lying above a


onvex `-
hain 


1

; : : : ; 


`

� H . Due to symmetry, 
(`) also denotes the smallest

number of points of H lying below a 
on
ave `-
hain in H .

In any Horton set, the indi
es of points alternate between the `upper' and the

`lower' Horton subsets. This property is given by the de�nition of the Horton set.

Therefore the value of 
(`) is independent of the 
hoi
e of H .

Lemma 8 For every odd natural `, 
(`) = 2

`+1

2

� `� 1. For every even natural `,


(`) =

3

2

2

`

2

� `� 1.

Proof. We pro
eed by indu
tion on `. We have a Horton set H = fh

1

; : : : ; h

N

g =

H

1

[H

2


ontaining a 
onvex `-
hain C = f


1

; 


2

; : : : ; 


`

g. Without loss of generality

we 
an suppose H

2

lies high above H

1

.

For ` = 2 we take C = fh

i

; h

i+1

g, any two 
onse
utive points. There is no

point above nor below the segment h

i

h

i+1

, thus 
(2) = 0. For ` = 3 we take

three 
onse
utive points fh

2i

,h

2i+1

, h

2i+2

g (beginning in the upper set). We have

a 
onvex 3-
hain with no point above it and 
(3) = 0.

Now we suppose that the identity holds for any `

0

< `. Choose a 
onvex `-
hain

C = f


1

; 


2

; : : : ; 


`

g � H with the smallest number of points above it. Without loss

of generality suppose C \ H

1

6= ; and C \ H

2

6= ;. If C � H

i

, take the smaller

Horton set H

i

with possibly fewer points above C. As the set H

2

is far above H

1

,

there 
an be at most two points of C, 


1

and 


`

, in C \ H

2

. 


2

; : : : ; 


`�1

form a


onvex (`� 2)-
hain C

0

in a Horton set H

1

. We know by the indu
tion hypothesis

that there are 
(`� 2) points above any (`� 2)-
hain in H

1

. H

1


ontains the points

with odd indi
es and in between any two 
onse
utive points with odd indi
es, there

is one point with even index. So we have at least ` � 2 points of C

0

and 
(` � 2)

points above C

0

in H

1

, that implies at least 
(`� 2) + `� 2� 1 points above them

in H

2

. This is altogether 
(`) � 2
(`� 2) + `� 3.

Now we distinguish the two 
ases of ` being odd or even.

� The indu
tion hypothesis for an odd ` is 
(`� 2) = 2

`�1

2

� `+ 1.


(`) � 2
(`� 2) + `� 3 = 2

�

2

`�1

2

� `+ 1

�

+ `� 3 = 2

`+1

2

� `� 1

� The indu
tion hypothesis for an even ` is 
(`� 2) =

3

2

2

`�2

2

� `+ 1.


(`) � 2
(`� 2) + `� 3 = 2

�

3

2

� 2

`�2

2

� `+ 1

�

+ `� 3 =

3

2

� 2

`

2

� `� 1
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Now we have proven the lower bound for 
(`). It is possible to 
onstru
t (indu
-

tively) a Horton set 
onsisting of a 
onvex `-
hain and exa
tly the desired number

of points above it. Therefore the equality holds. 2

Proof of Theorem 3. For every n we 
an | a

ording to the Erd}os{Szekeres

Theorem | take a Horton set H , whi
h 
ontains a 
onvex n-gon. We 
ount how

many points lie in ea
h 
onvex n-gon in H . We are able to 
onstru
t an arbitrarily

large Horton set and if we knew that in ea
h 
onvex n-gon there are at least N

points inside, then h(n;N � 1) would not exist.

We 
hoose a 
onvex n-gon P with the verti
es inH and with the smallest number

of points inside. The Horton set H 
an be split into the two sets H

1

deep below H

2

.

We 
an suppose that P has a nonempty interse
tion with both of them. P \H

2

is a


on
avem-
hain and P \H

1

a 
onvex k-
hain, where k+m = n. By Lemma 8, there

are 
(m) points below any 
on
ave m-
hain of the Horton set H

2

and 
(k) points of

H

1

above any 
onvex k-
hain in H

1

. As H

2

lies high aboveH

1

, there are 
(k)+
(m)

points of H in the 
onvex hull of P . As 
 grows exponentially, the smallest number

of points is 
ontained in the polygon P with k =

�

n

2

�

and m =

�

n

2

�

.

We solve the equation N = 


��

n

2

��

+ 


��

n

2

��

for the 4 
ases of n, a

ording to

its remainder modulo 4. For example

� if n � 0 (mod 4), then h(n;N � 1) does not exist for

N � 1 � 2 � 


�

n

2

�

� 1 = 2 �

3

2

� 2

n

4

� 2 �

n

2

� 2� 1 = 3 � 2

n

4

� n� 3;

� if n � 1 (mod 4), then h(n;N � 1) does not exist for

N � 1 � 


�

n� 1

2

�

+ 


�

n+ 1

2

�

� 1 =

2 �

3

2

� 2

n�1

4

�

n� 1

2

� 1 + 2

n+1

4

+

1

2

�

n+ 1

2

� 1� 1 = 7 � 2

n�5

4

� n� 3;

and similarly the remaining two 
ases

� if n � 2 (mod 4), then h(n;N � 1) does not exist for N � 1 � 2

n+6

4

� n� 3,

� if n � 3 (mod 4), then h(n;N � 1) does not exist for N � 1 � 5 � 2

n�3

4

�n� 3.

In general we have proved h

�

n; 


i

� 2

n

4

� n� 3

�

does not exist. The 
onstant




i

:

= 3 depends only on i � n (mod 4), the remainder of n when divided by 4.

A slightly better 
onstant 


0

i

:

= 3


i

:

= 9 
an be obtained when we repla
e ea
h

point in the original Horton set by a 
opy of another small Horton set.

Suppose there is no horizontal line spanned by a pair points of a suÆ
iently

large Horton set H . Constru
t the maximum Horton set H

0


ontaining no 
onvex

nor 
on
ave (m + 1)-
hain. Its size is denoted by H(m). Transform H

0

su
h that

its diameter is mu
h smaller than any distan
e of any two points of H , and any line

spanned by the points of H

0

is almost horizontal. Repla
e ea
h point of H by a


opy H

0

and 
onstru
t H

0

= H +H

0

.

It 
an be proven indu
tively that H(m) = 2

m

2

+1

�2 for any even m and H(m) =

2

m+1

2

+ 2

m�1

2

� 2 for m odd. Then we have 


m

(`) = H(m) � 
(` �m + 1) + 
(m)

points above any 
onvex `-
hain in H

0

. (There is a 
onvex m-
hain in ea
h 
opy of

H

0

, but as all the lines are almost horizontal, we 
an use the bottom one only.) For

large n and m = "n this gives us asymptoti
ally 3 times more points in any 
onvex

polygon in H

0

(
ompared to the number of points in a polygon of the same size in

H). It is not possible to improve the exponent of 2 this way. 2
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The following table shows what is the maximal k su
h that h(n; k) does not exist

by Theorem 3, for some small n.

n 6 7 8 9 10 11 12 13 14 15 16 17 18 20 25

k -1 0 1 2 3 6 9 13 19 27 39 51 63 119 373

3 Points in 
onvex hexagons

3.1 More than six points inside

Every set K of at least f(6) points in general position in the plane 
ontains a 
onvex

hexagon. First we show that every su
h set 
ontains a hexagon with at most seven

points inside.

From now on K denotes a set of points in general position in the plane, whi
h


ontains a 
onvex hexagon. In K, we �x a 
onvex hexagon P = p

1

p

2

p

3

p

4

p

5

p

6

with

the smallest number m of points inside. Its edges will be denoted by e

1

= p

1

p

2

, . . . ,

e

6

= p

6

p

1

and the points inside P by Q = fq

1

; q

2

; : : : q

m

g.

The points in P must satisfy the following two properties:

Property I: there is no point in the 
onvex hull of any three 
onse
utive verti
es

of P . If for example p

0

6

2 
onvfp

5

; p

6

; p

1

g then the 
onvex hexagon p

1

p

2

p

3

p

4

p

5

p

0

6

has fewer points inside.

Property II: any line determined by two distin
t points inside P partitions the

vertex set of P into two triples, otherwise there is a 
onvex hexagon with fewer

points inside (at least by two). For example if the line p

0

3

p

0

4

interse
ts edges e

2

and e

4

there is a 
onvex hexagon p

1

p

2

p

0

3

p

0

4

p

5

p

6

, whi
h has fewer points inside. See

Figure 1a.

We de�ne the following des
ription of the point 
on�guration K. We de�ne a

table T = ft

ij

g

m

i;j=1

; t

ij

2 f1; : : : ; 6g, t

ij

= k if the half-line

��!

q

i

q

j

interse
ts the edge

e

k

. The diagonal entries t

ii

are not de�ned. T

i

denotes the set of values of t

ij

,

where i is �xed and i 6= j 2 f1; : : : ;mg.

Remark: when using (mod 6), we use 6 instead of 0; beginning with 1 seems to be

more natural for numbering.

Lemma 9 Let Q be a set of points inside the 
onvex hull of the 
onvex hexagon

P . If there is no other 
onvex hexagon in P [ Q, then the table T (de�ned in the

previous paragraph) has the following properties:

1. t

ij

� t

ji

+ 3 (mod 6), for ea
h pair i 6= j,

2. for every i, there is no pair j, j

0

su
h that t

ij

� t

ij

0

+ 3 (mod 6),

3. jT

i

j � 3,

4. if i 6= j then jT

i

4T

j

j � 2, where T

i

4T

j

= (T

i

nT

j

)[(T

j

nT

i

) is the symmetri


di�eren
e,

5. if T

i

6= f1; 3; 5g and T

i

6= f2; 4; 6g, then q

i

lies on the 
onvex hull of fq

1

; : : : ; q

m

g.

Proof of 1. Easily follows from Property II: every line indu
ed by two points inside

a hexagon must interse
t the opposite edges of P . See Figure 1a.

Proof of 2 and 3. Suppose to a 
ontrary that there is a triple i, j, j

0

violating 2,

and suppose that the half-line

��!

q

i

q

j

interse
ts e

1

and

��!

q

i

q

j

0

interse
ts e

4

. Then either

fp

2

; p

3

; p

4

; q

j

0

; q

i

; q

j

g or fp

1

; q

j

; q

i

; q

j

0

; p

5

; p

6

g is in 
onvex position. Again we have

a 
onvex hexagon with fewer points inside. See Figure 1b.

Property 3 is an immediate 
onsequen
e of 2. T

i


an 
ontain at most one element

of ea
h pair : f1; 4g, f2; 5g and f3; 6g; that is at most three elements.
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p

1

p

2

p

3

p

4

p

5

p

6

q

i

q

j

q

j

0

e

1

e

2

e

3

e

4

e

5

e

6

p

1

p

2

p

3

p

4

p

5

p

6

p

0

6

p

0

4

p

0

3

(a) (b)

Figure 1: Illustration to the proof of Lemma 9.

Proof of 4. By 1, t

ji

� t

ij

+3 (mod 6). We know by 2 that t

ij

+3 (mod 6) 
annot

be in T

i

, but t

ji


ertainly is in T

j

. Symmetri
ally t

ji

6= t

ij

=2 T

j

, but t

ij

2 T

i

. Thus

ft

ij

; t

ji

g � T

i

4 T

j

.

Proof of 5. T

i

is a subset of three 
onse
utive edges. We 
an suppose without loss

of generality that T

i

� f1; 2; 3g. Therefore all other points q

j

lie inside the angle

� = <) p

1

q

i

p

4

.

If � is 
onvex, q

i

lies on the 
onvex hull of fq

1

; :::; q

m

g. Suppose that � is 
on
ave

and for a 
ontradi
tion, there are points q

j

and q

k

on the 
onvex hull of Q su
h

that the segment q

j

q

k

interse
ts the segments p

1

q

i

and q

i

p

4

. But then the line q

j

q

k

does not satisfy 1 and that is a 
ontradi
tion. 2

Proof of Theorem 4. To prove Theorem 4 we use the previous Lemma 9.

By 5 if T

i

is neither f1; 3; 5g nor f2; 4; 6g then q

i

lies on the 
onvex hull of

fq

1

; : : : ; q

m

g. Thus we 
an 
hoose at most �ve sets di�erent from f1; 3; 5g and

f2; 4; 6g, otherwise there are six or more verti
es of the 
onvex hull of Q and a


onvex hexagon and with fewer points inside. All the rows of T must di�er at

least by two elements, therefore the sets f1; 3; 5g and f2; 4; 6g 
an be used at most

on
e ea
h. And that is the 
on
lusion | in every set 
ontaining a 
onvex hexagon

we 
an �nd a 
onvex hexagon with at most seven points inside. An example of a


on�guration of a hexagon with seven points inside and no other 
onvex hexagon

present is given in Figure 2. 2

Here is the 
orresponding table T :

1 2 3 4 5 6 7 T

i

1 | 1 1 1 2 2 1 f1,2g

2 4 | 2 2 4 4 3 f2,3,4g

3 4 5 | 3 4 4 5 f3,4,5g

4 4 5 6 | 4 4 5 f4,5,6g

5 5 1 1 1 | 6 1 f5,6,1g

6 5 1 1 1 3 | 1 f1,3,5g

7 4 6 2 2 4 4 | f2,4,6g
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p

1

p

2

p

3

p

4

p

5

p

6

e

1

e

2

e

3

e

4

e

5

e

6

q

2

q

3

q

4

q

5

q

6

q

1

q

7

q

2

q

3

q

4

q

5

q

6

q

1

q

7

Figure 2: Example of a 
on�guration of seven points inside a 
onvex hexagon
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3.2 Six points inside

Proof of Theorem 5. In the following we use the two general expressions with

a spe
ial meaning. When we talk about a 
on�guration we always mean a 
onvex

hexagon P with 7 (in the next se
tion with 6) points inside its 
onvex hull and

possibly some other points outside, all in general position in the plane, su
h that

there is no 
onvex hexagon with fewer points inside its 
onvex hull. When talking

about a hexagon we mean the vertex set of a 
onvex hexagon. We also use this

expression in the meaning of the 
onvex hull of su
h point set (e.g. a point p lies

inside a hexagon), but this should not be 
onfusing.

We know from the previous se
tion that in every planar point set of size at least

f(6), a hexagon with at most seven points in the interior of its 
onvex hull 
an

be found. Now we examine what is the maximal size of a 
on�guration with no

hexagon with fewer than seven points inside. As a 
onsequen
e, we prove Theorem

5.

Let P = fp

1

; : : : ; p

6

g denote the verti
es of the 
onvex hexagon and Q =

fq

1

; : : : ; q

7

g denote the points inside. The remaining points form a set X .

In the following we often talk about half-planes; (ab)

R

denotes the half-plane

bounded by the line ab, whi
h lies on the right side when going from a to b. Sym-

metri
ally (ab)

L

denotes the half-plane on the left side of

�!

ab. For �ve points of K,

whi
h are in 
onvex position, region a

1

a

2

a

3

a

4

a

5

denotes the interse
tion of half-

planes (a

1

a

2

)

R

\ (a

2

a

3

)

R

\ (a

3

a

4

)

R

\ (a

4

a

5

)

R

n 
onv a

1

a

2

a

3

a

4

a

5

, where a

1

; : : : ; a

5

are indexed in the 
lo
kwise order.

We know by the previous Theorem 4 that the points of Q form the following

stru
ture. Five points lie on the 
onvex hull of Q; let these �ve points be denoted by

q

1

; : : : ; q

5

and number them in the 
ounter-
lo
kwise order. The allowed dire
tions

for the remaining two points q

6

and q

7

are w.l.o.g. T

6

= f1; 3; 5g and T

7

= f2; 4; 6g.

No point of Q 
an lie in a triangle indu
ed by three 
onse
utive verti
es of P .

Altogether we have only four areas (marked gray in Figure 3), where q

1

; : : : ; q

5


an

lie.

Ea
h of these four areas 
ontains at least one point, otherwise q

6

or q

7

lies on

the 
onvex hull of Q and we have a hexagon with only one point inside. Therefore

one of these four areas 
ontains two of the points Q. Let these two points be q

1

and

q

5

. See Figure 3.

We now distinguish the two 
ases:

Case 1: The half-lines

��!

q

1

q

4

,

��!

q

2

q

3

interse
t the same edge of P ,

Case 2: the half-lines

��!

q

1

q

4

,

��!

q

2

q

3

interse
t distin
t edges of P .

Case 1: The half-lines

��!

q

1

q

4

,

��!

q

2

q

3

interse
t the same edge of P .

Without loss of generality we 
an suppose that

��!

q

1

q

4

and

��!

q

2

q

3

interse
t e

5

and

q

1

; q

5

2 4p

1

p

2

q

6

\4p

2

p

3

q

7

. Consequently

��!

q

1

q

5

must interse
t e

6

: If

��!

q

1

q

5

interse
ted

e

5

, we would have a hexagon p

3

p

4

p

5

q

4

q

5

q

1

with only four points inside. If the

interse
ted edge was e

1

, we would have q

5

q

1

q

6

p

5

p

6

p

1

with three points inside.

We now look for the `prohibited areas' | parts of the plane, where no point 
an

lie. For a better orientation in the letters, see Figure 4.

(1) No point x 2 X 
an lie in the region p

1

q

4

q

7

q

1

p

2

, otherwise we have a 
onvex

hexagon xp

1

q

4

q

7

q

1

p

2

with one point (q

5

) inside.

No point 
an lie in the following regions, otherwise we have an empty hexagon:

(2) region p

4

q

2

q

6

q

3

p

5

,

(3) region p

2

q

1

q

6

q

2

p

3

,

(4) region p

6

q

3

q

6

q

4

p

1

,
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p

1

p

2

p

3

p

4

p

5

p

6

q

2

q

3

q

4

q

5

q

6

q

1

q

7

e

1

e

2

e

3

e

4

e

5

e

6

Figure 3: Notation of K.

(5) region p

5

q

3

q

7

q

4

p

6

,

(6) region p

3

q

1

q

7

q

2

p

4

.

Now only two areas remain, where a point of X 
ould lie: interse
tion of half-

planes (q

2

p

3

)

L

\ (q

1

p

3

)

R

and interse
tion of half-planes (q

3

p

6

)

R

\ (q

4

p

6

)

L

. There

are three more restri
tions.

(7) No point 
an lie in the region p

6

q

4

q

1

p

2

p

1

,

(8) region p

3

q

2

q

3

p

5

p

4

,

(9) region p

2

p

1

q

5

q

1

p

3

, otherwise we have a hexagon with at most one point inside.

In some 
ases of position of P and Q we still have two areas, where the points of

X 
an lie, area A = (p

1

p

2

)

R

\ (q

2

p

3

)

L

\ (p

5

p

4

)

L

and area B = (q

3

p

6

)

R

\ (p

2

p

1

)

L

\

(q

4

p

6

)

L

. The points of X \ A will be denoted by x

1

; x

2

; : : : and the points X \ B

by y

1

; y

2

; : : :, and number them a

ording to their distan
e to the hexagon P .

The line x

1

x

2

has to interse
t the 
onvex hull of P , otherwise there would be

a 
onvex hexagon fx

1

x

2

gp

4

q

6

q

7

p

2

with at most three points inside. The half-line

��!

x

2

x

1


annot interse
t P on the right of p

3

, i.e. p

3

=2 (x

1

x

2

)

L

, otherwise we have a

hexagon p

1

q

5

q

1

p

3

x

1

x

2

with only one point inside, and p

3

=2 (x

1

x

2

)

R

neither: the

hexagon p

5

q

3

q

2

p

3

x

1

x

2

would 
ontain only one point inside. Therefore there is no

point x

2

and jX \ Aj � 1.

The situation is similar in the area B. Every line

��!

y

j

y

i

, where 1 � i < j � 5,

must interse
t 
onvP , otherwise we have 
onvex hexagon fy

i

y

j

gp

5

q

6

q

7

p

1

with at

most �ve points inside.

��!

y

2

y

1

must interse
t 
onvP on the right of p

6

, otherwise we

have hexagon p

2

q

1

q

4

p

6

y

1

y

2

with at most two points inside. There 
an be no point

in the half-plane (y

2

y

1

)

L

, be
ause we would have hexagon p

4

q

3

p

6

y

1

y

2

y

3

with only

one point inside. Thus y

3

lies in (y

2

y

1

)

R

and no other point 
an lie in B: no other

point lies in the half-plane (y

3

y

2

)

L

for the same reason as above and no other point


an lie in the opposite half-plane, otherwise we have empty hexagon p

2

p

1

y

1

y

2

y

3

y

4

.
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Altogether at most four points of X 
an lie in A[B, but if we allow all of them,

we have empty hexagon x

1

p

2

p

1

y

1

y

2

y

3

. Therefore, we 
an pla
e at most three points

outside P , without obtaining a 
onvex hexagon with fewer than seven points inside.

Case 2: The half-lines

��!

q

1

q

4

and

��!

q

2

q

3

interse
t distin
t edges of P .

The se
ond 
ase whi
h we have to dis
uss is that

��!

q

2

q

3

and

��!

q

1

q

4

interse
t distin
t

edges of P ; that is without loss of generality

��!

q

2

q

3

interse
ts e

6

,

��!

q

1

q

4

interse
ts e

5

and

��!

q

1

q

5

interse
ts e

6

.

The prohibited areas (1),. . . ,(6) remain the same as in the previous 
ase and

there are also three more restri
tions for this 
ase:

(7) there is no point in the region p

6

q

4

q

1

p

2

p

1

,

(8) region p

5

p

4

q

2

q

3

p

6

,

(9) region p

2

p

1

q

5

q

1

p

3

.

As in the �rst 
ase we have only two areas left, where any points of X 
an lie.

First let us dis
uss the area A = (q

3

p

6

)

R

\ (q

4

p

6

)

L

\ (p

2

p

1

)

L

\ (p

4

p

5

)

R

.

There 
an be at most one point in X \A: suppose there are two points x

1

; x

2

2

X \ A and the line

��!

x

2

x

1

interse
ts 
onvP on the left of p

6

, then the hexagon

p

2

q

1

q

4

p

6

x

1

x

2

has at most two points inside. If it interse
ted 
onvP on the right

of p

6

, there would be only one point in p

4

q

2

q

3

p

6

x

1

x

2

| a 
ontradi
tion. Thus

jX \ Aj � 1.

Now we examine the area B = (q

1

p

3

)

R

\ (q

2

p

3

)

L

\ (p

1

p

2

)

R

. The line y

2

y

1

interse
ts 
onvP on the left of p

3

otherwise there is p

1

q

5

q

1

p

3

y

1

y

2

with only one

point inside. No point 
an lie in the half-plane (y

2

y

1

)

R

, be
ause of p

5

q

2

p

3

y

1

y

2

y

3

.

Therefore y

3

lies on the left of

��!

y

2

y

1

. No point 
an lie on the right of y

3

y

2

, be
ause

there would be only one point in p

5

q

2

p

3

y

2

y

3

y

4

, and no point 
an lie on the left of

this line, be
ause there would be empty hexagon p

1

p

2

y

1

y

2

y

3

y

4

. That is jX\Cj � 3.

Con
lusion

As the 
on
lusion of the analysis of the two 
ases we obtain the following 
laim.

In every set K, 
ontaining a vertex set of a 
onvex hexagon, and of size at least

7+6+3+1 = 17 points, we 
an �nd a 
onvex hexagon with at most 6 points inside.

But we know from Se
tion 1 that f(6) � 2

6�2

+ 1 = 17 and h(6; k) � f(6) , thus

h(6; 6) = f(6). 2
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p

1

p

2

p

3

p

4

p

5

p

6

q

2

q

3

q

4

q

5

q

6

q

1

q

7

e

1

e

2

e

3

e

4

e

5

e

6

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(9)

(8)

B

y

1

y

2

y

3

P

Q

x

1

A

(3)

p

6

p

3

(9)

(4)

(7)

Figure 4: Constru
tion for

��!

q

1

q

4

and

��!

q

2

q

3

interse
ting the same edge
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p

1

p

2

p

3

p

4

p

5

p

6

q

6

q

1

q

2

q

3

q

4

q

5

e

1

e

2

e

3

e

4

e

5

e

6

Figure 5: Notation of K in Case 2.1.

3.3 Five points inside

Proof of Theorem 6. We use exa
tly the same approa
h as in the proof of

Theorem 5, only the number of 
ases to analyze is mu
h larger. We will not dis
uss

all of them in this paper.

Let us take a 
on�guration K. If we have 7 points inside the hexagon P , we 
an

use exa
tly the same arguments as in the proof of the previous Theorem 5, therefore

the maximum size of the 
on�guration K would be 16. Therefore we suppose we

have a 
on�guration 
ontaining a hexagon with six points inside.

It follows from Lemma 9 that we have two possibilities | 4 or 5 points lying on

the 
onvex hull of the inner points Q.

The �rst 
ase of 4 = j 
onv Qj is very similar to the proof of the previous

Theorem 5. The only di�eren
e is that we lose the point q

5

and the restri
tions

indu
ed by this point. The �rst sub-
ase gives us at most 18 points in K. The

resulting 
on�guration is given in Figure 7. In the se
ond sub-
ase the largest K


onsists of 16 points only.

Now we dis
uss the 
ase of 
onvQ being a pentagon. We will 
all the one interior

point q

6

. A

ording to Lemma 9, the remaining points of Q are allowed to lie in

three non-
onse
utive dire
tions from q

6

; i.e. without loss of generality in the three

quadrilaterals marked gray in Figure 5. Ea
h of these three areas has to 
ontain

at least one point, otherwise q

6

lies on the 
onvex hull of Q and we have an empty

hexagon Q. There are two possibilities, how the points q

1

; : : : ; q

5


an be distributed

to the allowed areas:

Case 2.1: Exa
tly two points lie in two of the allowed areas and a single point in

the remaining one.

Case 2.2: Three points lie in one area and one point in ea
h of the remaining two.

We 
onsider the 
ase of points distributed 2+2+1 around q

6

. Without loss of

generality we 
an assume

��!

q

6

q

1

and

��!

q

6

q

2

interse
t the same edge e

1

,

��!

q

6

q

3

and

��!

q

6

q

4

interse
t e

3

and

��!

q

6

q

5

interse
ts e

5

. Only one of the half-lines

��!

q

5

q

4

and

��!

q

5

q

1


an

interse
t e

2

, otherwise there is a hexagon with fewer points inside. Thus without

loss of generality

��!

q

5

q

4

interse
ts e

3

.
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Prohibited areas for Case 2.1 are:

(1) region p

2

q

2

q

6

q

3

p

3

,

(2) region p

4

q

4

q

6

q

5

p

5

and

(3) region p

6

q

5

q

6

q

1

p

1

.

The interse
tion of half-planes (q

1

p

1

)

L

\ (q

2

p

2

)

R

will be denoted A, (q

3

p

3

)

L

\

(q

4

p

4

)

R

by B and C = (q

5

p

5

)

L

\ (q

5

p

6

)

R

. The points of X \ A will be denoted by

x

1

; x

2

; : : :, points of X \ B by y

1

; y

2

; : : : and X \ C by z

1

; z

2

; : : :. The points are

numbered in
reasingly with their distan
e to P . We have to explore these three

areas with respe
t to whether they interse
t or not. But not to bore the reader we

analyze only A n (B [ C) as an example. The remaining 
ases are very similar.

A is restri
ted by three more prohibited areas:

(4) region p

1

q

6

q

3

p

3

p

2

,

(5) region p

1

p

6

q

5

q

6

p

2

and a

ording to the dire
tion of the line

��!

q

1

q

2

(6) region p

1

q

1

q

2

p

3

p

2

or

(6') region p

1

p

6

q

1

q

2

p

2

.

Without loss of generality we 
an assume

��!

q

1

q

2

interse
ts e

3

and (6)= region p

1

q

1

q

2

p

3

p

2

is the prohibited area.

Lines q

6

q

2

and q

6

q

1

partition A into three parts. A

1

= A \ (q

6

q

2

)

R

\ (q

6

q

1

)

L

,

A

2

= A \ (q

6

q

2

)

L

, A

3

= A \ (q

6

q

1

)

R

. When we 
onsider the restri
tions (1) to (6)

we have:

A

1

= (q

6

q

2

)

R

\ (q

6

q

1

)

L

\ (q

3

p

3

)

R

\ (q

5

p

6

)

L

\ (p

6

p

1

)

R

\ (p

3

p

2

)

L

;

A

2

=

�

(q

2

p

2

)

R

\ (q

6

q

2

)

L

\ (q

3

p

3

)

R

\ (q

5

p

6

)

L

\ (p

3

p

2

)

L

�

n

�

(q

6

p

2

)

R

\ (p

6

p

1

)

L

�

;

A

3

= (q

6

q

1

)

R

\ (q

1

p

1

)

L

\ (q

3

p

3

)

R

\ (q

5

p

6

)

L

\ (p

6

p

1

)

R

\ (p

3

p

2

)

L

:

Every line

��!

x

j

x

i

, where 1 � i < j � 7 has to interse
t p

1

p

2

, otherwise there

is hexagon p

1

q

1

q

2

p

2

x

i

x

j

with at most j � 2 < 6 points inside. If x

i

lies in A

1

then every line

��!

x

j

x

i

must interse
t the segment q

1

q

2

, otherwise one of hexagons

p

3

q

3

q

6

q

1

x

i

x

j

and p

6

q

5

q

6

q

2

x

i

x

j


ontains at most 2 points only. If x

i

2 A

2

then

��!

x

j

x

i

has to interse
t P on the right of q

2

, otherwise there is hexagon p

3

q

3

q

6

q

2

x

i

x

j

with

at most j � 1 < 6 points inside, and if x

i

2 A

3

then

��!

x

j

x

i

goes to the left of q

1

:

hexagon p

6

q

5

q

6

q

1

x

i

x

j

would 
ontain at most j � 1 < 6 points only.

We dis
uss the 
ases of x

1

lying in the distin
t areas A

1

, A

2

, A

3

.

x

1

2 A

1

The line

��!

x

2

x

1

has to interse
t q

1

q

2

. Suppose q

6

lies on the left of

��!

x

2

x

1

. Then

no other point x

i

of X lies on the left of this line: only two points would

lie in the hexagon p

6

q

5

q

6

x

1

x

2

x

i

. Therefore x

3

lies on the right of

��!

x

2

x

1

and

no other point lies on the right of

��!

x

3

x

2

, otherwise there is empty hexagon

p

3

p

2

x

1

x

2

x

3

x

i

. If x

4

lies on the right of

��!

x

3

x

1

, only four points 
an lie in A,

otherwise one of the hexagons p

3

p

2

x

1

x

3

x

4

x

i

and p

6

p

1

x

2

x

3

x

4

x

i

is empty. If

x

4

lies on the left of

��!

x

3

x

1

, we 
an have one more point x

5

in between the

lines

��!

x

4

x

2

and

��!

x

4

x

3

. No other point 
an lie in A, otherwise p

3

p

2

x

3

x

4

x

5

x

6

or

p

6

p

1

x

2

x

4

x

5

x

6

is empty. See Figure 6.

If q

6

lies on the right of

��!

x

2

x

1

, no other point of X 
an lie on the right of this

line and the situation is symmetri
. We 
an pla
e at most �ve points to A.
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x
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x

5

Figure 6

x

1

2 A

2

��!

x

2

x

1

interse
ts q

2

p

2

and no other point x

i

lies on the left of

��!

x

2

x

1

, otherwise

there is empty hexagon p

1

q

1

q

2

x

1

x

2

x

i

. Therefore x

3

2 (x

2

x

1

)

R

. No other

point 
an lie on the left of

��!

x

3

x

1

as well and no other point 
an lie on the

right of

��!

x

3

x

2

, otherwise we have empty hexagon p

3

p

2

x

1

x

2

x

3

x

i

. If x

2

2 A

2

, no

point 
an lie on the left of

��!

x

3

x

2

either, therefore suppose x

3

lies in A

3

[A

1

and

x

4

lies in between the lines

��!

x

3

x

2

and

��!

x

3

x

1

. No point 
an lie on the right of

��!

x

4

x

3

, be
ause there would be hexagon p

3

p

2

x

1

x

3

x

4

x

i

with only 1 point inside,

and no other point 
an lie on the left of this line: there would be an empty

hexagon p

6

p

1

x

2

x

3

x

4

x

i

.

x

1

2 A

3

��!

x

2

x

1

interse
ts P on the left of q

1

. No point 
an lie on the right of

��!

x

2

x

1

,

otherwise x

3

x

2

x

1

q

1

q

2

p

2

is empty. x

3

lies on the left of

��!

x

2

x

1

and no point 
an

lie on the left of

��!

x

3

x

2

(hexagon p

6

p

1

x

1

x

2

x

3

x

i

would be empty). If x

2

lies

in A

3

then no point 
an lie on the right of

��!

x

3

x

2

either. Therefore suppose

x

2

2 A

1

[ A

2

and x

4

lies in (x

3

x

2

)

R

\ (x

3

x

1

)

L

. No other point 
an lie in A,

otherwise there is empty hexagon p

3

p

2

x

2

x

3

x

4

x

i

or p

6

p

1

x

1

x

3

x

4

x

i

.

We have the maximal number of points lying in A: jX \ Aj � 5. The similar

analysis needs to be done for B and C, with respe
t to whether the areas interse
t

or not. The maximum size of K is 17.

The analysis of Case 2.2 is similar and the result is the same: the maximum size

of K is 17.

Now we have dis
ussed the four sub-
ases with the result that the largest number

of points is obtained in Case 1.1 (that is four points on the 
onvex hull of Q and

the half-lines

��!

q

1

q

4

,

��!

q

2

q

3

interse
ting the same edge of P ), where we 
an pla
e 6

additional points without obtaining a 
onvex hexagon with less than six points

inside. That is h(6; 6) � 19 with respe
t to the fa
t that h(6; 6) � f(6), and we


on
lude h(6; 5) = maxf19; f(6)g.

2

A
knowledgement

I would like to thank my PhD advisor Pavel Valtr for spending his pre
ious time

in 
onsultations with me and also for 
orre
ting the many mistakes I made while

writing this text.

14



p

3

p

6

p

1

p

2

p

3

p

4

p

5

p

6

q

2

q

3

q

4

q

5

q

6

q

1

e

1

e

2

e

3

e

4

e

5

e

6

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

P

Q

A

B

x

3

x

2

x

1

y

1

y

2

y

3

Figure 7: An example of a 
on�guration of 18 points.
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