Almost Empty Polygons

HELENA NYKLOVA*

Department of Applied Mathematics, Charles University
Malostranské nam. 25, 118 00 Praha 1
Czech Republic

e-mail: nyklova@kam.ms.mff.cuni.cz

June 14, 2001

Abstract

In this paper we study a problem related to the classical Erdés—Szekeres
Theorem on finding points in convex position in planar point sets. We study
for which n and k there exists a number h(n,k) such that in every planar
point set X of size h(n, k) or larger, no three points on a line, we can find n
points forming a vertex set of a convex n-gon with at most k points of X in
its interior. Recall that h(n,0) does not exist for n > 7 by a result of Horton.

In this paper we prove the following results. First, using Horton’s construc-
tion with no empty 7-gon we obtain that h(n, k) does not exist for k < ¢-2% .
Then we give some exact results for convex hexagons: every point set contain-
ing a convex hexagon contains a convex hexagon with at most seven points
inside it and any such set of at least 19 points contains a convex hexagon with
at most five points inside it. Thus, h(6,5) = 19.

1 Introduction

In 1935 Erdés and Szekeres [ES35] proved that for any given integer n there exists
a number f(n) such that for any set containing at least f(n) points in the plane,
no three on a line, it is possible to select n points forming a convex n-gon. Later
Erd6s conjectured that for a given n there exists an integer h(n) such that every
point set X of size at least h(n) in the plane contains a vertex set of a convex n-gon
with no other point of X in its interior.

Partial answer to the last mentioned question was given in 1978 by Harborth
[Har78]. He proved that an empty convex pentagon can be found in every set of
at least ten points. Five years later, Horton constructed an arbitrarily large set
without an empty convex heptagon (see [Hor83]). Therefore h(n) does not exist for
any n > 7. The problem of empty hexagons remains open.

We generalize Erdés’s question and study whether there exists a number h(n, k)
such that in every planar point set X of size h(n, k) or larger, no three points on a
line, we can find n points forming a convex polygon with at most k points of X in
its interior.

We talk about point sets in the plane and we always assume the set to be in
general position; i.e. no three points collinear. We say that a point set P is in
convez position if x ¢ conv(P \ {z}) for every z € P.

The main and basic theorem we use is the following Erdds-Szekeres Theorem
[ES35].
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Theorem 1 (Erdés—Szekeres Theorem [ES35]) For every n € IN, there exists
an integer f(n) such that any set X of at least f(n) points in general position in
the plane contains n points in convex position.

From now on, f(n) will denote the smallest number satisfying the Erdés—Szekeres
Theorem. The best known bounds for f(n) are due to Erdés and Szekeres [ES35,
ES60] (the lower bound) and Téth and Valtr [TV97] (the upper bound):

2n — 5
2" 41 < < 2.
+1< f(n) < (n—2> +
The lower bound is sharp for n < 5 and is conjectured to be sharp for all n.
Definition 2 We define h(n, k) as the smallest number such that for each set X of

at least h(n, k) points in general position in the plane there exists a set P C X of n
points in convex position such that |Int(conv P) N X| < k.

We use the Horton’s construction [Hor83] with no empty heptagon to prove the
non-existence of h(n, k) for relatively small k.

Theorem 3 For every n € N, h (n,c-2% 4+ O(n)) does not ewist, where ¢ € R is
a constant, ¢ = 9.

We prove three results about points in the interior of convex hexagons.

Theorem 4 In every set X of points in general position in the plane, such that
there is a subset P C X of 6 points in convex position, there is a subset P' C X of
6 points with at most 7 points in its interior. As a consequence h(6,7) = f(6).

Theorem 5

h(6,6) = f(6).

Theorem 6
h(6,5) = max{f(6),19}.

We prove Theorem 3 in Section 2. In Section 3 we prove Theorems 4, and 5 and
sketch the proof of Theorem 6.

2 Almost empty n-gons

We construct an arbitrarily large set, which does not contain a vertex set of a
convex n-gon with fewer than k points inside, to prove that h(n, k) does not exist
for k < ¢;-2% —n —3. ¢; = 3 is a constant dependent on i = n (mod 4). The
construction we use is due to Horton [Hor83] and Valtr [Val92a].

Let X and Y be finite sets of points in general position in the plane. We say
that X lies high above Y (and Y lies deep below X) if the following three conditions
are satisfied:

(i) no two points in X UY have the same z-coordinate,
(ii) Y lies entirely below every line determined by two points of X,

(iii) X lies entirely above every line determined by two points of Y.



Consider a planar point set H = {(z1,y1), (z2,y2),...,(zn,yn)}, with the
points ordered by the increasing z-coordinate. H; = {(z1,y1), (z3,ys3) ...} denotes
the points with odd indices, and Hy = {(z2,¥y2), (z4,y4), ...} the points with even
indices. We say that H is a Horton set if H» lies high above H; (or H» lies deep
below H;) and both H; and H, are Horton sets. Every set H of size |[H| < 2 is a
Horton set.

Theorem 7 ([Val92a]) For every M € IN there exists a Horton set of size M.

We say that points c¢1, cs, ..., c¢ (sorted by the increasing z-coordinate) form a
convez £-chain if they are in convex position and all the points co, ..., c,—1 lie below
the line ¢1¢p. They form a concave £-chain if they are in convex position and the
points ca,...,ce_1 all lie above the line ¢;¢y.

We say that a point a = (z,y) lies above a convex ¢-chain (or lies below a concave
{-chain, respectively) ¢1 = (z1,y1), c2 = (T2,¥2),..., ce = (e, ye), f 71 < z <
and a lies above (or a lies below) all the lines ¢;¢i4q fori=1,...1 - 1.

The question is how many points lie above any convex f/-chain and below any
concave f-chain in an arbitrary Horton set H. Consider any Horton set H containing
a convex f(-chain. c(f) denotes the smallest number of points of H lying above a
convex ¢-chain ¢,...,c¢ C H. Due to symmetry, c(f) also denotes the smallest
number of points of H lying below a concave /-chain in H.

In any Horton set, the indices of points alternate between the ‘upper’ and the
‘lower’ Horton subsets. This property is given by the definition of the Horton set.
Therefore the value of ¢(¢) is independent of the choice of H.
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Lemma 8 For every odd natural £, ¢c({) =27= —{— 1. For every even natural {,

o) =325 —(—1.

2
Proof. We proceed by induction on ¢. We have a Horton set H = {hy,...,hny} =
H, UH> containing a convex ¢-chain C' = {c1, ¢a, ..., c}. Without loss of generality
we can suppose Hs lies high above H;.

For ¢ = 2 we take C = {h;,h;y1}, any two consecutive points. There is no
point above nor below the segment h;h;y1, thus ¢(2) = 0. For £ = 3 we take
three consecutive points {ha;,hait1, hoit2} (beginning in the upper set). We have
a convex 3-chain with no point above it and ¢(3) = 0.

Now we suppose that the identity holds for any ¢’ < £. Choose a convex f-chain
C ={c1,ca,...,¢} C H with the smallest number of points above it. Without loss
of generality suppose C N Hy # () and C N Hy # (. If C C H;, take the smaller
Horton set H; with possibly fewer points above C. As the set H is far above Hj,
there can be at most two points of C, ¢; and ¢, in C N Hy. ¢o,...,co_1 form a
convex (¢ — 2)-chain C' in a Horton set H;. We know by the induction hypothesis
that there are ¢(¢ — 2) points above any (£ — 2)-chain in H;. H; contains the points
with odd indices and in between any two consecutive points with odd indices, there
is one point with even index. So we have at least ¢ — 2 points of C' and ¢(f — 2)
points above C' in Hj, that implies at least ¢(£ —2) + ¢ — 2 — 1 points above them
in H,. This is altogether ¢(€) > 2¢(¢ — 2) + ¢ — 3.

Now we distinguish the two cases of £ being odd or even.

e The induction hypothesis for an odd ¢ is ¢(¢ — 2) = 2% — 0+ 1.
c() 22c(e—2)+e—3:2(2“71 —e+1)+5—3:2£—¥1 -1

—

e The induction hypothesis for an even £ is ¢(¢ — 2) = %272 —(+1.

c(@)Z2c(€—2)+€—3:2<;-2e72—€+1> +6—3:g-2%—e—1



Now we have proven the lower bound for ¢(¢). It is possible to construct (induc-
tively) a Horton set consisting of a convex ¢-chain and exactly the desired number
of points above it. Therefore the equality holds. a

Proof of Theorem 3. For every n we can — according to the Erdds—Szekeres
Theorem — take a Horton set H, which contains a convex n-gon. We count how
many points lie in each convex n-gon in H. We are able to construct an arbitrarily
large Horton set and if we knew that in each convex n-gon there are at least NV
points inside, then h(n, N — 1) would not exist.

We choose a convex n-gon P with the vertices in H and with the smallest number
of points inside. The Horton set H can be split into the two sets H; deep below Hs.
We can suppose that P has a nonempty intersection with both of them. PN H> is a
concave m-chain and PN H; a convex k-chain, where k+m = n. By Lemma 8, there
are c¢(m) points below any concave m-chain of the Horton set H, and ¢(k) points of
H, above any convex k-chain in H;. As H, lies high above Hj, there are ¢(k)+c¢(m)
points of H in the convex hull of P. As ¢ grows exponentially, the smallest number
of points is contained in the polygon P with k = [2] and m = |2].

We solve the equation N = ¢ ([2]) 4+ ¢ (| 2]) for the 4 cases of n, according to
its remainder modulo 4. For example

e if n =0 (mod 4), then h(n, N — 1) does not exist for

n 3 n n n
— 1< . | —-1=2.—-.92 —_92. - _92_1=3-92 — —
N-1<2 0(2 1=2 5 29 — 2 5 2—-1=3-2% —n -3,

e if n =1 (mod 4), then h(n, N — 1) does not exist for

n—1 n+1

N-1< 1=
<c(*7)+<(*7)
-1 w1

2.§ et n
2
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and similarly the remaining two cases

n+6

e if n =2 (mod 4), then h(n, N — 1) does not exist for N —1 <23 —n—3,
e if n =3 (mod 4), then h(n, N — 1) does not exist for N —1 < 5.2"5 —pn — 3.

In general we have proved h (n,c; - 2% —n — 3) does not exist. The constant
¢; = 3 depends only on i = n (mod 4), the remainder of n when divided by 4.

A slightly better constant ¢ = 3¢; = 9 can be obtained when we replace each
point in the original Horton set by a copy of another small Horton set.

Suppose there is no horizontal line spanned by a pair points of a sufficiently
large Horton set H. Construct the maximum Horton set Hy containing no convex
nor concave (m + 1)-chain. Its size is denoted by H(m). Transform Hy such that
its diameter is much smaller than any distance of any two points of H, and any line
spanned by the points of Hy is almost horizontal. Replace each point of H by a
copy Hy and construct H' = H + Hy.

It can be proven inductively that H(m) = 2% 11 —2 for any even m and H(m) =
2735 4+ 2% — 2 for m odd. Then we have cp,(¢) = H(m) - ¢({ —m + 1) + ¢(m
points above any convex f-chain in H'. (There is a convex m-chain in each copy of
Hy, but as all the lines are almost horizontal, we can use the bottom one only.) For
large n and m = en this gives us asymptotically 3 times more points in any convex
polygon in H' (compared to the number of points in a polygon of the same size in
H). Tt is not possible to improve the exponent of 2 this way. O




The following table shows what is the maximal &k such that h(n, k) does not exist
by Theorem 3, for some small n.

n| 6
k| -1

§ 9 10 11 12 13 14 15 16 17 18 20 25
12 3 6 9 13 19 27 39 51 63 119 373

3 Points in convex hexagons

3.1 More than six points inside

Every set K of at least f(6) points in general position in the plane contains a convex
hexagon. First we show that every such set contains a hexagon with at most seven
points inside.

From now on K denotes a set of points in general position in the plane, which
contains a convex hexagon. In K, we fix a convex hexagon P = p;papspspsps with
the smallest number m of points inside. Its edges will be denoted by e; = p1po, ...,
e¢ = pep1 and the points inside P by Q = {q1,42,---gm}-

The points in P must satisfy the following two properties:

Property I: there is no point in the convex hull of any three consecutive vertices
of P. If for example pg € conv{ps,ps,p1} then the convex hexagon pip2pspspspg
has fewer points inside.

Property II: any line determined by two distinct points inside P partitions the
vertex set of P into two triples, otherwise there is a convex hexagon with fewer
points inside (at least by two). For example if the line pip) intersects edges es
and e4 there is a convex hexagon p;pophppsps, which has fewer points inside. See
Figure 1a.

We define the following description of the point configuration K. We define a
table 7' = {t;;}1_; tij € {1,...,6}, t;; = k if the half-line g;q} intersects the edge
erx. The diagonal entries ¢; are not defined. T; denotes the set of values of t;;,
where ¢ is fixed and ¢ #j € {1,...,m}.

Remark: when using (mod 6), we use 6 instead of 0; beginning with 1 seems to be
more natural for numbering.

Lemma 9 Let (Q be a set of points inside the convex hull of the convex hexagon
P. If there is no other convex hexagon in P U Q, then the table T (defined in the
previous paragraph) has the following properties:

1. t;j = tj; + 3 (mod 6), for each pair i # j,
for every i, there is no pair j, j' such that t;; = t;» + 3 (mod 6),
T3] <3,

if i # j then |T; AT > 2, where T; ATy = (T;\T;) U(T;\T;) is the symmetric
difference,

5. if Ty #4{1,3,5} and T; # {2,4,6}, then q; lies on the convex hull of {q1,...,qm}-

Proof of 1. Easily follows from Property II: every line induced by two points inside
a hexagon must intersect the opposite edges of P. See Figure 1la.
Proof of 2 and 3. Suppose to a contrary that there is a triple i, j, j' violating 2,
and suppose that the half-line g;q} intersects e; and g;q;’ intersects e4. Then either
{p2,P3,P4,457,4i,4;} or {p1,4;,4¢,q,P5,P6} is in convex position. Again we have
a convex hexagon with fewer points inside. See Figure 1b.

Property 3 is an immediate consequence of 2. T; can contain at most one element
of each pair : {1,4}, {2,5} and {3,6}; that is at most three elements.



Figure 1: Illustration to the proof of Lemma 9.

Proof of 4. By 1, tj; = t;; +3 (mod 6). We know by 2 that ¢;; +3 (mod 6) cannot
be in T;, but t;; certainly is in T;. Symmetrically ¢;; # t;; ¢ T}, but t;; € T;. Thus
{t,'j,tji} - T; A Tj.

Proof of 5. T is a subset of three consecutive edges. We can suppose without loss
of generality that T; C {1,2,3}. Therefore all other points g; lie inside the angle
a =< pigips.

If o is convex, ¢; lies on the convex hull of {q, ..., ¢ }. Suppose that « is concave
and for a contradiction, there are points ¢; and g; on the convex hull of @ such
that the segment g;q; intersects the segments p1¢; and g;ps. But then the line g;qz
does not satisfy 1 and that is a contradiction. O

Proof of Theorem 4. To prove Theorem 4 we use the previous Lemma 9.

By 5 if T; is neither {1,3,5} nor {2,4,6} then ¢; lies on the convex hull of
{q1,.--,¢m}. Thus we can choose at most five sets different from {1,3,5} and
{2,4,6}, otherwise there are six or more vertices of the convex hull of @ and a
convex hexagon and with fewer points inside. All the rows of 7" must differ at
least by two elements, therefore the sets {1,3,5} and {2,4,6} can be used at most
once each. And that is the conclusion — in every set containing a convex hexagon
we can find a convex hexagon with at most seven points inside. An example of a
configuration of a hexagon with seven points inside and no other convex hexagon
present is given in Figure 2. |

Here is the corresponding table T':

1 2 3 4 5 6 7| T,
1]— 1 1 1 2 2 1] {12}

24 — 2 2 4 4 3|{234)
3|4 5 — 3 4 4 5 |{345}
4|4 5 6 — 4 4 5 |{456}
505 1 1 1 — 6 1]{561}
6/5 1 1 1 3 — 1]{135}
714 6 2 2 4 4 —| {246}







3.2 Six points inside

Proof of Theorem 5. In the following we use the two general expressions with
a special meaning. When we talk about a configuration we always mean a convex
hexagon P with 7 (in the next section with 6) points inside its convex hull and
possibly some other points outside, all in general position in the plane, such that
there is no convex hexagon with fewer points inside its convex hull. When talking
about a hexagon we mean the vertex set of a convex hexagon. We also use this
expression in the meaning of the convex hull of such point set (e.g. a point p lies
inside a hexagon), but this should not be confusing.

We know from the previous section that in every planar point set of size at least
f(6), a hexagon with at most seven points in the interior of its convex hull can
be found. Now we examine what is the maximal size of a configuration with no
hexagon with fewer than seven points inside. As a consequence, we prove Theorem
d.

Let P = {p1,...,ps} denote the vertices of the convex hexagon and @ =
{q1,...,q7} denote the points inside. The remaining points form a set X.

In the following we often talk about half-planes; (ab)® denotes the half-plane
bounded by the line ab, which lies on the right side when going from a to b. Sym-
metrically (ab)’ denotes the half-plane on the left side of ab. For five points of K,
which are in convex position, region ajasasasas denotes the intersection of half-
planes (a1a2)® N (aza3)® N (azas)® N (asa5)? \ conv aiazazasas, where ay, ..., as
are indexed in the clockwise order.

We know by the previous Theorem 4 that the points of () form the following
structure. Five points lie on the convex hull of @; let these five points be denoted by
qi,..-,qs and number them in the counter-clockwise order. The allowed directions
for the remaining two points g and g7 are w.l.o.g. Tg = {1,3,5} and T7 = {2,4,6}.
No point of @) can lie in a triangle induced by three consecutive vertices of P.
Altogether we have only four areas (marked gray in Figure 3), where ¢, ..., g5 can
lie.

Each of these four areas contains at least one point, otherwise gg or g; lies on
the convex hull of () and we have a hexagon with only one point inside. Therefore
one of these four areas contains two of the points (). Let these two points be ¢; and
gs- See Figure 3.

We now distinguish the two cases:

Case 1: The half-lines q1q4, 72¢% intersect the same edge of P,
Case 2: the half-lines g4, qoqs intersect distinct edges of P.

Case 1: The half-lines §1¢4, 72¢5 intersect the same edge of P.

Without loss of generality we can suppose that g7g; and G2¢4 intersect e; and
q1,q5 € Ap1pagsNApapsqr. Consequently grgé must intersect eg: If gigt intersected
es, we would have a hexagon pspsipsqagsq: with only four points inside. If the
intersected edge was e, we would have g5q1gepspsp1 with three points inside.

We now look for the ‘prohibited areas’ — parts of the plane, where no point can
lie. For a better orientation in the letters, see Figure 4.

(1) No point z € X can lie in the region p;gsqrq1p2, otherwise we have a convex
hexagon xp;qsq7q1p2 with one point (gs) inside.

No point can lie in the following regions, otherwise we have an empty hexagon:
(2) region pig2q6qsps,
(3) region p2qiq6q2ps,

(4) region pg3qeqapi,



Figure 3: Notation of K.

(5) region psq3qrqaps,
(6) region p3qigrqapa.

Now only two areas remain, where a point of X could lie: intersection of half-
planes (g2p3)¥ N (@1p3)® and intersection of half-planes (gsps)® N (gaps)”. There
are three more restrictions.

(7) No point can lie in the region pgqsqip2p1,

(8) region p3g2qspspa,
(9) region pap1gsq1ps, otherwise we have a hexagon with at most one point inside.

In some cases of position of P and ) we still have two areas, where the points of
X can lie, area A = (p1p2)T N (gap3)” N (pspa)* and area B = (gzpg)® N (pap1)* N
(qaps)”. The points of X N A will be denoted by z1,xs, ... and the points X N B
by y1,¥2,..., and number them according to their distance to the hexagon P.

The line xx2 has to intersect the convex hull of P, otherwise there would be
a convex hexagon {z122}pigegrp2 with at most three points inside. The half-line
T>71 cannot intersect P on the right of p3, i.e. p3 & (z122)%, otherwise we have a
hexagon p1gsqipsw12 with only one point inside, and p3 ¢ (x1z2)f neither: the
hexagon psqsqapsxiws would contain only one point inside. Therefore there is no
point zp and |[X N A| <1.

The situation is similar in the area B. Every line yj_yE, where 1 <1 < j <5,
must intersect conv P, otherwise we have convex hexagon {y;y;}psqsgrp1 with at
most five points inside. 7z must intersect conv P on the right of pg, otherwise we
have hexagon p2q1qapsy1y2 with at most two points inside. There can be no point
in the half-plane (y»y;)%, because we would have hexagon psgspsy1y2y3 with only
one point inside. Thus y3 lies in (y2y1) and no other point can lie in B: no other
point lies in the half-plane (y3y2)* for the same reason as above and no other point
can lie in the opposite half-plane, otherwise we have empty hexagon pap1y1y2y3ys.



Altogether at most four points of X can lie in AU B, but if we allow all of them,
we have empty hexagon x1p2p1y1y2y3. Therefore, we can place at most three points
outside P, without obtaining a convex hexagon with fewer than seven points inside.

Case 2: The half-lines §7¢; and 3¢5 intersect distinct edges of P.

The second case which we have to discuss is that g5 and §igi intersect distinct
edges of P; that is without loss of generality g2q3 intersects eg, qiqi intersects es
and §1qt intersects eg.

The prohibited areas (1),...,(6) remain the same as in the previous case and
there are also three more restrictions for this case:

(7) there is no point in the region pgqsqip2p1,
(8) region pspag2qspe.
(9) region p2p1gsq1ps-

As in the first case we have only two areas left, where any points of X can lie.
First let us discuss the area A = (g3ps)® N (qaps)X N (p2p1)® N (paps) .

There can be at most one point in X N A: suppose there are two points x1,xs €
X N A and the line Zz#{ intersects conv P on the left of pg, then the hexagon
P2q1qapex1x2 has at most two points inside. If it intersected conv P on the right
of pg, there would be only one point in psgeqsperize — a contradiction. Thus
X NA4 <1.

Now we examine the area B = (q1p3)® N (g2p3)® N (pp2)®. The line you;
intersects conv P on the left of ps otherwise there is p1gsq1psy1y2 with only one
point inside. No point can lie in the half-plane (y2y;)f, because of psqapsy1y2ys.
Therefore y3 lies on the left of 7571. No point can lie on the right of y3y», because
there would be only one point in psgapsy2y3y4, and no point can lie on the left of
this line, because there would be empty hexagon p1pay1y2ysy4. That is | X NC| < 3.

Conclusion

As the conclusion of the analysis of the two cases we obtain the following claim.
In every set K, containing a vertex set of a convex hexagon, and of size at least
74+6+4+3+41 = 17 points, we can find a convex hexagon with at most 6 points inside.
But we know from Section 1 that f(6) > 2572 + 1 = 17 and h(6,k) > f(6) , thus
h(6,6) = f(6). m|

10



Figure 4: Construction for §1q; and g2¢3 intersecting the same edge
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Figure 5: Notation of K in Case 2.1.

3.3 Five points inside

Proof of Theorem 6. We use exactly the same approach as in the proof of
Theorem 5, only the number of cases to analyze is much larger. We will not discuss
all of them in this paper.

Let us take a configuration K. If we have 7 points inside the hexagon P, we can
use exactly the same arguments as in the proof of the previous Theorem 5, therefore
the maximum size of the configuration K would be 16. Therefore we suppose we
have a configuration containing a hexagon with six points inside.

It follows from Lemma 9 that we have two possibilities — 4 or 5 points lying on
the convex hull of the inner points .

The first case of 4 = |conv | is very similar to the proof of the previous
Theorem 5. The only difference is that we lose the point g5 and the restrictions
induced by this point. The first sub-case gives us at most 18 points in K. The
resulting configuration is given in Figure 7. In the second sub-case the largest K
consists of 16 points only.

Now we discuss the case of conv () being a pentagon. We will call the one interior
point ¢g. According to Lemma 9, the remaining points of @) are allowed to lie in
three non-consecutive directions from gg; i.e. without loss of generality in the three
quadrilaterals marked gray in Figure 5. Each of these three areas has to contain
at least one point, otherwise gg lies on the convex hull of () and we have an empty
hexagon ). There are two possibilities, how the points g1, ..., g5 can be distributed
to the allowed areas:

Case 2.1: Exactly two points lie in two of the allowed areas and a single point in
the remaining one.
Case 2.2: Three points lie in one area and one point in each of the remaining two.

We consider the case of points distributed 2+2+1 around gg. Without loss of
generality we can assume ggqi and Gggs intersect the same edge e, Gsqs and Jsqi
intersect e3 and @gqi intersects es. Only one of the half-lines g5q4 and @zqi can
intersect es, otherwise there is a hexagon with fewer points inside. Thus without
loss of generality gsq4 intersects es.

12



Prohibited areas for Case 2.1 are:

(1) region p2g»2q6q3p3,
(2) region psgigeqsps and
(3) region psqsqeqip:-

The intersection of half-planes (q1p1)Y N (gap2)® will be denoted A, (gzp3)* N
(qap4)® by B and C = (gsps)* N (gsps)™. The points of X N A will be denoted by
Z1,2,..., points of X N B by y1,y2,... and X NC by 21, 2,.... The points are
numbered increasingly with their distance to P. We have to explore these three
areas with respect to whether they intersect or not. But not to bore the reader we
analyze only A\ (BUC) as an example. The remaining cases are very similar.

A is restricted by three more prohibited areas:

(4) region p1geqspsps,

(5) region p1peqsqep2

and according to the direction of the line g7q5
(6) region pigigapzps or

(6”) region p1psq1q2p2-

Without loss of generality we can assume g7g3 intersects ez and (6)= region p1qigapspo
is the prohibited area.

Lines ¢sq> and gsq; partition A into three parts. A1 = AN (gsq2)% N (gsq1)%,
Ay = AN (geq2)*, A3 = AN (gsq1)®. When we consider the restrictions (1) to (6)
we have:

Ar = (g632) " N (geq)” N (g3p3)™ N (g5p6)™ N (pep1) ™ N (p3p2)

Ay = (((szz)R N (g6g2)" N (g3p3)" N (g5pe)™ N (P3p2)L) \ ((QGP2)R N (p6p1)L) )

Az = (g6q1)" N (@up1)" N (g3p3) 0 (g5p6) " N (Pep1) T N (p3p2) ™.

Every line :vj—x%, where 1 < ¢ < 7 < 7 has to intersect p;p2, otherwise there
is hexagon piqigepsow;x; with at most j — 2 < 6 points inside. If z; lies in A;
then every line m]—wﬁ must intersect the segment ¢;g2, otherwise one of hexagons
DP3g3g6q1T;T; and Pegsgsg2x;x; contains at most 2 points only. If z; € Ay then arj—mi
has to intersect P on the right of g2, otherwise there is hexagon ps3qs3gsga2z;; with
at most j — 1 < 6 points inside, and if z; € A3z then :v]—:vi goes to the left of ¢p:
hexagon psqsgsq1z;x; would contain at most j — 1 < 6 points only.

We discuss the cases of z; lying in the distinct areas A;, Ao, As.

z1 € A1 The line Zoz{ has to intersect ¢iga. Suppose gg lies on the left of Zzz{. Then
no other point z; of X lies on the left of this line: only two points would
lie in the hexagon pggsqsxiz22;. Therefore x3 lies on the right of Zzz{ and
no other point lies on the right of Zz@3, otherwise there is empty hexagon
p3p2x1Tox3x;. If x4 lies on the right of Z3Z{, only four points can lie in A,
otherwise one of the hexagons pspsxixswax; and pgpixaxzxrax; is empty. If
x4 lies on the left of T3T{, we can have one more point z5 in between the
lines 7375 and Zzz4. No other point can lie in A, otherwise pspaz3z4szs or
PeP1T2T4T5T6 is empty. See Figure 6.

If g lies on the right of Z2x{, no other point of X can lie on the right of this
line and the situation is symmetric. We can place at most five points to A.
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z1 € Ay T7 intersects gop» and no other point z; lies on the left of Z371, otherwise
there is empty hexagon p;qiqexi1x2x;. Therefore x3 € (l’gﬂ?l)R. No other
point can lie on the left of Z32{ as well and no other point can lie on the
right of Z3z3, otherwise we have empty hexagon pspex1xax3x;. If x5 € As, no
point can lie on the left of Zzz5 either, therefore suppose x5 lies in A3 UA; and
x4 lies in between the lines Z3z5 and Zzz{. No point can lie on the right of
Z274, because there would be hexagon psp.x;x3x42; with only 1 point inside,
and no other point can lie on the left of this line: there would be an empty
hexagon pgp1T2x3T4T;.

x1 € A3 Tax{ intersects P on the left of ¢;. No point can lie on the right of Zzzf,
otherwise x3w2x1q1g2p2 is empty. 3 lies on the left of Z2Z{ and no point can
lie on the left of Z373 (hexagon pgpixizaxsz; would be empty). If zo lies
in A3 then no point can lie on the right of Z3z$ either. Therefore suppose
Ty € A; U Ay and w4 lies in (2322)% N (z321)Y. No other point can lie in A,
otherwise there is empty hexagon psp.x23242; Or Pep1T1T3T4T;.

We have the maximal number of points lying in A: |X N A| < 5. The similar
analysis needs to be done for B and C, with respect to whether the areas intersect
or not. The maximum size of K is 17.

The analysis of Case 2.2 is similar and the result is the same: the maximum size
of K is 17.

Now we have discussed the four sub-cases with the result that the largest number
of points is obtained in Case 1.1 (that is four points on the convex hull of @) and
the half-lines §1q4, @2q intersecting the same edge of P), where we can place 6
additional points without obtaining a convex hexagon with less than six points
inside. That is h(6,6) < 19 with respect to the fact that h(6,6) > f(6), and we
conclude h(6,5) = maxz{19, f(6)}.

O
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Figure 7: An example of a configuration of 18 points.
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