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Abstra
t

We introdu
e here a new stru
ture 
alled multi
uts. We prove that

the 
lassMC of all multi
uts is universal, i.e. that this 
lass represents

any partially ordered 
lass. We then show how to represent multi
uts

by set systems and relations. In the 
ase of in�nite relations this is

related to variants of the Vop�enka prin
iple and we prove that these

variants are always stronger than the new prin
iple P(I

op

).

On the other hand the 
onstru
tions given in this paper present the

shortest proof of (proper 
lass) - universality of the partial order of set

systems.

1 Introdu
tion and Statement of Results

A 
ut in a partially ordered set P = (X;�) is any downward 
losed subset

of X. Cuts (with the in
lusion ordering) may be used to represent P as

well as to enlarge P into the smallest 
omplete poset. These 
lassi
al results

�
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started with Dedekind 
onstru
tion of real numbers and 
ontinued with many

variants 
ulminating perhaps with the 
onstru
tion of the M
Neille 
ompletion

for arbitrary posets. This is well do
umented in most textbook on foundations

of set theory.

But it is possible to say that these 
lassi
al ideas are surprisingly pertinent

until today (as ni
ely put by Rota [27℄). One witness of this phaenomenon

is the number system (\surreal numbers") due to Conway [3℄ whi
h uses the


uts to generate on line the new numbers from the old one.

Our results 
ontinue in the same dire
tion, yet our task is more 
ompli-


ated: we want to 
onstru
t a given (large; even proper 
lass) poset in the

situation when the poset is given to us step by step, one vertex at ea
h step,

by an adversary (or our enemy).

More pre
isely, by an on-line representation of a poset P we mean that one


an 
onstru
t a representation of P under the 
ir
umstan
es that the elements

of P are revealed one by one (without a priori knowledge about the whole poset

P ).

The on-line representation of 
an be thought as a game of two players A

and B (Bob again and Ali
e). Bob (the destroyer) sele
ts P and reveals the

elements of P one by one to Ali
e. Whenever an element x of P is revealed,

the relation among x and previously revealed elements is also revealed. Ali
e

is required to 
ontstru
t a graph (or a stru
ture) G

x

. Ali
e wins if the graphs

G

x

whi
h she 
onstru
ted during the game represent poset P . (In most of this

paper we want that Ali
e will win, only in Se
tion 6 we sometimes swit
h the

sides.)

This 
an be formulated also for partial orders whi
h are large (i.e. whi
h

have a proper 
lass of verti
es) when su
h partial orders are indexed by ordinal

numbers. However the advantage of this formulation is that On line represen-

tation by �nite stru
tures is a �nite problem (even if the resulting poset is

in�nite) and On line representation by set stru
tures is a set problem (even if

the resulting partail order is a proper 
lass).

From the abstra
t point of view the on-line representation is nothing else

than a proof of representation by indu
tion (or by a trans�nite indu
tion). Yet

we believe that the 
on
ept of on-line representation provides a new aspe
t to

this area. This 
an be illustrated by the following:

A stru
ture (su
h as a graph) whi
h represents any 
ountable graph is

said to be (
ountably) universal stru
ture. It is well known that universal
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graphs exists. They are easy to 
onstru
t by indu
tion by extending a given

�nite graph with n verti
es to an (n + 1)-vertex graph in all possible ways.

This is possible to do as graphs have (unbounded) extension property. Similar

situation o

urs in all examples whi
h we are 
onsidering and thus the universal

stru
ture always exist. In fa
t the 
ountable stru
ture with the extension

property is uniquelly determined (up to an isomorphism) and this is a part

of 
lassi
al model theory see e.g. [8, 2℄. We shall need an extension of these

results to stru
tures de�ned on proper 
lasses of verti
es but this is an easy

(and folkloristi
) variant.

One 
an sometimes even �nd expli
ite examples of universal stru
tures

whi
h are easy to des
ribe. For example the graph R

!

whose verti
es are all

�nite subsets of positive integers with two sets A;B forming an edge fA;Bg

of R if and only if A 2 B. R

!

is 
alled Rado graph, [25℄, (or the Erd�os-R�enyi

Random graph).

The 
ountable universal oriented graph O

!


an be 
onstru
ted as follows:

verti
es of O

!

are all pairs of �nite subsets A = (A

L

; A

R

) of positive integers

with two verti
es A;B beeing joined by the ar
 (A;B) i� either A 2 B

L

and

A < B or B 2 A

R

and A > B (< is the lexi
ographi
 ordering of subsets).

There is here more than meet an eye as this parti
ular examples motivates our

multi
uts.

One 
an provide further expli
ite examples of universal graphs and stru
-

tures. And it is easy to extend these 
onstru
tions to proper 
lass of verti
es.

However, for partially order sets we are fa
ing mu
h more 
ompli
ated

situation and merely the existen
e of universally partially ordered set and


lasses was dis
overed several times [11, 10, 28℄.

The �rst 
on
ise stru
ture whi
h indu
es universal partially ordered 
lass

has been 
onstru
ted by Z. Hedrl��n [5℄. His stru
ture H is easy to des
ribe:

The verti
es of H are sets A;B; : : : with partial order de�ned by A � B if

there exists a mapping f : B ! A su
h that f(x) � x for every x 2 B.

Hedrl��n proved [5℄ that H is universal partially ordered 
lass. This is non-

trivial and 
ompli
ated (and 
learly an exer
ise in \bra
ketting"). In fa
t it is

not a simple matter to prove it even in the �nite 
ase. The representation of

a given poset given in [5℄ 
annot be used for the purposes of this paper.

Here we present a new stru
ture whi
h indu
es universal partially ordered


lass. It is 
alled multi
uts, the 
lass of all multi
uts will be denotedMC. The

stru
ture of multi
uts is more spe
ial and this will lead us to a more tuned
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on-line representation of any poset (and of partially ordered 
lass).

The multi
uts are des
ribed in the se
tion 2. Here we introdu
e some

results:

Theorem 1.1 The 
lass of all multi
uts MC is universal.

Expli
itely: For every partial ordered 
lass P ordered by �

P

there exists an

inje
tive mapping � : P !MC su
h that the following 
onditions hold (for all

x; y 2 P ):

x �

P

y if and only if �(x) � �(y)

Universality of posets has been studied also in a di�erent 
ontext of theory

of 
ategories. One of the main goals of this study was to �nd easy and nat-

ural stru
tures whi
h are universal. One of the basi
 su
h stru
tures are set

systems.

A set system (or, shortly, a system) S is a pair (X; E) where X is a non-

empty set and E is a subset of the power set 2

X

. Motivated by the binary 
ase

(i.e. graphs; another name for set systems is hypergraphs; as our systems will

be mostly in�nite we do not use this term in this paper) we 
all the elements

of X verti
es and elements of the set E edges of S. Although E may be an

empty set we do not allow empty edges.

Set systems will be denoted by S; S

0

; A; B; � � �. For a set system S = (X; E)

we also write X = V (S) and E(S) = E .

Given set systems S = (X; E) and S

0

= (X

0

; E

0

) a homomorphism f : S !

S

0

is any mapping f : X ! X

0

whi
h satis�es ff(x); x 2 Mg 2 M

0

whenever

M 2 E . Thus homomorphisms are thoese mappings whi
h preserve the edges

of set systems. By an abuse of the notation the set ff(x); x 2 Mg will be

denoted shortly by f(M).

In this paper we want to study set systems from the point of view of the

existen
e of homomorphism between them. Towards this end we also write

S � S

0

if there exists a homomorphism S ! S

0

.

� is a quasiorder as 
learly we may have set systems whi
h are non iso-

morphi
 and whi
h are homomorphi
 to ea
h other. In this 
ase we say that

su
h systems are hom-equivalent.

Consequently, if we 
onsider only mutually non-hom-equivalent set systems
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then we obtain a partial order. (More pre
isely, we sele
t from ea
h hom-

equivalen
e 
lass a representative.)

The proper 
lass of all mutually non-homomorphi
 equivalent set systems

will be denoted by S and thus S with the relation � is a partially ordered


lass.

In this 
ase of �nite set systems S is a 
ountable partially ordered set.

The 
lass S has spe
ta
ular features (for example it is everywhere dense,

see [16℄ and Se
tion 5) and it is related to some of the key 
ombinatorial

notions su
h as 
hromati
 number, see e.g. [20, 7, 21℄.

This 
lass has been also studied in the 
ontext of 
ategory theory in several

papers by Hedrl��n, Pultr and Trnkov�a and others. The 
lass S 
onsidered with

the all homomorphisms betweeen systems is 
alled in [24℄ 
ategory S(P

+

) and

our partially ordered 
lass is the thinning of this 
ategory

One of the main results obtained by Hedrl��n and Pultr [24℄ is the proof of

the universality of the 
ategory S(P

+

) whi
h implies the following:

Theorem 1.2 S is universal partially ordered 
lass.

Expli
itely: For every partially ordered 
lass (X ;�

X

) there exists an inje
-

tive mapping � : X ! S with the following property:

A�

X

B if and only if �(A) � �(B)

Let us remark that no set-theoreti
 assumptions (ex
ept ZFC) are used in

the proof of the above result. This is due to the fa
t that the set systems

have unbounded arities. For �rst order theories (su
h as graphs, or relational

systems of a given type) the validity of Theorem 1.2 depends on set theoreti


assumptions 
alled Vop�enka Axiom whi
h 
an be formulated as follows, see

[9, 12℄:

VP: Every proper 
lass of graphs 
ontains two homomorphism 
omparable graphs.

In a 
ombinatorial setting this is a very natural prin
iple. It amounts to

say that graphs (and all similar stru
tures) are Class Well Quasi Ordered:

We say a partial order � de�ned on a 
lass X is Class Well Quasi Ordered,

shortly ClassWQO, if it does not 
ontain a proper 
lass of in
omparable ele-

ments and also if it does not 
ontain a proper 
lass des
ending 
hain.
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Expli
itely, there are no elements x

�

; x

�

2 X , indexed by the 
lass On of

all ordinals su
h that the 
lass x

�

;� 2 On is ordered in one the following two

ways:

i: x

�

6� x

�

whenever � and � are distin
t ordinals (i.e. x

�

;� 2 On form a

proper 
lass of in
omparable elements);

ii: x

�

� x

�

if and only if � � � (i.e. x

�

;� 2 On form a proper 
lass of

elements with the ordering whi
h is inverse ordering of ordinals).

The Vop�enka Axiom then states that any 
lass of all graphs quasiordered

by the existen
e of a homomorphism is Class Well Quasi Ordered (and indeed

that the same is true for any �rst-order theory). This is a very surprising

statement whi
h needs some time to digest (espe
ially when one realizes that

we may assume that all the homomorphisms may be assumed inje
tive).

This perhaps should be 
ompared with the notion ofWell Quasi Ordered set

(shortly WQO) whi
h assumes 
onditions i: and ii: for sets x

�

2 X indexed by

natural numbers. WQO is by now a developed bran
h whi
h started with [14℄

and 
ulminated with Robertson - Seymour proje
t solving so 
alled Wagner


onje
ture (whi
h amount s to say that the 
lass of all �nite graphs is WQO

with respe
t to the operation minor), see e.g. [26℄ and with theorems due to

K�r���z whi
h present the strongest WQO results for in�nite graphs [13℄.

The formal analogy of these two 
on
epts (i.e. of ClassWQO and WQO)

does not stop here: For example the 
ondition ii: for WQO is satis�ed in most

\natural" orders and also for ClassWQO in most 
ases (su
h as graphs or

relational systems) the 
ondition i: implies ii:

Yet it is perhaps surprising that ClassWQO seem to be a 
ommon property

of all easily des
ribed stru
tures whi
h are bounded in the sense that the

relations whi
h are involved in their de�nition have all arities bounded by a


onstant (in the 
ase of graphs 2). Note that the 
lass S does not have bounded

arities.

This remarkable Vop�enka's insight was gained during the proje
t (\Prague

S
hool") of embedding of 
ategories and universality properties of graphs and

other \algebrai
" stru
tures in the 60ties, see [24, 5℄ for the des
ription of this

development.

The proof of Theorem 1.2 given in the 
ategory theory 
ontext is 
ompli-


ated and is spread in several papers (see [6, 5, 4℄), see [24℄ for the 
omplete

proof. Even for the �nite 
ase this was until re
ently the only proof available.
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We present here an independent proof of Theorem 1.2 whi
h is based on

the extension properties (of whi
h density is a parti
ular 
ase) of the 
lass S.

We believe that this is a more dire
t and easier proof.

Let us remark that we 
an use and re�ne te
hniques developed in this

paper to provide an alternative proof of the universality of the 
lass of all

�nite graphs. This is going to appear in [19℄.

The paper is organized as follows:

In Se
tion 2 we introdu
e Multi
uts and the 
lass MC and prove the uni-

versality of MC (Theorem 1.1).

In Se
tion 3 we relate Universality to the representation of a parti
ular

order I

op

(of all sets with the reverse in
lusion). This will be used in Se
tion 4

to prove Theorem 1.2 for set stystems. In Se
tion 5 we approa
h the problem

from the point of view of extension properties of the 
lass S and we 
ompletely


hara
terize extension properties related to the two ingredients of ClassWQO:

density and independen
e. In the Se
tion 6 we approa
h the problem from

yet another point of view of large 
ardinals. The problem of embedding of a

parti
ular test partial order 
lass Y into the 
lass of all graphs G leads to large


ardinal �(T ) (whi
h is always non-measurable). We determine the smallest

su
h 
ardinal by using the te
hniques developed in Se
tion 3. The Se
tion 7


ontains some remarks and open problems.

2 Multi
uts

The 
lass of all ordinal numbers will be denoted by On, ordinals will be denoted

as 
ustomary by �; �; : : :. Every ordinal number is a set � = f� : � 2 �g whi
h

is well ordered by the relation 2. The ordering of ordinals will be always

denoted by 2 to avoid the 
onfusion. The more frequent symbol � will be

reserved for other orderings (thus we write 3 2 5 and � 2 !).

Multi
uts will be de�ned as spe
ial sets -pointed sets- of ordinals: A set

fA

�

; � 2 Ig of non-empty sets of ordinals is said to be pointed set if the following

holds:

i: Ea
h of the sets A

�

has the maximal element (denoted by maxA

�

);

ii: For distin
t sets the maxima are distin
t;

iii: If maxA

�

2 A

�

then A

�

\maxA

�

� A

�

.
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A multi
ut C is a a set of non-empty pointed sets.

Remark that the empty set is a multi
ut (however all sets in a multi
ut

are non-empty).

For multi
uts C;C

0

= fA

�

0

; �

0

2 I

0

g we write C � C

0

if for every �

0

2 I

0

there exists � 2 I su
h that A

�

� A

�

0

.

Clearly � is a quasiorder. We denote byMC the 
lass of all multi
uts rep-

resenting ea
h equivalen
e 
lass of � together with the 
orresponding partial

order (denoted again �).

We shall prove that the partial order MC represents any partially ordered


lass (Theorem 1.1). This embedding will also support the name multi
ut.

Advan
ing the proof we introdu
e several de�nitions and remarks.

Let P be a �xed partially ordered 
lass (by the relation denoted �

P

de�ned

(without loss of generality) on the 
lassOn of all ordinals. For our purposes it is

usufull to think that the partial ordered 
lass P is being 
reated 
onse
utively:

We are given poset P

1

(indu
ed on the set 1 = f0g, the poset P

2

(indu
ed by

P on the set 2 = f0; 1g) and so on by the trans�nite indu
tion.

The relation 2 gives the order or the time of 
reation of P . The poset P

�

indu
ed by P on the set f�; � 2 �g is the poset whi
h has been 
reated at time

< �. This applies also to the 
lass On: we think of 2 as the 
reation time of

ordinals.

For an ordinal � we put

�

L

= f�; � �

P

� and �

2

= �g

Thus �

L

is the set of all prede
essors (in P ) of the vertex � whi
h were


reated before � or at the same time as �.

Similarly we put

�

R

= f�; � �

P

� and �

2

= �g

Thus �

R

is the set of all su

essors (in P ) of the vertex � whi
h were


reated before � or at the same time as �.

Observe that, for a given partial order P , any set of sets �

L

is a pointed

set. (However note that for � 2 �

0

we may have �

0

L

\ � 6= �

L

.)

8



Now we 
an prove Theorem 1.1:

Proof.

For every � put

�(�) = f�

L

; � 2 �

R

g

(One 
an 
he
k that �(0) is formed by the single vertex and single set of

size 1 (the loop): �(0) = ff0gg = f1g.)

Let P

�

denotes the restri
tion of the partial order P to the set �. We shall

prove by the trans�nite indu
tion that � is an embedding of P

�

into MC.

Clearly it suÆ
es to 
onsider the non-limit 
ase.

Consider the indu
tion step � + 1. The partial order P

�+1


onsists from

the partial order P

�

and from the vertex �. As � restri
ted to the set P

�

is an

embedding it suÆ
es to 
onsider the relations of � and � for � 2 �. In this

situation we distinguish four 
ases:

i: � <

P

�.

We want to prove �(�) < �(�). Thus let 


L

2 �(�). Then either 
 = �,

in whi
h 
ase 


L

= �

L

and thus 


L

� �

L

2 �(�), or 
 2 �, 
 2 �

R

. In this

later 
ase � <

P


 and then also � <

P


; �; 
 2 �: Applying the indu
tion

hypothesis we get �(�) < �(
). As 


L

belongs to both �(�) and �(
) we get

that for 


L

there exists Æ

L

2 �(�) su
h that Æ

L

� 


L

. Thus �(�) < �(�).

ii: �(�) < �(�).

We want to prove � <

P

�. It is �

L

2 �(�) and thus there exists 


L

2 �(�)

su
h that 


L

� �

L

. Thus 
 <

P

� and � �

P


; 
 2 � (by the de�nition of

�(�)). This then implies � <

P

�.

iii: � <

P

�.

We prove �(�) < �(�). Let 


L

2 �(�) be 
hosen. Then either 
 = � or

� <

P


 and 
 2 �. It follows (by the transitivity of 
reation 2 and <

P

) that

in either 
ase 
 2 � and � <

P


. Thus 
 2 �

R

and 


L

2 �(�) (as 


L

in time

� is the same as 


L

in time �).

iv: �(�) < �(�).

It is �

L

2 �(�), thus there exists 


L

2 �(�) with 


L

� �

L

. This implies


 �

P

� and � �

P


 holds by the 
onstru
tion of �(�). Thus � �

P

�.
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This �nishes the proof.

3 Universality of Stru
tures

The proof of the universality of multi
uts and the easy stru
ture of multi
uts

allows us to prove universality of a wide 
lass of stru
tures. In this se
tion we

approa
h this slightly more generally. However this abstra
t setting will �nd

its (perhaps surprising) justi�
ation in Se
tion 5.

Let P be a partially ordered 
lass ordered by the relation �. By P

op

we

shall denote the partially ordered 
lass with the same verti
es ordered by the

inverse relation �

�1

, i.e. by the relation �.

Let STR be any 
lass of stru
tures partially ordered by �

STR

with sums.

We say that a stru
ture A is 
onne
ted if for any two stru
tures B;C holds:

A �

STR

(B + C) if and only if either A �

STR

B or A �

STR

C.

A mapping � : P ! STR is said to be an embedding if � is inje
tive and

for any two verti
es x; y of P holds:

x �

P

y if and only if �(x) �

STR

�(y)

The 
lass STR is said to be universal if every partially ordered 
lass P is

embeddable to STR.

Denote by I partially ordered 
lass of all subsets of ordinals ordered by

the relation in
lusion �.

I

op

denotes the 
lass of all sets ordered by �=�

�1

.

Observe that neither I nor I

op

is an universal 
lass. However the partial

order I

op

is an important witness for the universality.

Theorem 3.1 Let STR be any 
lass of stru
tures partially ordered by �

STR

.

Let STR

0

denotes the sub
lass of STR of all 
onne
ted stru
tures.

Suppose there is an embedding � : I

op

! STR

0

.

Then STR is an universal poset.

10



Proof. Let � : I

op

! STR

0

be an embedding. Let P be a given partially

ordered 
lass (ordered by �

P

) and let �

0

: P !MC be an embedding. De�ne

then the mapping  : P ! STR as follows.

Given vertex x of P , put expli
itely �

0

(x) = fA

�

; � 2 Ig. As ea
h of the

sets A

�

is a subset of ordinals we 
an de�ne

 (x) =

X

�2I

�(A

�

)

Slightly less formally we 
ould write  = �

0

Æ �: This formula gives us

the hint how to dedu
e that given embeddings �

0

and � the mapping  is an

embedding too. We leave it at that.

In the next se
tion we shall provide an example of an embedding � of I

op

into the 
lass S

0

of all 
onne
ted set systems.

4 Universality of Set Systems

In this part we show that set systems togother with the existen
e of a homo-

morphism represent the partial order I

op

. First we present the 
onstru
tion.

4.1 Constru
tion

We start again by introdu
ing several auxiliar notions and notations.

Our 
onstru
tion will be simple: the buidlings blo
ks will be (large) 
om-

plete graphs with a single edge of higher arity.

The 
omplete graph with the set of verti
es � will be denoted K

�

. (We

may view K

�

as the relation 6= on �.)

The produ
t of a set fG

�

; � 2 Ig of graphs will be denoted by

Q

�2I

G

�

:

this is the graph with verti
es

Q

�2I

V (G

�

) where two verti
es (x

�

; � 2 I) and

(y

�

; � 2 I) form an edge if and only if x

�

and y

�

for an edge for every � 2 I.

This is a a produ
t (in the sense of 
ategory theory) and thus every �-

proje
tion �

�

:

Q

�2I

V (S

�

)! V (S

�

) is a homomorphism

Q

�2I

G

�

�! G

�

.

It follows that the 
hromati
 number (i.e. the minimal number of 
olors

needed to 
olor verti
es so that no edge is mono
hromati
) of

Q

�2I

G

�

is at

11



most the minimal 
hromati
 number of one of the fa
tors G

�

. In the 
ase of


omplete graphs the produ
t

Q

�2I

K

�


ontains K

�

, � = minI, as a subgraph

and thus the 
hromati
 number of

Q

�2I

K

�

is equal to �.

For the produ
t of two graphs G;H we simply write G�H.

Given a graph G = (V;E) we denote by G

0

the set system (V;E

0

) where

E

0

= E [ fV g (i.e. we added one jV j-nary relation 
ontaining only one set;

this should help to understand not to 
onfuse).

The 
riti
al to our proof is the following easy lemma:

Lemma 4.1 Homomorphism Can
elation Lemma

Let fG

�

; � 2 I and G be given graphs. Let for ea
h � 2 I the 
hromati


number of G

�

ex
eeds the 
ardinality of the set of all maps V (

Q

�2I;�<�

G

�

) !

V (G).

Then for ea
h � 2 I there exists a homomorphism (

Q

�2I;�<�

G

�

) ! V (G)

if and only there is a homomorphism (

Q

�2I

G

�

)! G.

Proof. In the non-trivial dire
tion assume that f : (

Q

�2I

G

�

) ! G. Think

of this homomorphism as f : B � C ! A where we put B =

Q

�2I;�<�

G

�

and

C =

Q

�2I;���

G

�

. For every y 2 V (C) 
onsider the �bre map f

y

: V (B)! V (A)

(de�ned by f

y

(x) = f(x; y)). By the 
ardinality assumption on the 
hromati


number of C there exists an edgeM 2 E(C) su
h that all the mappings f

y

; y 2

M 
oin
ide. Put f

0

= f

y

for all y 2 M . However then f

0

is a homomorphism

B ! A (for if f

0

(fx; x

0

g) =2 E(A) then for every edge fy; y

0

g 2 E(B) we have

also f(f(x; y); (x

0

; y

0

)g =2 E(A). This is a 
ontradi
tion).

De�ne the fun
tion f : On ! Card (Card is the 
lass of all 
ardinals) as

follows:

f(0) = 3, f(�) = (�)

+

, where � is the 
ardinality of the set of all mappings

Q

�2�

f(�)!

Q

�2�

f(�)

Given these preparations we 
an de�ne the mapping � : I

op

�! S by the

following simple formula:

�(A) = (

Y

�2A

K

f(�)

)

0

(where A is a set of ordinals).

12



We prove that the mapping � is an embedding I

op

�! S.

4.2 Proof of Theorem 1.2

We know that the partial orderMC of all multi
uts is universal. As all the sets

whi
h o

ur in these multi
uts are pointed (i.e. they have maximal elements

with di�erent sets having didstin
t maximal elements, see Se
tion 3). Thus to

prove the universality of S it suÆ
es (by the proof of Theorem 3.1) to �nd an

embedding of the sub
lass of I

op

generated by all pointed sets of ordinals.

Clearly ea
h of the systems �(A) is 
onne
ted. Also if A � B then there

is a homomorphism (

Q

�2A

K

f(�)

) �! (

Q

�2B

K

f(�)

) given by the proje
tion.

This proje
tion is an onto map whi
h means that it is also a homomorphism

(

Q

�2A

K

f(�)

)

0

�! (

Q

�2B

K

f(�)

)

0

.

Conversely, let A;B be pointed sets su
h that there exists a homomorphism

f : (

Q

�2A

K

f(�)

)

0

�! (

Q

�2B

K

f(�)

)

0

.

Put a = maxA; b = maxB. Then obviously a � b as f is an onto map (this

is the only, but 
ru
ial step, where unbounded edges are used; see remarks

bellow).

If a = b then A = B as A and B are poinetd sets.

Thus assume that a > b. Put I

0

= f�; � 2 I; � � bg , I

00

= I � I

0

.

We 
an use the Homomorphism Can
elation Lemma for the following

graphs:

Q

�2I

0

K

�

and

Q

�2I

00

K

�

and we obtain that there is a homomorphism

Y

�2A

K

�

�!

Y

�2B

K

f(�)

if and only if there exists a homomorphism

Y

�2I

0

K

�

�!

Y

�2B

K

f(�)

.

It follows that maxI

0

exists and that maxI

0

= b (this we get by the 
ardi-

nality argument as above for a < b).

13



This means that b 2 A and thus also B � A again by the pointed property

of sets A;B.

This �nishes the proof of Theorem 1.2.

Parti
ularly we 
an represent any linearly ordered set or 
lass by set sys-

tems. The same is true also for anti
hains (i.e. independent sets and 
lasses).

In these spe
ial 
ases mu
h more is true and this is beeng diss
ussed in the

next se
tion.

5 Set Systems Are Everywhere Dense

Let A;B be systems satisfying A < B (i.e. we are assuming A! B 6! A). If

there is no system C satisfying A < C < B then we say that the pair (A;B)

is a gap.

We shall prove the following :

Theorem 5.1 The 
lass S does not 
ontain any gap.

Expli
itely, given any two systems A;B, A < B there exists a system C

su
h that A < C < B.

Theorem 5.1 
ould be 
alledGap Theorem, and as there are no gaps perhaps

a proper name is Density Theorem, 
ompare [21℄.

Proof. Let (A;B) be a pair of systems satisfying A < B.

We shall 
onstru
t the system C satisfying A < C < B in the following

form C = A + (B � D) where + denotes the disjoint union and the produ
t

B �D is de�ned as follows: V (B � V (B)� V (D) and

E(B � A) = fM ; �

A

(M) 2 E(B) and �

B

(M) 2 E(B)g

Obviously A � C � B for any 
hoi
e of D. The stri
t inequalities will

follow after we spe
ify the system D.

Let D be any system of �-sets (i.e. ea
h edge of D is assumed to have


ardinality �) where � is bigger than the 
ardinality of the set V (B) and with


hromati
 number larger than the 
ardinality of the set of all fun
tions from

the set V (B) to the set V (A). D is easy to �nd: any uniform system of all

subsets of 
ardinality � of a suÆ
iently large set will do.

14



Note that B 
ontains an edge and thus also C 
ontains an edge. We prove

that the set system C has the desired properties.

Claim 1. B 6! C

To see this observe that if M is an edge of B with smallest 
ardinality

then C has no edge of the same or smaller 
ardinality and thus there is no

homomorphism B ! C. (This is valid even if B is a loop.)

Claim 2. C 6! A

Assume the 
ontrary: Let f : C ! A be a homomorphism. Thus f :

V (B) � V (D) ! V (A). For every y 2 V (D) 
onsider the �bre map f

y

:

V (B)! V (A) (de�ned by f

y

(x) = f(x; y)). By the 
ardinality assumption on

the 
hromati
 number of D there exists an edge M 2 E(D) su
h that all the

mappings f

y

; y 2 M; 
oin
ide. Put f

0

= f

y

for all y 2 M . However then f

0

is

a homomorphism B ! A (for if f

0

(N) =2 E(A) then also f(N �M) =2 E(A)

whi
h is a 
ontradi
tion).

In fa
t the 
lass S does not have any non-trivial 
uts. This is formalize by

the following:

Corollary 5.1 Let fS

�

; � 2 Ig and fS

�

;� 2 Jg be two sets of set systems.

Then the following two statements are equivalent:

i: There exists a system S su
h that S < S

�

for every � 2 J and S

�

< S

for every � 2 I.

ii: For every � 2 I; � 2 J holds S

�

< S

�

and

Q

�2J

S

�

6!

P

�2I

S

�

.

Proof. In the non-trivial dire
tion put A =

P

�2I

S

�

and B =

Q

�2J

S

�

and

apply Theorem 5.1.

This gives us the possibility to represent every 
hain (On

op

in parti
ular)

greedily on line.

However note that the general extension properties of S are very 
ompli-


ated already in the 
ase of graphs, see [19℄. Some parti
ular 
ases 
an be

solved. Here is another example whi
h is related to the se
tion 6:

A set of systems fS

�

; � 2 Ig is said to be independent if S

�

6� S

�

whenever

� 6= � 2 I. We are interested in the following parti
ular extension property

(
ompare [16, 19℄:
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Given an independent set of systems fS

�

; � 2 Ig does there exists a system

S su
h that S together with fS

�

; � 2 Ig is an independent system? For systems

this is almost always the 
ase as shown by the following Independen
e Theorem:

Theorem 5.2 For an independent set system fS

�

; � 2 Ig the following two

statements are equivalent:

i: There exists a system S su
h that S together with fS

�

; � 2 Ig is an

independent system.

ii: The set fS

�

; � 2 Ig does not 
onsists from either the singleton (f1g;�)

or from a loop (f1g; ff1gg) only.

Proof.

The singleton is the minimal element of S and the loop is the maximal

element of S. Furthemore if an independent set 
ontains singleton (loop,

respe
tively) then it does not 
ontain other systems. Thus i. implies ii.

Now assume ii. and let D (as above) be a system with ea
h of its edges

of 
ardinality greater than any edge of any S

�

; � 2 I su
h that the 
hromati


number of D ex
eeds the 
hromati
 number of any S

�

; � 2 I. Then S 6! S

�

by

the 
hromati
 number and S

�

6! S by the size of edges in S

�

and in S.

Remark.

This easy situation in Theorem 5.2 with a more 
ompli
ated situation for

�nite undire
ted graphs and with an unsolved problem for relations: There

are arbitrary large independent sets of relations whi
h 
annot be extended to

any larger set. The 
hara
terization of su
h sets is an open problem.

The 
hains and independent sets will play a 
ru
ial role in the next se
tion.

6 Graphs and Large Cardinals

All the above results were related to stru
tures of unbounded arities su
h as

S and MC. For the �rst order theories the 
orresponding questions are in-

terested from model-theoreti
 and set-theory point of view and they attra
ted


onsiderable attention in the past. We think that the above results put this

are in a yet di�erent perspe
tive.
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We shall deal only with graphs, however same results 
an be obtained for

other relational stru
tures, see [12℄. Denote by G the partial order of all graphs

with the existen
e of homomorphism.

Clearly G is a partial order of S indu
ed by all graphs.

Let T be a partial order on a given 
lass and 
onsider the following state-

ment -\prin
iple":

P(T ) : T 
annot be represented by the partial order G

Clearly, for T = (On;=) (i.e. for the proper 
lass D of independent el-

ements) the statement P(D) is just the Vop�enka prin
iple VP introdu
ed in

the Introdu
tion.

Another example is the Semiweak Vop�enka's Prin
iple SWVP whi
h is

introdu
ed by Ad�amek and Rosi
k�y in [1℄. Semiweak Vop�enka's Prin
iple is

equivalent to the prin
iple P(On

op

).

(The de�nition given in [1℄ is the �rst de�nition where Vop�enka's Prin
iple

is related to a partial order, rather than a 
ategory.)

Now for any partial order T (T for test-partial order) we 
an 
onsider the

statement P(T ) as a prin
iple of set theory.

This arbitrariness has 
ertain pri
e: many of these prin
iples are simply not

true as one 
an represent the 
orresponding partial order T by graphs. These

in
lude for example the 
ase when T is a partially ordered set (as any small


ategory is representable by graphs via Cayley-type representation). Another

su
h example is On with 2 whi
h 
an be represented , say, by 
omplete graphs.

There are other partially ordered 
lasses T whi
h 
an be represented by

graphs and thus for whi
h one 
an prove :P(T ) (these in
lude e.g. partial

order with a set-dimension, or partial orders of bounded height not 
ontaining

D; some of these 
ases are non-trivial and will appear elsewhere.)

Clearly if a partial order T 
ontains T

0

(as indu
ed suborder) then P(T )

implies P(T

0

).

However the 
ontainment is not the only reason for the redu
ibility. For

example one 
an see easily that P(D) = VP implies P(On

op

).

However the 
hara
terization of those partial orders T for whi
h it is rela-

tively 
onsistent to assume that P(T ) holds is an open problem.

17



This question 
annot be formalized in ZFC and we 
an regard it only as a

s
heme. Yet it may have an easy solution su
h as \P(T ) is relatively 
onsistent

if and only if T 
ontains either On

op

or D".

These questions are related to large 
ardinals. For ea
h partial order T

denote by �(P(T )) = �(T ) the smallest 
ardinal to whi
h the prin
iple P(T )

re
e
ts. (If P(T ) is not true we put �(T ) = �(0 = 1) = a symbol larger than

any ordinal, see [12℄,p. 471.)

It is known that all the 
ardinals �(T ) are large:

For any T the 
ardinal �(T ) is greater than any measurable 
ardinal. This

is a result of Ku�
era and Pultr [15℄, see e.g. [24, 12℄.

It is not 
lear whether every 
ardinal �(T ) is bounded by Vop�enka 
ardinal

�(VP).

However our Theorem 3.1 has a dire
t (perhaps surprising) bearing here:

Corollary 6.1 �(I

op

) is the smallest of all ordinals �(T ).

Proof. It suÆ
es to prove the impli
ation :P(I

op

) implies :P(T ).

To assume :P(I

op

) amounts to saying that there exists an embedding �

of I

op

to G.

What we have to prove that this embedding 
an be modi�ed to an embed-

ding �

0

whi
h is an embedding of I

op

to G

0

where G

0

is the 
lass of all 
onne
ted

graphs.

However one 
an �nd an embedding �

0

of G to G

0

(see e.g. [24℄; su
h an

embedding is easy to �nd by 
ontrolling the 
y
le stru
ture of graphs; we

ommit details here).

The desired embedding is then obtained as the 
omposition of embeddings

�

0

and �.

7 Con
luding Remarks and Open Problems

1: In the above proof we used edges of large sizes. That was ne
essary as for

systems with edges of bounded arities there is not an analogous result. We

have seen that in fa
t it is relatively 
onsistent to assume that there is not

su
h a representation.
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However for �nite sets we know by Theoremone that MC

!

, i.e. the 
lass

of all �nite multi
uts, is 
ountable universal partial order and that the poset

S

!

of all �nite set systems is universal 
ountable poset.

This follows from our proof.

2: The density theorem 5.1 has dire
t bearing to problems diss
ussed in

Se
tion 5. Corollary 5.2 may be reformulated by saying that in the partial order

S the only gaps between sets of set-systems are indu
ed by limits (universal


onstru
tions)

P

and

Q

. This implies embedding of On

op

into S.

Now it is relatively 
onsistent to assume that G does not 
ontain On

op

and

thus the 
lass of all graphs G should 
ontain mu
h more gaps. But where are

the gaps?

The density theorem for pairs, i.e. the analogy of Theorem 5.1 holds for

undire
ted graphs aswell, see [19℄. One 
an also prove that for �nite families

of graphs there are no other gaps than

P

and

Q

(i.e. the analogy of Theorem

5.1). Thus there has to be mu
h more set-gaps for 
lasses of in�nite graphs.

This in turn indi
ates that the produ
ts of in�nite graphs produ
e these gaps.

Their des
ription is an open problem.

3: Is it possible to represent MC

!

by �nite oriented trees, or even paths?

(This problem is mentioned already in [23℄.)

4: We 
an strengthen the above result Theorem ?? to give a short proof of

the following of result of Hedrl��n and Pultr see [24℄:

Theorem 7.1 Every partially ordered 
lass 
an be represented by the 
ategory

of set systems and all their homomorphisms.

Expli
itely: For every partially ordered 
lass (X ;�

X

) there exists an inje
-

tive mapping � : X ! S with the following property:

A�

X

B if and only if �(A) � �(B).

Moreover if �(A) � �(B) then there is unique homomorphism �(A) !

�(B).

This is more te
hni
al and it is going to appear elsewhere. There are

two essential features to this strengthening: the Homomorphism Can
elation

Lemma may be strengthened to the uni
ity of proje
tions and one every set

one 
an 
onstru
t a rigid graph, see [29℄, and [18℄ for a re
ent simple proof.

5: The independen
e problem for graphs depends on set theoreti
al as-
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sumptions (see Se
tion 6). However for �nite undire
ted graphs one has a ni
e


hara
terization theorem.

For oriented graphs the situation is again 
ompli
ated both in the �nite and

in�nite 
ase. This follows from [22℄ and is related to so 
alled homomorphism

dualites, e.g. [20, 7℄,[22℄

6: For �nite relations and undire
ted graphs one 
an prove the universality

of the 
ountable poset of all �nite graphs and existen
e of homomorphism. This

was a motivation of this paper, see [19℄. In a sense this is a more 
ompli
ated

situation as already Density Theorem 5.1 for graphs is a more 
ompli
ated

result than for systems. However the short proof of density of undire
ted

graphs ,[16℄, lies in the heart of the present proof, 
ompare [16, 21℄.
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