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Abstra
t

A set of graphs is said to be independent if there is no homomor-

phism between distin
t graphs from the set. We 
onsider the existen
e

problems related to the independent sets of 
ountable graphs. While

the maximal size of an independent set of 
ountable graphs is 2

!

the On

Line problem of extending a given independent set to a larger indepen-

dent set is mu
h harder. We prove that singletons are extendandable

(\partnership theorem"). While this is the best possible in general, we

give stru
tural 
onditions whi
h guarantee independent extensions.

This is related to universal graphs, rigid graphs (where we solve a

problem posed in [18℄) and to the density problem for 
ountable graphs.

1 Introdu
tion and Statement of Results

Given graphs G = (V;E); G

0

= (V

0

; E

0

) a homomorphism is any mapping

V ! V

0

whi
h preserves all the edges of G:

fx; yg 2 E =) ff(x); f(y)g 2 E

0

This is brie
y denoted by f : G! G

0

. The existen
e of a homomorphism

we indi
ate by G ! G

0

whi
h is also denoted by G � G

0

. � is obviously a

quasiorder.

� is a very ri
h quasiorder whi
h have been studied in several 
ontext, see

[15℄ for a survey of this area. For example it has been shown (and this also

not diÆ
ult to see) that any poset may be represented by �; see [21, 13℄ for

less easy results in this area. A parti
ular 
ase is an independent set of graphs

whi
h is 
an be de�ned as an indepentent set (or anti
hain) in this quasiorder.

Here we are interested in a seemingly easy question:

Independen
e Problem (shortly IP):

Given a set fG

�

; � 2 Ig of graphs does there exist a graph G su
h that

fG

�

; � 2 Ig together with G form an independent set of graphs.

This problem has been solved for �nite sets of (�nite or in�nite) graphs

in [12, 13℄. The general 
ase is mu
h harder and it is relative 
onsistent to

assume the negative solution (this is related to Vop�enka Axiom, see [9, 13℄).

written.
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In this paper we diss
uss IP for 
ountable graphs.

We prove the following:

Theorem 1.1 For every 
ountable graph G the following two statements are

equivalent:

i: there exists a 
ountable graph G

0

su
h that G and G

0

are independent.

ii: G is not bipartite and it does not 
ontain an in�nite 
omplete subgraph.

The both 
onditions given in ii: are 
learly ne
essary. The non-

bipartiteness 
omes from the general (
ardinality unrestri
ted) independen
e

problem as the only �nite ex
eption and the absen
e of an in�nite 
lique is

due to the 
ardinality restri
tion.

This modestly looking result (whi
h we 
ould 
all Partnership Theorem:


ountable graphs without K

!

have independent partners) has a number of


onsequen
es and leads to several interesting problems. First, we want to

mention that the above result (and the IP) is related to universal graphs.

Let K be a 
lass of graphs. We say that a graph U 2 K is hom-universal

(with respe
t to K) if G � U for every G 2 K, [18℄.

Note that a graph U may be hom-universal with respe
t to a 
lass K

without beeing universal (in the usual sense meaning that any graph from K

is a subgraph of U ; see [8, 7, 22, ?, ?℄ for an extensive literature about universal

graphs).

Let GRA

!

denotes the 
lass of all 
ountable non-bipartite graphs without

an in�nite 
omplete subgraph (whi
h is denoted by K

!

). It is well known that

the 
lass GRA

!

does not have a universal graph. The same proof a
tually

gives that GRA

!

has no hom-universal graph. (Here is a simple proof whi
h

we sket
h for the 
ompleteness: Suppose that U is hom-universal for GRA

!

.

Denote by U � x the graph whi
h we obtain from U by addition of a new

vertex x joined to all the verti
es of U . Then there exists f : U � x ! U .

De�ne the verti
es x

0

; x

1

; : : : by indu
tion: x

0

= x; x

i+1

= f(x

i

) It is easy to

see that all these verti
es form a 
omplete graph in U .)

Theorem 1.1 is a strenghtening of the non-hom-universality of GRA

!

. In

fa
t Theorem 1.1 is best possible in the following sense:

Corollary 1.1 For a positive integer t the following two statements are equiv-

alent:
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i: For every �nite set fG

0

; : : : ; G

t

g of graphs from GRA

!

there exists a

graph G 2 GRA

!

su
h that all pairs G and G

i

(i = 0; : : : ; t) are independent.

ii: t = 1.

Proof. There are many examples proving i: ) ii:. For example 
onsider

the 
omplete graph K

n

and let U

n

be the universal 
ountable K

n

-free graph.

Then the set fK

n

; U

n

g 
annot be extended to a larger independent set as every

graph G either 
ontains K

n

or is homomorphi
 to U

n

.

An example for t > 2 
onsists from an independent set of �nite graphs

G

0

; : : : ; G

t�1

and an universal 
ountable graph, U 6� G

i

; i = 0; : : : ; t� 1 whi
h

is universal for all graphs G satisfying G 6� G

i

; i = 0; : : : ; t� 1. Su
h universal

graph exists by [14℄. (Note also that an analogous result does not hold for

in�nite sets. To see this let G

i

= C

2i+3

be the set of all 
y
les of odd length.

Then there is no G whi
h is independent of all graphs G

i

.)

Theorem 1.1 is in the �nite (or 
ardinality unrestri
ted) 
ase also known as

(Sparse) In
omparability Lemma [18, ?, 15℄. We 
an formulate this as follows:

Theorem 1.2 For any 
hoi
e of graphs G;H, G non-bipartite, satisfying G <

H; H 6� G there exists a graph G

0

su
h that G

0

< H; H 6� G

0

and su
h that G

and G

0

are independent.

If G has a �nite 
hromati
 number then G

0

may be 
hosen �nite.

(The last part of Theorem 1.2 may be seen as follows (sket
h): If �(G) = k

then take G

00

with �(G

00

) > k and without 
y
les � l su
h that G 
ontains an

odd 
y
le of length � l. Then G and G

00

are independent. If �(G

0

) is large

then also graphs G and G

00

�H are independent, see [12℄.)

We do not know whether Theorem 1.2 holds if all the graphs are supposed

to be 
ountable. Partial results are in
luded in Se
tion 5.

Another related 
on
ept is the notion of a rigid graph: A graph G is said

to be rigid if its only homomorphism G ! G is the identi
al mapping. We

shall prove the following:

Theorem 1.3 For any 
ountable graph G not 
ontaining K

!

there exists a


ountable rigid graph G

0


ontaining G as an indu
ed subgraph.
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The history of this result goes to [3℄ (the �nite 
ase), to [4℄ (the 
ardinality

unrestri
ted 
ase), and to [18℄ (the optimal 
hromati
 number). Theorem 1.3

solves an open problem proposed in [18℄.

Finally, let us mention that Theorem 1.1 is related to the 
on
ept of density.

Given a 
lass K of graphs and two graphs G

1

; G

2

2 K, G

1

< G

2

, we say that

the pair (G

1

; G

2

) is a gap in K if there is no G 2 K satisfying G

1

< G < G

2

.

The density problem for 
lass K is the problem to 
hara
terize all gaps in K.

(If there are a \few" gaps then we have a tenden
y to say that 
lass K is dense;

see [19, 12, 13℄.)

Our theorem has the following 
orollary:

Corollary 1.2 Any pair (G;K

!

) fails to be a gap in the 
lass of all 
ountable

graphs.

Proof. Let G < K

!

, G 2 GRA

!

, be given. A

ording to Theorem 1.1 there

exists G

0

2 GRA

!

su
h that G

0

6! G. Then we have G < G+G

0

< K

!

.

Note that we used the easier part of Theorem 1.1. This is beeing diss
ussed

below and some parti
ular positive examples of the density of the 
lass GRA

!

are stated. However the 
hara
terization of all gaps for the 
lassGRA

!

remains

an open problem. In the 
lass GRA

!

there are in�nitely many gaps. This is in

a sharp 
ontarst with �nite graphs where the trivial gap (K

1

; K

2

) is the only

gap, 
ompare [19℄.

The paper is organized as follows: In Se
tion 2 we give some no-

homomorphism 
onditions whi
h will aid us in Se
tion 3 in Proof of Theorem

1.1. In Se
tion 4 we de�ne high and low graphs and show their relationship

to the independen
e problem. In Se
tion 5 we prove Theorem 1.3. In Se
tion

6 we give stru
tural 
onditions whi
h allow us to prove that 
ertain graphs

are high and thus generalize Theorems 1.1 and 1.3 to other graphs H than

K

!

. We also modify the proof of Theorem 1.1 to this setting. This yields a

more dire
t proof and allows us (at least in prin
iple) to hunt for partners. We

�nd 
lasses of graphs where independent extension property holds. Se
tion 7


ontains some remarks and problems.
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2 Ne
essary 
onditions for the existen
e of a

homomorphism

Given two graphs G

1

; G

2

it is usually not easy to prove that G

1

6! G

2

. We

shall use the following two basi
 fa
ts:

Suppose G

1

! G

2

. Then

i: If G

1


ontains an odd 
y
le of length < l then also G

2


ontains an odd


y
le of length < l.

ii: �(G

1

) � �(G

2

) (where � denotes the 
hromati
 number).

To this well known list (whi
h 
annot be mu
h more expanded even in

the �nite 
ase) we add the rank fun
tion whi
h we are going to introdu
e as

follows:

Let G = (V;E) be a graph. By K

n

we denote the 
omplete graph on n =

f0; 1; : : : ; n � 1g. Consider the set h(K

n

; G) of all homomorphisms K

n

! G

and denote by T

G

the union of all the sets h(K

n

; G); n = 1; 2; : : :. We think of

T

G

as a (relational) tree ordered by the relation f � g.

It is 
lear and well known that

i: T

G

is a relational tree;

ii: T

G

has no in�nite bran
hes.

iii: We 
an de�ne ordinal rk(T

G

) < !

1

the ordinal rank fun
tion of T

G

.

(For a tree T without in�nite bran
hes is rk(T ) de�ned as supfrk(T

�

)g over

all bran
hes of T at the root.) Put rk(G) = rk(T

G

). We have the following

(perhaps folkloristi
):

Lemma 2.1 If G

1

� G

2

then rk(G

1

) � rk(G

2

).

Proof. Let f : G

1

! G

2

be a homomorphism. Then for every n we have a

natural mapping h(f) : h(K

n

; G

1

) ! h(K

n

; G

2

) de�ned by h(f)(g) = f Æ g.

h(f) is a level preserving mapping T

G

1

! T

G

2

and thus rk(G

1

) � rk(G

2

).

For every ordinal � < !

1

and graph G on ! 
onsider the following undi-

re
ted graph K

<�>

!

:

the verti
es of K

<�>

!

: all de
reasing sequen
es of ordinals < �; the edges
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of K

<�>

!

: all pairs f�; �g satisfying � � �, by this symbol we mean the 
on-

tainment of sequen
es � and � (as initial segments).

One 
an say that K

<�>

!

is a tree of 
liques with the total height �.

The following holds for any � < !

1

:

i: K

<�>

!

2 GRA

!

;

ii: rk(K

<�>

!

) = �.

iii: K

<rk(G)+1>

!

6! G.

(This gives yet another proof that there is no 
ountable hom-universal

K

!

-free graph.)

Put G

0

= K

<rk(G)+1>

!

and let us look at the statement of Theorem 1.1. We

have G

0

6! G and thus if also G 6! G

0

then we are done. So we 
an assume the

following situation: G! G

0

and G

0

6! G. Now if G

1

is any graph satisfying

G

1

6! G

0

then ne
essarily G

1

6! G (as otherwise G

1

! G ! G

0

) and thus

by the same token we 
an assume G! G

1

. This strategy of the proof will be

followed in the next se
tion.

3 Proof of Theorem 1.1

We pro
eede by 
ontradi
tion: Let G 2 GRA

!

be a graph for whi
h Theorem

1.1 does not hold. By Theorem 1.2 the 
hromati
 number of G is in�nite.

We shall 
onstru
t graphs G

0

; G

1

; G

2

; G

�

su
h that G

j

6! G

i

for (j; i) 2

f(1; 0); (2; 1); (�; 1)g and thus also G

i

! G for all i = 0; 1; 2; �. However for

some � we prove G

�

! G and this will lead to a 
ontradi
tion.

The graph G

0

= K

<rk(G)+1>

!

was 
onstru
ted in the previous se
tion.

De�nition of G

1

:

The verti
es of G

1

: ! � 2. The edges of G

1

: all pairs of the form

f(n; i); (m; i)g where b

p

n
 = b

p

m
, i = 0; 1 and of the form f(n; 0); (m; 1)g

where n < m.

Thus G

1

is a \half graph" where the verti
es are \blown up" by 
omplete

graphs of in
reasing sizes.

Claim 1: G

1

6! G

0

7



Proof. (of Claim 1)

Assume 
ontrary: Let f : G

1

! G

0

be a homomorphism. As f restri
ted

to ea
h of the 
omplete graphs in ea
h of the sets !�f0g; !�f1g is monotone

we 
an �nd an in�nite set X � ! su
h that the mapping f restri
ted to the set

X � f0g is inje
tive. The set Y = ff(x); x 2 Xg is the in�nite set in the tree

T

�

0

; �

0

= rk(G) whi
h de�nes the graph G

0

and thus by either K�onig Lemma

or Ramsey Theorem the set Y either 
ontains a 
hain (i.e. a 
omplete graph

in G

0

) whi
h is impossible, or Y 
ontains an independent set in T

�

0

and thus

also in G

0

.

So Y are the verti
es of a star in T

�

0

with 
entre y. y is in fa
t a fun
tion

y : K

n

! G. Choose n

?

2 ! su
h that the set X \ (n

?

�f0g) has at least n+1

elements.

Now the fun
tion f restri
ted to the set fn

2

?

; n

2

?

+1; : : : ; n

2

?

+n

?

+1g� f1g

is inje
tive and if (i; 1) is any vertex of this set then f(i; 1) is 
onne
ted to all

verti
es f(m; 0) for m 2 X \ [0; n

?

℄. This implies that f(m; 0) � y for every

m 2 X \ [0; n

?

℄. But this is a 
ontradi
tion.

Constru
tion of G

2

:

The verti
es of V (G

2

) = A

0

[ A

1

[ A

2

where A

0

= frg, and A

1

and A

2

are in�nite sets (all three mutually disjoint). The set A

1

is disjoint union of

�nite 
omplete graphs denoted by K

1

i

(isomorphi
 to K

i

), i 2 !. The set

A

2

is disjoint union of �nite 
omplete graphs denoted by K

2

x;j

(isomorphi
 to

K

j

), j 2 !. The edges of G

2

are the edges of all indi
ated 
omplete graphs

together with all edges of the form fr; xg; x 2 A

1

and all pairs of the form

fx; yg; x 2 A

1

; y 2 [

j2!

V (K

1

x;j

).

So the graph G

2

is a tree of depth 2 with in�nite bran
hing with all its

verti
es \blown up" by 
omplete graphs of in
reasing sizes.

Claim 2: G

2

6! G

1

Proof.

The proof is easy using the main property of the half graph: all the verti
es

of one of its \parts" (i.e. of the set ! � f1g ) have �nite degree.

Assume to the 
ontrary that f : G

2

! G

1

is a homomorphism (for G

1

we

preserve all the above notation). We shall 
onsider two 
ases a

ording to the

value of f(r).

Case 1. f(r) = (n; 1) for some n 2 !.

8



But then the subgraph of G

1

indu
ed by the neighborhood N(n; 1) of the

vertex (n; 1) has a �nite 
hromati
 number (as (n; 1) has �nite deghree in

G

1

) whereas the neighborhood of r in the graph G

2

has the in�nite 
hromati


number (as this neighborhood is the disjoint union of 
omplete graphs K

1

i

; i 2

!).

Case 2. f(r) = (n; 0) for some n 2 !.

By the same argument as in the Case 1 we see that not all verti
es f(x); x 2

A

1


an be mapped to the verti
es of the set ! � f0g (as by the 
onne
tivity

of the subgraph of G

2

formed by A

0

[ A

1

this graph would be mapped to a

�nite 
omplete graph of size b�

p

n
). Thus let f(x

1

) = (m; 1) for an x 2 A

1

.

But then the neighborhood N(m; 1) of (m; 1) in the graph G

2

has a �nite


hromati
 number whereas x

1

has in�nite 
hromati
 number (in G

1

).

Thus we see that G

2

6! G

1

and 
onsequently G! G

2

.

Constru
tion of G

2

:

The verti
es of V (G

2

) = A

0

[ A

1

[ A

2

where A

0

= frg, and A

1

and A

2

are in�nite sets (all three mutually disjoint). The set A

1

is disjoint union of

�nite 
omplete graphs denoted by K

1

i

(isomorphi
 to K

i

), i 2 !. The set

A

2

is disjoint union of �nite 
omplete graphs denoted by K

2

x;j

(isomorphi
 to

K

j

), j 2 !. The edges of G

2

are the edges of all indi
ated 
omplete graphs

together with all edges of the form fr; xg; x 2 A

1

and all pairs of the form

fx; yg; x 2 A

1

; y 2 [

j2!

V (K

1

v;j

).

So the graph G

2

is a tree of depth 2 with in�nite bran
hing with all its

verti
es \blown up" by 
omplete graphs of in
reasing sizes.

Claim 3: G

2

6! G

1

Proof.

The proof is easy using the main property of the half graph: all the verti
es

of one of its \parts" (i.e. of the set ! � f1g have �nite degree.

Assume to the 
ontrary that f : G

2

! G

1

is a homomorphism (for G

1

we

preserve all the above notation). We shall 
onsider two 
ases a

ording to the

value of f(r).

Case 1. f(r) = (n; 1) for some n 2 !.

But then the subgraph of G

1

indu
ed by the neighborhood N(n; 1) of the

vertex (n; 1) has a �nite 
hromati
 number (as (n; 1) has �nite deghree in

G

1

) whereas the neighborhood of r in the graph G

2

has the in�nite 
hromati
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number (as this neighborhood is the disjoint union of 
omplete graphs K

1

i

; i 2

!).

Case 2. f(r) = (n; 0) for some n 2 !.

By the same argument as in the Case 1 we see that not all verti
es f(x); x 2

A

1


an be mapped to the verti
es of the set ! � f0g (as by the 
onne
tivity

of the subgraph of G

2

formed by A

0

[ A

1

this graph would be mapped to a

�nite 
omplete graph of size b�

p

n
). Thus let f(x

1

) = (m; 1) for an x 2 A

1

.

But then the neighborhood N(m; 1) of (m; 1) in the graph G

2

has a �nite


hromati
 number whereas x

1

has in�nite 
hromati
 number (in G

1

).

Thus we see that G

2

6! G

1

and 
onsequently G ! G

2

. The last example

whi
h we shall 
onstru
t will be a family of graphs G

�

. This has to be treated

in a more general framework and we do it in a separate subse
tion.

3.1 Tree like graphs

We 
onsider the following generalization of the above 
onstru
tion of G

2

:

Let G be an in�nite set of �nite graphs of the form G

j;i

whi
h satis�es:

i: �(G

j;i

) � i;

ii: G

j;i

do not 
ontain odd 
y
les of length � j.

iii: All the graphs are vertex disjoint.

Let T = (V;E) be a graph tree (i.e. we 
onsider just the su

essor relation)

de�ned as follows: V = A

0

[A

1

[A

2

where A

0

= frg, A

1

= ! and A

2

= !�!.

The edges of T are all edges of the form f(r; i)g; i 2 ! and all pairs of the form

fi; (i; j)g; i; j 2 !.

Let � : V ! ! � ! be any fun
tion.

De�ne the graph G

�

as follows: The set of verti
es of G

�

is the union of

all graphs G

�(x)

; x 2 V . The edges of G

�

are edges of all graphs G

�(x)

; x 2 !

together with all edges of the form fa; bg where a 2 G

�(x)

, b 2 G

�(y)

and

fx; yg 2 E.

Then we have analogously as in the Claim 2:

Claim 4: Let � : V ! ! be any fun
tion whi
h is unbounded on ! and

ea
h of the sets fig � !, i 2 !. Then G

�

6� G

1

.

10



Now, 
onsider the graph G again. As �(G) is in�nite denote by K the

minimal number of verti
es of of a subgraph G

0

of G with 
hromati
 number

5 (by 
ompa
tness it is K 2 !). Let � : V ! ! be any fun
tion whi
h is

unbounded on ! and ea
h of the sets fig � !, i 2 ! and moreover whi
h

satis�es �(i) � K for every i 2 !.

It is G

�

� G

1

by Claim 3. Thus G � G

�

. In this situation we prove the

following (and this will 
on
lude the proof of Theorem 1.1.

Claim 5: G 6� G

�

.

Proof. Assume 
ontrary: let f : G! G

�

. Then the verti
es of the subgraph

G

0

are mapped into a set [

i2I

G

�(i)

where I is a �nite subset of V . Denote

by G

00

the image of G

0

in G. Due to the tree stru
ture of G

�

we have that

�(G

00

) � 2max

i2I

�(G

00

\G

�(i)

).

It is �(i) � K and thus all graphs G

00

\ G

�(i)

are bipartite. This implies

�(G

00

\G

�(i)

) � 2 and �nally we get �(G

0

) � �(G

00

) � 4, a 
ontradi
tion.

4 Independent Families

In a 
ertain sense Theorem 1.1 
aptures the diÆ
ulty of independent extension

property. The pair K

3

; U

3

(see Proof following Theorem 1.1 in the Se
tion 1)


annot be extended to a large independent set be
ause U

3

is a ri
h graph.

This 
an be made pre
ise. Towards this end we �rst modify the ordinal rank

fun
tion for graphs below a given graph H. We return to these results in

Se
tion 6.

Let G;H be in�nite graphs. Assume that the verti
es of H are ordered in

a sequen
e of type !. We 
an thus assume that H is a graph on !. Denote by

H

n

the subgraph of H indu
ed on the set f0; 1; : : : ; n� 1g.

Consider the set h(H

n

; G) of all homomorphisms H

n

! G and denote by

T

G

H

the union of all the sets h(H

n

; G); n = 1; 2; : : :. We think of T

G

H

as a

(relational) tree ordered by the relation f � g. T

G

H

is 
alled H-valued tree of

G (with respe
t of a given !-ordering of H).

It is 
lear that

i: T

G

H

is a (relational) tree;

ii: T

G

H

has no in�nite bran
hes;

11



Thus we 
an de�ne ordinal rk(T

G

H

) < !

1

the ordinal rank fun
tion of T

G

H

.

Put rk

H

(G) = rk(T

G

H

) (the ordinal H-rank of G). We have then the fol-

lowing:

Lemma 4.1 Let G

1

; G

2

be graphs with H 6� G

1

and H 6� G

1

. Then G

1

� G

2

implies rk

H

(G

1

) � rk

H

(G

2

).

Proof. Let f : G

1

! G

2

be a homomorphism. Then for every n we have a

natural mapping h(f) : h(H

n

; G

1

) ! h(H

n

; G

2

) de�ned by h(f)(g) = f Æ g.

The mapping h(f) is level preserving mapping T

G

1

H

! T

G

2

H

and thus rk

H

(G

1

) �

rk

H

(G

2

).

For a 
ountable graph G on ! and every ordinal � < !

1

de�ne the following

graph G

<�>

:

The verti
es of G

<�>

are all de
reasing sequen
es of ordinals< �; the edges

of G

<�>

are all pairs f�; �g satisfying � � � and f`(�); `(�)g 2 E(G). (Re
all

that `(�) is length of the sequen
e �.)

One 
an say that G

<�>

is a tree of 
opies of G

n

(G

n

is the graph indu
ed

by G on the set f0; 1; : : : ; n� 1g with the total height �. (This notation also

explains the rather 
umbersome notation K

<�>

!

.)

We have the following:

Lemma 4.2 i: G

<�>

� G;

ii: If � � � then also G

<�>

� G

<�>

;

iii: G � H if and only if G

<�>

� H for every � < !

1

Proof. This is easy statement. The existing homomorphisms are 
anoni
al

level-preserving homomorphisms. Let us mention just iii::

If f : G ! H then G

<�>

! H by 
omposition of f with the map guar-

anteed by i:. Thus assume G 6� H and G

<�>

� H for any � < !

1

. In

this 
ase the ordinal G-rank of H is de�ned and rk

G

(H) = � < !

1

. As

rk

G

(G

<�+1>

) = � + 1 > �rk

G

(H) we get a 
ontradi
tion.

We say that G is ��low if G � G

<�>

. A low graph is a graph whi
h is low

for some �, a graph is high if it is not low.

We have the following

12



Theorem 4.1 Let G

0

; G

1

; : : : ; G

t

be 
ountable 
onne
ted graphs su
h that for

some s < t holds: G

0

; G

1

; : : : ; G

s�1

are low while G

s

; : : : ; G

t

are high (the 
ase

s = 0 
orresponds to the set of of all high graphs). Then there exists a graph

G su
h that G;G

0

; G

1

; : : : ; G

t

is an independent set.

Corollary 4.1 Any �nite set of high graphs 
an be extended to a larger inde-

pendent set.

Proof. Choose � < !

1

su
h that for any m 2 fs; : : : ; tg and n 2 f1; : : : ; s�1g

the graph G

<�>

n

has no homomorphism to G

m

. This is possible as by the high-

low assumption for every m;n as above there is no homomorphism G

m

! G

n

and thus for some �(m;n) < !

1

we have G

<�(m;n)>

n

6�! G

m

. (This also 
overs

the 
ase s = 0.) Put �

0

= max �(m;n) and � = max rk

G

<�(m;n)>

n

G

m

.

We de�ne

G =

t�s

X

i=0

G

<�>

s+i

and prove that G is the desired graph. Fix n 2 f0; : : : ; s� 1g and 
hoose

m 2 fs; : : : ; tg arbitrarily. Then G

<�>

m

6! G

n

and thus G 6! G

n

as 
laimed.

In the opposite dire
tion for every m;n 2 fs; : : : ; tg we have G

m

6! G

<�>

m

by G

m

high and G

m

6! G

<�>

n

by the 
hoi
e of � (i.e. as � is large enough).

As G

m

is a 
onne
ted graph G

m

mapps to G if and only if it maps to one of

the 
omponent. Thus G

m

6! G and we are done.

Remark.

Theorem 4.1 shows that we have an extension property providing we \play"

with high graphs. This is in aggreement with the \random building blo
ks"

used in the proofs of universality, see [13℄.

5 Rigid Graphs

We prove Theorem 1.3

Let G be a 
ountable graph not 
ontaining K

!

, we 
an assume that G is

in�nite. In fa
t we 
an assume without loss of generality that every edge of

13



G belongs to a triangle and that G is 
onne
ted (we simply 
onsider a graph


ontaing G).

Let G

1

2 GRA

!

form independent pair with G (G

1

exists by Theorem

1.1). We 
an assume without loss of generality that also every edge of G

1

belongs to a triangle. For that it is enough to atta
h to every edge of G

1

a

pendant triangle; (as every edge of G belongs to a triangle) these triangles do

not in
uen
e the non-existen
e of homomorphisms between G and G

1

. G

1


an

be also assumed to be 
onne
ted.

Let G

0

be a 
ountable rigid graph without triangles. The existen
e of G

0

follows from the existen
e of a 
ountable in�nite rigid relation (take one way

in�nite path on ! together with ar
 (0; 3)) by repla
ing every edge by a �nite

triangle free rigid graph; see e.g. [21, 18, 15℄.

Let � : V (G) ! V (G

0

) and � : V (G

0

) ! V (G

1

) be bije
tions. De�ne the

graph G

0

as the disjoint union of graphs G;G

0

; G

1

together with the mat
hings

ffx; �(x)g; x 2 V (G)g and ffx; �(x)g; x 2 V (G

0

)g.

We prove that G

0

is rigid (G

0

obviously 
ontains G as an indu
ed subgraph).

Let f : G

0

! G

0

be a homomorphism. As the mat
hing edges and the

edges of G

0

do not lie in a triangle we have either f(V (G)) � V (G) or

f(V (G)) � V (G

1

). However the last possibility fails as G and G

1

are in-

dependent. Similarly, we have either f(V (G

1

)) � V (G

1

) or f(V (G)) � V (G)

and the last possibility again fails.

Thus we have f(V (G)) � V (G) and f(V (G

1

)) � V (G

1

). As the ver-

ti
es of G

0

are the only verti
es joined both to V (G) and V (G

0

) we have

also f(V (G

0

)) � V (G

0

). However G

0

is rigid and thus f(x) = x for every

x 2 V (G

0

). Finally as G and G

0

, G

0

and G

1

are joined by a mat
hing we have

that f(x) = x for all x 2 V (G

0

).

Remark.

This \sandwi
h 
onstru
tion" may be the easiest proof of a statement of

this type (
ompare [21, 3, 4, 18℄. This proves also the analogous statement for

every in�nite � (also for the �nite 
ase) providing that we use the fa
t that on

every set there exists a rigid relation. This has been proved in [24℄, and e.g.

[16℄ for a re
ent easy proof.
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6 Gaps below H

We say that a gap G < H is a gap below H. In the introdu
tion we derived

from Theorem 1.1 that there are no gaps below K

!

. It is well known that

�nite undire
ted graphs have no non-trivial gap (ex
ept K

1

< K

2

), see [23, 19℄.

Also in�nite graphs (with unrestri
ted 
ardinalities) have no non-trivial gaps

([12℄). However note that 
lasses of graphs with bounded 
ardinality (su
h

as GRA

!

) may have many non-trivial gaps. For example if H = K

n

then let

U

n

be the hom-universal K

n

-free universal graph. Consider the graph G

n

=

U

n

� K

n

(the produ
t here is the 
ategori
al produ
t de�ned by proje
tion -

homomorphisms). Then G

n

< K

n

and it is easy to see that G

n

is also K

n

-free

hom-universal graph. Now if G < K

n

then also G � G

n

and thus (G

n

; K

n

) is

a gap (below K

n

). In fa
t this holds for every �nite graph, see [14℄. It seems

to be diÆ
ult to �nd gaps formed by in�nite graphs only. Here we give soem

explanation of this diÆ
ulty. We use the ordinal H-rank fun
tion for graphs

bellow H whi
h was introdu
ed in Se
tion 4.

It is not ne
essarily true that H

<�>

2 GRA

H

. We de�ned above H to be

an �-low graph if H

<�>

2 GRA

H

. Here are suÆ
ient 
onditions for low and

high:

For a graph F we say that an in�nite subset X of V (F ) is separated by

a subset C if for any two distin
t verti
es x; y of X there is no path x =

x

0

; x

1

; : : : ; x

t

= y in F su
h that all the verti
es x

1

; : : : ; x

t�1

do not belong C

(thus possibly x; y 2 C).

Re
all, that graphs G and G

0

are said to be hom-equivalent if G � G

0

� G.

This is denoted by G ' G

0

.

We say that graph F is H-
onne
ted if no in�nite subset X of V (F ) is

separated by a subset C su
h that C ' H

0

for a �nite subgraph H

0

of H.

H is said to have �nite 
ore if H is equivalent to its �nite subgraph. Any

graph with in�nite 
hromati
 number has no �nite (and this is far from beeing

ne
essary). The following then holds:

iv: If H is H-
onne
ted without a �nite 
ore then H

<�>

2 GRA

H

.

Proof. H is in�nite. Let f : H ! H

�>

be a homomorphism. As H is not

equivalent to any its �nite subgraph there exists an in�nite set X � V (H)

su
h that f restri
ted to the set X is inje
tive. Then the set f(X) is in�nite

subset of H

�>

and applying the K�onig's Lemma to the tree stru
ture of H

�>

we get that either there is an in�nite 
hain (whi
h is impossible as H

�>

is
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H-free) or there is an in�nite star. Its verti
es form an independent set whi
h

is separated by the �nite graph 
orresponding to the stem of the star.

We have the following:

Theorem 6.1 Let H be a H-
onne
ted graph without �nite 
ore. Then the

following holds:

i: There is no gap below H;

ii: GRA

H

has no hom-universal graph;

iii: For every G < H there exists G

0

< H su
h that G and G

0

are indepen-

dent (\partners under H").

Proof.I.

i: is easier. Let G < H. Then rk

H

(G) = � < !

1

. It is H

<�+1>

< H and

thus H

<�+1>

6! G. Put G

0

= H

<�+1>

and thus we have G < G+G

0

< H as

needed. The same proof gives ii:.

However by Lemma 4.2 we also know that there exists � > � su
h that

G 6� H

<�>

. This proves iii:

We give another proof of Theorem 6.1iii: whi
h is an extension of the proof

given in Se
tions 3 a,d 4. This proof is more dire
t and gives us more tools

for hunting of partners.

Proof. Let G < H be �xed. We pro
eede in a 
omplete analogy to the

above proof of Theorem 1.1 and we outline the main steps and stress only the

di�eren
es. Thus let G be a 
ounterexample. We have G

0

6� G and G

0

< H

and thus we have G < G

0

. As G

0

has the tree stru
ture we 
an �nd G

1

in

a similar way su
h that G

1

6� G

0

and G

1

< H. Given G

1

we then de�ne

graphs G

2

and G

�

with G � G

2

and G � G

�

. However we have to (as possibly

�(H) � 4) 
ontinue and de�ne also graph G

4

with G � G

4

. This will �nally

lead to a 
ontradi
tion.

The details of this pro
ess are involved an we need several te
hni
al de�-

nitions.

An H-partite graph (G; 
) is a graph together with a �xed homomorphism


 : G ! H. The sets 


�1

(x) are 
olor 
lasses of (G; 
). Given two H-partite

graphs (G; 
) and (G

0

; 


0

) the H-join (G; 
) ./ (G

0

; 


0

) is the disjoint union of

(G; 
) and (G

0

; 


0

) together with all edges fx; x

0

g where x 2 V (G), x

0

2 V (G

0

)
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and f
(x); 
(x

0

)g 2 E(H). The graph (G; 
) ./ (G

0

; 


0

) is again H-partite (with

the 
oloring denoted again by 
).

Re
all, that H

n

is the graph H restri
ted to the set f0; : : : ; n� 1g. Let H

0

n

and H

1

n

be 
opies of H

n

so that all the graphs H

0

n

and H

1

n

, n 2 ! are mutually

disjoint. Without loss of generality the verti
es of H

i

n

� ! � fig; i = 0; 1:

The graphs H

n

; H

0

n

; H

1

n

are 
onsidered as H-partite graphs with the in
lusion

H-
oloring.

De�nition of G

1

:

The verti
es of G

1

form the set !� 2. The edges of G

1

are all pairs of the

form f(x; i); (y; i)g where fx; yg 2 H

i

n

for some n 2 ! together with all the

edges of the graphs H

0

m

./ H

1

n

where m � n.

G

1

is an H-partite graph with 
 : G

1

! H de�ned as the limit of all the

in
lusions H

n

� H. We 
an still think of G

1

as a suitable blowing of a half

graph. What is important that the key property holds for G

1

: all the verti
es

in the 
lass ! � f1g have �nite degree.

Claim 1: G

1

6! G

0

(Re
all that G

0

= T

�;H

.) Assume 
ontrary, let f : G

1

! G

0

.

As H does not have a �nite retra
t we get (by 
ompa
tness) that for

every m there exists n su
h that H

n

6� H

n

. It follows that there exists an

in�nite set X � ! su
h that the mapping f restri
ted to the set X � f0g

is inje
tive. The set Y = ff(x); x 2 Xg is then an in�nite subset of the

tree H

<�>

; � = rk

H

(G) whi
h de�nes the graph G

0

and thus by either K�onig

Lemma (or Ramsey Theorem) the set Y either forms a 
hain (i.e. a 
omplete

graph in G

0

) whi
h is impossible, or Y forms an independent set in H

<�>

and

thus also in G

0

. So Y are the verti
es of an in�nite star in T

�;H

with 
entre

y. y is in fa
t an inje
tive homomorphism y : H

n

! H. De�ne the set C by

C = f

�1

(f0; : : : ; n � 1g). Then C separates X while C � H

n

. But this is a


ontradi
tion.

Constru
tion of G

2

:

The verti
es of V (G

2

) = A

0

[ A

1

[ A

2

where A

0

= frg, and A

1

and A

2

are in�nite sets (all three mutually disjoint). The set A

1

is disjoint union of

graphs H

i

denoted by H

1

i

(isomorphi
 to H

i

), i 2 !. The set A

2

is disjoint

union of graphs denoted by H

2

x;j

(isomorphi
 to H

j

), x 2 A

1

; j 2 !. The

edges of G

2

are the edges of all indi
ated graphs H

1

i

and H

2

x;j

together with all

edges of the form fr; xg; x 2 A

1

and all pairs of the form fx; yg; x 2 A

1

; y 2

17



[

j2!

V (H

1

x;j

); f
(x); 
(y)g 2 E(H)).

So the graph G

2

is a tree of depth 2 with in�nite bran
hing with all its

verti
es \blown up" by graphs H

n

of in
reasing sizes, the graph indu
ed by

verti
es V (H

1

i

) [ V (H

2

x;j

is isomorphi
 to H

1

i

./ H

2

x;j

.

Claim 2: G

2

6! G

1

Proof.

Assume to the 
ontrary that f : G

2

! G

1

is a homomorphism (for G

1

we

preserve all the above notation). We shall 
onsider two 
ases a

ording to the

value of f(r).

Case 1. f(r) = (n; 1) for some n 2 !.

(We pro
eede similarly as in Case 1 of the proof of Theorem 1.1.) But then

the subgraph of G

1

indu
ed by the neighborhood N(n; 1) of the vertex (n; 1)


an be mapped to a �nite subgraph of H (as (n; 1) has �nite deghree in G

1

)

whereas the neighborhood of r in the graph G

2


annot be mapped to �nite

subset of H (as this neighborhood is the disjoint union of graphs H

1

i

; i 2 !).

Case 2. f(r) = (n; 0) for some n 2 !.

This is similar adaptation of the Case 2 of the proof of Theorem 1.1.

Next we shall de�ne graphs G

�

. We 
onsider the following generalization

of the above 
onstru
tion of G

2

:

Let G be an in�nite set of �nite graphs of the form G

j;i

whi
h satis�es:

i: G

j;i

6! H

i

;

ii: G

j;i

do not 
ontain odd 
y
les of length � j.

iii: G

j;i

! H (this homomorphism will be denoted again by 
).

iv: All the graphs are vertex disjoint.

By now it is easy to get su
h examples, see e.g. [18, 15℄.

Let T = (V;E) be a graph tree (i.e. we 
onsider just the su

essor relation)

de�ned as follows: V = A

0

[A

1

[A

2

where A

0

= frg, A

1

= ! and A

2

= !�!.

The edges of T are all edges of the form f(r; i)g; i 2 ! and all pairs of the form

fi; (i; j)g; i; j 2 !.

Let � : V ! ! � ! be any fun
tion.
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De�ne the graph G

�

as follows: The set of verti
es of G

�

is the union of

all graphs G

�(x)

; x 2 V . The edges of G

�

are edges of all graphs G

�(x)

; x 2 !

together with all edges of the form fa; bg where a 2 G

�(x)

, b 2 G

�(y)

, fx; yg 2 E

and f
(A); 
(b)g 2 E(H).

We have analogously as in Claim 2:

Claim 3 Let � : V ! ! be any fun
tion whi
h is unbounded on ! and

ea
h of the sets fig � !, i 2 !. Then G

�

6� G

1

.

Now, 
onsider the graph G again. We have to distinguish two 
ases:

Case 1: �(H) � 5

In this 
ase we pro
eede 
ompletely analogously as in the proof of Theorem

1.1 with the only 
hange that we denote by K the minimal number of verti
es

of a subgraph G

0

of G su
h that G

0

6! H

i

and �(H

i

) � 4 (by 
ompa
tness it is

K 2 !). In this 
ase we derive a 
ontradi
tion as above. Leaving this at that

we have to 
onsider:

Case 2: �(H) < 5

In this 
ase we have to 
ontinue and we introdu
e one more 
ontru
tion of

the graph G

4

.

Let T be an in�nite binary tree. Expli
itely, V (T ) denotes the set of all

binary sequen
es ordered by the initial segment 
ontainment. For a sequen
e

� = (�(0); �(1); : : : ; �(p)) we put i(�) =

P

p

i=0

2

�(i)

(i(�) is a level-preserving

enumeration of verti
es of T ) and `(�) = max fi; �(i) 6= 0g (`(�) is the level

of � in T ).

Assume that the graphs H

n

satisfy H

m

< H

n

and jV (H

m

)j < jV (H

n

)j for

all m < n. This 
an be assumed without loss of generality as we 
an 
onsider

subset of ! with this property.

Let F

�

; � 2 V (T ) be a set of disjoint graphs with the following properties:

i: F

�

� H

i(�)

.

ii: F

�

> H

i(�)�1

, moreover for every homomorphism f : F

�

! H satisfying

jf(V (F

�

))j < jV (F

�

)j there exist homomorphisms g : F

�

! H

i(�)

and h :

H

i(�)

! H su
h that f = h Æ g (in the other words ea
h f with a small image

fa
torizes through H

i(�)

).

iii: F

�

does not 
ontain odd 
y
les of length � k

1

where k

1

denotes the

shortest length of an odd 
y
le in G.
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iv: In ea
h F

�

are given two distin
t verti
es x

�

and y = y

�

su
h that

f
(x

�

); 
(y

�

)g 2 E(H).

(See [18, 15℄; it suÆ
es to put F

�

= H

i(�)

�K where K is a graphs without

short odd 
y
les with suÆ
iently large 
hromati
 number.)

Denote by G

4

the disjoint union of graphs F

�

with added edges of the form

fx; yg where x = x

�

and y = y

0

�

and f�; �

0

g form an edge of T .

This 
on
ludes the de�nition of G

4

. For G

4

we de�ne G

3

= G

�

for the

follwing fun
tion � : A

0

[ A

1

[ A

2

! ! (see the above de�nition of the graph

G

�

for general �):

�(r) = 1; �(i) = (i;

P

(jV (F

�

)j; `(�) < i)); �(i; j) = (j;

P

(jV (F

�

)j; `(�) <

j)).

This only means we 
onsider graphs with rapidly progressing odd girth.

We know that G

3

6! G

2

(for any � unbounded on the stars of the 
orre-

sponding tree).

Thus assume that f : G

4

! G

3

. Due to the tree stru
ture of the graph

G

3

we see that for ea
h � 2 V (T ) the image f(F

�

) interse
ts a �nite set of

graphs G

x

; x 2 I � A

0

[ A

1

[ A

2

and due to the tree stru
ture of the graph

G

3

we see easily that there is a homomorphism f

0

: F

�

! H

i(I)

where i(I) is

the maximal index appearing among all i 2 I and (j; i) 2 I and we arrived to

a 
ontradi
tion.

Thus G

4

6� G

3

and 
onsequently also G � G

4

.

As G

4


ontains odd 
y
les only in 
opies of graphs H

�

and as all these


y
les have lengths > k

0

we 
on
lude that G 6� G

4

.

7 Con
luding Remarks

1. The problem to 
hara
terize gaps below H is not as isolated as it perhaps

seems at the �rst glan
e. Put GRA

H

= fG;G < Hg. We have the following

easy theorem:

Theorem 7.1 For a 
ountable graphs H the following statements are equiva-

lent:

i: There is no gap below H;
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ii: For every G 2 GRA

H

there is G

0

2 GRA

H

su
h that G

0

6� G;

iii: For every H

0

2 GRA

H

the 
lass GRA

0

H

has no hom-universal graph;

Motivated by Theorem 1.3 one is tempted to in
lude here also the following


ondition:

iv: For every G 2 GRA

H

there exists G

0

2 GRA

H

su
h that G < G

0

and

G

0

is rigid.

However iv: is false as shown by the following example:

Let H = K

3

and let G be the disjoint union of all odd 
y
les of length

> 3. Then any rigid graph G

0

, G

0

< H whi
h 
ontains G as a subgraph is

ne
essarily a dis
onne
ted graph. Let fG

0

i

; i 2 !g be all the 
omponents of G

0

.

Then �(G

i

) = 3 for every i 2 ! and thus let G

i


ontains an odd 
y
le C

`(i)

of

length `(i). Let G

j

be the 
omponent whi
h mapps to C

`(i)

(as a 
omponent

of G). Clearly i 6= j and thus G

j

! G

i

, a 
ontradi
tion.

Note also that the above Theorem 7.1 is true for any �xed in�nite 
ardi-

nality.

2. We say that a set G of 
ountable graphs is maximal (or unextendable)

if there is no graph G 62 G su
h that G is independent to all G

0

2 G.

fK

!

g is maximal but there are other maximal families. For example fK

k

g[

fG;G �nite and �(G) > k is a maximal set and more generally for every �nite

graph H the following is a maximal set:

fHg [ fG;G �nite and G > Hg

Corollary 1.1 implies existen
e of �nite maximal sets.

The 
hara
terization of maximal sets seems to be diÆ
ult problem related

to duality theorems, see [20℄. However no maximal set is known whi
h 
onsists

from in�nite graphs only.
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