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Abstra
t. A mixed hypergraph is a hypergraph with edges 
lassi�ed as

of type 1 or type 2. A vertex 
oloring is stri
t if no edge of type 1 is to-

tally multi
olored, and no edge of type 2 mono
hromati
. The 
hromati


spe
trum of a mixed hypergraph is the set of integers k for whi
h there

exists a stri
t 
oloring using exa
tly k di�erent 
olors. A mixed hypertree

is a mixed hypergraph in whi
h every hyperedge indu
es a subtree of the

given underlying tree. We prove that mixed hypertrees have 
ontinuous

spe
tra (unlike general hypergraphs, whose spe
tra may 
ontain gap, 
f.

[Jiang et al.: The 
hromati
 spe
trum of mixed hypergraphs, submitted℄).

We prove that determining the upper 
hromati
 number (the maximum

of the spe
trum) of mixed hypertrees is NP-hard, and we identify several

polynomially solvable 
lasses of instan
es of the problem.

1 Introdu
tion

De�nition 1. A mixed hypergraph is a triple H = (V; C;D), where V is a set

of verti
es and C;D are sets of hyperedges (hyperedges are subsets of the vertex

set). A vertex 
oloring of a mixed hypergraph is stri
t if every edge e 2 C 
ontains

two verti
es of the same 
olor, and every edge e 2 D 
ontains two verti
es of

di�erent 
olors. A stri
t 
oloring that uses exa
tly k distin
t 
olors is 
alled a

stri
t k-
oloring. The 
hromati
 spe
trum of H is the set Sp(H) of integers k

su
h that H has a stri
t k-
oloring. The spe
trum of H is 
alled 
ontinuous if it

is an interval (in the set of integers). We denote �(H) = maxSp(H) the upper


hromati
 number of H .
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The notion of mixed hypergraphs was introdu
ed by Voloshin [12℄. The 
on-


ept is steadily gaining more interest both for potential appli
ations and inter-

esting theoreti
al results. Appli
ations to list 
olorings, integer programming,

s
heduling and mole
ular biology 
an be found in [13, 11℄. Mixed 
olorings of

blo
k designs of various types were 
onsidered in [3, 8, 7, 9℄. Other 
oloring prob-

lems studied from a di�erent point of view 
an be rephrased in terms of mixed

hypergraphs [6℄.

Solving a long-standing open problem, Jiang et al. [4℄ showed that there are

mixed hypergraphs whose spe
tra have gaps, i.e., are not 
ontinuous. Moreover,

for every �nite set of integers greater than 1 there exists a mixed hypergraph

whose 
hromati
 spe
trum 
oin
ides with the given set. They also showed that

spe
tra of interval hypergraphs are 
ontinuous. (A hypergraph is interval if its

vertex set allows a linear ordering su
h that every edge is an interval in this

ordering.) In this paper, we extend the former result to the 
lass of hypertrees.

De�nition 2. A mixed hypertree is a mixed hypergraphH = (V; C;D) su
h that

there exists a tree T with vertex set V (T ) = V and su
h that every edge of H

indu
es a subtree in T .

Without loss of generality, we assume that every edge of our hypertree has

size at least 2, and every C-edge has size at least three (the endpoints of a C-edge

of size two must be 
olored by the same 
olor and we 
an 
ontra
t this edge).

We also assume that the hypertree has at least one edge. Every 2-
oloring of the

underlying tree (i.e., a bipartition of T ) is then a stri
t 
oloring of H , as every D-

edge 
ontains two verti
es adja
ent in T (and hen
e 
olored by di�erent 
olors),

and every C-edge 
ontains at least 3 verti
es (and hen
e at least 2 verti
es of the

same 
olor by the pigeon-hole prin
iple). Thus we have the following:

Observation 1 For every hypertree H, 2 belongs to the 
hromati
 spe
trum of

H and is its minimum member, unless H has no D-edges.

Our aim is to prove the following theorem:

Theorem 1. The 
hromati
 spe
trum of any mixed hypertree is 
ontinuous, in

parti
ular Sp(H) = [2; �(H)℄ if H 
ontains a D-edge, and Sp(H) = [1; �(H)℄

otherwise.

This theorem is proved in the next se
tion. Later, we address the algorithmi


questions. In general, the questions of de
iding if a mixed hypergraph is stri
t

k-
olorable, or whether its upper 
hromati
 number has a given value may be

of di�erent 
omplexity; e.g., if H has no C edges then �(H) = n while it is NP-


omplete to de
ide whether 2 2 Sp(H) (the problem of bi
olorability of ordinary

hypergraphs). Due to Theorem 1, these two problems are equally diÆ
ult for

mixed hypertrees:

Proposition 1. The problem of determining the upper 
hromati
 number of a

mixed hypertree and the problem of de
iding whether k 2 Sp(H), for an input

integer k, are polynomially equivalent.
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Proof. Given k � 2, this k belongs to Sp(H) if and only if k � �(H). On the

other hand, the upper 
hromati
 number 
an be found by de
iding for every

k � n = jV j whether H is stri
t k-
olorable.

2 Chromati
 spe
tra of mixed hypertrees

First, we show that a minimal 
ounterexample to Theorem 1 (if it existed) would

have D = E(T ), i.e. the edges of the underlying tree, E(T ), would be pre
isely

the D-edges of H .

Lemma 2. Let H be a hypertree with dis
onne
ted spe
trum and with minimum

possible number of verti
es. Then every tree edge is a subset of some D-edge of

H.

Proof. Suppose H has 2 verti
es, say x; y, adja
ent in T whi
h do not belong

together to the same D-edge of H . Let T

1

be the largest subtree of T whi
h


ontains x but not y, and let T

2

be the largest subtree 
ontaining y but not x.

Let H

i

, i = 1; 2, be the hypertree indu
ed by T

i

, i.e., H

i


ontains exa
tly those

edges of H that 
onsist only from verti
es of T

i

. Both H

1

and H

2

are smaller

than H and hen
e have 
ontinuous spe
tra.

Denote 
 = �(H) and 
onsider a 
-
oloring f of H . Then f restri
ted to H

1

is a stri
t 
oloring and uses some 


1

� 
 
olors, and similarly, f restri
ted to H

2

uses some 


2


olors. The union of these two 
olor sets is the set of 
 
olors used

on H , and hen
e




1

+ 


2

� 
:

For i = 1; 2 and for every t

i

;minSp(H

i

) � t

i

� 


i

, 
onsider a t

i

-
oloring f

i

of H

i

.

If ne
essary, rename and permute the 
olors so that f

1

(x) = f

2

(y) and so that

this is the only 
olor that f

1

and f

2

have in 
ommon. Regard the union of f

1

and f

2

as 
oloring g of the entire H . This 
oloring uses t

1

+ t

2

� 1 
olors, and it

is a stri
t 
oloring of H : every D-edge of H lies entirely within H

1

or within H

2

,

and hen
e 
annot be mono
hromati
; no C-edge that lies totally within H

1

or

within H

2

is totally multi
olored sin
e it was presented and hen
e well 
olored

in H

1

or H

2

, and all the remaining C-edges are well 
olored be
ause they 
ontain

both x and y (and g(x) = g(y)).

If we let t

1

and t

2

range over Sp(H

1

) and Sp(H

2

), respe
tively, we obtain

stri
t t-
olorings of H at least in the range 3 � t � 


1

+


2

�1. Sin
e 


1

+


2

�1 �


� 1, this 
overs the range [3; 
� 1℄. But H has a stri
t 2-
oloring (Lemma 1),

and a stri
t k-
oloring by the de�nition of 
 = �(H). Hen
e H has a 
ontinuous

spe
trum, 
ontradi
ting the assumption.

We de�ne the size of H as the sum of the sizes of its edges, i.e., s(H) =

P

e2C[D

jej.

Lemma 3. Let H be a hypertree with dis
onne
ted spe
trum, and of minimum

possible size. Then all D-edges have size 2.
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Proof. Suppose H has a D-edge e of size greater than 2. Denote 
 = �(H),

and �x a stri
t 
-
oloring f of H . The edge e 
ontains 2 verti
es, say x and y,

su
h that f(x) 6= f(y) and su
h that x and y are adja
ent in the underlying

tree T (otherwise e would be mono
hromati
 in f). Consider H

0

= (V; C; (D n

e) [ ffx; ygg), i.e., repla
e e by the pair x; y. The resulting hypergraph H

0

is a

hypertree again, be
ause xy is an edge of T . Sin
e f is a stri
t 
oloring of H

0

as well, 
 2 Sp(H

0

). And sin
e s(H

0

) < s(H), and H was a minimum hypertree

with dis
onne
ted spe
trum, the spe
trum of H

0

is 
ontinuous, i.e., for every

t; 2 � t � 
, H

0

has a stri
t t-
oloring, whi
h is also a stri
t t-
oloring of H . This


ontradi
ts the assumption of H having a dis
onne
ted spe
trum.

Corollary 1. Let H be hypertree with dis
onne
ted spe
trum, with minimum

possible number of verti
es, and with minimum possible size. Then D = E(T ).

We therefore restri
t our attention to mixed hypertrees with D = E(T ),

and hen
e use the notation H = (T; C;D = E(T )). Our goal is to show that

all su
h hypertrees have 
ontinuous spetra. That would prove Theorem 1, sin
e

if there were a 
ounterexample, then a minimum 
ounterexample would satisfy

D = E(T ). In order to prove this, we introdu
e a seemingly more general problem

of �nding stri
t 
olorings of pre
olored hypertrees. The input of this problem


onsists of a mixed hypertree H = (T; C; E(T )) and k disjoint independent sets

S

1

; S

2

; : : : ; S

k

of verti
es, and the task is to �nd a stri
t 
oloring whi
h 
olors

all verti
es of S

i

with 
olor b

i

, for ea
h i = 1; 2; : : : ; k. Su
h a 
oloring will be


alled a pre
oloring extension. (Here and later on, we refer to a set of verti
es as

an independent set if it is independent in the underlying tree T .)

Lemma 4. Let H be a hypertree and let S

1

; S

2

; : : : ; S

k

be disjoint nonempty

independent sets of verti
es of H pre
olored by b

1

; b

2

; : : : ; b

k

, respe
tively . If H

has a pre
oloring extension using 
 � k + 2 
olors, then it has a pre
oloring

extension whi
h uses exa
tly k + 2 
olors.

Proof. Let the pre
oloring extension of H and S

1

; : : : ; S

k

whi
h uses 
 
olors be

f . For every C-edge e, �x two di�erent verti
es x

e

; y

e

2 e su
h that f(x

e

) = f(y

e

)

(every C-edge 
ontains at least one pair of su
h verti
es). Repla
e every C-edge

e by the C-edge e

0


onsisting of all verti
es of the x

e

; y

e

-path in T . For the

resulting hypertree H

0

, f is still a stri
t pre
oloring extension, and vi
e versa,

every pre
oloring extension for H

0

(and S

1

; : : : ; S

k

) is also a stri
t pre
oloring

extension for H (and S

1

; : : : ; S

k

). Note that in H

0

, every C-edge indu
es a path

in the underlying tree, and therefore it makes sense talking about end-verti
es

of C-edges.

Now for H

0

, enlarge the sets S

i

(if ne
essary) a

ording to the following

pro
edure: If there is a C-edge e

0

whi
h starts in a vertex x

e

2 S

i

for some i, and

ends in a vertex y

e

62 S

i

, then add y

e

into S

i

. Repeat this step until no su
h edge

exists. Note that the new S

i

's are still disjoint after this pro
edure is �nished,

sin
e we have only added verti
es of 
olor b

i

into the set S

i

.

For the sake of brevity write S =

S

k

i=1

S

i

. Next, we de�ne the set A of

auxiliary two-element edges, whi
h 
ontains the pairs x

e

y

e

, e 2 C su
h that

e n fx

e

; y

e

g � S.
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De�ne the auxiliary graph G as the graph obtained from T by deleting S

and then 
ontra
ting all edges of A by 
ollapsing their end-verti
es. We 
laim

that G has at least two verti
es and is a
y
li
. Indeed, sin
e the 
oloring f uses

at least two 
olors other than b

1

: : : b

k

, these two additional 
olors must remain

in G, sin
e verti
es of di�erent 
olors 
annot be 
ollapsed. Also, suppose G has

a 
y
le. This 
y
le 
orresponds to a 
y
le in T +A whi
h 
ontains at least three

edges of T . Repla
ing every edge in A by the 
orresponding (x

e

y

e

)-path in T ,

we get a 
losed walk in T whi
h traverses these (at least) three edges ea
h only

on
e, a 
ontradi
tion with a
y
li
ity of T .

Sin
e G is a
y
li
, it 
an be 
olored by two 
olors, say 
olors b

k+1

and b

k+2

.

And sin
e G has at least two verti
es, we 
an take su
h 
oloring whi
h a
tually

uses both 
olors. We 
laim that this 
oloring yields a stri
t pre
oloring extension

of H

0

and S

1

; : : : ; S

k

, and it obviously uses exa
tly k + 2 
olors.

This 
oloring is stri
t on allD-edges (i.e., edges of the tree T ) by its de�nition.

We will show that every C-edge e

0


ontains two verti
es of the same 
olor:

Case 1: e

0

has at least one end-vertex in S: Then e

0

has both end-verti
es

in S by the enlargment pro
edure, and these endpoints are in the same S

i

, i.e.,

they are 
olored by the same 
olor.

Case 2: e

0

has both endpoints in T n S and all other verti
es in S: Then

x

e

y

e

2 A, x

e

and y

e

are uni�ed into one vertex of G, and so x

e

and y

e

get the

same 
olor.

Case 3: e

0

has at least 3 verti
es in T n S: Then these 3 verti
es are 
olored

by 
olors b

k+1

and b

k+2

and two of them must get the same 
olor.

Lemma 5. Let H be a mixed hypertree and let S

1

; S

2

; : : : ; S

k

be disjoint

nonempty independent sets of verti
es of H. If H has a pre
oloring extension

using 
 � k + 2 
olors, then it has pre
oloring extensions using exa
tly t 
olors

for every t; k + 2 � t � 
.

Proof. We will prove the statement by indu
tion on the number of verti
es in

T nS (again S =

S

k

i=1

S

i

). Note also that the statement holds trivially true due

to Lemma 4 if 
 = k + 2, and so we assume that 
 > k + 2 further on.

Let the pre
oloring extension of H and S

1

; : : : ; S

k

whi
h uses 
 
olors be

f . Repla
e every C-edge e by e

0

as in the pre
eding proof (e

0

is a x

e

; y

e

-path

in T and f(x

e

) = f(y

e

)). Enlarge the sets S

i

as in the pre
eding proof (if

x

e

2 S

i

and y

e

62 S then add y

e

into S

i

and repeat). Denote S

0

i

the enlarged

set S

i

, i = 1; : : : ; k, and S

0

=

S

k

i=1

S

0

i

. Let H

0

be the hypertree obtained by

repla
ing ea
h e by e

0

. Again, f is a stri
t pre
oloring extension of H

0

(and S

0

)

using exa
tly k 
olors, and every pre
oloring extension of H

0

(and S

0

) is also a

pre
oloring extension of H (and S).

H 
ontains at least one vertex not belonging to S

0

(e.g., the vertex 
olored

by a 
olor di�erent from b

1

; : : : ; b

k

). Choose a vertex not belonging to S

0

, 
all it

x, su
h that all other verti
es in V n S

0

lie in the same 
onne
ted 
omponent of

T �fxg. Let T

2

be this 
onne
ted 
omponent and let T

1

= T nT

2

be the subtree

rooted in x that is disjoint with T

2

. Finally, let y be the neighbor of x in T

2

.

5



Now let C be the set of endpoints of C-edges e

0

that have x as the other

endpoint, formally

C = fy

e

: x

e

= x; e 2 Cg [ fx

e

: y

e

= x; e 2 Cg:

We distinguish three 
ases:

Case 1: f(x) = b

i

for some i. Then rede�ne S

0

i

:= S

0

i

[C[fxg. The hypertree

H

0

has a stri
t pre
oloring extension for this new S

0

1

; : : : ; S

0

k

(namely f) and

has less unpre
olored verti
es than H (with pre
oloring S

1

; : : : ; S

k

). Hen
e by

indu
tion hypothesis, H

0

has pre
oloring extensions using exa
tly t 
olors for

every k+2 � t � 
. Ea
h of these extensions is also a stri
t pre
oloring extension

for H and S

1

; : : : ; S

k

.

Case 2: f(x) 6= b

i

for all i = 1; 2; : : : ; k and C = ;. Consider H

2

as the

hypertree on T

2

with all edges e

0

that lie entirely within T

2

as the C-edges of H

2

.

All the C-edges e

0

not entirely lying in T

2

will be 
olored properly, sin
e their

both end points are in S

0

i

for the same i and thus the following 
onstru
tion

assign their ends the same 
olor (b

i

). Set S

00

i

= S

0

i

\ T

2

and say that k

0

of these

are nonempty. The hypertree H

2

has less unpre
olored verti
es than H (at least

x is missing) and we may use indu
tion hypothesis. The 
oloring f restri
ted

to H

2

is a stri
t pre
oloring extension and it uses at least k

0

+ 
 � k � 1 
olors

(all the new 
olors used by f are used in T

2

ex
ept possibly for the 
olor of

x). But sin
e 
 � k � 3, k

0

+ 
 � k � 1 � k

0

+ 2 as we need for Lemma 4. It

follows that H

2

has a pre
oloring extension whi
h uses exa
tly t 
olors for every

t, k

0

+ 2 � t � k

0

+ 
 � k � 1. Ea
h su
h 
oloring g

0


an be re-extended to a


oloring g of H by giving x the 
olor g(x) = b

k+2

if g

0

(y) = b

k+1

and setting

g(x) = b

k+1

otherwise. Su
h a 
oloring g then uses t + k � k

0


olors, and this

number ranges from k + 2 (for t = k

0

+ 2) to 
 � 1 (for t = k

0

+ 
 � k � 1).

This is what we needed, as a pre
oloring extension using 
 
olors exists by the

assumption itself.

Case 3: f(x) 6= b

i

for all i = 1; 2; : : : ; k and C 6= ;. Then C � T

2

and

C \S

0

= ;. Consider H

2

as the hypertree on T

2

with all edges e

0

that lie entirely

within T

2

as the C-edges of H

2

; the other C-edges will be 
olored properly for the

same reason as in the previous 
ase. Set S

00

i

= S

0

i

\T

2

, S

0

k+1

= C[fxg and let k

0

of

the sets S

00

i

; i � k be nonempty. The hypertree H

2

has less unpre
olored verti
es

than H (at least x is missing), but now k

0

+1 � k+1 is the number of 
olors used

for the pre
oloring. By indu
tion hypothesis, sin
e H

2

has a stri
t pre
oloring

extension (namely f restri
ted to H

2

) whi
h uses exa
tly 
 � k + k

0

� k

0

+ 3


olors, H

2

has a pre
oloring extension whi
h uses exa
tly t 
olors for every t,

k

0

+3 � t � k

0

+ 
� k. Ea
h su
h 
oloring g

0


an be re-extended to a 
oloring g

of H by giving x the 
olor g(x) = b

k+2

if g

0

(y) = b

k+1

and setting g(x) = b

k+1

otherwise (note that in the former 
ase all C edges starting in x and ending in

C are well 
olored be
ause they 
ontain vertex y 2 T

2

of the same 
olor b

k+1

as the endpoint in C). Su
h a 
oloring g then uses t + k � k

0


olors, and this

number ranges from k+ 3 (for t = k

0

+ 3) to 
 (for t = k

0

+ 
� k). This is what

we needed, sin
e a pre
oloring extension using k + 2 
olors exists by Lemma 4.

For the proof of Theorem 1, use Lemma 5 with k = 0 and 
 = �(H).
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3 Dynami
 programming algorithm

One might expe
t that de
iding stri
t k-
olorability of mixed hypertrees should

be solvable in polynomial time due to the stru
ture of the underlying tree. We

will see in the next se
tion that this is not true (unless P=NP). In this se
tion

we study the more or less straightforward dynami
 programming algorithm to

de
ide the existen
e of a stri
t 
oloring of a mixed hypertree H . Hen
eforth, n

will denote the number of verti
es of H , k the number of 
olors, s the maximum

size of a hyperedge and l

e

(l

v

) the maximum H-load of an edge (a vertex) of

the underlying tree T , where the load of an edge (a vertex) is the number of

hyperedges that in
lude both of its end points (the vertex itself).

Consider a given mixed hypertree H = (T; C;D) on an underlying tree T

rooted in a leaf r 2 V (T ). Let e = fu; vg be an edge of the underlying tree T

with v being 
loser to r than u (in T ). The hypergraph indu
ed by the verti
es

of T in the same 
onne
ted 
omponent of T � fvg as u will be denoted by

H

e

. (This subhypertree 
ontains exa
tly those hyperedges of H that have all

verti
es in H

e

.) Let e

1

; e

2

; : : : ; e

m

be the hyperedges 
ontaining v and not fully


ontained in H

e

. We maintain boolean arrays �

e

(a

1

; a

2

; b

1

; b

2

; : : : ; b

m

; 
) indexed

by a

1

; a

2

2 f1; 2; : : : ; kg, b

1

; : : : ; b

m

2 f0; 1; : : : ; kg and 
 2 f1; 2; : : : ; kg su
h that

�

e

(a

1

; a

2

; b

1

; b

2

; : : : ; b

m

; 
) = true

if and only if H

e

allows a stri
t 
oloring � :�! f1; 2; : : : ; kg su
h that

1. �(v) = a

1

; �(u) = a

2

;

2. for every j = 1; 2; : : : ;m, if b

j

> 0 then e

j

\V (H

e

) 
ontains a vertex of 
olor

b

j

, and if b

j

= 0 then e

j

is satis�ed within V (H

e

), i.e., e

j

\ V (H

e

) 
ontains

two verti
es of the same 
olor if e

j

2 C and e

j

\V (H

e

) 
ontains two verti
es

of di�erent 
olors if e

j

2 D,

3. � uses exa
tly 
 
olors on V (H

e

).

The spa
e needed to maintain these arrays is O(nk

3+l

e

). It is also 
lear that

H allows a stri
t 
oloring using exa
tly k 
olors if and only if

�

r

e

(a

1

; a

2

; k) = true

for some a

1

and a

2

where r

e

is the tree-edge 
ontaining the root r (note that

m = 0 in the 
ase of the root sin
e all hyperedges are fully 
ontained inH

r

e

= H).

The initilization of the arrays � for the leaves of T is obvious. We will only

add hints how to update the arrays. Straightforward bottom-up strategy is used:


onsider for vertex x with 
hildren y

1

; y

2

; : : : ; y

g

, a true entry of the arrays �

xy

i

for ea
h i and derive the information for �

zx

, where z is the parent of x. This

would be, however, exponential in g, the number of 
hildren of x, i.e., exponential

in d. Our aim is to be a little more 
areful here. Let e

1

; : : : ; e

m

be the hyperedges

that 
ontain x. We introdu
e another array 	

x

j

, 1 � j � g, su
h that

	

x

j

(a

1

; a

2

; b

1

; : : : ; b

m

; 
) = true

if and only if the hypertreeH

x

j

indu
ed by fzg[

S

j

i=1

H

xy

i

allows a stri
t 
oloring

 :�! f1; 2; : : : ; kg su
h that
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1.  (z) = a

1

; �(x) = a

2

;

2. for every h = 1; 2; : : : ;m, if b

h

> 0 then e

h

\ V (H

x

j

) 
ontains a vertex of


olor b

h

, and if b

h

= 0 then e

h

is satis�ed within V (H

x

j

),

3.  uses exa
tly 
 
olors on V (H

x

j

).

The "horizontal" re
ursion step j ! j + 1 
onsists of 
ombining true

entries of 	

x

j

with a true entry of �

xy

j+1

, whi
h 
an be done in time

O(k

3+l

e

):O(k

2+l

v

):O(2

l

v

):O(k) = O(2

l

v

k

6+l

e

+l

v

), sin
e there are at most

O(k

3+l

e

) true entries �

xy

j+1

, 
ombined with at most O(k

2+l

v

) true entries 	

x

j

(we only 
onsider those that use the same 
olor for x), and for this 
hoi
e of two

entries we 
he
k all hyperedges 
ontaining x. If a hyperedge is fully 
ontained

in H

x

j

we 
he
k if it is satis�ed in �

xy

j+1

or in 	

x

j

or by their 
ombination. For

hyperedges that are not fully 
ontained in H

x

j

, we 
hoose whi
h 
olor will be

propagated (hen
eforth the fa
tor O(2

l

v

)). Finally, we 
ompare the 
olors ap-

pearing in �

xy

j+1

and in 	

x

j

. Say �

xy

j+1

expli
itly names k

1


olors, 	

x

j

names

k

2


olors, and k

3

of these are in 
ommon. In total, �

xy

j+1

uses 


1


olors and 	

x

j

uses 


2


olors. The anonymous 


1

� k

1


olors may be those from k

2

� k

3

expli
it


olors for 	

x

j

, but some or all of them may be 
ompletely new. This 
onsideration

gives an interval of possible numbers of 
olors used in 	

x

j+1

, and the range of the

interval 
an be determined in time linear in k. For all these values of parameters

we set 	

x

j+1

to true.

Skipping the tedious details, we have sket
hed the argument for the following

proposition:

Theorem 2. It 
an be de
ided in time O(n � 2

l

v

k

6+l

e

+l

v

)) whether H allows a

k-stri
t 
oloring.

A straightforward 
orollary reads that the upper 
hromati
 number of a

mixed hypertree 
an be determined in polynomial time if the maximum vertex

load l

v

is bounded.

4 Upper 
hromati
 number is NP-hard

The following theorem shows that the hardness of the de
ision problem of the

upper 
hromati
 number for mixed hypertrees is 
aused by the C-edges.

Theorem 3. It is NP-
omplete to de
ide whether �(H) � k, for k part of the

input, even for hypertrees H = (V; C; ;) with maximum edge load and maximum

hyperedgesize 3.

Proof. Given a 
ubi
 graph G 
ontaining n verti
es, de�ne a tree T with n + 1

verti
es (let w be a new vertex not 
ontained in V (G)) by

V (T ) = V (G) [ fwg

and edges

E(T ) = fvw : v 2 V (G)g
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and de�ne a mixed hypertree H on the same vertex set by

C = ffuwvg : uv 2 E(G)g

D = ;:

All hyperedges of H have size three, and sin
e the edge load of a tree-edge vw

equals the degree of v in G, the load of every tree-edge is three as well. We


laim that �(H) = �(G) + 1 and thus this 
onstru
tion yields a redu
tion from

the well known NP-
omplete problem INDEPENDENT SET (whi
h remains

NP-
omplete for 
ubi
 graphs, 
f. [5℄).

Let f be a 
oloring of H using k + 1 
olors. Let v

1

; : : : ; v

k

be verti
es of H

su
h that f(v

i

) 6= f(v

j

) for all i 6= j and f(v

i

) 6= f(w) for all 1 � i � k. If there

were an edge v

i

v

j

, then the edge fv

i

wv

j

g 2 C would not be 
olored properly.

Thus the verti
es v

1

; : : : ; v

k


reate an independent set of G and �(G) � k.

On the other hand, let v

1

; : : : ; v

k

be an independent set of G and b

1

; : : : ; b

k+1

be k + 1 di�erent 
olors. De�ne a 
oloring f of H by f(v

i

) = b

i

, 1 � i � k,

and f(v) = b

k+1

for all v 2 V (H) n fv

1

; : : : ; v

k

g. This 
oloring is stri
t, sin
e for

every edge uwv 2 C either u or v is di�erent from all v

i

, 1 � i � k (otherwise

v

1

; : : : ; v

k

would not be an independent set), and thus its 
olor is the same as the


olor of w. This implies that �(H) � k+1. We 
on
lude that �(G) +1 = �(H).

5 Con
lusion

Several questions 
on
erning the 
omputational 
omplexity remain open. E.g.,

we have shown that stri
t 
olorability is polynomial if the loads of verti
es are

bounded, while the problem is NP-
omplete for unbounded vertex loads. The


omplexity of the 
ase when the number of 
olors is �xed (but the load of verti
es

unbounded) is presently open.

Another most probably hard problem is to de
ide if the 
hromati
 spe
trum

of a given mixed hypergraph is 
ontinuous.
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